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excursion � ����������������������  �! "�#

1 Introduction

Watanabe [7] $ 1
#&%�'�(&)�*&+�,�-/.10�2&3�465�718�9/.;:65&71<>=/?A@&BDCAE�FHGIKJMLON�P�QORTSMU�VXW�YTZ[W�Y�\�]O^KSM_O`�a�W�bOc ?MdTefCMg�hji Z Ej0�k�lnm Ppo9 $ E1<T= $ e;�Dq P>S hr�s E

Kasahara–Watanabe ([3]) $ Et0�k�lTm P;o 9 Z E fluctuation
.�u�v�w1x�<>=T?���yCMg�hzF�.p{�|T.T} N E~#T.6�K� Pp\�] ep� Ip�D� GT� Q>S

: �n� P ep���1�p�y�Mq� ?Tq�G6��Et�6� Z��>��Sj� �>5�7�.p��,�- I�RTS
Lévy

,�- Z;\�] CMEOF�.;<T= $T�;$�
subordinator

N $ P�Q h;�6�&E � qA.H*�+&,�- Z1����^�S string $ �/�>?A0&������qCM�p�O  I EA<T= Z[����^KS
string $ �T�T?M¡£¢�¤p �0�� N�P�Q ���¥q�CM�p�O Th�¦�¦ N.

string
. \�]�§�¨ $ E Kasahara–Watanabe [3]

� �p©
Kotani [5]

Z �pª��p«�¬y­®GTg �. N E
Kasahara–Watanabe

. \�] e;�>.1¯Dq P ª�g
(
F�.�e;° $ Definition 3.2

Z���Q �±�² S
)
h

Lm = d
dm

d
dx

q�C³E
Lm-
*O+�,�-K?³@K´ S hjµT¶�.Og�·�EM¸�¹�)T¤[ �º�»nm N�RTS ¦Tqp?¼ e ^½S ht¾T¿ $ EtÀ�{ [8]
Z;Á6Q ��E

Kasahara–Watanabe
. \�] ep�½?

Poisson
� o ?Â Q �p*>ÃKCMg�h£¦p.�g�· Z Et¡T¢p���½?M��  o 9 Z *TÃK­�GTg

excursion ÄOÅ n
?M«�¬Cjg�h1Æ�Ç>.½Èjm $ E [8]

Np�É� G>g;Ê�ËÌ? §�Í�^½S ¦6q N�R>S hÎ>Ï .
excursion Ä�Å Z;� Cj� $ Ep#T. 2

 >. W ��Ð�Ñ IpÒD� G>� Q>S h�Ó½qÔ  $ EpÕ»>5�7
ζ
Z�Öp^½SjW � N�R>S

:

n(Γ) =

∫ ∞

0

P
0,0
t (Γ) n(ζ ∈ dt).(1.1)

� ��ÓÌqÔ  $ E r ��× M
Z�Ö;^½SjW � N�R>S

:

n(Γ) =

∫ ∞

0

R
a(Γ) n(M ∈ da).(1.2)

( ØzÙ£$ Williams
W �ÚqÜÛz�ÝG S h

)
¦X¦ N E ÄzÅ P

0,0
t

� �Ý©
R

a $ EÞ%ß. process
.[àzáXâã ? Â Q ��e[°¥­äG S h³¾&¿ $ EX¦³G � .pÐOÑ (1.1)

� �[©
(1.2)

I Eå*nÃK­äGng
excursionÄ�Å Z1� Cj� �jæDçAè  K¦>q;?jé ^ (Theorem 5.1

� �;©
Theorem 6.2)

h
String m

Z;� CME;#6.
process

?j@Ì´ S
:

U [f ](m; t) =

∫

{ζ<1}

f(ζ(e))Ñ(m; (0, t], de) +

∫

{ζ≥1}

f(ζ(e))N(m; (0, t], de).(1.3)

¦O¦ N E
N(m; dt, de)

� �[©
Ñ(m; dt, de) $ EAF[Gnê[GnEAë ÅXÄOÅ dtn(de)

?³�O 
Poisson� oT� �p©�F�.

compensate
­�GTg>ì�í;î�ï oTN�R>S h[¾T¿ $ #T.>�K� Ppð�ñ e1�K?jé ^

(Theorem 7.2): mn

I
m
Z

Definition 3.2
.pò>ó N;\�]�^½S q1ô;E

U [f ](mn; t)
law
−→ U [f ](m; t).(1.4)
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f(x) ≡ x
q ^ G>�����

(1.3) $ compensate
­ÔG/g � �>5�7�.1��,�-½?�� ^ ¦>q Z�� ò ^S qME�¦p. ðOñ ep�

(1.4)
¤ �

Kasahara–Watanabe
. \�] e[�T.

Poisson
� o ? Â Q gp*Ã I;�É� G S

(Corollary 7.4)
h

� ��.�e;�	�>.�
 L $ E;À�{ [8]
Z	� ´ � G S h

�	
����	���
:
Æ�Ç½? Î Cj��E��>.��T7	��. Ä�Å m(·)

Z�Ö;^KS���W
( � g $��	� × )

?
m[·]

.>�K� Z � ^ h

2 String ���! �" Lm #%$�&�'%(!)�*%+¦;.�, N $ E string
E�- Â	. � �;©;���>. W	/>Z�Ö CA��E�021>?�3�4 ^KS hR>S�5 7	��.;����×�¸	6	7�8 ð�ñ>Ö �

m $ string
qjÛ��;G S h;µ>¶�.�g�·�E

m
.�e1°

9 $ (0,∞)
q�CME½­ �jZ #½? ¼ e ^½S

:

m $�: °�;	<>¤;  ð�ñ h(2.1)

¦;. ¼ e $ Æ	=>m N $ P�Q q?>2@1G S;I E�0 ± .pµ>¶�.�g�· Z «�¬DCM� �BA h Ö � m(x)$ (0,∞)
��.H¸�C

Radon Ä&Å dm
qED1'GF N ô S h b�c

(2.1) $ #6./��� Z�H ô ã ´ �G S
:

dm $	I S � N 0>¤;  point mass
?j�>g P�Q h

(2.2)

¾>¿ $ #T.�J W - Â�. ?M@½´ S :

Lm =
d

dm

d

dx
.(2.3)

( Ø N E Lm

. J�K�L�M *�� $ Lm

q H ¤;G S ¦>q Z�� òDCA� ��A h
) Ø N Lm-

*�+�,�-½?@½´ S1I E>¦;.½q;ô b�c
(2.1)

. M 8 $ #>. Î ç N�R>S :

(i) m
I : °�;	< N�R>S ¦>q $ E ð�ñ6P �½?M�� ½¦6q Z;����^½S h

(ii) m
I;ð�ñTN�R>S ¦>q $ E�� I holding time

?j�Tg P�Q ¦>q Z;����^½S h¾>¿ $ Feller
Z � S ���½? W	/>Z�N � h

r > 0
?;Ó½q® yq ç

c1 =

∫

(0,r]

dx

∫

(x,r]

dm(y), c2 =

∫

(0,r]

dm(x)

∫

(x,r]

dy(2.4)

q �BA h
Itô–McKean

.;Æ
[2]
Z�N>Q E;#6.�021>? Â Q6S

:

(i) � C c1 <∞
P½� ��E;���

x = 0 $�OQP N�R>S q Q � h
(ii) � C c2 <∞

P½� ��E;���
x = 0 $�O	R N�R6S q Q � hi Z E[�O�

x = 0
I ¡T¢�¤; �¡�¬ N�RTS qpôpEOFpG $�S�T N�R>S q Q � hß¦p. W�/ $ r

.
U çWV Z � �jP�Q h
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#>.
3
 >.���ì;u>?M«�¬ ^½S

:

M =

{
m :

∫

0+

xdm(x) <∞

}
,(2.5)

M1 =

{
m :

∫

0+

m(x)2dx <∞

}
,(2.6)

M0 =

{
m : m(0+) > −∞

}
.(2.7)

¦jG � .���ì;u�.�7 Z $ E���� Ö��
M0 ⊂ M1 ⊂ M(2.8)

I æDçAè  >h � g�E1# I æDçjè  6h
(i) m ∈ M

P>Sj_�`�a�W�b�c $ E Lm

Z1� Cj�;���
x = 0

I ¡>¢ N�R>S ¦>q N�R>S h
(ii) m ∈ M1

PTSM_�`�a�W�b�c $ E Lm

Z[� CM�p���
x = 0

I
(Weyl

. W	/ .pòTó N
)
<=
	�� N�R>S ¦>q N�R>S h

(iii) m ∈ M0

P6Sj_�`�a�W�b�c $ E Lm

Z;� Cj�p���
x = 0

I 0�� N�R>S ¦6q N�R>S h

3 
�� : Kasahara–Watanabe )��������
m $ m ∈ M0

P6S
string

q ^ÌS h
Lm

Z1� CA�H�>� $ 0�� N�R6S ¤ � Ep�/������� Lm-*�+�,�- I @½´ � G S h�F�.;�6� Z��>��SA� �>5�7�.;��,�-Ì?
(η(t))

q ^½S h>¦;.½qHô;E
(η(t)) $ subordinator

q P>S1I E
Knight

.�e;�
([4])

Z �jG>��E�F�.
Lévy Ä�Å6$ σ∗

? ÂQ ��e1°y­�G S;Ö �
ρ(u) =

∫

(0,∞)

e−uξξσ∗(dξ), u > 0(3.1)

?�� Å q�Cj�;�� >h����pE (η(t))
. W�Y .

Laplace
â ã $

E [exp (−sη(t))] = exp (−tΨ(s)) , s > 0, t > 0(3.2)

qW�D­®GTE����
Ψ(s) $

Ψ(s) =

∫ ∞

0

(1 − e−su)ρ(u)du, s > 0(3.3)

N	� ´ � G S h
m(x) $ x = ∞

N 0&��â� N&R>S q ¼ e ^�S h��!�1E R>S e1�
β ∈ (0,∞)

q#"�â� Ö�
L(x)

Z;� Cj�
m(x) ∼ xβL(x), x→ ∞(3.4)
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?��>g ^ q ^½S h>¦1.½qpô;E��
t > 0

Z1� C�#>. W�Y�\�]>I æDçAè   :

ηλ(t) :=
1

λ
1

αL(λ)
η(λt)

law
−→ η(α)(t), λ→ ∞.(3.5)

� C
α = 1/(1 + β) ∈ (0, 1)

N�R ç E η(α)(t) $ α-stable subordinator
N�RTS h;�>��E

mλ(x) =
m(λx)

λ
1

α
−1L(λ)

(3.6)

q �BA qME
(ηλ(t)) $ Lmλ

-
*�+�,�-6.p�>� � �>5�7�.p��,�- N�R>S ¦>qME

mλ(x) → x
1

α
−1, λ→ ∞(3.7)I �n� \�] .pòTó N æ¥çMè   ¦Tq³E;FKCM� ��� −α

.
Bessel

,�-T.t�T� � �T5O7�.p�O,�-I
α-stable subordinator

N�R>S ¦>q Z�� ò ^ G>��E W�Y�\�]
(3.5) $ string

Z;��^ÌS �>�� �>5�7�.;��,�->. ð�ñ�� ¤ �WN �j¦>q I @�¤ S h0�k�lTm P;o 9>E����
m(∞) <∞

.½q1ô $ E
1

λ
η(λt)

law
−→ m(∞)t, λ→ ∞.(3.8)I æDçAè  >h N ª���E�F�. fluctuation

1

λ
η(λt) −m(∞)t.(3.9). u&v wzx&< = ? à ² S ¦ q $ J��/NßR S h Kasahara–Watanabe ([3]) $ ¦ .
	�� Z�
´;g�h

Theorem 3.1 (Kasahara–Watanabe [3, Theorem 3.3]).
R>S e;�

β ∈ (0, 1/2)
q "â� Ö �

L(x)
Z;� Cj�

m(∞) −m(x) ∼ x−βL(x), x→ ∞(3.10)?��>g ^ q ¼ e ^½S h>¦p.½q;ô;E��
t > 0

Z;� CjE
λ→ ∞

N #>. W�Y�\�]>I æDçAè   :

1

λ1/α−1L(λ)

(
1

λ
η(λt) −m(∞)t

)
law
−→ T (α)(t).(3.11)

� CjE
T (α)(t) $ ��� α = 1/(1 − β) ∈ (1, 2)

?M�� 
α-stable process

N�R>S h
¾>¿ $ E Corollary 7.4

Z���Q ��E>¦;. \�]
(3.11)

?
Poisson

� o ? Â Q �;*6Ã ^½S h
Theorem 3.1

. ¼ e�.�� N E
mλ(x) =

1

λ1/α−1L(λ)
{m(λx) −m(∞)}(3.12)

q �BA h½­ �MZ E
m(α)(x) = −x1/α−1(3.13)q �BA h>¦;.½q;ô1E

λ → ∞
q ^ÌS qjE

mλ $ m(α) ∈ M1

Z �>� \�]�^½S .�� P½��� E��
� N e1°y­�G S

M1

.;ò>ó N;\�]�^½S h
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Definition 3.2. mn, m ∈ M1

q ^½S h
mn → m in M1

q $ E #T. 2
  I æyçMè  K¦Tqp?� �

:

(i) mn(x) → m(x)
I
m
. ð�ñ �

x
N æDçjè  >h

(ii) lim
δ→0+

lim sup
n→∞

∫ δ

0

mn(x)2dx = 0.

b�c
(ii) $ E;�>� Z mass

I�� �Kç ,�� P�Q ¦>qp?Aº	
 ^½S h
Kasahara–Watanabe $ E m ∈ M1

Zp� CM� R6S
Lévy

,�-
T (m; t)

?pE
m ∈ M0

Zp� C� $
T (m; t) = η(m; t) −m(0+)t, t > 0(3.14)I æÉçAè  ��½� Z;��� ­��/g�h>¦�¦ N E η(m; t) $ �6������� Lm-

*�+&,�-6.1�6� � �>57�.p��,�- N�RTS hXFy�pCM�
m ∈ M1

Zp��^½S
T (m; t)

. ð�ñ�� ?MéDCME
Theorem 3.1

?« Q g�. N�R>S h

4 �	� '%( 
���
�� excursion ���
�����

excursion ��������� �"!$#�% E � ��&(' path e : [0,∞) → R )"*(+(, -�.�/"0
ζ(e) ∈ (0,∞) �21 3546�(��7(8:9�!5#6%�;5< �

(i) e(t) > 0 for any 0 < t < ζ(e),

(ii) e(t) = 0 for t ≥ ζ(e)

9=!$#>% E ? cylinder set ��7�8A@$B=CD# π-system EGF�+(,�HICKJMLD# σ-field 9M!D#>%N�N ) � C O cylinder set )"*�#�9�? � *G#QP�R 0 = t0 < t1 < · · · < tn < ∞ 9MS�T
A1, . . . , An ∈ B((0,∞)) �U9(V

C = {e ∈ E : e(t1) ∈ A1, . . . , e(tn) ∈ An}(4.1)

9�WXJYLZ# N 92)(*�#�%
m ∈ M 9Y!Z#�% Lm E�[�\ �^] R_?�`ba�c_dU)_*�#6@5B �^] R_e�f_g(c_d(h ib�(j_) �kmlmn

Lm ?^omprqtsvuxwzym{t|m} Lm on D(Lm) �x1t3r% q(t, x, y) � Lm �z~t�m��9�!v#z%� j_)6�(�Z#_F���E � ~_�_� q(t, x, y) O y = 0 E_�_�_,��_�b���_�b��� Π(t, x) ��1Z< �
�_�_�_�b�6� Π(t, x)dm(x) ? entrance law �6�_�b#6%�� N ) � |b�ZJ�LU� excursion �m�
?��U��FZ��E(���XJYL5#6%
Definition 4.1. Lm- |m�_�_�b� excursion �_ �9¡? � excursion �6�b� E ¢_� σ- £¥¤6�_�
n )(* +(, ��¦ pU� (4.1) ��§U� cylinder set C ∈ E E6[X\2,

n(C) =

∫

A1

dm(x1)Π(t1, x1)

∫

A2

dm(x2)q(t2 − t1, x1, x2)(4.2)

· · ·

∫

An

dm(xn)q(tn − tn−1, xn−1, xn)

�2¨U��!Z4��()(*U#�%
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N �(� �"E � ~ �"� q(t, x, y) ��� P�������E�3�� ,�� ��F$� %�~(�"� q(t, x, y) ? � �
����£��6��	�
U�21 3 N 92E��(p !5# :

q(t, x, y) =

∫

(0,∞)

e−tξψ−ξ(x)ψ−ξ(y)θ(dξ), t > 0, x, y ∈ (0,∞).(4.3)


 \ � u = ψ−ξ(x) ?����_hmi u(0) = 0, u′(0) = 1 �_jm)_� Lmu = −ξu �6�b)_* V � θ(dξ)
? (0,∞) ¢(���b� Radon �(�U)_*�#�%
Proposition 4.2. ���������(�(� θ ?6�5��¨U��!X9�!Z# :

∫

(0,∞)

e−tξθ(dξ) <∞ for any t > 0.(S)

N �59�� � �U� (i)-(iii) O�CXV���3 :

(i)
¦ pU� t > 0 9 x ∈ (0,∞) E�[X\ � ��� q(t, x, y) ? y = 0 )���� P�����) � �(���

�U��� Π(t, x) = ∂q
∂y

(t, x, 0+) ?
Π(t, x) = lim

y→0+

q(t, x, y)

y
=

∫

(0,∞)

e−tξψ−ξ(x)θ(dξ)(4.4)

�2¨U��! %��bE � ��� Π(t, x) ?��(�U)(*b#�%
(ii) �(� �(�U��� Π(t, x)dm(x) ? entrance law ���_�U# :

∫

(0,∞)

Π(t, x)q(s, x, y)dm(x) = Π(t + s, y), t, s > 0, y ∈ (0,∞).(4.5)

(iii) ��� Π(t, x) ? x = 0 )����(P ���U) � �_���(�U��� ρ(t) = ∂Π
∂x

(t, 0+) ?
ρ(t) = lim

x→0+

Π(t, x)

x
=

∫

[0,∞)

e−tξθ(dξ), t > 0(4.6)

�2¨U��! %
Remark 4.3.

] Rb��e�f(gX9�!�#27b,(��!(��� Bessel �(�U?�h(i (S) �2¨��6!"%��" E_�(�(,(? ��# E � h(i (S) �%$U��!5#6%
Proposition 4.2 ��&('_�6�*)b? � 'ZBx@_E � �6£¥�6��	(
_E_�,+_#��mP�9.-mPb��/*0�12 )_*¥#6% N ��3b�4�6£b�6�*	5
_Em�5+_#��mP�9.-mPb��/�041 2 ��6 �.7_Em? �98*: E_s
B�;�<msZB�s_� N 96��=�>�\¡,_�@?=%��Z9�AB< � �b�@C�DE��F@GH�JI¥���6£b�6�*	5
b��K
A(F5� :

G(λ, x, y) =

∫

(0,∞)

ψ−ξ(x)ψ−ξ(y)

λ+ ξ
θ(dξ).(4.7)

N �59�� � �U�UF5�Ys�Lb?NM�OUs�#%P(TZ42CXV9�(�(s(� :

∂2G

∂x∂y
(λ, x, y)

∣∣∣∣
y=x

=

∫

(0,∞)

|ψ′
−ξ(x)|

2

λ+ ξ
θ(dξ).(4.8)

Q 7 � (4.8) ��R�S�?�'5B�@(E��b)(*b#��(E6[X\ � (4.8) ��T�SU?���£�U_��L Lmu = λu �
�U��V }_�X9XW�Y(�����_PU��-U) *5VXZU+(,6��)(*U#�%�[bE�\�L (4.8) ?�CXV9�(�(s(�_%
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5 Excursion ��������� ������	�
����
Ikeda–Watanabe ��� [1] E�
G� � H����"�"EGF #�P"��� L (1.1) @$B�a�� \�, excursion

�(�U�����5���(!"%
q(t, x, y) ��>���� 2

p(t, x, y) =
q(t, x, y)

xy
(5.1)

��K@Am#6% p(t, x, y) ? �2] Rb�x`��_c_drE61_3m|_�_�_�v�6�_�¥#6%��_�6P�� � P
x 9�@5� �

� � t E �(�_,(R y E�!�G�"U�5J�L�� #�$(P���� P
x,y
t 9�@N?M%

Theorem 5.1. m ∈ M ?�h i (S) ��¨U��!X9�!�#�% ρ(t) � (4.6) )�%�AUBYL�#���� 9�!
#�% N �Z9�� � E ¢(���(� n �

n(Γ) =

∫ ∞

0

P
0,0
t (Γ)ρ(t)dt, Γ ∈ E(5.2)

EbFz+t,_�_�6L(< � n ? excursion �m�b�_�6� (4.2) ��¨b�6!"%9�bE � n ? ] Rb�6a&�_!Z#
path ���U�

E0 = {e ∈ E : e(0) = 0}(5.3)

E(��' mass ��1_3U%
P(����L (5.2) EUFbV�(�<�E��UO ):B�L5#�%

Corollary 5.2. Theorem 5.1 ��$U�(�_j() �

n(ζ ∈ A) =

∫

A

ρ(t)dt for any A ∈ B((0,∞))(5.4)

O�CXV9�63U%
Remark 5.3. Corollary (5.2) EbF�L(< � P_�*��L (5.2) ��§�L¥q_E^h_i,+@�xP���9_\x,6�- !5# N 92O()��(# :

n(Γ | ζ = t) = P
0,0
t (Γ) for any t > 0 and Γ ∈ E.(5.5)

E0 = {Γ ∩ E0 : Γ ∈ E} 92�N?M% Γ ∈ E0 E�[X\ � time reversal Γ∨ OZu/.GE(���XJ�L�#�%
p(t, x, y) ��� 0��bE�F�+(, � ��O6�U@�L5#�%
Corollary 5.4 (Time reversal property). Theorem 5.1 � $b�_�_j_) � excursion �_�
n ?���� time revarsality �21 3 :

n(Γ∨) = n(Γ), Γ ∈ E0.(5.6)
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6 Williams ���
Theorem 5.1 ��$��(�(j()�K�A_#�%
M(e) � path e ∈ E ���(}��X9�!5# :

M(e) = max
t≥0

e(t), e ∈ E.(6.1)

Lemma 6.1. �UO�CXV���3 :

n(M ∈ da) =
da

a2
on (0,∞).(6.2)

(Y 1(t) : t ≥ 0) ��F�� (Y 2(t) : t ≥ 0) ?�P � P
0 E�Z ��� ��s�|����"�K9M! #>%(R

a ∈ (0,∞) E�[:\ �

Za(t) =





Y 1(t), if 0 ≤ t ≤ τa(Y
1),

Y 2(τa(Y
1) + τa(Y

2) − t), if τa(Y
1) < t ≤ τa(Y

1) + τa(Y
2),

0 if t > τa(Y
1) + τa(Y

2)

(6.3)

92�(��#6% N(N ) � τa ? [a,∞) �����(`���� ��)(*U#�%
R

a = the law of (Za(t) : t ≥ 0) on the space E0(6.4)

92�N?=%
|U��J�LU� excursion �(�UE�[�\�,U4 � Williams � ��LU?_�(� �(� CXV%�63�%

Theorem 6.2. Theorem 5.1 ��$U� �(j_) � �U��P(����LUO�C:V%��3 :

n(Γ) =

∫ ∞

0

R
a(Γ)

da

a2
, Γ ∈ E .(6.5)

N ��&5' ? � 2 3b�(�
	UE6~���?Y%�
59�3b? � n ��= Markov ��)_*ZV � 4���
59�3b? �
����� -�����Ua�P(��)(*�#�%����U?����U)(?���!5#�O � N � 2 3U� ��	��2� �5#��(� E
? � path ����������� � )(����� � ������� ��@5B������Ua�� � � )(����� � �Z\�,��
���ba�� �b@ZB��b�
���Z��W_! σ-field �6�6��\�s5+�L5<_svB�s_�_% � � � 2 3¥�_�
	b��&
'(�(� �_E � N LXB�� σ-field ����)5� 8�: E�>(�5# ��!UO(*U#�%
7 Poisson "$# %$&(' �*) ���$+(,.-$/
N �10r)�? � m ∈ M1 � $I�z!A# �32 ) �t� # Theorem 7.5 @ B54t@r# N 956tO � m ∈ M1�59�� � ��.Uq(E�h i (S) O�Z	� %�ZU+(,��UE � Theorem 5.1 ��$U�(O6¨U�5JYLU,(�U#�%
m E�[�7(!Z# n, ρ �UF
� σ∗ s986� � ��L*:�L � n(m; ·), ρ(m; ·) ��F
� σ∗(m; ·) s98_9
W(!"%
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n(m; ·) ? σ-finite )(*U#6@5B � dtn(m; de) ��=��(�(�:9�!5# (0,∞) × E0 ¢(� Poisson

R�P N(m; dt, de) ��*U#�#�$_��� (Ω,F ,P ) ¢ E��(CU)��_#�%�;5< �
P

[
exp

(
−

∫

E0

F (e)N(m; (0, t], de)

)]
= exp

(
−t

∫

E0

(
1 − e−F (e)

)
n(m; de)

)
(7.1)

O ¦ p"� t ≥ 0 9 ¦ p�� E0 ¢>�Q��� �Q�I�Q� F E [ \=, C$V � 3"%���G���� P Ñ(m; dt, de)

�
Ñ(m; dt, de) = N(m; dt, de) − dtn(m; de)(7.2)

)(��� !Z#�%
(0,∞) ¢(�(�6� f E�[:\ � �U��-(P�������\2�(� :

U1[f ](m; t) =

∫

{ζ<1}

f(ζ(e))Ñ(m; (0, t], de), t ≥ 0,(7.3)

U2[f ](m; t) =

∫

{ζ≥1}

f(ζ(e))N(m; (0, t], de), t ≥ 0.(7.4)

Lemma 7.1. m ∈ M1 �%$U��!�#6%
(i) f ? (0, 1) ¢(���6�U���U)����2¨b��!X9�!�# : *U#���� C O ����\2, �

|f(u)| ≤ Cu, 0 < u < 1(7.5)

O�CXV9�63U% N �59�� �
∫ 1

0

|f(u)|2ρ(m; u)du <∞(7.6)

O�CXV9�b< � ZU+(, (7.3) ��R�SU� #�$�-(PU? well-defined )(*U#�%
(ii) �UO�CXV%��3 :

P

(
N

(
m; (0, t], {ζ ≥ 1}

)
<∞

)
= 1, t ≥ 0.(7.7)

ZU+(, ��¦ pG� [1,∞) ¢"��������� f E�[:\ � (7.4) ��R�SG��-"P�? well-defined ) *G#
( £U¤ �bE�!	��s(� ) %
(iii) ¢"� (i) �GF�� (ii) �"� � L$4�C V9��3 9�� � 2 3�� #�$"� � (U1[f ](m; t)) ��F �

(U2[f ](m; t)) ?
���() *U#�%
Lemma 7.1 (i) ��$b�(O�¨b�5J�L5#b9�� � #�$(�(� (U1[f ](m; t)) ?
����V_P5��1 3�
��
��-(P martingale )(*ZV � �(�

����(PU?

〈U1[f ](m; ·)〉t =t

∫

{ζ<1}

|f(ζ(e))|2n(m; de)(7.8)

=t

∫ 1

0

|f(u)|2ρ(m; u)du(7.9)

)�%�A�B�L5# (
N(N ) � Corollary 5.2 � l �(� ) %

�U� �
	U? ����� m 7→ U1[f ](m; t) ��F
� and m 7→ U2[f ](m; t) � &(' �5�&% A(#�%
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Theorem 7.2. mn → m in M1 �9$U��!Z#�%
(i) f ? Lemma 7.1 (i) ��$b�U�2¨U��!X9�!Z#�% N �59�� � �b��P��(f��UO�C�V%��3 :

U1[f ](mn; t)
law
−→ U1[f ](m; t) as n→ ∞, t ≥ 0.(7.10)

(ii) f ? [1,∞) ¢(�����b����) � limu→∞ f(u) = c for some c ∈ [−∞,∞] �2¨U��!:9�!
#�% N �Z9�� � �U��P��_f��UO�C:V%��3 :

U2[f ](mn; t)
law
−→ U2[f ](m; t) as n→ ∞, t ≥ 0.(7.11)

Remark 7.3. f(x) ≡ x ?(��	U��$��U�2¨U�5\�,(�b#�%
§3 )�� �G� � Kasahara–Watanabe [3] �����G) *G# Theorem 3.1 ���G� a � � %����

Corollary ? Theorem 3.1 � Poisson R�P�EbF(#2|U�U��%�A(#6%
Corollary 7.4. Theorem 3.1 ��7�, ��h i�� $U��!$#�%ZJ"B�E � f ? Theorem 7.2 ��7
,(��h iZ�2¨U��!X9Y!5#6%

fλ(x) = f

(
1

λ1/αL(λ)
x

)
(7.12)

92�N?=% N �Z9�� � �U��P��_f���O�CXV%��3 : � t ≥ 0 E�[X\ � λ→ ∞ �59�� �
U1[fλ](m;λt)

law
−→U1[f ](m(α); t),(7.13)

U2[fλ](m;λt)
law
−→U2[f ](m(α); t).(7.14)

&(' �
	 (Theorem 7.2) ��&5'(�
	U? � 2 3U���(� θ 9 σ∗ 9��(�(���U�_���U)(*U#�%
Theorem 7.5. m ∈ M 9�!5#�%����������_�(� σ∗ ?6�5��¨U��!X9�!Z# :

∫

(0,∞)

e−tξξσ∗(dξ) <∞ for any t > 0.(S∗)

N �59�� � h(i (S) ?�¨U�5JYL � �U�(�
��LUO6CXV%��3 :

θ(dξ) = ξσ∗(dξ) on (0,∞).(7.15)

N �����G? ��] R"O���
"c"d���P�TGE Minami–Ogura–Tomisaki ([6]) E"�"�", ):B=L
,(�b#�O ����� ? N L5� ] R(O6`�a6c_dU��P_TUE6|U�Z\��(% N �
���b? � θ � l �_,��_�
B�LZ# ��� �6|��ZJ�Lb� excursion � �U������'59 � σ∗ � l �_,��_�XB�L5# Knight ([4]),

Kasahara–Watanabe ([3]), Kotani ([5]) ����� '59����(o_!5#(4��()(*U#�%
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