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(1) "$#�%�&�'!&�(�)$*

Roynette, Vallois, Yor +-,/.103234653718:9<;6=?>A@1B6CED?=?F3G3HI;KJ1L:M3M?NO B-PRQAJ ([12], [11], [10], SUTWV ) X Roynette Y Yor ,!Z:[�+]\R^UM!_:`aB penalisa-
tion problems Y-bRc!d3egf ([13]) XihRhWd!,Uhj[aBgk]lRmAdonUp!q:r�Yjb:sthAY-8Wu
foX Najnudel, Roynette, Yor +j,!vAfxwoVRyiz!{!M!|g}o~o� Oo�!� Bj�!��;-��Z!M �R��

Roynette–Vallois–Yor Mx���i_x`tB���\$u�f�hgYxB���;�J ([6], [7]) X
l!�iME���!,����R�g_x`A8x�ieR=x�gM�Yoh!���i�!=�egf�hAY�M��W�i8o�ie!=o���A����$� B���@ f¡h Y¢d$v�f£X¢l$� M£¤¦¥ ,£§ ¨¦M�©«ª¬X §1 d$,��¦��_�`�8��­e$=¦M�®¦¯°B¢±

Q°f�X §2 d$,�. 0$2�4�5$7gM�²$³�B�±$Q�f�X §3 d$,�9�´$µ ¶�·�¸¦¹�º$»iM�²$³tB�±$Q�f�X

1 ¼¾½À¿°Á¾Â°ÃÀÄ

1.1 nip�qor�ÅxÆ
%:Ç?È 8KÉIÊ-Y¬�Ë�:�/_-`aYÌ,  M/ÍUÊÎ�?_K`ABÌÏa;Ì=We3f6XÐuR�?Ñ3Ò6�ÔÓ:Õ?º:» (Xt,Ft, P )
B (Ft)-Ö$³i�o×�Ø�º�» (Γt) 8iÍx��=�>i@oÙ�Dx=xF�G$H�;�JiLxM�MoÚ Û�zxN O

lim
t→∞

ΓtdP

P [Γt]
(1.1)

( h!hxd P [F ] ,RwxV F M �R� P 8gÍ!fjÜ�ÝtB�ÞRu )
�xß +�àRMxágâ!doã�ä�uEfxà!� LA;

ã$ä$u¦[ å�N O Ó$Õ �¡� ,°æ¢M Í°Êç8£è$é$êëD +ç[°f£à$� Y�eÀÊç_�`�d$v f£Xjì°í£å��$îï & 8$ð D¦f�ñ ï & N O M¦_�` ,¦��òÀóõô öø÷¦ù 4¦B�Ï$V�M�ú�8�û$ü­J L£M B�>�@�º¦»ÀY
;��xÛ¦z�ý°0ÿþ�� � M���Ñ°ª¢8�� M %��	� B�Þ¦u$ýë0�þ�� � B�
 O % 8�uëf Y � M��¦� _
`id�vgf���Y É Ê�hgYxL�d � f (cf. [13, §0.5]) X
� ����
�Yjbxs '�� ,x§i¨�8iÍRfxXx>i@oº�» (Γt) Y�;�= 1 §i¨tY��if!ÍtÊ �iLxMiB��

í�f�X hxM°Y � ��� M ��� P 8$ð�e!=�>i@ Γt M�� ��� ��� � f�Í�Êç��� ,��£F�G!H ���
ΓtdP
P [Γt]

8$ð¡e$=¦,��°h�ª�8 ��� � fÿX�h£M�á�â$d$� (Γt) ,���� � è ¶¦M�7 � B¢u°f�Yç�ëB��
í!fRÍ�Ê ���! iB-Þ!uR�tY É Ê-hgY � d � fWX�N O º!»i8Rð!e!=!,"�#�A, (Γt) 8gÍo��=��ü�+ [°f$��Bx�ifjQ �&% DxJx7 � B�u�f$hiYj8��ifxX
ì�í�å C B�'�($³�Y$;��ÿ>g@�º�»°B Γt = 1{∀s≤t, Xs /∈C} Y u°foX/hxM�²!³ �ÿ9#)$u�f���i_x`A8�ð�eR=��*�g,"(�³ C 8*+iÒ-��f�hAYxB�,.-!+ [�fxXAh�Êx;�=�/�+ [Ef�N O º!»

,"(!³ C 8"0*1�;���egÍtÊ 8�2*3RÙ�DxJWº�»id!vgfoX Í �54 + [i=Reif�ÍEÊ 8!��(R³i8
0�1À;���e�2�3�Ù°D�M!_�` ,�P*6�7�8i8�9�:$u�f�Xÿì°í�å�� 1

 �i. 0$2$4�5$7 8o9À;�=
C = (−∞, 0] Yç[ å$�ÿN O º$» , 3

 ��;=<?>$ô$º$» d�v f � �:Z�[ ,�@!A�B�C�D . 0$2
4�5�7tB�E*F*�xôiwoVid�P*6*7*8�;�JiLxM$8xSg��+���e�X

(1)E-mail: URL: http://www.math.kobe-u.ac.jp/~kyano/
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\��i����� ��� Êø���i_x`g,�(�³ C 8"0�1�;���e�2#3$Ù�DiY�,	��
 �	� �if�Xxìtíxå
> @�º$» Γt = e−At(C) B �°í$f�XRh$h£d At(C) ,$Û�
 t �$d$8 C 8��¦ä$u°f�Û$z$M�Ú � B
Þ!u!XghoMo²!³g��9#)Ru�fj�!�g_x`A8�ð!e�=��*�g,"(!³ C 8*+AÒ��tf!hgYxB ,.-!+][i=
,$e¦�$e � �$ä¡u°f�Û¦z$M£Ú � 8�) -¢=��$ü«+ç[ëf�X��$��_�`�M������ � ±$Q°f�Y�h¦��,
h°Êçd$v�f : N O º$» 8$ð¦e$=���� ,$��� � M$z$, C 8��¦ä$u°f$h Y � v f � �ov f�Û�

B��i8 C B���[i� � �ifxX�

1.1. ��� 2 3RM:v/f-_K`1B¬�W���:Ù � 
����R_K`/d ��!?uUf"��#aYW;Ì= “penalty method”
Y�b¦å�[°f$��# � �&%$Ö$H '�' (1) ð Í)(�7¡Ý�@ ' 8$ð¦e$=)* � àë+ 4 +ç[ =¦e$J�Í°Ê d$v
f (2) XjÓ$Õ$º¦»�+ M�)�, Y$;�=$�&-�.�D M�/10$º$»°B�213 4�|54Ìô��°B$6°í�J�Ó¦Õ�7$Ý��
»�8iM � d	��!�u�f���# � Í � 4 + [i=�e f (3) X�

1.2. > @£º$» � 1 § {¦M �°B�Y$ª?/°f¢²$³ ( �$� YçÉ Ê�Í�ª&9ë;��$:<;°YõÉ¾Ê Q � à ?)
8iL�N O (1.1) M�_x` ,	=gâ	>ie�Xxìtí�å Profeta ([9]), ?A@ ([14]) B�B�C!X

1.2 D�E�F�G�H
h�hxd���� �	� Ê C�IiMxáiâ!8x�ie�=x±!Q�Í�Ê X �$� M	J (µt)

�x���
µ 8 (Ft) K	LNM	OD�E�PRQ (converge along (Fs)) Y�,$�S á M s Y S ágMx��T Fs- U �WV wxV Fs 8x9�; µt[Fs] −→

t→∞
µ[Fs] (1.2)

� ¥�ª�+���hiYxB�É ÊÎXiLi;��x�!�i_x` (1.1) 8�ð!e�=�v f�N O Ó�Õ ��� P Γ
� ã!ä�;�=

ΓtdP

P [Γt]
−→
t→∞

P Γ along (Fs) (1.3)

� ¥�ª�+��i��+�å��oui�$ÑiÒx�
S áiM s Y S áiM���T Fs- U ��V w�V Fs 8x9�; P [FsΓt]

P [Γt]
−→
t→∞

P Γ[Fs] (1.4)

� ¥Àª +�� �°+�å$� P Γ , P 8$w°;�=�X�Y�Z�9$^�[ (u �$Ñ Ò&\ Fs {$d�Z$9$^�[ ) d$v f�X]�^ � As ∈ Fs d P (As) = 0 �°+�å
P Γ(As) = P Γ[1As

] = lim
t→∞

P [1As
Γt]

P [Γt]
= 0 (1.5)

� ¥Àª +£� X Fs {$d�_$J P Γ M P 8$w£u°f Radon–Nikodym `�acb Ms dfe�g å1h i�jlkmAn�oNp k�h (Ms) qWr	s�t�u�v�w�s d�x n	y
(1) z|{|}|~|���|��������� ���|�|�|�������������|�|�|�
(2) ������� ��¡�¢¤£ : • ¥¤¦"§¤¨�© 4 ª �¬«¤­"®¤¯�°¤�¤� E�±�³²"´¤µ�¶¤� D · 3); • ¸�¹»º�¼¾½¤¿"ÀÁ¼Â¹ÄÃ�Å�Æ �z${$}&�$�|Ç$È$É$Ê&Ë$Ì ¥$¦ ; • W. Sun and Y.-X. Yuan, Optimization theory and methods: Nonlinear

programming, Springer Optimization and Its Applications; • A. Friedman, Variational principles and

free-boundary problems, Wiley-Interscience.
(3) ����� : • P.-L. Lions, J.-L. Menaldi, and A.-S. Sznitman, Construction de processus de diffusion

réfléchis par pénalisation du domaine, C. R. Acad. Sci. Paris Sér. I Math., 1981; • R. Pettersson,
Penalization schemes for reflecting stochastic differential equations, Bernoulli, 1997; • S. Kanagawa and
Y. Saisho, Strong approximation of reflecting Brownian motion using penalty method and its application
to computer simulation, Monte Carlo Methods Appl., 2000.
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�
1.3. ��������k��
	 n���
�� ��������a
����� d���� n d�� h (Fs) k����������
��� "! �"��#%$ p y�&(' h"�"� [0, s] �"���)�"*,+ ��
 q��"� Fs- -%�(."�/�10"2 n�y�3)40�h�5"�����,��k,�(	 n6 ,! �,� d (Fs) k,�,�,���,� d q 3,7 k�q"8�9�� ��: k x�; y

1.3 <�=,>�?A@CB
D�E�F"G,H,I�J
K�L"M
N�O�P"Q ��R (C) k�SUT�h F∞ �"����a P #,V�W�X (C) Y�<�=�>�?A@CB(D�E�F d qWh�Z[ � N(O�P,Q Γ = (Γt) ∈(C) k�SUT�h"2 nC\ � ��
 µΓ(t) d�]�^"_ 
 Γ∞ #�`�abTCc

µΓ(t)ΓtdP −→
t→∞

Γ∞dP along (Fs) (1.6)

#�dfeCg�h�i d b6j p y P # N
O�P�Q k�kf�ml universal k d g n i d #�n�o�0�2 n�yqpT�r,s P[Γ∞] # \ ��h,��t x �1u�h�vAw�x n i�x�k o �"c
ΓtdP

P [Γt]
−→
t→∞

Γ∞dP

P[Γ∞]
along (Fs) (1.7)

#�yU� g n	y $��,c�z�k�h�{�t ]"^ �,| P Γ q P k � T6c F∞ ��0�},S"*,+�0,2��)c�h
dP Γ =

Γ∞dP

P[Γ∞]
on F∞ (1.8)

#�dUe1g�h y,~ ��h P[Γ∞] <∞ x n i�xC�A� P q F∞ ��0,���	r���t,0�2 n	y3�7 k Γ ∈ L1(P) k�S�T h ΓdP q P k � T�c�����}�S�*�+�0�2 n ��� h Radon–
Nikodym �"| (Ms(Γ)) q P k �%�Nn rÁs�tRuÁv�w�s�x x n�y Ms(·) w%I��(���%���,����,� x1��� y��,Q � (Ms) x�q Ms = Ms(Γ∞)/M0(Γ∞) � ��: k,2 n	y

2 �f�f�f�
� �f¡�¢
2.1 Roynette–Vallois–Yor Y�£,¤
(Xt,Ft,Wx) w�¥�¦�§1u6¨�©q��*�+ �ª
�� �1k��q	 n canonical «�¬fx �cn)y i�i�0�q1h6­®�¯ � ��
 h°���
±���� ��
 h²� o�³�´¶µ¸·º¹�» h²� 3 h
� N
O�P�Q �
¼�¦�½�k�S �cn6¾¿ wCÀ"Á �An	y
£,¤ 2.1 ([10]). ­ ®,¯ P,Q St = sups≤tXs k�SUT�h N�O�P"Q ��¼,¦�½

(S) Γt = f(St) h�ÂbT f : [0,∞) → [0,∞) q 0 0 x�; -�r"s ��

w �A� n�y i��Ax � (Γt) ∈(S) k�SUT�h�{(t ],^ P,Q W Γ #�`�abTCc

ΓtdW0

W0[Γt]
−→
t→∞

W Γ (2.1)

3



#�dUe1g�h y S�� �Nn r�s�t�u	vWw	s�q
Ms = f(Ss)(Ss −Xs) +

∫ ∞

Ss

f(x)dx (2.2)

0�� � ��� n	y i,i�0�h f(·) = f(·)
/

∫ ∞

0

f(x)dx .

£,¤ 2.2 ([10]). ��o�����±"� P,Q (Lt) k�SUT�h N�O�P,Q ��¼,¦�½
(L) Γt = f(Lt). ÂUT&h f : [0,∞) → [0,∞) q 0 0 x,; -�r,s ��

w ��� n�y i��¶x � (Γt) ∈(L) k�SfT$hC{
t ] ^ P�Q W Γ #�`�a T6c (2.1) #�dfe¸g�h y S
� �An r�s�t�u	v�w�s�q���0�� � ��� n :

Ms = f(Ls)|Xs| +

∫ ∞

Ls

f(l)dl. (2.3)

£,¤ 2.3 ([11]). 	�o�k���	 n �,��±,� P"Q (Lx
t ) k�SUT�h N�O�P,Q �(¼,¦�½

(K) Γt = exp

(

−
∫


 Lx
t V (dx)

)

h�ÂUT�h 0 <

∫


 (1 + |x|)V (dx) <∞
w �A� n�y i��Ax � (Γt) ∈(K) k�SUT���
,#�dUeCg�h :

(i) Z [ � x ∈ R k�SUT�h�{�t ϕV (x) := lim
t→∞

√

πt

2
Wx[Γt] #�`,a y

(ii)
��


ϕ = ϕV q Sturm–Liouville
4�Q��

ϕ′′ = 2ϕV � 3 [�� 0������������lk�$ p6p
� : lim

x→±∞
ϕ′(x) = ±1

y

(iii) {
t ]"^ P,Q W Γ
x #�`,aUT1c�h�Z [ � x ∈ R k�SbT

ΓtdWx

Wx[Γt]
−→
t→∞

W Γ
x along (Fs) (2.4)

#�dUeCg�h y S�� �An r�slt�u	v�w	sRq��
0�� � ��� n :

Ms =
ϕV (Xs)

ϕV (X0)
Γs. (2.5)

(iv) W Γ
x ��
�0 (Xt) q��
� ],^�� s 4"Q�� � � :

dXt = dBt +
ϕ′

V

ϕV
(Xt)dt, X0 = x. (2.6)

�
2.4. �,��±,�Wk�q�� 
�� ��Z [�� #,2 n #�h�i�i�0�q��Aw���� �AoNp k�� �,0 ; n :

Lx
t = lim

ε→0+

1

2ε

∫ t

0

1{|Xs−x|<ε}ds a.s. (2.7)
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�
2.5. V #��(o����"¦ µ ¼1�"|�� \ � 
 � V = λδ0 x �°u�� ϕV (x) = 1

λ
+ |x| 0"2 e��

SDE (2.6) q
dXt = dBt +

sgn(Xt)
1
λ

+ |Xt|
dt, X0 = x (2.8)

x x n�y	����
 k�� λ→ ∞ x �An x 3 ��
�� µ�� s P�Q #�yU��� n�y
�

2.6. r	s�t�u�v�w	s (2.2)
o e p13,7 k������(-�r,s x ��
 f : [0,∞) → R k�SfT

f(Ss)(Ss −Xs) −
∫ Ss

0

f(x)dx = −
∫ s

0

f(Ss)dXs (2.9)

#�dUe1g���� Azéma–Yor martingale x1�,u�� n ([1])
y

Ob lój ([8]) q��Rk�� H(Ss, Xs)#��,�Rr�s�t�u	v�w�s x �Cu��,2 n �,��-�r,s x f 0 (2.9) � � k�«�� n i(x�w��UTC� y
�

2.7. ���������
0�q ; l��(����� p ������� ���� ¯ � L1 �,�
P [Γt|Fs]

P [Γt]
−→
t→∞

Ms in L1(P ) (2.10)

#�dUe1g��"c ; n	y (K) ������k�!,c,�
i p y�", � Γt = ΓsΓt−s ◦ θs (θs q"��#%$ )
o e

Wx[Γt|Fs]

Wx[Γt]
= Γs

WXs
[Γt−s]

Wx[Γt]
−→
t→∞

Γs
ϕV (Xs)

ϕV (x)
= Ms a.s. (2.11)

#�$ p y i �lq�5�& P�Q ��{
t�0�2Ae�� {
t
w
x n�'�( 0 �� ¯ 1 q	)�`+*�� n ������i
���,�Rq L1 �,��0 p 2 n�y

2.2 ,,W�-(�C<�=�>�?A@1B�D�E�F�G,H"I�J�K�L,M
Najnudel–Roynette–Yor ([6],[7]) q���0�� ~�n *,+ ��
"� �,�����,|/w�.�/UT6� :

W =

∫ ∞

0

du√
2πu

(

Π(u) •R
)

(2.12)

ÂUT�� Π(u) q��(o,�A� ��o�0���1%* u �,¥�¦,§ u�2�� R = (R+ + R−)/2 q�S�3�4 3 ��

� µ�� s P,Q ��s�56� Π(u) • R q Π(u) x R k�$ p87 g x�9 w;:6<,c,0 � n 9 ��s�5/w1«� y,~ ��� x ∈ R k�SfTCc�� x +X � W ��
�0"� law w Wx x �cn	y
�,| W ����=�q���� ocp k�j ;�>/� n i�xC#,0 � n (p.7, ? 2 @6A ):

(i) ­�B�C�o,±�D g = sup{t ≥ 0 : Xt = 0} ��s�5�# W (g ∈ du) = du√
2πu
0�� � ��� n	y

(ii) g = u 0������A	 n x�� (iia) (Xt : t ≤ u) ��s�5�q,¥(¦�§�u�2��
(iib) ((θuX)t : t ≥ 0) ��s�5�q�S�3�4 3 ��
�� µE� s P,QRy

5



£,¤ 2.8 ([7]). �,| W q���� [�� 0�¼"¦�½ (S)(L)(K) ���������/w	� 3,�An :

√

πt

2
ΓtdWx −→

t→∞
Γ∞dWx along (Fs). (2.13)

ÂUT�� (S) �/x � : Γ∞ = f(S∞)1{S∞<∞}, x = 0,

(L) �Ax � : Γ∞ = f(L∞), x = 0,

(K) ��x � : Γ∞ = exp

(

−
∫


 Lx
∞V (dx)

)

, x ∈ R.

£,¤ 2.9 ([7]; see also [17]). �,| W q���� ��
 w	�(�,c ; n�y
(i) W q�
�t���| y
(ii) W q F∞ �,0,���	r��
t y
(iii) W q Ft ��0�q ����r���t�0 x ; (

� x�� � 0 � ∞ � ¯ T ����� x ; )
y Â�T � t <∞

y
(iv) W q W0 x��,��},S,*"+�.,#�� F∞ �,0�q�z�� y
(v) ��� [�� 0�r	s���# � #�dUeCg�h :

W [F (Xs : s ≤ t)G((θtX)s : s ≥ 0)] = W [F (Xs : s ≤ t)WXt
[G(Xs : s ≥ 0)]] . (2.14)

�
2.10. (iv) � ocp x���� q�z����fT�� x�; y � � u�� \ ��oqw�!�" �$# � µ ��%�P�Q x¥�¦,§�&1¨,©Ux	'����"},S,*,+
.,#�� F∞ �,0�'�z(��0,2 #�) i���*,+.-���������	 # 2

h����"|
��/,±�0�1�4���2�3�4�' [5] 5�6 ��7 3 )

2.3 8�9�:(;�<�=�>	?�@(A�B�9�C�D�E(F
G�H

W 5JI�K�L�M (S)(L)(K) N O(P(Q�R(S�TVU�W�XYN	Z�[]\J^�_a` n N ( b�c�dfe�g�R )h(i G(H TjQ]R (1) ` hfi UJkfl�m(noN ζ Tf\qp�rts t UJu�vfw(x (meander) N M (t) TyQR�`�z{\ p M (t) | Ft } U�~(� G�H����(� 4
M (t)[At] =

n(At; ζ > t)

n(ζ > t)
, At ∈ Ft (2.15)

����� s���R�`�S�U]T�� ��5����q��2�`
E�F 2.11 ( �������(����������8�9�:�;�<�= (see, e.g., [20])). t > 0 d���\	p

W0|Ft
=

∫ t

0

n(ζ > t− u)W0[dLu]
(

Π(u) •M (t−u)
)

. (2.16)

z�\	p Π(u) •M (t−u) | Π(u) T M (t−u) d���_����(����N	����4 � ��R	��U��� �N ¡(Qf`�¢£ p W0[dLu] | ∫

f(u)W0[dLu] = W0

[∫

f(u)dLu

] d�^ � 4 � ¢�R G�H Nq¡�Qf`
(1)Lt ¤¦¥¨§ n ©«ª­¬«®°¯�±­²«³«´¶µ«·«¸«µ­¹ Lt º c > 0 ¯«»�¸�¼ n ª 1/c ¯¦½¨¾�¸«±«¿a¹�À«Á (2.16) ±Â ªÄÃÆÅÆÇ­ÈÄÉÆÊ
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� [ | h�i���� (excursion theory [4]) N���3(4���s.��R�`
�

2.12. n(ζ > t) =
√

2
πt

, W0[dLu] = du√
2πu

��� R�S�Tqd	��
�Q�R�T	p	��
 (2.16) | ��U
^�_.d���3	�����.�]R ( ��� 1 ��� ):

(i) t ¢ � U	������c(m�� gt = sup{s ≤ t : Xs = 0} U��� �5
W0(gt ∈ du) = n(ζ > t− u)W0[dLu] =

du

π
√

u(t− u)
on (0, t) (2.17)

��� ���.�,R ( �!�"�#�$ ) `
(ii) gt = u

��%�&�' g�R�Tqp (iia) (Xs : s ≤ u) U��(  |�(*)�+�,.- p
(iib) ((θuX)s : s ≥ t− u) U���  | u�v(w�x�`

S�S � p M (t) −→
t→∞

R d	��
 \	p )�/ �	0 � N	Q]R�T
1

n(ζ > t)
W0|Ft

=

∫ t

0

n(ζ > t− u)

n(ζ > t)
W0[dLu]

(

Π(u) •M (t−u)
)

(2.18)

along (Fs)−→
t→∞

∫ ∞

0

W0[dLu]
(

Π(u) •R
)

= W (2.19)

5�12���,R�S�T 5�3�4,T��,R ( ��� 1 56��� 2 7�U�8�9 ) `fS�U�^,_�d�3�R�T�I�K�L�M |�:; 4�P=<�d�>�Q,S T�? � ��@ _�d�3*��RA?�p(S�U�8�9$N�B�C�d�>�Q�w�x�d=D�E*? � �jpGF��H d(�6�	I�R�NJ1���K,TML�N��]R�`

O
1

O
2

3 P2Q2R2S T*U2V*WYX2Z6[

��\�] ��^`_�a w�xod��(Q�R (L) b�c (K) UJI(K�L�MYN.d�eY^�_ `	fg� � d�eYRJh�i | pj�k U�l�moe�^	c`n�o�p�qsr�p Marc Yor r�TVU�t�u`l�m�d	vswyxy` ( ��\{T |�z �q��K )
] ��^�_�a w�x�d��(Q�R (S) U�I�K�LJM ([21], [23]) d	{*K�4 | p [22] d�d�ey�j��4�K�R�`
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(Xt,Ft, Px) N ^	_�a w�x�U càdlàg path ��n�d�e�g�R canonical ¡���T(\	p
Px[eiλXt ] = e−t|λ|α, λ ∈ R (3.1)

TaQ RV` α = 2 U���� | ( ) +`,���	 ( U�m n N 2 
fd \ £�� U )
�¦� R¶`�
�� α | 1 < α ≤ 2N�� � Q,R�`�Q�R�Tqp	F�c | @�������d�� \M!�$ :

Px(T{x} = 0) = 1, x ∈ R (3.2)

( S�S � T{x}
| � x ��������m�� )

�(� �yp�����{���
�U�c | c��� H :

Px(T{y} <∞) = 1, x, y ∈ R (3.3)��� R�`ÆQ�R�T p F�c�d�e�g�R�!#"�m�n�w�x (Lx
t ) e�^	c h�i G�H n ?��%$ \	p�u(v�w�x

M (t) = n(·;ζ>t)
n(ζ>t)

?J�&$�Q]RJ`�z{\Vp n(R > t) = απ
Γ(1−1/α)Γ(1/α)2

t
1
α
−1. ¢ £ p�boc�5 �.boc

7�U�r{s t U - w�x Π(t) = P0(·|Xt− = 0)
� ��$�Q]R�`

3.1 '�(�)+*
,�-�. ��U	 Fourier /���d�^ � 410�2�~(��C H ?

Px(Xt ∈ dy) = pt(y − x)dy, pt(x) =
1

π

∫ ∞

0

(cos xλ)e−tλα

dλ (3.4)

��� ������p q- ^13�4�5 ,76 C H ?
uq(x) =

∫ ∞

0

e−qtpt(x)dt =
1

π

∫ ∞

0

cos xλ

q + λα
dλ, q > 0 (3.5)

��� ������R�` P 0
x Nqb�c18�9�w�x�U���  T�\	p+:�;=<�>7?A@%B�C 0- D�E�F�G�H�I
h(x) := lim

q→0+
{uq(0) − uq(x)} =

1

π

∫ ∞

0

1 − cos xλ

λα
dλ (3.6)

NKJ �(RJ`1L&M(Q�RoT h(x) = 1

2Γ(α) sin
π(α−1)

2

|x|α−1 N.1�R ` h(x) | ��U`
�N � '�(PO�Q �� R�`
E�F 3.1 ([15], [20]). t > 0, x ∈ R d���\qp

P 0
x [h(Xt)] =h(x), (3.7)

n[h(Xt)] =1. (3.8)

� � F∞ } U G�H P h
x N � ; p�'�(�)�*{TAR�S :

dP h
x =

h(Xt)

h(x)
dP 0

x on Ft, x 6= 0, (3.9)

dP h
0 =h(Xt)dn on Ft, x = 0. (3.10)� �

3.1 5 � consistency ?J��Kfp P h
x
| well-defined

��� R ` α = 2 UT����U�U&V%/�� |��\�W 3 ��X 57Y�Z�4 w�x ( U�m(n�N 2 
�d�\ £�� U ) d�[����	��K�`
U�V�/�� | u(v G�H U :�z � ����R�`
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E�F 3.2 ([20]). ��
�U 0 ≤ Γt ≤ 1 ��R���# H�� . � (Γt) d���\	p
ΓtdM

(t) −→
t→∞

ΓtdP
h
0 along (Fs). (3.11)

� � 4 , d�p
M (t) −→

t→∞
P h

0 along (Fs). (3.12)

:�z (3.12) U � [ | ��U�^�_.d�\.4��,s.��R�` Fs N���� Fs- � G � . ��T�Q�R�T	p
M (t)[Fs] =

n[Fs; ζ > t]

n(ζ > t)
= P h

0

[

Fs

P 0
Xs

(ζ > t− s)

h(Xs)n(ζ > t)

]

(3.13)

��� R ( S�S � h�i G�H U�� 4
	 / - N�� � £ ) `�^ � 4�p
P 0

x (ζ > t− s)

h(x)n(ζ > t)
−→
t→∞

1 (3.14)

? x 6= 0 d�{*K�4�����d�8�9 \J4�K���
�^	K�` S ��N�>�Q £ ; d�p P 0
x (ζ > t) ? t

1
α
−1 T�u������� 	 N���{�S�T�� +������ � � d�^ � 4	>�\	p���� - N���� � 4 $od�^ � 4	>(Qf`S�S�U�0 � � | ] � w�x ��� R�S�T�N / 4 d�� � 4�K�R�`

�
3.3. �=\ W 3 � X 5=Y Z 4 w x | b c N �"!�Q$R T$# ~�� � ! ¢ £ |"% U K &�� 5�U 'd"( �yp*) \�4�b c,+.-0/"132.4�5 x76*839;:�4 %3<"=*z">3? !;@�ACB"D*E;F�6 1 < α < 2< 2�GH4�I�J�K�L�5NMO6�P�K�QRM�S�T ([15]):

P h
0

(

lim
t→∞

Xt = ∞, lim
t→∞

Xt = −∞, lim
t→∞

|Xt| = ∞
)

= 1. (3.15)

A�5�UWV�6�X�Y�+ > G�Z[-
\�5�KN]�^�_�`�K�a�@�A
B�D
b

3.4. c�dfe�gh4hih2 < ejghkN]mlonWprqtsvuHwjxjytsHzH{|]m}tB ([18]): ~j� < “ ��
”cylindrical functional Ft ∈ Ft

? _R��6

M (t)[Ft] = lim
ε→0+

P0

[

Ft

∣

∣

∣
(θεX)s 6= 0 for s ≤ t

]

. (3.16)

1 < 1�2H��Mm6��R� t < c�d�e�g�4���� t 9�z�zHX�Y�+��
��B������
G�e�g�z��WB�6�2��� B�D�1 < 1�2�2 (3.12) 2��*��U��CB�2�6������;��4�A;��� < ����z"X�Y��.����B.�����
G�e�gWz���B�6
2�� � B�D
α = 2 < 2�G�4�6 R = (R+ +R−)/2 z�����:�D�A�5�U�V������ ? �W����6�� X�Y����
�

B���������¡¢4 �£8�¤�¥ < ��������¡¦2 �¨§�¤�¥ < �����
��¡©��ª0��� 2 z�«3�;:�i <�?¬ � � D E�F�6 1 < α < 2 < 2�G�4HI�J�K�­RZ[L�5
Mm6®�¨8�¤�¥ < ��������¡¢4 � X�Y����
��B������N��¡¯2m°�L�z���B ((3.15) ��M�±WV ? U�k�B ) D,1 <�² M < I�J ? T � ��4 [18]
��³�´�D
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b
3.5. ��_�� ? ��������������e�g ? _�ANB�������������K
	�9�B ([19]) D
� �
� :

P h
0 [e−qT{x} ] =

h(x)uq(x)

uq(0)2 − uq(x)2
, q > 0, x 6= 0. (3.17)

9�:�6 Feynman–Kac ��� ? ������­�������� < ����K
	�9WB ([3]) D
� �
� :

P h
0 (h(x)Lx

∞ ∈ dl) =
1

2

{

δ0(dl) + e−
l

2
dl

2

}

, x 6= 0. (3.18)

� ²3? X,Y����������"K��¢}�B"K;6�1*}�4;Y x ? ��� ��5 �! #" K 1/2 z¢�3B;1�2"�%$�AjD
9�:�6 � ² 4 α ?
& ��� � 5 � K�6©1�}�4 1 P�'��#��°#( < 1�2�z�6 2 Y
)+* <�, �
�#�
�
-�B/.10�2 ?�3 B�D 3 P�'#45�16#7�e�g < ­��#���#��8:9�� ? T � � 2 P�'+;�F#45�16
7�e�gWz���B#</.�K
=R]�}�� � B (Ray–Knight <�>
? ) K�6 1 < α < 2 < .�G
8�@BADC
E
z�8 3 � D

3.2 (L) F (K) G:H/I�J
KLF
M
N5OHp�P/Q
R�u�S#T�U
V/W
X�Y

F∞ * <
Z�[ P ��P�z >
\ A
B :

P =

∫ ∞

0

P0[dLu]
(

Π(u) • P h
)

. (3.19)

<�<�z�] Lu = L0
u z��
M^] P0[dLu] = pu(0)du = Γ(1/α)

απ
u−1/αdu z��WB�D�_�`�] x ∈ R

? _
����] x+X < P <�a z < law � Px .�A
B�D
b�c

3.6 ([20]). X�Y
�#������e�g (Lt)
? _R��]
d/eHe�g < ���
f

(L) Γt = f(Lt). gR�h] f : [0,∞) → [0,∞) 8 0 z 3 ��i
j �+k
l
��m � B�D/<
nL.�Go) a K�QRM�SHT :

(i)
1

n(ζ > t)
f(Lt)dP0 −→

t→∞
f(L∞)dP along (Fs).

(ii) Ms(f(L∞)) = h(Xs)f(L∞) +

∫ ∞

Ls

f(l)dl.

b�c
3.7 ([20]). p�Y ?#q ��B���������e�g (Lx

t ) ? _R�o]
d/e�e�g/nr���
f
(K) Γt = exp

(

−
∫

s Lx
t V (dx)

)

]
gR��] 0 <

∫

s (1 + |x|α−1)V (dx) <∞

��m � B (��� ? |x|α−1 K
t���� � B#</. ?
u � ) D�_#`�] Γ
(0)
t = Γt .���]

Γ
(1)
t = Γt1{T{0}>t}, Γ

(2)
t = Γt1{T{0}≤t} (3.20)

. q Z7D/<
nv.�G�) a K�QRM�S�T :

(i) i = 0, 1, 2 .[~��/n x ∈ R
? _R��]

1

n(R > t)
Γ

(i)
t dPx −→

t→∞
Γ(i)
∞dPx along (Fs). (3.21)
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(ii) ϕ
(i)
V (x) = Px[Γ

(i)
∞ ] . q Z#.�]���B > l CV ∈ (0,∞) K����R���

ϕ
(0)
V (x) =ϕ

(1)
V (x) + ϕ

(2)
V (x), (3.22)

ϕ
(1)
V (x) =h(x)P h

x [Γ∞], (3.23)

ϕ
(2)
V (x) =CV Px[ΓT{0}

]. (3.24)

(iii) �:7�����	�

7���Q
�/8�P�z�� � ]�}�� :

Ms(Γ
(0)
∞ ) =ϕ

(0)
V (Xt)Γ

(0)
t , (3.25)

Ms(Γ
(1)
∞ ) =ϕ

(1)
V (Xt)Γ

(1)
t , (3.26)

Ms(Γ
(2)
∞ ) =ϕ

(2)
V (Xt)Γ

(1)
t + ϕ

(0)
V (Xt)Γ

(2)
t . (3.27)

b
3.8. (K) n���������� q � ��] (Γ

(0)
t ) . (Γ

(1)
t ) .%8����3����k�l3z;���"K�] (Γ

(2)
t ) 8�@ A

z 3 � � >�? n"!$#;z#8�]:_�% (Γ
(0)
t ) . (Γ

(1)
t ) n 9�� n�&('C�*)0� ],+C� .��#< ..z (Γ

(2)
t )

n
9��rn"&�'
��{�� �
α = 2 z V = λδ0 nL..-:8

ϕ
(1)
λδ0

(x) = h(x) =
1

2
|x|, ϕ

(2)
λδ0

(x) = Cλδ0 =
1

λ
(3.28)

. 3 ���#]
� 2.5 . ( f(/�

7/n.+
��0 � � ) 1�2�34� �
b

3.9. 5r�
6
�7�����8�
�79
1�34� Z�[ W 8 R = (R+ + R−)/2 n
�
:���;=<�� W =
W + + W − .D�>:Wz?-
] 1{S∞<∞}dW = 1{S∞<∞}dW − 8 0 z 3 � Z�[ z��?� � 1>@ 1 <
α < 2 nL."-
8�] (3.15) ���WM^] P-a.e. z

lim
t→∞

Xt = ∞, lim
t→∞

Xt = −∞, lim
t→∞

|Xt| = ∞ (3.29)

K�Q0M�S�T�k�]�] 1{S∞<∞}dP = 0 z;��� � <:n+<r.�k�]h] 1 < α < 2 nv."-:n/�#�:f (S)
n������"�/8 Z�[ P �����j�#8�9�1R�m} 3 � </.�K�U�k�� �

3.3 A�B/G.C�D�E(F�G�H

(L) n"�
��������IW���"!�#�n�J�YW�LK�#
�H�LA � >
? 3.6 n"!�#�8�5/��6��M������� .,"N �"O(P�Q�Y¢���R�3�(�*S+n:��: >�? �,T � � 3 �[}U�"V�]LW(X��ZY([��")(3 .:<�\�z]�^ V.�(%��
n�8�Prn��"��z���� �
J
K�_ 0 < γ < 1 .`3a� ��i
j �rk
l ψ ��_ ��]�W�X

∫ t

0

(

1 − u

t

)−γ

ψ(u)du −→
t→∞

∫ ∞

0

ψ(u)du (3.30)

V�QRM�S�T�k ?

11



u ��� > 3a���+.,� (

1 − u
t

)−γ 8 1 �"W(X0��� � �:n�z"1+-����+n��vA �#- � ��k�i��
} 3 � V�] u = t z�nHa���V	� � �BA _
Z � k 3 ���	
�� ] u = n nL.
<�\Hz	

����TN�
A 3 k
l ψ(u) � A _�Z�.�} ��� �
������<r.LV�z�-(� ([20])

�
(L) n����R�.�
�L!�#�34� � ]�P/n	�
�
�LT � � �

� K 3.10 ([20]).
i
j �+k
l ψ V	��§�z�������kHT

lim
t→∞

{

t sup
u>t

ψ(u)

}

= 0 (3.31)

���/`.3 3 ] � ]�W
X (3.30) V�Q�S"3�� �

!�#�8�V�� �L.���`�� j �/n���������z���� � ,	� n(�.�/8 [16] �Wih��}�� � � �
>
? 3.6 n�!�#�n������� ��
� A � _�% ]HP�� u ��3�� �

� K 3.11 (see, e.g., [20, Lemma 7.4] and [3, Theorem 6.1]).

Π(u)(Lu ∈ dl) =
ρl(u)

pu(0)
dl (3.32)

VHQ M�S�T � <�<vz�] ρl(·) 8 inverse local time τl = L−1(l) ( @H} 8 stable subordinator
of index β = 1 − 1/α ∈ (0, 1/2]) n:����[ [ z���� �

O�P�Q�Y����������LS/n
�(:����
��M
1

n(R > t)
P0[f(Lt)] =

∫ t

0

P0[dLu]
n(R > t− u)

n(R > t)
Π(u)[f(Lu)] (3.33)

��{a� � <#<"z#]�c�d�e�g 8�X�Y(���#�0� 3 � <+..k�]h@ n�!#�+8 j �R��"���� 3 � <+.
� u �
3a� � � ² n j ����#�-�±.3B.

∫ t

0

P0[dLu]
(

1 − u

t

)−β

Π(u)[f(Lu)] (3.34)

. 3 � ��$ ] P0[dLu] = pu(0)du z��R��</.L� u ��3�} � ]�&��
ψ(u) :=

∫ ∞

0

f(l)ρl(u)dl (3.35)

z > _R�:k:l ψ V��(� 3.10 n�% > ���+`"3�k'&+Amk(�)( �:�*3�} � � � <+.,V�U�kR� � ψ
8	*�+rk:l�z�����kN]�] uψ(u) −→

u→∞
0 ��� �
� � ��� .:<�\Hz�]�f�/�
:7-,����
��M

ψ(u) =

∫ ∞

0

f(l)l−1/βρ1(l
−1/βu)dl (3.36)

z���� ��. l 0 < β < 1 n	/ > ���/n�[ [ k:l/n
��0 (cf. [2, p.582–3, (6.3), (6.8)]):

sup
v>0

{(1 + v)ρ1(v)} <∞, vρ1(v) −→
v→∞

0 (3.37)

� u �
3�} � ]	1�W
X >:? ��M uψ(u) −→
u→∞

0 VH{R]�}+]
	�2��L&�'�V�{0]m}�� �
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