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We study theoretically the proximity effect between ferromagnets(F) and superconductors(S) with broken
time-reversal symmetrysTd. A chiral spx± ipyd-wave and adx2−y2-wave superconductor, the latter of which can
form T-breaking surface state—i.e.,sdx2−y2± isd state—are considered for the S side. The spatial variations of
the superconducting order parameters and the magnetization are determined by solving the Bogoliubov—de
Gennes equation. In the case of a chiralspx± ipyd-wave superconductor, a spontaneous spin current flows along
the interface, but not in the case of adx2−y2-wave superconductor. For a F/Sspx± ipyd /F trilayer system, total
spin current can be finite while total charge current vanishes, if the magnetizations of two F layers are
antiparallel.
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I. INTRODUCTION

Recently the proximity effect of unconventional super-
conductors has been a subject of intensive study.1–8 This is
because the interface properties of these superconductors can
be quite different from those of conventional(s-wave) ones
due to the nontrivial angular structure of pair wave functions,
so that their study is of particular interest. The proximity
effect between unconventional superconductors and mag-
netic materials is an important problem, since there are com-
petition and the possible coexistence of two kinds of orders.
The unconventional superconductivity is usually induced by
the magnetic interaction, and the existence of nodes in the
gap is favorable for the coexistence compared with the case
of conventional superconductors. If the magnetism and su-
perconductivity coexist near the interface, the electronic
properties of the surface state become quite unusual. In par-
ticular the spin-triplet superconducting order parameter
(SCOP) can be induced near the surface of spin-singlet
superconductors.5 (Similar effects for conventionals-wave
superconductors and ferromagnets have been studied in Refs.
9–11.)

In this paper we study the proximity effect between fer-
romagnets and unconventional superconductors with
dx2−y2-wave andspx± ipyd-wave symmetries. The former state
is realized in high-Tc cuprates,12 while the latter is a candi-
date of the superconducting(SC) state of Sr2RuO4 (Ref. 13).
It is known that near the[110] surface of thedx2−y2-wave
superconductor the system may break time-reversal symme-
try sTd by introducing a second component of SCOP(Refs.
14–18, 7, and 8) and that a spontaneous current and frac-
tional vortices may occur at the surface ifT is
broken.19–21,14–18,7,8The spx± ipyd-wave SC states also break
T and spontaneous current arises at the edge of the system.22

When a ferromagnet is attached to these unconventional su-
perconductors, the magnetization may be induced in the lat-
ter due to the proximity effect.5 Then it may be expected that
a spontaneous spin current can appear along the interface
between aT-breaking superconductor and a ferromagnet, be-
cause there is an imbalance of the densities of spin-up and

spin-down electrons. We will show that it is actually possible
for the superconductor withspx± ipyd-wave symmetry, but
not in the case ofdx2−y2-wave symmetry.23 (Spin currents in
the case of interfaces betweens-wave superconductors and
ferromagnets have been found in Ref. 24, though their treat-
ment of the magnetization is not fully self-consistent.)

II. MODEL AND BDG EQUATIONS

The system we consider is a two-dimensional ferromagnet
(F)/superconductor(S) bilayer and F/S/F trilayer systems,
and we treat[100] and [110] interfaces as schematically de-
picted in Fig. 1. The directions perpendicular(parallel) to the
interfaces are denoted asx syd and x8 sy8d, for [100] and
[110] interfaces, respectively. The axesx8 and y8 are 45°
rotated from the crystal axes directionsx andy. We assume
that the system is uniform along the direction parallel to the
interface. In order to describe the magnetism and supercon-
ductivity, the tight-binding model on a square lattice with
on-site repulsive and nearest-neighbor attractive interactions
is treated within the mean-field(MF) approximation,5,6 and
we consider only the case of zero temperature(T=0). The
Hamiltonians for the two layers are given by

HL = − tL o
ki,jls

sci,s
† cj ,s + H.c.d + ULo

i

ni↑ni↓

+ VLo
ki,jl

fni↑nj↓ + ni↓nj↑g sL = F,Sd, s1d

whereki , jl denotes the nearest-neighbor bonds,nis;cis
† cis,

and cis is the annihilation operator of electrons at a sitei
with spin s. The parameterstL, UL, and VL represent the
transfer integral, the on-site interaction, and the nearest-
neighbor interaction, respectively, for theL s=F,Sd side. The
transmission of electrons at the interface is described by the
tight-binding Hamiltonian
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HT = − tT o
kl,mls

scl,s
† cm,s + H.c.d, s2d

wherel smd denotes the surface of the F(S) layer, and then
the total Hamiltonian of the system isH=HF+HS+HT
−moiscis

† cis with m being the chemical potential. The inter-
action terms are decoupled within the MF approximation:

Uni↑ni↓ → Ukni↑lni↓ + Ukni↓lni↑ − Ukni↑lkni↓l,

Vni↑nj↓ → VDi j cj↓
† ci↑

† + VDi j
* ci↑cj↓ − VuDi j u2, s3d

with Di j ;kci↑cj↓l. Then Di j and the magnetizationmi =kni↑
−ni↓l /2 (perpendicular to the plane) are the OP’s to be de-
termined self-consistently. The SCOP with each symmetry
can be formed by combiningDi j ’s: Ddsid;sDi,i+x̂

sSd +Di,i−x̂
sSd

−Di,i+ŷ
sSd −Di,i−ŷ

sSd d /4 (dx2−y2-wave), Dssid;sDi,i+x̂
sSd +Di,i−x̂

sSd +Di,i+ŷ
sSd

+Di,i−ŷ
sSd d /4 (extended s-wave), Dpxsydsid;sDi,i+x̂sŷd

sTd

−Di,i−x̂sŷd
sTd d /2 (pxsyd-wave), whereDi j

sSd;sDi j +D jid /2 andDi j
sTd

;sDi j −D jid /2 are the spin-singlet and the spin-triplet pairing
OP’s, respectively.

We impose the open(periodic) boundary condition for the
x andx8 (y andy8) directions for[100] and[110] interfaces,
respectively, and carry out the Fourier transformation along
the y and y8 directions. For the[100] case we defineDxi

x±

=Di,i±x̂ andDxi

y±=Di,i±ŷ as the SCOP’s independent ofy. Simi-

larly for the [110] case,Dxi8
ab=Di,i+asx̂8/2d+bsŷ8/2d sa ,b= + or

−d are SCOP’s independent ofy8. (ux̂u= uŷu=a, ux̂8u= uŷ8u=a8
with a anda8 defined in Fig. 1.) Then the mean-field Hamil-
tonian is written as(hereafteri denotesxi andxi8 for a [100]
and a[110] interface, respectively)

HMFA = o
k

o
i

o
j

Ci
†skdĥijskdC jskd, s4d

with Ci
†skd=(ci↑

† skd ,ci↓s−kd) and k is the wave number for

the direction parallel to the interface. The matrixĥijskd is
given as

ĥijskd = Sji j↑skd Fijskd
Fij

* skd − ji j↓skd D , s5d

where

ji j sskd = s− 2tij coska− m + Ukni,−slddi j − tijsdi,j+a + di,j−ad,

Fijskd = VijfDi
x+di,j−a + Di

x−di,j+a + sDi
y+eika + Di

y−e−ikaddi,jg,

s6d

for the [100] interface, and

ji j sskd = s− m + Ukni,−slddi j

− 2tij cosSka8

2
Dsdi,j+a8/2 + di,j−a8/2d,

Fijskd = Vijfdi,j−sa8/2dsDi
++eika8/2 + Di

+−e−ika8/2d

+ di,j+sa8/2dsDi
−+eika8/2 + Di

−−e−ika8/2dg, s7d

for the [110] interface. Heretij = tFsSd, Vij =VFsSd if both i and
j are on the F(S) side, whiletij = tT, Vij =0 if i and j corre-
spond to the interface sites.

We diagonalize the mean-field Hamiltonian by solving the
following Bogoliubov—de Gennes(BdG) equation:25

o
j

ĥi jskdSujnskd
v jnskd

D = EnskdSuinskd
vinskd

D , s8d

where Enskd and (uinskd ,vinskd) are the energy eigenvalue
and the corresponding eigenfunction, respectively, for each
k. The unitary transformation using(uinskd ,vinskd) diagonal-
izes the matrixHMFA, and conversely the OP’sDi j and mi
can be written in terms ofEnskd and (uinskd ,vinskd):

Di
x± =

1

Ny
o
k,n

ui,nskdvi±a,n
* skdf1 − f„Enskd…g,

Di
y± =

1

Ny
o
k,n

ui,nskdvi,n
* skdf1 − f„Enskd…ge7ika,

Di
ab =

1

Ny8
o
k,n

ui,nskdvi+asa8/2d,n
* skdf1 − f„Enskd…ge−ibka8/2,

kni↑l =
1

Ny
o
k,n

uui,nskdu2f„Enskd…,

FIG. 1. Schematic descriptions of the interfaces between ferro-
magnets and superconductors for(a) [100] and (b) [110] surfaces.
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kni↓l =
1

Ny
o
k,n

uvi,nskdu2f1 − f„Enskd…g, s9d

where fsEd is the Fermi distribution function.(For the[110]
case,Ny in the last two expressions should be replaced by
Ny8.) These constitute the self-consistency equations which
will be solved numerically in the following.

The procedure of the self-consistent numerical calculation
is the following. We substitute an initial set of OP’s in the

matrix elements ofĥijskd and solve the BdG equation[Eq.
(8)] to get eigenvalues and eigenfunctions. Then we recalcu-
late the OP’s, and the iteration is performed until the values
of the OP’s are converged. We have used various sets of
initial OP’s for the same values of the parameters of the
model. If several different solutions are obtained, we adopt
the solution with the lowest energy as the true one.

In the uniform case withU.0 andV=0 (i.e., repulsive
Hubbard model), the ground-state phase diagram within the
MF approximation was examined by Hirsch.26 We use this
result to choose the parameters to realize the ferromagnetic
state in the F layer. The phase diagram in the case ofU=0
andV,0 was also studied, and thedx2−y2-, extendeds- and
spx± ipyd-wave SC state appears depending on the band
filling.27 Various SC states can occur in the model with a
single type of (nearest-neighbor attractive) interaction be-
cause of the change of the shape of the Fermi surface.28 Near
half-filling sm,0d the dx2−y2-wave SC state is stabilized,
while the extendeds-wave SC state is favored near the band
edge sm, ±4td. In the region between thed- and s-wave
states the spin-tripletspx± ipyd-wave SC state appears.

The properties of the interface states do not depend on the
values of the parameters in a qualitative way, unless the sym-
metries of the superconducting[dx2−y2- or spx± ipyd-wave]
and the magnetic(ferromagnetic or antiferromagnetic) states
are changed. Therefore we will choose typical values of the
parameters in order to realize the states in question. We will
use finite values ofUS to investigate the effect of electron
correlations in the S side, while the attractive interaction in
the F side is assumed to be absent—i.e.,VF=0. Hereafter we
take tF= tSs;td=1 as the unit of energy, and the tunneling
matrix elementtT is varied to see how the extent of the
proximity effect is changed.

III. INTERFACE STATES AND SPONTANEOUS SPIN
CURRENTS FOR CHIRAL p-WAVE SUPERCONDUCTORS

In this section we study the proximity effect between fer-
romagnets and superconductors withspx± ipyd-wave symme-
try. Here the parameters are chosen to realize the ferromag-
netic and spx± ipyd-wave SC states in F and S layers,
respectively,—i.e.,UF=12, VS=−2.5, andm=−1.6. The sys-
tem size we used isNx=Ny=120, which is large enough to
study the interface states, because the coherence lengths of
SC and ferromagnetic states are of the order of 10a for the
parameters used here. The spatial variations of the SCOP’s
and the magnetizationm near the[100] interface are shown
in Fig. 2 where the tunneling matrix element is taken to be
tT=1 andUS=1.5. It is seen thatDpx andDpy are suppressed

near the interface, and the spin-singlet componentsDd andDs
are induced. Near a surface of a chiral superconductor faced
to vacuum, the spin-singlet components are not induced,
though thep-wave SCOP’s are suppressed also in this case.22

This difference is due to the presence ofm in the S side,
because the SC state cannot be formed withspx± ipyd channel
only if kn↑lÞ kn↓l. The proximity effects will be reduced as
the tunneling matrix element becomes smaller. This is actu-
ally the case as seen in Fig. 3 wheretT=0.1 is used. It is seen
that the penetration ofm into the S side is suppressed, andd-
ands-wave SCOP’s are much smaller compared with Fig. 2.
The change of surface states, astT is varied, is rather simple
in the case ofspx± ipyd-wave superconductors. Namely, the
state monotonously approaches that fortT=0 astT is reduced.
(On the contrary, the surface state of ad-wave supercon-
ductor shows a phase transition whentT is varied, as we will
see in the next section.) The penetration depth ofm depends
on the electron correlation in the S side. The spatial varia-
tions of OP’s forUS=5 andtT=1 are shown in Fig. 4. For
this value ofUS the system gets closer to the magnetic insta-
bility (though thisUS is not large enough to stabilize the
magnetic order), and the correlation length ofm becomes
larger. Then the magnetizationm penetrates far inside the S
side compared with Fig. 2, and thed- and s-wave SCOP’s
decay rather slowly.

In the T-violating SC state a spontaneous current flows
along the surface in the region where the SCOP’s are spa-
tially varying.19–21 Note that the condition for the minimum
free energy requires the current normal to the interface to
vanish. This condition in turn leads to a finite current along
the interface ifT is broken.(Namely, the present spontaneous
current is the equilibrium current.) The expressions for the

FIG. 2. Spatial variations of the magnetizationm and the
SCOP’s for a F/Sspx+ ipyd bilayer system withtT=1, UF=12, US

=1.5, VS=−2.5, m=−1.6, Nx=60+60, andNy=120. (a) m, (b)
ReDpx, (c) Im Dpy, (d) ReDd, and(e) ReDs. Note that all OP’s are
nondimensional andx=0 corresponds to the interface site of a
ferromagnet.
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currents carried by spin-up and spin-down electrons are
given by

Jy
↑sid = −

2eta

"

1

Ny
o
k,n

sinkauui,nskdu2f„Enskd…,

Jy
↓sid =

2eta

"

1

Ny
o
k,n

sinkauvi,nskdu2f1 − f„Enskd…g. s10d

Since we do not consider the effect of the vector potentialAW

in this paper, terms linear inAW in the expressions ofJy are
not taken into account. Near the surface faced to vacuum
only the charge current(defined asJcharge=J↑+J↓) can flow.22

When the surface is attached to a ferromagnet,m is finite in
the region where the chiral SCOP’s have spatial variations.
ThusJ↑ is not equal toJ↓, and the spontaneous spin current
(defined asJspin=J↑−J↓) appears as seen in Fig. 5(a). For a
small value oftT s=0.1d, only small spin current flows while
the charge current is large[Fig. 5(b)]. This is because the
penetration ofm into the S side is suppressed(Fig. 3), and
then the difference betweenJ↑ andJ↓ is reduced. When the
spx± ipyd-wave superconductor is faced to vacuum, only a
charge current arises and no spin current shows up.22 The tT
dependence of spin currents presented here is consistent with
this fact. When the effect of electron correlations is impor-
tant in the S side,Jchargeis reduced butJspin is not [Fig. 5(c)].
This is because a largeUS suppressesDp’s, leading to a re-
ducedJcharge, while it enhancesm andJspin. The spin current
also becomes larger as the value ofUF is increased[Fig. 5(d)
with UF=16], sincem in the F side is enhanced, leading to a
larger value ofm in the S side. To summarize the discussion
of the spin current in bilayer systems,Jspin can be large if the
magnetization induced in the S side is large.

We have also investigated the case of[110] interface be-
tween aspx± ipyd-wave superconductor and a ferromagnet,
and the results are qualitatively the same as those for the
[100] interface.

Now we examine the F/S/F trilayer system where S is a
chiral spx± ipyd-wave superconductor. The spatial variations
of the magnetizationm and thep-wave SCOP’s are shown in
Fig. 6. (Small ReDd and ReDs are also induced near the
interface as in F/S bilayer system, though they are not shown
here.) In the F/S bilayer system, we have seen that sponta-
neous spin currents as well as charge currents flow along the
interface. The direction of the charge current,Jcharge, is de-
termined by the chirality[i.e., spx+ ipyd or spx− ipyd], and the
currents at the opposite edges of the superconductor should
flow in opposite directions. The direction of the spin current,
Jspin, is the same as(opposite to) that at the other edge of the
superconductor if the magnetizations of two ferromagnets
are antiparallel(parallel). Then if the chiral superconductor
is sandwiched by ferromagnets with antiparallel magnetiza-
tions, the total charge current(integrated overx) should van-
ish, while the total spin current will be finite. On the con-
trary, if the magnetizations of two F layers are parallel, both
the total charge current and the total spin current should van-
ish. This is actually the case as shown in Fig. 7, where
oi Jchargesid vanishes for both parallel and antiparallel con-
figurations ofm andoi Jspinsid is finite only for an antiparal-
lel configuration of m. If we assumet=1 eV, oi Jspinsid
,10 mA.

IV. INTERFACE STATES FOR d-WAVE
SUPERCONDUCTORS

In this section we examine the interface states for ferro-
magnets and superconductors withdx2−y2-wave symmetry. In

FIG. 3. Spatial variations ofm and the SCOP’s for a F/Sspx

+ ipyd bilayer system withtT=0.1. Other parameters are the same as
in Fig. 2. (a) m, (b) ReDpx, (c) Im Dpy, (d) ReDd, and(e) ReDs.

FIG. 4. Spatial variations ofm and the SCOP’s for a F/Sspx

+ ipyd bilayer system withUS=5. Other parameters are the same as
in Fig. 2. (a) m, (b) ReDpx, (c) Im Dpy, (d) ReDd, and(e) ReDs.
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order to realize the ferromagnetic and thedx2−y2-wave SC
states in F and S layers, respectively, the parameters are cho-
sen to beUF=10, US=1.5, VS=−1.5, andm=−0.5. We con-
sider only the[110] interface here, since aT-breaking surface
state may be formed in this case, but not in the case of a
[100] surface.29 The T-violating surface state can be formed
by introducing additional SCOP, such as theis- or idxy-wave
component.14 In the present model thesdx2−y2± isd-wave state
may occur, because the attractive interaction exists between
nearest-neighbor sites on a square lattice.(It may be possible
to induce anidxy SCOP near the magnetic impurity with
spin-orbit interactions or due to the magnetic field.)30,31 In
the sd± isd-wave surface state, the spontaneous charge cur-
rent flows along they8 direction. If a ferromagnet is attached

to a [110] surface of adx2−y2-wave superconductor, the coex-
istence of the magnetizationm in the T-violating state may
be expected, leading to a spontaneous spin current.

In Fig. 8 the spatial variations ofm and the SCOP’s near
the [110] interface are shown fortT=0.1. Since adx2−y2-wave
SC state has nodes in contrast to a fully gapped
spx± ipyd-wave SC state, the proximity effect in the former
case is much larger than that in the latter.[See Fig. 3 where
the sametT=0.1 is employed in the case ofspx± ipyd-wave
superconductor.] When tT is not so small(tT*0.02 for U’s
and V’s used here), the magnetization penetrates into the S
layer (Fig. 9). WhenmÞ0, the densities of spin-up and spin-
down electrons are not equal, and the Cooper pairs cannot be
formed in singlet channels only, and thus thep-wave com-

FIG. 5. The charge and the spin current(in units of 2eta/") for F/Sspx+ ipyd bilayer systems.(a) UF=12, US=1.5, andtT=1, (b) UF

=12, US=1.5, andtT=0.1, (c) UF=12, US=5, andtT=1, and(d) UF=16, US=1.5, andtT=1. Other parameters are the same as in Fig. 2.
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ponents have to arise.5 We find that the complex component
sisd, which could be induced near a surface faced to vacuum,
is destroyed, and the resulting state has asdx2−y2+px+pyd
symmetry. When the value oftT is reduced, the symmetry of
the SC state changes. FortT&0.02, thesd± isd-wave state
appears, where the magnetizationm (and thus p-wave
SCOP’s) is absent in the S layer even thoughtTÞ0 (Fig. 10).

In the sd± isd state a spontaneous charge current can flow
along the interface, but there is no spin current becausem
=0. In the sd+px+pyd state both charge and spin current
vanish, because all SCOP’s are real(Fig. 11). For the[110]
interface the expression for the currentJy8

s sid is slightly dif-
ferent from that for[100] case. We checked that the current
from the sitei to i + x̂8 /2+ŷ8 /2, denoted asJa

ssid, is the same
as that from the sitei + x̂8 /2+ŷ8 /2 to i + ŷ8, denoted asJb

ssid
[otherwise,Jx8

s sidÞ0]. ThenJy8
s sid is given by they8 compo-

nent ofJa
ssid [or, equivalently,Jb

ssid]:

Jy8
↑ sid =

1
Î2

2etia

"

1

Ny8
o
k,n

f„Enskd…

3Imfui+sa8/2d,n
* skdui,nskde−ika8/2g,

Jy8
↓ sid =

1
Î2

2etia

"

1

Ny8
o
k,n

f1 − f„Enskd…g

3Imfvi+sa8/2d,nskdvi,n
* skdeiksa8/2dg, s11d

where ti = tT if i corresponds to the interface site andti = t
otherwise.

The transition between thesd± isd- and sd+px+pyd-wave
SC states is of first order, and we did not find a state which
carries a spontaneous spin current for F/Ssdx2−y2d interface
states. Our results imply that both the state withmÞ0, Ds
=0 andDpxsydÞ0 and the state withm=0, DsÞ0 andDpxsyd
=0 correspond to the local minima of the free energy and
that the former[latter] has lower energy whentT. stTdcr ftT
, stTdcrg with stTdcr,0.02. Actually for tT,stTdcr, we ob-
tained two kinds of solutions depending on the initial values
of OP’s for the iteration, and the energies of two solutions
cross attT=stTdcr.

FIG. 6. Spatial variations ofm, ReDpx, and ImDpy for F/Sspx

+ ipyd /F trilayer systems. The system size isNx=40+40+40,Ny

=120, and other parameters are the same as in Fig. 2.(a) m with
parallel configuration,(b) m with antiparallel configuration in two F
layers, respectively.(c) ReDpx, and (d) Im Dpy. Note that ReDpx,
and ImDpy do not depend on the configurations ofm.

FIG. 7. The charge and spin current(in units of 2eta/") for
F/Sspx+ ipyd /F trilayer systems. Parameters used are the same as in
Fig. 6. Magnetizations of two F layers are antiparallel in(a) and
parallel in (b).
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V. SUMMARY

We have studied the proximity effect between unconven-
tional superconductors and ferromagnets. It is found that a
spontaneous spin current can flow along the interface be-
tween aspx± ipyd-wave superconductor and a ferromagnet
due to the coexistence of the magnetization and the chiral
superconducting state. In the case of adx2−y2-wave supercon-
ductor the induced magnetization destroys theT-breaking
sd± isd-wave surface state for relatively large transmission

stT*0.02d. For small transmission stT&0.02d the
sd± isd-wave SC state withm=0 is realized, and we did not
find the state with a spontaneous spin current for any value
of tT. This implies that only a spontaneous charge current
may be possible for high-Tc cuprates, while both spin and
charge currents may be expected for spin-triplet
superconductors—e.g., Sr2RuO4. For conventionals-wave
superconductors based on the electron-phonon mechanism,
ferromagnetism plays a very strong role in suppressing the

FIG. 8. Spatial variations ofm and the SCOP’s for a F/Ssdx2−y2d
bilayer system withtT=0.1, UF=10, US=1.5, VS=−1.5, m=−0.5,
Nx8=60+60, andNy8=120. (a) m, (b) ReDd, and (c) ReDpx

s=ReDpyd.

FIG. 9. Spatial variations ofm and the SCOP’s for a F/Ssdx2−y2d
bilayer system withtT=0.03. Other parameters are the same as in
Fig. 8. (a) m, (b) ReDd, and(c) ReDpx s=ReDpyd.

FIG. 10. Spatial variations ofm and the SCOP’s for a
F/Ssdx2−y2d bilayer system withtT=0.01. Other parameters are the
same as in Fig. 8.(a) m, (b) ReDd, and(c) Im Ds.

FIG. 11. The charge current(in units of 2eta/") for F/Ssdx2−y2d
bilayer systems with(a) tT=0.1 andtT=0.03 and(b) tT=0.01. Other
parameters are the same as in Fig. 8.
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superconductivity. On the contrary, in the case of unconven-
tional superconductors these effects may be weaker, since the
superconductivity is caused by the magnetic interactions.
Then we expect it is possible to obtain a surface state with a
spontaneous spin current experimentally using spin-triplet
superconductors.
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