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Finite-element analysis of quantum wires with arbitrary cross sections
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Kobe 657, Japan

(Received 20 April 1998; accepted for publication 9 June 1998

A finite-element method is developed for the analysis of eigenstates in the valence band of quantum
wires which have arbitrary potential profiles. Our method is basically based on the Galerkin
procedure and triangle linear elements are used as finite elements. In our formulation the effect of
the band mixing in the valence band is duly taken into account. Boundary conditions at
heterointerfaces are also taken into account in the multiband envelope function space. Numerical
examples are presented for circular, square, rectangular, and triangular quantum wire structures. The
relation is clarified between the degeneracy infhk, dispersion curve and the symmetricity of the
confinement potential. €998 American Institute of Physids$s0021-897¢8)02018-(

I. INTRODUCTION culation, the multiband-effective-mass thebrg adopted
where the effect of the valence-band mixing, continuity of
Recent development in epitaxial crystal growth tech-the probability-current densities, and the effect of the finite-
niques such as molecular-beam epitddBE) and metalor-  potential confinement of carriers between the QWR and the
ganic chemical vapor depositidiMOCVD) has enabled us barriers are rigorously considered in tkalependent multi-
to fabricate a high quality of quantum structures such adand space. Our procedure is a natural extension of the
quantum wellfQWs), quantum wiregQWRS and quantum works of Ji and Lent to the multiband space, although our
dots (QDs9). Specifically, QWR structures have been attract-analysis is carried out for the bounded states in the valence
ing much attention, since they are promising for possibldband of QWRs. Numerical examples of triangular, rectangu-
low-threshold lasers and polarization-stabilized vertical caviar, and circular cross-sectional shape QWRs are presented.
ity surface-emitting laser&/CSELS.
So far, various kinds of QWRs with various cross ||. BASIC EQUATIONS
sections™ were studied to fabricate uniformly high density _ , _ ,
QWRs and achieve successful application to QWR lasers. In _ First, we consider g0 1 Ol-oriented semiconductor
the valence band of such QWRS, a reduction of the dimen®YR as shown in Fig. 1. For calculation of the optical prop-
sionality enhances the heavy hdléH) and light hole(LH) erties, |F is necessary to know both the sub.band struct'ures
mixing and increases the nonparabolicities compared WitI(E'ky dispersion relationsand the wave functions of carri-

those of quantum wells. These changes strongly depend 0 s in the QWR. In calculating the hole states, we assume

the confinement potential, that is, the cross-sectional shapé[,‘ ztbtgr? dcondyctloz_gzdﬂv ilaen(;ecgi?d: ;;e ﬁiﬁgplegbﬁf
of the QWRS Therefore, it is quite important to precisely gap Is suticiently 1arg pared wi su

analyze and design the valence subband structures of Qwﬁgparatlon in ordinary GaAs/AlGaAs QWR systems. To cal-

. . . . . ]g:ulate the electron states in the conduction band, we have
with arbitrary cross sectional shapes for optimal design Oonl 10 use the effective mass aporoximation and ianore the
QWR optical devices. Recently, 8t al. developed a sophis- y P 9

ticated method to analyze both quantum bound states ang™"n9 effect in what follows. .
) ; . . The valence-subband structures of{G 1 O]-oriented

current-carrying states in two-dimensional quantum struc-__ . )

. ; sgmlconductor QWR can be calculated by solving the
tures based on the mode matching method at boundaries and ,.. :

> multiband-effective-mass equatitt? for
the finite-element methotiLent et al. also developed a so-
phisticated procedure to analyze current-carrying states in |1:HH) |2:LH) |3:LH) |4:HH)
such structures based on the quantum transmitting boundary H c b 0
method’® However, their procedure has concentrated only 'er
on the analysis of the behavior of the conduction electrons c Hnw O —b
where the possible effect of the band mixing is neglected. bt 0 Hy c |G=Eky)G, (1)
In this paper, we present a calculation procedure based 0 -b' ¢ H

on a finite-element method to analyze electronic states of HH
QWRs. We have paid attention to the effect of the band T
mixing in the valence band on the valence-subband struc- G=(G1,62,G3,G4) @
tures of a QWR with an arbitrary cross section. In our cal-where the basis vectors i) (1=1,2,3,4 {uz)p,
Usp0,U_1/20,U_3p0}) are the cell-periodic part of the four
dAuthor to whom correspondence should be addressed; electronic maigegeneratef Bloch wave funcuons_ at the B””OU”'.‘ zone center
ogawa@eedept.kobe-u.ac.jp and the spin-orbit split-off band is ignored aflis an en-
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Al Gay_ As
cladding (barrier)

L, [100]

FIG. 1. A[010] oriented GaAs guantum wire structure with a triangular
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(X2, 29)

cross section. The energy barrier of the cladding region is assumed to be

made of A} Ga, gAs.

velope function vector. The wave functidn, of holes in the
valence band is expressed with the envelope funct@ns
and the basis functions) as

4

W, (xy.zik) = 2, Gj(x.zik)expkyy)lj). 3

All matrix elements in the Hamiltonian are written in
terms of Luttinger parameterg;, v,, and y;:°

2
Hun=— 2_%[(7’1+ o) (Ki+ ki)

+(71— 2K+ V(x,2),

2

Hin= 2mg

(y1— ¥2) (K+K2)

+(y1+2y)K2 ]+ V(x,2), (4)

2 ]
b=m—oﬁys<kx—|ky>kz,

72 ,
€= Zme VBLY2(K— k) 21 vk,

wherem, is the free electron masg, is Plank’s constant
divided by 2, k;(i=x,y,2) is the wave number, and(x,z)

FIG. 2. A linear triangular element for the finite element methiogl.(i, j
=1,2,3) denote boundaries between the neighboring elemainis.a unit
tangential vector alondf's; ande, is the unit normal vector.

hZ

HLHZZ_mO

g 2
5(71_ 72)5_(71_ Yz)ky

d J
+5(71+272)5 +V(x,2), 5

b h? 3(9 ) g d

= 2m, X TRy Y371 57 73
h? g 9

__ e o 2

¢= 2mo\/§(&xyz&x yzky)

0
+ — =
Ky Ysox T ax 73

|

The Hermiticity of the Hamiltonian of the system ensures
conservation of probability-current densities at the heteroint-
erface as will be discussed in Sec. Il

Ill. METHOD OF ANALYSIS
A. Finite-element method (FEM)

In this paper, we confine ourselves in an analysis of
electronic states in a QWR, specifically in the valence band
where the band-mixing effect is significant. Since the enve-
lope functionsGj(x,z) should satisfyG;—0(x,z— * ),
we can approximate that the envelope functions vanish at a
certain extent ofx and z and the boundary conditions are
given by

Gj(x1,2)=Gj(Xy,2)=0,
Gj(X,Z|):Gj(X,Zu):0, (J =1,--4),

where the region defined by<x<x, andz<z=<z, is a

(6)

is the confinement potential. In the QWR, the wave numbersufficiently wide domain which includes the QWR structure

k, andk, are substituted by operators ks— —id/dx and

k,— —idl 9z, respectively, since the system is quantized in

under consideration.
Dividing the region into a number of linear triangle ele-

the x and z directions. We have to be careful that thesements in Fig. 2, where; andz (i=1, 2,3 denote the coor-

substitutions are done to preserve the Hermiticity of thedinates at each elemental node, the envelope function within
Hamiltonian, that is, these elements should have the formsgach element is defined in terms of the values of envelope

ﬁZ
HHHZZ_mO

a
2
x (Mt rdo —(nt 7z)ky)

F d
+£(71—272)5 +V(x,2),

functions at the nodal poin{$s;}.. Since we can reduce the
degree of the differential in the Hamiltonian by integrating
by part in Eq.(9), we can use thénear element.

The magnitude of the envelope function of hoeg in
an element is approximated by

Gje={N}"{Gj}e={G;}e{N}, @)
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where{N} is a shape function as will be defined in Ef1).
Then the multiband effective mass equati@hbecomes

? ffe{N}Hjj’{N}T{Gj}edX dz

—e[ [ nnicyax a2 ®

We define the matricegH;;,} and{M}

{Hjj’}e:J fe{N}Hjj’{N}TdX dZ,

€)
o= [ [ inpeyTax az
e
Then the element equation is expressed as
(10)

_2 {Hjj ’}e{Gj fe= E{M}e{Gj}e-
J

In the discretization, the shape functiQN} is given by

a; by ciff1

=—|a, b, cC X
{N} A, 2 D2 Cp )
a; bj

(11)
csllz

where

A1 =XpZ3—X3Zp, b1=2,—273, C1=X3— Xy,

a2=X3Z]__X:|_Z3, bl=Z3_Zl, CZ=X1_X3, (12)

A3=X1Z,—XpZ1, b1=21-2,, C1=X;—Xq,

andA, is area of each element
1 1 1

1
Ac==|X1 Xz Xg|.
2

7y I Z3

13

The matrix elements in Eq10) are expressed as

___2 bib; (1+6)Ac 2
{Hunhij = 2mg| 4A (7’1+3’2)+—12 (y1+ y2)k§
e
ci (14 8)A
+aa (1272 [+ 5 V(x.2),
e
b.b. (1+8)A
{HLH}ij:_Z_mo[ﬁ(')’l_'yz)—i' #(71‘72)"5
e
(1+8))Ae
+27,) +TV(X,Z), (14
{b}:\/§ﬁ2 bicj+cibj Ci_cj
1™ m, Y3\ 8A, 12 )
\/_hz bib; (1+8:)A b;—b;
{ehy= LAE Yo ey 2 ysky}

Ogawa et al.

where{b"};;={b}% and{c'};;={c}}.
Finally the element equations are summed up into a total
generalized eigenvalue equation:

[HI[G]=E[M][G]. (15

In this equation total matricegH], [M], and[G] are n
X n matrices withn nodes in the system under consideration.
They are defined as

{H4><4} {H4><4} {H4><4 {H4><4
[H]: { 4><4} {H4><4} {H4><4 {H4><4
{H4><4} {H4><4} {H4><4 {H4><4
{ 4><4} {M4><4} {M4><4 {M4><4
[M] {M4><4} {M4><4} {M4><4 {M4><4
{M4><4} {M4><4} {M4><4 {M4><4

[G] [GSIZG lIZG /2G 3/263/2G 1/2G1/2G 3/2
o Gg/ZGrllIZGT/ZGrlSQ] T'

where the scripn denotes the node number alRd™# im-
plies the 4<4 Luttinger—Kohn Hamiltonian.

(16)

B. Boundary conditions at a heterointerface

Probability current density should be conserved at a
heterointerface which imposes the boundary conditions at the
interface. Probability current density is defined by

- R KO0
J_m_OR \I}v(r)i_q}v(r) ’ (17)

which can be straightforwardly expressed in the multiband
effective mass space as

4
. 1 (23 a
ja=Re[B§ P> (PGJ(D 7+ DIPPG, )
Y:iZji'=1

(a=Xx,y,2). (18)
Here Dﬁ’f is an effective mass tensor defined by
52 2P PE
aB _ Jjn" nj
Djj' Zm( B+E m(e,— en)>
Pin={(Ujol PelUnouc (19

where the momentum matrix elemeRf, is calculated in a
unit cell (UC).
The current density can be expressed by a matrix form

jo=Re(G"J,0),

1 (20

Gojr=7 2 (DfI+D{Nkg.
B=x,y,z

Here the current-density operator matiixin each direction
(a=x,Y,2) is given by
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(v1t v2)ky — 33k, V3(— y2ky+ i yaky) 0
f —V3ysk, (71~ 72)ks 0 V3(= yakytiyaky)
\]x:_ . ’ (21)
Mo| 3(— y2ky—ivsky) 0 (71~ 720Ky V3y3k,
0 V3(— yoke—i ¥3ky) V33K, (y1t 7v2)Ky
(v1t+y2)ky iV3ysk, V3(i yaky+ Y2Ky) 0
i —iV3yzk, (r1~ v2)ky 0 V(i yaket 72Ky)
Jy:_ . . ’ (22)
Mo| V3(—iysket Y2Ky) 0 (y1— v2)Ky —i\3ysk,
0 V3(—i gkt y2ky) i3ysk, (y2+ 72)Ky
(n=27)k;  —\3Bys(k—iky) 0 0
LB Btk 2y, 0 0 23
2 mg 0 0 (n+2v)k,  Byalkiky) |’
0 0 Bralketiky)  (71—-272)k,
|
respectively, where we have used the following relationship A{N}T
between the effective-mass tensﬁlﬁ"f and the Luttinger pa- {Huuh = 2me fr (y1+ v2){N}— —dz
rametersy;, -
{ }T
(71 2y){N}———dx|{Gj}e
=1 D35+ 2D¥X%),
h? {N}T
H {N} e e(yit )
¥2=5(DX%— DY), (24
a{N}T
e 6(y1—2y2)——|{Gj}ldl. (26)
=1 (DR +DY).
7s=3( xv) On the other hand the current density is given by
h
HereX, Y, andZ denote the-orbital Bloch functions. The = [=i(nt 72) @ i(71=272) 9.8, 27
wave number&, andk, are again changed into operators as 0
k,— —id, andk,— —id,, respectively. From Egs.(21) and (23), the normal component of the
Using the current density operators, the boundary condicurrent density is
tions at the heterointerface in the multiband space are 7 HINVT
(& ))Gj=—i m—oen‘ [ex(71+ Y2) X
G=(G,;,G,,G3,G,)" s continuous at the interface, AN}T
(n-J)G s also continuous at the interface, tely1=272) 0z {Gjle- (28)
(25

Since the term in brackets in the above equation is the same
as that which appears in the integrand of E2§), conserva-
wheren is the unit normal vector to the interfate. tion of the current density ensures that the line integrals
We can show that our FEM formulation duly and auto- alongI"3; cancel out in our FEM formulation andce versa
matically include the boundary conditions. Since we use the
linear elements matches smoothly at each interface.
Let the boundaryl"3; be the heterointerface whose tan- V. NUMERICAL RESULT
gential vector idl and unit normal vector is, as shown in In order to demonstrate the versatility of the present
Fig. 2 and the unit vectors in theandz directions bes, and  method, we calculate the valence-subband structures of
e,, respectively. The line integrals along the boundaligs = QWRs with several cross-sectional shagascircular quan-
andI',5 cancel out, because the tangential vectors have opgum wire (CQWR), (b) square QWRSQWR  [or (c) rectan-
posite direction(or sign in the neighboring elements. There- gular QWR(RQWR) which hasL,=2L,], and(d) triangular
fore, we need only consider the line integral aldhg. Ifwe  QWR (TQWR) with the same cross-sectional area, as shown
write the line integral of Hyy} as{H yy} . it is given by in Fig. 3. The material parameters used in the calculation are
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AIO,4GaOA6A5

(a) \
) .\.‘V
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(b), (©)

Alg. 4Ga0 6AS
X —pd

=

(d)  Alo.4Gagehs

FIG. 3. Cross-sectional shapes for numerical examgégsircular quantum
wire [CQWR:R=6.2(nm)], (b) square quantum wilSQWR:L,=11(nm),
L,=11(nm)], (c) rectangular quantum wirERQWR: L,=15.5(nm), L,
=7.7(nm)], (d) triangular quantum wire[TQWR: L,=20(nm), L,
=12(nm)]. We have assumed those have same cross-sectionall &rea

=120(nm?)].

given in Table I. To solve the generalized eigenvalue prob-
lem (15), we use the Lanczos tridiagonalization metfibd.

Figures 4a), 4(b), 4(c) and 4d) show theE-k, disper-
sion relations of several valence subbands near the valence-
band top in each QWR. The calculated results for SQWR
and RQWR are found to be in good agreement with those
reported in the literatur® when the sizes are adjusted to
their values.

Comparison between the dispersion relations of the
CQWR and SQWR shows that they resemble each other and
their 3,3 subbands have a negative effective mass near the
zone center, since the confinement potentid, z) has simi-
lar symmetricity although the CQWR has a higher sym-
metricity.

Comparing the case of the SQWR and the RQWR, the
dispersion curves of the SQWR cross, whereas those of the
RQWR show anticrossingsee Ref. 18 This is because
when the cross section is not square, the off-diagonal ele-
ment of the Hamiltonian produces a repulsive interaction be-
tween the neighboring subbands.

In the CQWR, SQWR, and RQWR, since the confine-
ment potential has symmetricity in boithandz directions,

TABLE |. Parameters used in the calculation of QWRs.

Eigenenergy [meV]

(a) CQWR

Wave Number &

(x10°m™]

Eigenenergy [meV]

(b) SQWR

Wave Number k|

3
(x108m']

Eigenenergy [meV]

Wave Number &

[x10°m™"

Eigenenergy {meV]

(d) TQWR

1 2
Wave Number &

3
[x10°m™']

Ogawa et al.

Parameter GaAs ALGa As

Eg 1.424 eV 1.923eV
AE, 0.30eV
AE, 0.20eV

71 6.85 5.16

o 2.10 1.31

va 2.90 2.10

m’g/mo 0.067 0.117

N2 88

N, denotes the total element number used in the calculation.

FIG. 4. (@ E-k, dispersion relations for the CQWRb) those for the
SQWR,(c) those for the RQWR, angl) those for the TQWR. The origin of
the hole energy is set at the valence-band top of GaAs.

that is, V(—x,2)=V(x,z) and V(x,—2z)=V(X,2), the dis-
persion curves are doubly degenerated. On the other hand, in
the TQWR, the dispersion curves show nondegeneracy ex-
cept at the zone centek(=0). The symmetricity reflects on
that of the eigenvectors as shown in Fig. 5, whgje(b) and

(c), (d) show the HH component@} and G}) and the LH
component (3% and G%) and its contour lines of the wave
function in the lowest subband &,=0 in the SQWR, re-
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1x108 1x108
(2)1G, 1(x.0) HHI (©)1G3 (020} LH2

30 n
HH]1 contour 30 LH?2 contour
(1x107 step) (1x107 step)
207
104
0 . [nm]

307 LHI1 contour 30 HH2 contour
(1x107 step) (1x107 step)
207 207
10 - 10 ~
0 - fnm] 04 [nm] l
1} L} r T T { t
0 10 20 30 0 10 20 30

FIG. 5. () The heavy holéHH) component G1) of the envelope wave function and its contour lines of the ground subbdqe-at in the SQWR(b) The
light hole (LH) (G%) component and its contour lineg) LH (Gé) component and its contour line@)HH (Gi) component and its contour lines.

spectively. As seen in the figure@,} is symmetric withG}1 then the multiband-effective mass equatidiq. (1)]
and G} with G}, respectively. Since the reduction of the becomes

dimensionality enhances the effect of the band mixing, the

amplitudes of the HH and LH wave functions have nonzero 12 13 14
values even at the zone cent&p€0). In addition, theE-k
dispersion relation of the SQVpVR always shows degerilerac Hin o C b 0 Cal=x,=2)
as shown in Fig. ®). In the TQWR, as shown in Figs. c" Hy 0 -b Gs(—X%,—2)
6(a)—6(d), the pair ofG] andG} and that ofG} andG3 are b 0 Hy ¢ —Gy(—x,—2)
symmetric to each other with respect to thaxis, since the

_pt t G (—x —
confinement potential has the same symmetricity. It shoul 0 b’ ¢ Huy Ci(=x,~2)
be noted that we can clearly observe different symmetric
properties in the envelope function depending on the sym- Ga(—x,~2)
metricity of the confinement potential in the SQWR and Gi(—x,—2)
TQWR, although they have the same cross-sectional area. =E(k,)| _g (-x,—2) |- (29
2 )

These facts can be understood as follows.

If we substitutex by —x andz by —z in the Hamil- —Gi(=%,~2)

tonian of Eq.(1) and assume the symmetricit( —x, —z)
=V(x,2) as in the case of the CQWR, SQWR, and RQWR,Since the envelope function vecté=(G,,G,,G3,G,)" is

Downloaded 22 Jun 2009 to 133.30.51.104. Redistribution subject to AIP license or copyright; see http://jap.aip.org/jap/copyright.jsp
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1 :
@ 16, L(x,z0) -HHI (C)S'G3 (2,001 -LH2
- 1x10 §

1x108

X [nm] 50
0 X [nm] 50 0 X [nm] 50
1 70 0
z oy z
,20 ’20
HH1 contour  (1x107 step) LH2 contour  (1x107 step)
() 16, (x.z,0)l :LHI @ 1G4 (x.2,0)1 :-HH2

0 X [nm] 50
[0
@\ .
O 20
LH! contour  (1x107 step) HH?2 contour  (1x107 step)

FIG. 6. (8) HH component G}) of the envelope wave function and its contour lines of the ground stade=a0 in the TQWR.(b) LH (G3) component and
its contour lines(c) LH (G%) component and its contour linesl) HH (Gi) component and its contour lines.

orthogonal to G'=[G,(—X,—2),G3(—X,—2),— Gy(—X, sectional shapes. The relation should be emphasized between

—2),—G4(—x,—2)]" and has the same eigenenefgk,), the degeneracy in the dispersion curve and the symmetricity

the dispersion curves for the CQWR, SQWR, and RQWRof the confinement potential. Although we have used linear

always show double degeneracy everywhere irk'ghepace_ triangle elements, using higher order elements, such as the

On the contrary, the symmetricity in the confinement potenthird-order Hermitian line elements, can lead to more precise

tial does not exist in the case of the TQWR, which results incalculation of eigenenergies.

nondegeneracy everywhere in the dispersion curve except at Since the cross-sectional shapes are found to affect sig-

the zone center. nificantly the subband structures, a further study of the rela-
The singular dispersion relations in the TQWR may ex-tionship between the cross-sectional shapes and the subband

hibit different optical properties from those of the CQWR, structures can lead to the optimal design of the quantum wire

SQWR and RQWR, since the optical properties such as atkased optical devices.

sorption spectra and gain spectra of QWRs strongly depend

on the valence subband structures. In addition, optimal deACKNOWLEDGMENTS
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