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Abstract
We consider the boundary value problem involving one-dimensional p-Laplacian

(| |P%u) +a(z)f(u) =0, 0<z<1, u(0) = u(1) =0,

where p > 1. We establish sharp conditions for the existence of solutions with prescribed numbers
of zeros in terms of the ratio f(s)/sP~* at infinity and zero. Our argument is based on the shooting
method together with the qualitative theory for half-linear differential equations.

Keywords: Two-point boundary value problems, One-dimensional p-Laplacian, Half-linear differential
equations, Shooting method

1. Introduction

In this paper we consider the existence of sign-changing solutions for the boundary

value problem
(IW[P=2u) + a(z) f(u) =0, 0<z<1,

1.1
u(0) =u(1) =0, 4

where p > 1. In (1.1) we assume that a satisfies
acCl0,1], a(x)>0 for0<az<1, (1.2)
and that f is locally Lipschitz continuous on R \ {0} and satisfies
feCR), sf(s)>0 fors#D0. (1.3)

We note that (1.3) implies f(0) = 0.

By a solution u of (1.1) we mean a function u € C*[0,1] with |u'|P~2u’ € C1[0,1]
which satisfies (1.1).

Problems of the form (1.1) describe some nonlinear phenomena in mathematical

sciences and have been studied in recent years by many authors (see [1], [2], [6], [8],
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[11], [14], [15], [17]-[21], [24], [25], [26] and references therein). Let us consider the

problem of the form

(|u'P~2u") + g(z,u) =0, 0<z <1,
(1.4)
u(0) =u(1) =0,
where g : [0,1] x R — R is a continuous function with g(x,0) = 0. Put
pr = (p—1)(kmp)? for k=1,2,...,

where 7, = (27)/(psin(n/p)). It is well known by [2] that the problem (1.4) possesses
a nontrivial solution if there exist positive integers j, k such that (j — k) is an odd

integer and

.. g(tau) . g(tvu)

e S Hmind 5 o S Hmsup 5 5 < pien (1.5)
. (t,u) (t,)
.. .gtu ) g(t,u

pg < liminf = = < 11151_%11) 1 = M (1.6)

where, in (1.5) and (1.6), the limits are supposed to hold uniformly on [0, 1] and the first
and last inequalities being strict in some subsets of positive measure in [0,1]. Their
method is based on the degree argument. The problem of the existence of positive
solutions was studied by [1], [8], [11], [20], [24], [25], and it was shown in [20] that the

problem (1.4) has at least one positive solution if

t
lim inf M > —
u—0t up—1
and
t t
lim sup gl ’li) < pp < liminf g ’Qf),
Um0+ ubP— u—oo yP—

where the limits are supposed to hold uniformly for almost every t € [0, 1].

In this paper we will show the precise conditions for the existence of solutions
with prescribed nodal properties to the problem (1.1). Our approach is based on
the shooting method together with the qualitative theory for half-linear differential
equations.

Following the idea by [26], we consider the weighted eigenvalue problem
(€' PP72¢") + Xa(2)|plP 20 =0, 0<z <1,
{ ©(0) = ¢(1) =0.
Let A be the k-th eigenvalue of (1.7), and let ¢ be an eigenfunction corresponding
to Ag. It is known that

(1.7)

D<A <A< - <A < A1 < -+ klim AL = 00,
—00



and that ¢ has exactly &k — 1 zeros in (0,1). (See, e.g., [3], [4], [13], [26].) For
convenience, we put A\g = 0.

For each k € N = {1,2,...}, we denote by S} (respectively S; ) the set of all
solutions u for (1.1) which have exactly k — 1 zeros in (0,1) and satisfy u/(0) > 0
(respectively u/(0) < 0). Our main result is the following,.

Theorem 1. Assume that there exists an integer k € N such that either

. f(s) ... f(s)

T g < R s e
o £(s) £(s)
S S

li A lim inf . 1.9

P Tspzs < M < S fap2s (19)

Then S;" # 0 and S, # 0.
As a corollary, we obtain the multiplicity of the existence of solutions to (1.1).

Corollary 1. Assume that there exist some integers j,k € N with j > k such that

e (s) 1(s)
. S .. S
h‘Iz‘lilép 525 <A and 1‘151‘11;25 5P > A
" 7(s) 7(s)
. S .. S
ll‘il‘ljip 525 <A and hlgll_l)%f Is[25 > A

Then the problem (1.1) has at least 2(j — k + 1) nontrivial solutions.

Remark 1. It is known by Lee and Sim [15] that (1.1) has no non-trivial solution
when the range of f(s)/|s|P~2s contains no eigenvalue of the problem (1.7). Precisely,
it was shown in [15, Theorem 2.6] that if there exists an integer k£ € N such that

f(s)

A < ———2—
B2 sl1s

< Agg1 for s #0,
then the problem (1.1) has no non-trivial solution.

Corollary 2. Assume that either
1(s) 0 and lim 7(s)

\s\lglo |s|p=2s5 |s|—o0 |8[P~2s

. £(s)

|s|—0 |8|p_28 -

and lim




holds. Then St # 0 and S;, # 0 for each k € N. In particular, the problem (1.1) has

infinity many solutions.

Remark 2. (i) Under the conditions in Corollary 2, Wang [24] has showed the exis-
tence of a positive solution of (1.1) subject to nonlinear boundary conditions by using
a fixed point theorem in cones.

(ii) In the autonomous case a(x) = const, the existence of solutions to (1.1) has
been studied by using a time-mapping method. See, e.g., [6], [21].

(iii) Recently, Lee and Sim [14], [15] considered the problem (1.1) in the case a €
L1(0,1), and gave global analyses for sign-changing solutions employing a bifurcation
argument.

(iv) In the case p = 2, related results can be found in [17]-[19], [22].

In the proof of Theorem 1, we first consider the solution u(z;u) of (1.1) satisfying
the initial condition u(0) = 0 and «’(0) = u, where 1 € R is a parameter, and then we
investigate the behavior of the solution u(x;u) as p — 0 and g — oo by making use

of the properties of solutions for half-linear differential equations of the form
(|0 [P~20") + e(z)|vP~2v = 0, (1.10)

where c is continuous. In particular, we will employ the generalized Priifer transforma-
tion, the Sturmian theorems, and the Picone type identity for (1.10) in our arguments.

This paper is organized as follows. In Section 2, we show a global existence and
uniqueness of the solution for the initial value problem. In Section 3, we give some
comparison arguments. We show the proof of Theorem 1 in Section 4. In Section 5,
we prove the lemmas stated in Section 4. In the appendix, we give the proof of the

lemma used in Section 2.
2. Initial value problem

We denote by u(z;p) the solution of the initial value problem
(Ju'|P72) + a(2) f(u) =0, 0<z<1,
(2.1)
w(0)=0 and o'(0) = p,

where u € R is a parameter. We show the following proposition.
Proposition 2.1. For each p € R, the solution u(x;p) exists on [0,1] and is unique.

Furthermore, u(x;u) and u'(x;p) are continuous functions of (xz;u) € [0,1] x R, and

the number of zeros of u(x; ) in [0,1] is finite for each p € R\ {0}.



Remark 3. (i) In the case where f(s) = |s|%'s with 8 > 0, the existence and
uniqueness of the initial value problem (2.1) was studied by Kitano and Kusano [12].
(ii) For more general initial value problems, an extensive list of uniqueness condi-

tions was given by Reichel and Walter [23], together with examples of non-uniqueness.

For a solution u of (2.1), we denote by I[u] C [0,1] the maximal interval of the

existence for u. We define the energy function E[u] by
Eu)(z) = |u/' ()P + a(z)F(u(z)) for z € I[u], (2.2)
where
F(s) = L/ f(t)dt for seR.
p—1Jo

It is easy to see that F'(s) > 0 for all s € R\ {0}, F(0) = 0, and F(s) is strictly
decreasing in s € (—00,0) and strictly increasing in s € (0,00). Thus Eu|(xz) > 0 on
I[u], and Elu|(x) = 0 on [[u] if and only if u(z) = 0 on I[u]. Furthermore, we obtain

the following properties.

Lemma 2.1. Let u be a solution of (2.1), and let xo,x € I[u]. Then

Elu](z) < Elu](zo) exp ( /x j %dt) for o < 1, (2.3)
and

Elul(x) < Eu](zo) exp (/x ’ [aa((?)]_dt) for x < xp, (2.4)
where [s];+ = max{s,0} and [s]- = max{—s,0}.

Proof. Put v = [¢/|P~24/. Then we have |u/|P = |v|ﬁ and

i m_ P L2 N P np=2, 1\
TP = Lol = (R
Then Elu] satisfies
d
%E[u](l‘) =d (x)F(u(z)) for z € Iul. (2.5)

In view of (2.2), we have

d [/ (z))
—Elu(z) < G(T)*E[u](x) for € ITu].

Then, for g, x € I[u] with ¢ < z, we obtain

% (E[u] () exp (_ / [“;((tt))“dt)) <.




An integration of the above over [z, x] gives inequality (2.3). Inequality (2.4) can be

obtained by a similar argument. O

In the proof of Proposition 2.1 we need the following lemma, which will be proven

in the appendix below.

Lemma 2.2. Let xy € [0,1], and let o, § € R. Then the initial value problem
(/P2 +a@)fw) =0, ulwo) =a, (o) =, (2.6)

has a unique local solution.

Proof of Proposition 2.1. From Lemma 2.2 the initial value problem (2.1) has a
unique local solution u(x; u) for each u € R, and the solution u(z; u) is unique as far
as the solution exists. Let I[u] be the maximal interval of existence for u(zx; ). Lemma
2.1 with zg = 0 implies that

[' ()] +

Ehw.”nﬂx)g;wexp(zf_zﬁj_m) for z € I[u].

This means that both u(z;pu) and «'(x; u) are bounded as far as the solution u(x;u)
exists. Thus, by a standard argument, we conclude that u(x;u) exists on [0,1] and is
unique.

By a general theory on the continuous dependence of solutions on parameters and
initial conditions (see, for example, [7, Chap. V, Theorem 2.1]), it follows that u(z; )
and u'(x; u) are continuous in (x; ) on the set [0,1] x R.

Assume to the contrary that u(x; u) has infinitely many zeros in the finite interval
[0,1] for some p # 0. Then, by the uniqueness we have u(x; ) =0 on [0,1]. This is a
contradiction. Thus the number of zeros of u(z; 1) in [0, 1] is finite for each 1 € R\ {0}.
This completes the proof of Proposition 2.1.

3. Comparison lemmas

In this section first we will recall the Sturmian comparison theorem and the Picone
type identity for the half-linear differential equations. Let us consider a pair of half-

linear differential equations
(Ju'[P720) + e(@)|uPPu=0, 0<z<1, (3.1)

and
(|U'P2U"Y + C(2)|UP2U =0, 0<zx<I, (3.2)



where ¢, C' € C|0, 1] satisfy C(z) > ¢(x) for z € [0,1]. The Sturm comparison theorem

for the half-linear differential equation is formulated as follows:

Lemma 3.1. Assume that a nontrivial solution u of (3.1) satisfies u(x1) = u(x2) =0
with x1,xe € [0,1]. Then every nontrivial solution U of (3.2) has a zero in (x1,x2) or
it is a multiple of the solution u. The last possibility is excluded if C(x) # c(x) for

x € (x1,2).

For the proof, we refer to [4, Theorem 1.2.4]. (See also [3], [5] and [16].) The
following Picone type identity for equations (3.1) and (3.2) is introduced by Jaros and
Kusano [9]. See also [3] and [4].

Lemma 3.2. Define ® and P, respectively, by

P q
() = uP2u and Plu,o) = Ly P S
p q

where g = p/(p—1). Let u and U be solutions of (3.1) and (3.2), respectively. Then

= (@) c@llup +pP (w0 (“F)) sora € for,)

In particular, we have

o (2)2(0) - 2)e(E")] = 06 - ol
for x € [x1,29].

Next, let us consider the eigenvalue problem (1.7). Recall that A\ is the k-th

eigenvalue of (1.7).

Lemma 3.3. Let {xi}fzo be zeros of an eigenfunction @i corresponding to A such
that

D= < <a2< - <xp1 <) = 1. (3.3)

(i) Let X > Ag. Then, for each i € {1,2,...,k}, there is a solution w; of the

equation
(Jw'|P~2w") + Aa(z)|w[P~2w = 0, (3.4)

which has at least two zeros in (x;—1,x;).

(ii) Let A < \g. Then, for eachi € {1,2,... ,k}, there is a solution w; of (3.4) such
that wi(x) > 0 on [z;—1,x;].



Proof. (i) Let ¢ € {1,2,...,k} be fixed. Consider the initial condition
w(zi—1 +€)=0 and w'(x;_1+¢e)=1 (3.5)

with € > 0. Note that Aa(x) > Aga(z) on [z;—1,x;] and pr(xi—1) = pr(z;) = 0. By
Lemma 3.1 the solution of (3.4) satisfying (3.5) with ¢ = 0 has a zero 2o in (xi_1, ;).
By the continuous dependence of solutions on initial conditions, the solution of (3.4)
and (3.5) with small € > 0 has a zero z. near zp. Hence, if € > 0 is sufficiently small,
the solution of (3.4) and (3.5) has two zeros z;—1 + € and z; in (x;_1, ;).

(ii) Fix ¢ € {1,2,...,k}, and consider the initial condition
w(zi—1) =¢ and w'(z;_1) =1 (3.6)

with € > 0. Since Aa(z) < Aga(z) on [x;—1,7;] and ¢ has no zero in (wi_1,;),
Lemma 3.1 shows that the solution of (3.4) and (3.6) with e = 0 satisfies w(z) > 0 on
(zi—1,;]. By the continuous dependence of solutions on initial conditions, if € > 0 is

sufficiently small, the solution of (3.4) and (3.6) satisfies w(z) > 0 on [x;_1, x;]. ]
4. Proof of Theorem 1

In order to show Theorem 1, we introduce the generalized trigonometric functions
sin,, cos, and tan,, which are generalizations of the classical trigonometric functions
sin, cos and tan, respectively. (See [3], [4], [5] and [13].) The generalized sine function

sin, is defined as the solution of the specific half-linear differential equation
(18" P=28") + (p - 1)|S[P2S =0

satisfying the initial condition S(0) = 0 and S’(0) = 1. The function sin,, is defined on
R and is periodic with period 27, where 7, = (27)/(psin(7/p)). Further, sin, z is an
odd function having zeros at x = jm,, j € Z; it is positive for 2jm, < x < (2j + 1),
J € Z, and negative for (2j + 1)1, < < 2(j + 1)mp, j € Z. The generalized cosine
function cos, is defined by cos,x = (sin, z)’, and the generalized tangent function

tan, x is defined by

Sy, T

1
tan, x = forx;«é(j+§)7rp, je Z.

OSp T

We see that the generalized Pythagorean identity holds:
|sin, z|” + |cosp P =1, z €R,

and that tan, z is strictly increasing for —m,/2 < x < m,/2 and there exists the inverse

function arctan, x of tan, x which is multivalued and defined on R.



For the solution w(z;pu) of (2.1) with u > 0, we define the functions r(z; ) and

0(x; 1) by
{ u(x; p) = r(x; p) sing O(z; 1),

! (3 5) = s 1) cosy B(z3 1),
where = d/dx. Since u(x;p) and o' (x; ) cannot vanish simultaneously, r(z; u) and

0(x; 1) can be written in the forms
1
r(ap) = (Jula: )P + (@) P) 77 > 0
and

u(z; p)
(25 1)

6(z; 1) = arctan,
respectively. It can be shown that

a(@) f(r(x; p) sing 0(x; 1)) sing, 0(; p)
(p— D[r(z; p)P!

for x € [0, 1], which implies that 6(z; p) is strictly increasing in x € [0, 1] for each fixed

0 (x5 p) = | cosp O(z; )P + >0

> 0. (See, for example, [3] or [4].) From the initial condition in (2.1) it follows that
6(0; 1) = 0 (mod 2mp). For simplicity we take 6(0; ) = 0. Proposition 2.1 implies that
0(x; ) is continuous in (z;p) € [0,1] x (0,00). We easily see that u(z;p) has exactly
k — 1 zeros in (0,1) if and only if

(k—1Dmp < 0(1; ) < k.
To show Theorem 1, we need Lemmas 4.1-4.4 below.

Lemma 4.1. Assume that
f(s)

lim sup m

|s|—0

< (4.1)

for some k € N. Then there exists px > 0 such that, for each p € (0, pl, the solution
u(z; ) has at most k — 1 zeros in (0,1).

Lemma 4.2. Assume that

)
1 f A 4.2
0 Tsp2s 7 .

for some k € N. Then there exists px > 0 such that, for each pu € (0, pl, the solution
u(z; ) has at least k zeros in (0,1).

Lemma 4.3. Assume that
. f(s)
lim inf —4——~4—

|s|—o0 ’3’]2—23

> A (4.3)



for some k € N. Then there exists u* > 0 such that, for each pu > p*, the solution
u(x; ) has at least k zeros in (0,1).

Lemma 4.4. Assume that
1)y, (4.4)

|s[P=2s

lim sup
|s|—o0

for some k € N. Then there exists u* > 0 such that, for each pu > p*, the solution
u(z; ) has at most k — 1 zeros in (0,1).

Proofs of Lemmas 4.1-4.4 will be given in the next section.

Proof of Theorem 1.  First assume that (1.8) holds. Then, from Lemma 4.1,
there exists p, > 0 such that u(z; ) has at most & — 1 zeros in (0,1) for u € (0, p.,
that is, 6(1;p) < km, for p € (0, puy]. Lemma 4.3 implies that there exists p* > 0
such that 6(1;u) > kmp for p > p*. Then p, < p*. Since 6(1; ) is continuous in
i € (0,00), there exists a number py € [ps, 1*) such that 6(1; ) = kmp. This implies

that u(z; uy) € Sif.
Put g(s) = —f(—s), and let us consider the boundary value problem

{ (|v'P~20") + Aa(z)g(v) =0, 0<z <1,
(4.5)
v(0) = v(1) =0,

We note here that (1.8) implies that

g(f)z < Ap < liminf g(f)Q
|s|P—2s |s|—o0 |$[P~2s

lim sup
|s|—0

Then, by the argument above, the problem (4.5) has a solution v which has exactly
k —1 zeros in (0,1) and v;(0) > 0. Put uy = —vj. Then we easily see that uj € Sy .
In the case where (1.9) holds, we can show S; # () and S, # 0 by employing

Lemmas 4.2 and 4.4 with a similar argument. O
5. Proofs of Lemmas 4.1-4.4

In the proofs of Lemmas 4.1-4.4, the following notation will be used:

a, =minf{a(x) : 0 <z <1}, o =max{a(z):0<z <1},

A*:exp<—/ol%dt>, A*zexp(/ol%dO,
F*(u) = max{F(u), F(—u)}, Fi(u)=min{F(u), F(—u)}.

10



Since F'(u) and F(—u) are strictly increasing in u € (0,00), we easily see that F™*(u)

and Fy(u) are strictly increasing in u € (0, 00).
Lemma 5.1. (i) Let > 0. Then
AP < Elu(-5p)](x) < A*pP o for 0 <z <1,

where Elu] is the function defined by (2.2).

(i) Let M > 0. If
a*E;(Al)]l/p

<
O<u_[ Ve

then |u(z; p)| < M for 0 <x <1.

Proof. (i) From Lemma 2.1 we have

Blu-s)(@) < Bl 0o ([0 ar) tora >0
and
Elu(-;1)](0) < Elu(-;p)](x) exp </0 [aa((tt))]_dt> for x > 0.

Hence, noting that Efu(-;u)](0) = pP, we obtain (5.1).
(ii) From (5.1) and (5.2) we have

Elu(-;p))(z) < A*pP < a Fo(M) for0<z <1.
From a.Fy(u(x;p)) < Elu(-;p)](x), it follows that
@ (u(z; 1) < a Fu(M).
This implies that |u(z;p)| < M for 0 <z < 1.
We observe that u = u(z; p) satisfies the equation
(JaP~2u') + b(a) [ulP~?u = 0,
where

fu(a; p))
(s ) [P~2u(a; p)

Proof of Lemma 4.1. From (4.1) there exist A < A\ and M > 0 such that

f(s)

|s[P=2s

<A for0<|s| <M.

11

(5.1)



Put u, > 0 so that (5.2) holds for all u € (0, u.]. Let p € (0, uy]. From Lemma 5.1
(ii), we obtain |u(z; u)| < M for x € [0,1]. Then, the function b given by (5.4) satisfies

b(x) < Aa(zx) forae 0<z<l1. (5.5)

Let {x;}¥_, be zeros of an eigenfunction ¢y corresponding to \; satisfying (3.3). We
will show that w(z;p) with u € (0,u4*] has at most one zero in [z;_1,z;) for each
i=1,2,...,k. Assume to the contrary that u(z;u) has at least two zeros in [z;_1,x;)
forsomei € {1,2,...,k}. Let t; and ¢ be zeros of u(z; 1) such that x;—1 <t <t < x;
and |u(x;p)| > 0 for t1 < z < to. Then u = u(x; ) satisfies (5.3) for t1 < x < ty with
b € C(t1,t2). By Lemma 3.3 (ii), there exists a solution w; of (3.4) such that w;(z) > 0

on [z;_1,x;]. By applying Lemma 3.2 with v = u(z; ) and U = w;, we have

d{u

T | @y (20200 - B(0)0(u)) | 2 (ale) )l

for t1 < & < t9. Integrating this inequality on [s,ts] with ¢; < s < ta, and letting

s — t1, we obtain

0> / * ) — ()] [ul?dor

t1
This contradicts (5.5). Thus u has at most one zero in [z;_1, ;) foreach i = 1,2,... k.
Note that u has no zero in (zg, z1), since g = 0 is a zero of u in [xg, x1). Hence u has
at most k — 1 zeros in (0, 1). O

Proof of Lemma 4.2. From (4.2) there exist A > A\; and M > 0 such that

)\<Lf) for 0 < |s| < M.
|s[P=2s

Take p1. > 0 so that (5.2) holds for all p € (0, p.]. Let p € (0, ). Lemma 5.1 (ii)
implies that |u(x;u)| < M for x € [0,1]. Let {z;}*_, be zeros of an eigenfunction ¢y,
corresponding to \i satisfying (3.3). We will show that u(x; ) has at least one zero in
each interval (x;_1,x;) for i = 1,2,..., k. Assume to the contrary that u(z;u) has no
zero in (x;_1,x;) with some ¢ € {1,2,...,k}. By Lemma 3.3 (i), there exists a solution
wj; of (3.4) such that w;(t1) = w;(t2) = 0 for some ¢, to € (x;—1,x;). We see that the

function b given by (5.4) is continuous in [¢1, t2], and satisfies
b(x) > Na(z), t1 <z <to.

Then Lemma 3.1 implies that u(z; ) has at least one zero in (¢1,t2) C (z;—1, ;). This
is a contradiction. Thus wu(x;p) has at least one zero in each interval (z;_1,x;) for
i=1,2,...,k, which implies that u(z; ) has at least k zeros in (0, 1). O

12



Lemma 5.2. Let M > 0. If p > 0 satisfies

N [a*F*(M)T/p

n , (5.6)

then the solution u(xz;p) has the following properties (i)—(iii):
(i) If v/ (zo; 1) = O for some xg € (0,1], then |u(zo; )| > M;
(ii) Assume that u(x;pu) has no zero in (x1,x2) and satisfies |u(x;u)| < M on

[x1,x9] for some x1,z9 € [0,1]. Then we have x9 — x1 < §, where
-1
5= M(A*up - a*F*(M)) 0. (5.7)

(iii) Define § by (5.7). Assume that u(z;p) has no zero in (o, 3) for some a, 5 €
[0,1] satisfying  — a > 26. Then |u(x;p)| > M for x € (a+ 0,5 — 9).

Proof. (i) From /(zo; ) = 0, we have
Bl - 1)) (x0) = alao) F(u(zo: 1)) < a*F* (ulzo; ).
From (5.1) and (5.6) we obtain
Blu(-:1))(ao) = A > a"F*(M).

Then it follows that a*F*(M) < a*F*(u(xo; ). Thus we obtain M < |u(zg; 1)|.
(ii) For simplicity, we denote u(x;pu) by u(z). We may assume that u(x) > 0 on

(z1,x2). Then we have
0<u(x) <M forxz <z<um (5.8)
and
Elu(-;w)](x) < [ (2)]P + a*F* (M) for x1 <z < 9.

From (5.1), we have
Aupl? < W ()P + a*F* (M) for z1 <z < x9.

This implies that

1
(@) > (A —a F D) =X form <o <

Therefore we have either u/(z) > M/é on [x1,x9] or —u/(x) > M/d on [, x2).
If w'(z) > M/§ on [x1, 2], then (5.8) implies that

M
5

M > u(zx2) = u(z1) + /I2 o' (x)de > —(z2 — 1),
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and hence x9 —xq < 4. If —u/(z) > M/6 on [x1, 23], then
Z2

M 2 ulen) = (o)~ [ (@) 2 5 o - ),

which means that 9 — 1 <.

(iii) We may assume that u(x; ) > 0 on («, 3). For simplicity, we denote u(x; 1) by
u(x). In view of (2.1) we see that (Ju’|P~2u/)’ < 0 on [, (], so that 4/ is nonincreasing
on [a, #]. Assume to the contrary that there is a number v € (a + 6,5 — §) such that
u(y) < M.

First suppose that u/(y) > 0. Since «’ is nonincreasing on [«, 3], we find that
u'(x) > u/(y) > 0 for ¢ € [a, ], so that u is nondecreasing on [a,7]. Then we have
0 < wu(r) <wu(y) < M on [o,7]. From Lemma 5.2 (i), we have v — a < §. This
contradicts v € (a4 6,5 — 9).

Next we assume that «/(y) < 0. Since v’ is nonincreasing on [a, ], we have
u(xz) < u(y) <0 forx € [y,8. Then 0 < u(z) < u(y) < M for x € [y,0]. From
Lemma 5.2 (ii), we obtain 3 —~ < §. This is a contradiction. Therefore, u(x; p) > M
forz € (a+46,8—9). O

Proof of Lemma 4.3. From (4.3) there exists A > Ay and M > 0 such that
f(s)

|s[P=2s

>\ for |s| > M. (5.9)

Let {x;}¥_, be zeros of an eigenfunction ¢}, corresponding to A satisfying (3.3). By
Lemma 3.3 (i), for each i € {1,2,...,k}, there exists a solution w; of (3.4) having at
least two zeros in (z;—1, ;).

Now fixi € {1,2,...,k}. Let t; and t2 be zeros of w; such that z;_; < t1 < t2 < z;.
Define 6 > 0 by (5.7). We remark that 6 — 0 as u — oco. Then we can take p; > 0 so
large that, for all p > u;, we have (5.6), x; — ;-1 > 26, and [t1,t2] C (zj—1 + 0, x; — 9).
Let o > p;. We will show that u(z; p) has at least one zero in (z;_1, ;).

Assume to the contrary that u(z;u) has no zero in (z;—1, ;). From Lemma 5.2
(iii) we obtain |u(z;p)| > M for x € (x;—1+ 9, z; — ). From (5.9), the function b given
by (5.4) satisfies

Aa(z) < b(z) for x € [t1,ta] C (zim1 + d,2; —9).

Then Lemma 3.1 implies that u(x; 1) has at least one zero in (¢1,t2). This is a contra-
diction. Thus u(z; u) with g > p; has at least one zero in (x;—1,x;).

Put p* = max{p; :i=1,2,...,k}. If u > p*, then u(z;u) has at least one zero
in (x;—1,2;) for each ¢ = 1,2,...,k, which means that u(x; ) has at least k zeros in
(0,1). O
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Proof of Lemma 4.4. From (4.4), there exists A < Ay and M > 0 such that

f(s)

|s[P=2s

<A for|s| > M. (5.10)

Let {x;}¥_, be zeros of an eigenfunction ¢, satisfying (3.3). By Lemma 3.3 (ii), for
every i € {1,2,...,k}, there exists a solution w; of (3.4) such that w;(z) > 0 on
[xi—1,2;]. For each i € {1,2,...,k}, we define W; by

W; = max { ’ng;’ 1x € [azil,xi]} )

There exists a number p* > 0 so large that, if © > p*, then (5.6) and
* Tk 1/p -1 .
(A*,up—a F (M)) M~ >max{W;:i=1,2,... k} (5.11)

hold. Let p > p*. We will show that u(x; 1) has at most one zero in [x;_1, z;) for each
i €{1,2,...,k}. For simplicity, we denote u(x;u) by u(z). Suppose that u(z) has at
least two zeros in [x;_1, z;) for some i € {1,2,...,k}. Then there exist a, § € [z;—1, ;)
with a < 8 such that u(a) = u(f) = 0. We may assume that u(z) > 0 on (a, ).
Take v € (o, 3) such that u(y) = max,¢(q 5 u(z). Then u'(y) = 0 and u(y) > M from
Lemma 5.2 (i). Thus there exists ¢; and ¢ such that

a<ty<ta<f, u(ti)=u(ts)=M and wu(x)>M forz € (t1,t2).
We note that u/(t1) > 0 and u/(t2) < 0. From (5.1) we have
A < Blu(- () < (1) + " F* (M) for j = 1,2

This implies that
[u'(t;)]P > Aepl? — a* F*(M) for j =1,2.
From u(t;) = u(t2) = M and (5.11), we obtain

W/ (t5)]
u(t;)

In view of u/(t1) > 0 we have

1
> (A — " F(M)) PM S W for j=1,2. (5.12)

u'(th) _ wi(t)
a(t) = wn)

Since ®(u) = |u[P~2u is increasing for u € R, we obtain

0 (LY 5 g (B sy B, Sl

u(ty) wj(t1)
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Hence,

B (1)) B(w(t1)) — B(ult)B(w(t1)) > 0. (5.13)
Recall that u satisfies (5.3) on [t1,t2]. By applying Lemma 3.2, we have
7 55 (30)900) — 20()) | > Gale) )l (514)

for t; < z < ty. From (5.10) and the fact that u(z) > M for t; < x < t9, we have
Aa(x) — b(x) > 0 on [t1,t2]. Then, by integrating (5.14) on [t1, t2], we obtain

to

> / *Na(z) — b(@)lulPdz > 0.

t1 t1

5 (2020 — 2we),
Therefore from (5.13) we have
O (u' (t2)) D (wi(t2)) — P(u(tz)) @ (wj(tz)) > 0.

Then it follows that

P (t2) _ (wi(t2)) u'(ta) _ wilta)
D(u(ta)) ~ P(wi(t2))’ u(ty) = wi(t2)

This implies that

< W;.

This contradicts (5.12). Consequently v has at most one zero in [z;_1,x;) for each
i =1,2,..., k. Note that u has no zero in (xg,x1), since xg = 0 is a zero of u in

[0, 21). Hence u has at most k — 1 zeros in (0, 1). O
Appendix: Proof of Lemma 2.2

Note that the initial value problem (2.6) can be written by

AN N 5
_ L umo)=a, w(w) =P8 (A
( ) (—a(ﬂf)f(U)) ’ ’

Then the existence of a local solution of (2.6) is guaranteed by the Peano existence
theorem. Since |v|ﬁ_1v and f(u) are locally Lipschitz continuous in u,v € R\ {0},
the local solution of (A.1) is unique for any o # 0 and ( # 0. Thus it suffices to show
the uniqueness of a local solution of the problem in the case af = 0. We divide the
proof into the following three cases: (i) a =0, f =0; (ii)) a« =0, 5 # 0; (iii) a # 0,
B = 0. We will show the uniqueness in a right-neighborhood of zy only. In the same

way we can prove the uniqueness in a left-neighborhood of x.
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(i) Let &« = 0, B = 0. In this case we will show u = 0 by using the function E[u]
defined by (2.2). Let u be a local solution of (2.6) with & = 0 and § = 0. Since
Eful(z) > 0 and E[u](zg) = 0, Lemma 2.1 implies that F[u](x) =0 for z € I[u]. Thus
u(x) =0 for x € Iul.

(ii) Let a = 0, B8 # 0. In this case, we show the uniquenss of solutions following
the idea by Kajikiya [10]. We may suppose that § > 0 without loss of generality. Let
u1 and ug be local solutions of (2.6) with & = 0 and 8 > 0. Then there exists an
x1 € (zp, 1] such that

N

wji(z) > for x € [zg,x1] and j =1,2. (A.2)

In view of (2.5), we obtain
x

Elu;)(z) = Blugl @) = | o/ (61 (uy(t))d

o

for z € (zg,x1] and j = 1, 2. Noting that E[u;]|(x¢) = Eluz](xo), we have

T

Elu)(z) — Elug](z) :/x o' (t) [F(ur(t) — F(ua(t))] dt

0

for x € [xg,x1]. Using (2.2), it follows that

ur (@) P = Juz ()P = — a(@)[F(ur(z)) — F(uz(z))]
x (A.3)
+ [ O ®) - Fua®)] d
o
for z € [xp,x1]. From the mean value theorem and (A.2), we have
! |p ! |p ﬁ -l / /
[P =gl 2p (5 ) |uy—us| fora € [zo,a1]. (A.4)
Set
6= mnax max luj(z)] and M = l‘fggglf(S)\-
Then we have
P u1 () M
|F(ui(2)) = F(uz(2))| = | — fls)ds| < |ur(2) — ug ()] (A.5)
p—1 uz(x) p—1
for x € [xg,x1]. Put U(x) = ui(x) — ua(x). Using (A.3)—(A.5), we obtain
U (x)] < C|U(2)| + c/ U()|dt for x € [z0,71] (A.6)
o

with some constant C' > 0. Note that |x; — 29| < 1. Integrating (A.6) over [x¢, z], we

have

U(2)| < C/: U (1)) dt + C/:(x — U @)|dE < 20/: U(#)|dt
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for x € [xg,x1]. Then by Gronwall’s inequality we find that U(z) = ui(x) — ua(z) =0
for x € [zg, x1].

(iii) Let « # 0, 6 =0. If 1 < p < 2, then ]vlp_il_lv is locally Lipschitz continuous
on v € R. By recalling (A.1), the Picard theorem ensures that the local solution of
(2.6) with a # 0 and § = 0 is unique.

Now assume that p > 2. We may suppose that o < 0 without loss of generality.
Let u; and uy be local solutions of (2.6) with & < 0 and # = 0. Then there exists a

number x; € (x0, 1) such that
—a(x)f(uj(x)) >~v>0 forax € [rg,z1], j=1,2, (A.7)

where v = —a(zg)f(a)/2. Integrating the equation over [z, z] and using (A.7), we
have
x ;1 x
P
wi() = (= [Ca@rtuna)”" ad ~ [Catfu@)de =@ - a0)
X0 xo
for x € [xg,x1], 7 = 1,2. By the mean value theorem, it follows that
1 _p=2 (¥
() ~ @) €~ (e = w0)) P [ a@lfn(®) - Fus)ldt (AB)
Zo
for © € (xp,21]. Since f is locally Lipschitz continuous on R\ {0}, there exist 6 > 0
and L > 0 such that o+ < 0 and

lf(s)— f(t)| < Lls—t| fors,t€a—0da+d. (A.9)
There exists xo € (20, x1] such that
a—0d<uj(x)<a+d forzxe|xg,x], j=1,2. (A.10)

Combining (A.8)—(A.10), we obtain

p—2

uy(x) —ub(z) < Cx —0) Pt /x: |ui(t) —ug(t)|dt  for x € (xq,z2]

with some constant C' > 0. Put U(x) = max;c[y 4] |u1(t) — u2(t)|. Then we have

ui(z) — uh(z) < Oz — xo)fzr%?(x —x0)U(z) = C(z — xo)P_ilU(x) (A.11)
for € (zo,x2]. Therefore (A.11) holds even for x = z(. Integrating (A.11) over
[0, 2], we find that

xT

Ot — 20) U b)dt  for z € [0, 2],

up(x) —ug(x) < /

o
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which implies that

U(z) < / C(t — 20)7TU()dt for x € [0, z2].
xo

Then by Gronwall’s inequality we obtain U(z) = 0 for = € [z, 2], and hence u;(z) =

ug(x) for x € [xg, x2].

This completes the proof of Lemma 2.2.
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