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Point sink flow in a linearly stratified fluid of finite depth
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The evolution of selective withdrawal through a point sink of horizontally unbounded, linearly
stratified fluid of finite depth is studied as an initial-value problem. Following the initiation of
discharge from the sink, internal gravity wave modes propagate radially upstream to change the flow
pattern. These modes are called cylindrical modes. We first consider the dasefwhereF is

the Froude numbgto get linearized governing equations, and seek a linear asymptotic solution for
large timeg™ after starting the discharge, of the cylindrical modes in a stratified fluid where viscous
and diffusive effects are negligible. The obtained solution shows that the strength of the modal front
grows like t*3, unlike the case of two-dimensional modes whose strength at the front is kept
constant. Numerical calculations are also performed to study the case0f The results then
indicate that all the cylindrical modes can propagate upstream forFaeycept infinity. The
steady-state withdrawal-layer thickness and time to steady state are also investigated over the full
parameter range considering the viscous and diffusive effects. The obtained results are then
compared with both the analytical and experimental results of prior works20@ American
Institute of Physicg.S1070-663100)00611-3

I. INTRODUCTION development of flow concentration. Various features of the
line sink flow, such as propagation of two-dimensional

There are various interesting phenomena that happen imodes*2 evolution of selective withdraw4l;”°steady-state
stratified fluids where the density varies in the vertical direcflow patterns>"°"13 etc., have been investigated enor-
tion. For example, when fluid is withdrawn from a sink situ- mously and elucidated so far.
ated in a density-stratified reservoir, only a layer of fluid In contrast, comparatively few works have been done on
adjacent to the sink level is withdrawn. This phenomenonaxisymmetric withdrawal or a point sink fld&*8that seems
called selective withdrawal, has wide application in engi-to be of more practical interest than the line sink flow. The
neering aspects, such as withdrawal of cooling water fogeometry of the point sink flow is shown in Fig. 1. In this
power plants and water quality management in reservoirs.case a series of cylindrical modes travels out from the sink
Therefore many researchers have studied it using twoand the flow is characterized by the three parameters: the
dimensional flow, or line sink flow of linearly stratified fluid Froude numbeF, the Grashof number Gr, and the Schmidt
as its simple model. number Sc, defined by

The study of this problem was initiated by Yihwho
obtained the steady-state theoretical solution of selective
withdrawal through a line sink of an inviscid stratified fluid

of f|n|t_e depth. His solution showed the uniform withdrawal .+ viscosity, and is the diffusivity of stratifying species.

of fluid from all depths when the Froude numbé Yih!* treated the point sink flow of an inviscid, nondif-
=q/Nd® is larger than the critical Froude numb&h:  fse stratified fluid Gr—o and GIM?Sc—x) of finite depth
=1/m, whereq is the discharge per unit length of the line 55 5 steady-state problem to show thatFifs finite, no
sink located at the middepth of the fluit,is the buoyancy  gteady-state solution can satisfy a boundary condition of po-
frequency, and @ is the depth of the fluid. His solution, tentjal flow far upstream. In contrast, Lawrefiteeated this
however, showed breakdown whén<F,. due to inad- jnyiscid flow as a time-dependent problem. He showed by
equacy of the uniform flow boundary condition far upstream,jinearized theorywhich corresponds to an assumption that
which means that the selective withdrawal occurs For £ 0) that linear cylindrical modes propagate horizontally
<Fjyc. This fact was verified by experiments conducted latefypstream at the same speed as that of the two-dimensional
by Debler’ Pao and Kabwere the first to clarify the time- modes. He, however, resorted to the hydrostatic approxima-
dependent evolution of the selective withdrawal. Theytion to simplify the solution in which no waves of short
showed by linearized theorfwhich corresponds to an as- horizontal wavelength are described. His solution is also sin-
sumption thaf,—0) that the successive propagation of so-gular at the modal front.

called columnar disturbance modes are responsible for the Steady-state withdrawal-layer thickness was first inves-
tigated by Koht® who showed by linearized theory (~0)

H H 1/6, % 1/342/3 (v % ; H
dAuthor to whom all correspondence should be addressed; electronic mali'F.hat itis pr0p0rt'0na_| to_ (GrSe)™™r d (r*isa r_ad|a|
kataoka@mech.kobe-u.ac.jp distance from the sinkin the flow regime where viscous

F=Q/Nd®, Gr=N?%d*/v?, Sc=v/D, (1)

whereQ is the discharge from the point sink,is the kine-
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- drical modes for arbitrary parameters. We are especially in-
= terested in the dependence of their behavior on the parameter
z* F(>0). We also investigate the steady-state withdrawal-
layer thickness and time to steady state for the three regimes
lg suggested by Ivey and Blak®.The results are then com-
pared with both the analytical and experimental results of
Po * prior works.
o In Sec. Il, we shall formulate the equations of motion to
Q point sink show that parameters characterizing the problemFarér,
and Sc. In Sec. lll, we consider the caseFof-0, Gr—x,
and GF2Sc—« to analytically study the behavior of the
z¥=—d linear cylindrical modes. Section IV states the numerical
method. In Sec. V, numerical results are presented for flows
of F>0 to investigate both the nonlinear effects on the mode
propagation in an inviscid fluid(Sec. VA and the
forces and species diffusion are dominant. Lawréhead  withdrawal-layer thickness over the entire parameter range
Spiegel and Farraht carried out their experiments to find (Sec. VB. Finally, in Sec. VI, concluding remarks are
that, in the inertial regime where inertia and buoyancy forcesjiven.
are important, the withdrawal-layer thickness is independent
of distance from the sink and of ord&®. Later Ivey and
Blakg18 applied scaling analysis introduced by Imberger) copMvULATION
et al” to the point sink flow problem and classified it into the
three basic types of steady-state flow regimgsinertial- Consider a flow induced by an impulsively started point
buoyancy regime, (ii) viscous-convective regime(iii)  sink of stratified fluid in a space between two horizontal
viscous-diffusive regime. The range of the parameters fofree-slip planes located at = +d (0<r* <o, 0<#* <2,
each regime, the corresponding steady-state withdrawal-layer d<z* <d; r* — #* —z* is a cylindrical coordinate sys-
thickness, and time to steady state are summarized in Se@m) in which the point sink is located at{,z*)=(0,0) and
V B of the present paper. It was found that Koh'’s analyticalthe gravitational forcey acts in the negative* direction.
result® falls on regime(iii) and the experimental results of The problem geometry is sketched in Fig. 1. Initially, the
both Lawrenc® and Spiegel and Farrahtfall on regime(i).  fluid is quiescent and linearly stratified in the verticzl
Ivey and Blaké® themselves also conducted their experi-direction so that the initial density distribution is given by
ments for regimegi) and (ii). No experiments, however, _
have been made for reginti# ). It also should be noted that p(Z*)=po(1-«kZ*), )

experiments of the point sink flow are attended with diffi- wherep, is the density az* =0 andx is a positive constant.

culty in measuring the flow velocity, and also with the ef- oo e are interested in the flow after starting the discharge
fects of endwall whose influence on the flow is dlfferentQ from the point sink at time* =0. This flow has no#*

from experiments to experiment depending on, for exampledependence, and hence, is axisymmetric aboutthexis.

the si;e of cpntainers. .Therefore theoretical or nume'ricaJI-he Boussinesq approximation is applied considering the
study is required to clarify the fundamental nature of sink-f iy satisfyingxd<1, which is often the case of most prac-
initiated motion of stratified fluid. tical situations. The flow is then symmetric with respect to

In this paper, we consider an initial-value problem of theihar* andz* axes. Therefore, we analyze this problem only
point sink flow in an infinite-horizontal-extent fluidee Fig. in the first quadrant of am*—z* plane by imposing the

1). We follow prior studie§*®"*=**%°by considering the free-slip condition on the* andz* axes in the fluid.

case of_ finite-depth flgid betwee.n. two horizontal free-slip  \ye express the time-dependent density distribufics
planes in order to avoid complexities caused by the surface .

gravity waves or the boundary-layer effects and obtain a fun-  p(r*,z* ,t*)=p(z*)+p’(r*,z* t*), 3
damental understanding of the point sink flow in a stratified , . . L —
fluid. We first investigate the behavior of linear cylindrical where p’ is the density fluctuation from its initial valug.

. . . .
modes in a stratified fluid where viscous and diffusive effectsWe define (", w*) as the velocity components in the

are negligible(F—0, Gr—», and GM?Sc—% where the (r<,z*) .direct?ons and introduce the following dimension-
withdrawal-layer thickness approaches zero throughout th(leeSS variables:

entire flow field as time increaseanalytically, and make a
comparison with that of the two-dimensional modes. We use  (U,w)= (U_U_) t=Nt*,

the stationary phase method to obtain an asymptotic behavior o -0

of these modes for large times after starting the discharge. Pz g

The obtained solution is subject to no wavelength approxi- (r’Z)Z(F’F)’ P= " NU P’
mation, unlike previous works, so that it describes the modal Poro
front and all wave components properly. Next, numericalwhere U,=Q/47d? and N=(xg)'? are the characteristic
calculations are made to clarify the behavior of these cylinvelocity and the constant buoyancy frequency, respectively.

p(z*)

FIG. 1. Geometry of the point sink flow.

u* w*

4
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Thus, under the Boussinesq approximation, the dimension- *
less governing equations incorporating the viscous and dif- ¢=—2z+ 2 Yn(r,t)sinnmz. (11
fusive effects are given by n=1
ag F g &l// ap 1 \ ¢ Here ¢, is a function ofr andt satisfying
at " WD =1 52" or Teme| A ) PPy Lo, , N P Lo _
(5) a2\ oz v VTt 7O
ip F 1oy 1 (12)
ot A Iph)=— T Tse G,172AP’ ®  with the boundary conditions
,92¢ 19y 32¢ Pn(0)=dhg, |ghn(, )] <=, (13
arZ x oo 92| ™ and the initial conditions
where I,
#a(r,0)=honmrKy(nar), —=(r,00=0, (14)
Jiab da db ga db at
(a,b)= ar 9z dz or’ where
Ao ? 19 2 15
“a v a a2 Vo= 13

and ¢ is the stream function satisfying=r ~19y/9z andw  andKj is the first-order modified Bessel function of the sec-
=—r " Y9ylor. Note thatF, Gr, and Sc are defined k). ond kind. Note that the initial conditiond4) are given by
Equation(5) is the so-called vorticity equation whetas the  solving (=0 andd{/dt=0 in terms of, under the bound-
dimensionless vorticitysee(7)]. This equation is derived by ary conditions(13). The second term on the right-hand side
cross-differentiating the Navier—Stokes equations of motiorof (11) represents a contribution from the vertical modes
in the r and z directions. Equatior(6) is derived from the sinnzwz(n=1,2,...) wheren is the modal number. The pur-
equation for the stratifying species by assuming the lineapose of the present section is to solve the systeRr(14)
relationship between the concentration of the species ani obtain an asymptotic solution a@f, for larget with r/t
density!® Equations (5)—(7) are to be solved under the ~1 that properly describes the propagation of all wave com-
boundary conditions ponents.

_ _ _ . To obtain such an asymptotic solution #f,, it should
=0, (=0, p=0 (r=0, z=0), be expressed in the form of an integi@ee Bender and
g=—1, (=0, p=0 (r=0, z=1), Orszag®. So we introduce the Hankel transformriand the

5 (8) Laplace transform int, and set
y=—1, =0, L-0 (r=0, 0<z<1), ) . -
ar dfn(k,s)=f exp(—st)dtf Pa(r,1)Jo(kr)dr,
0 0
|| <o (r=w,0<z<1),
y+ie .
and the initial conditions Yo(r,t)= —f kJi(kndk |  ¢u(k,s)exp(st)ds,
| oo
(=0, p=0 (r>0, 0<z<1). @) I

where J, is the first-order Bessel function of the first kind
andy is a real value that places the path of integration to the
right of all singularities of the integrand in the complex
plane. Applying these tq12) and using(13), (14), and
¥n(0,t)=0 obtained by evaluatingl2)—(14) atr=o, we
get, after some calculation,

SubstitutingF—0 and G-« (with Gr2Sc—«) into (1, 1) = ol (N7, 1), (16)
(5)—(9), we obtain the following linearized equation in terms where
of ¢ governing the small amplitude motion associated with
the point sink flow of a stratified fluid where viscosity and I(nar,t)=

Now it is clear that the systei®)—(9) is characterized by the
three parameter$:, Gr, and Sc.

IIl. LINEAR SOLUTION

(= k2J,(kr)

d|ffu5|V|ty are negligible: o kK+n°m
a%p 1oy Y\ &y 1oy y+ioe s?+1)exp(st
| e -2 20 (10 XJ ( RsY an

ot roor 9z ar ror y—iw S[S— |wo(k)][s+|w0(k)]
Equation(10) is solved subject to the boundary conditions gpq
(8) for ¢ and the initial conditiong=0 andd{/dt=0.

We now apply the technique of separation of variables, wo(K)= (18)
and the solutiony can be cast into the following form: @o (k2 +nZg7?)12:
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Carrying out the integration with respect $pand substitut-
ing the following integral representatithof J;,

I S
k0= | “pex-p)

X (2kr+ip)1/2exp[i(kr— Zﬂ'”

+(2kr—ip)1’2ex;{—i(kr—277)“dp, (19

Kataoka, Tsutahara, and Tanaka

~
. Y

for the later convenience in making an asymptotic expansions|g. 2. Branch cut for the integrand bf , and deformed paths of integra-

we obtain
I(nwr,t)zl—fmpl’zexp(—p)[u(nwr,t)
0

+1_(nmr,t)]dp, (20

where

|i(nm,t)=f (2kr=ip)Y2f (k) exd iy« (k)t]dk,

2y
and
B n?m
o= ke nza2y @2
kr—3m/4
X (K) = wo(K) = ———. 23

t

Here the branch cuts emanating from the branch pdirts

tion for the integrall - whennar/t<1 (solid line) andn=r/t~1 (dashed
line). Each path name@; (i=0,1,...,4) is defined as follow&, (left broad
solid ling) is given byk—k;=se 37"2(s>0), C, (right broad solid ling
by k—k,=s€"2(s>0), C, (left dashed lingby k=s€&’™/6 (e<s<x), C,

(dashed ancby k= ee'? (— 7/6< 9<7x/6), andC, (right dashed lingby

k=se "6 (e<s<x) wheree is an infinitesimal constant.

vicinity of k=0 is the path raised to go round the simple
pole in a clockwise sense so that we find from the residue
theorem
nwr

| _(nar,t)y=p*2 for -1 (26)
Terms of exponentially small order with respect ttare
omitted on the right-hand side ¢26) (the same rule will be
applied hereafter

For nzr/t<1, on the other hand, contribution from the
simple pole ak=0 vanishes because the path is raised over

—ip/2r andip/2r are taken as extending vertically down- the range—ky,<k<k, as shown by a solid line in Fig. 2.
ward and upward, respectively, and the phase of complemstead, we must estimate the integral in the vicinity of the

square roots of the form (@ =ip)Y? is set to be zero ak

stationary phase pointstk, and the branch pointk;

—o. We also note that the paths of integration must be=ip/2r so thatl _ is expressed by summation of these con-
taken to the same side of the real axis around a simple polgibutions

k=0 [see(22)] for both|, andl _.

Now we follow Lighthill?® (see also Bender and
Orszag®) to carry out an asymptotic expansion of the inte-
gral representatioh,. presented ir(21) using the stationary
phase method. The stationary points of the integrant.of

are given by
'k _d)(i_ n?m2 +r—0
X (k)= dk —(k2+n2772)3/2—f— )

(24

which yields no real stationary points for the phase. For
the phasey_, (24) gives
t |23 1/2 nar
k=ikOEtnTr[(—) —l] when —<1,
nar t
(25)
and no real stationary points whenrr/t>1.

I (nar, ) =1 _(n7r, )] = e, + 1 (N7, )i

(27)

nwmr
+1_(nar,t)|g=, for T<1'

The contribution td _ from the stationary phase points
I,|k=ik0 is given by a straightforward application of the

method shown in Lighthilf* and it becomes

Here we choose paths of integration passing to the leftwhere

hand side of the simple pole=0. This choice makes$,

exponentially small as— because the integration path is

raised everywhere so as to give the imaginary pary ofa

small positive value. But_ has contribution from this pole

1/2
i~ /2 2m
|7(n7Tr,t)|k=tko:(i2kor_Ip) f(iko) m
m
xexp{i X-(Fkot7 +O(t™ 1),
(28)
" (k —de* _ 3n2772k 29
X—( )_ dkz - (k2+n2772)5/2. ( )

The contribution tol _ from the branch poink; is ob-

when nzr/t>1 because the path must be lowered everytained by evaluating the integral on the paths of integration

where to make the imaginary part pf positive. Only in the

Co (k—k,=se 37”2 sis real and positiveand C; (k—k;
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=s€&2) as shown by broad solid lines in Fig. 2. Firgt, (k)
is to be Taylor expanded abokit=k; to give

X (K) = x—(kq) + x 2 (Kq) (k=Ky)

+0O(r " H(k—ky)? (k—kyp)?), (30
where
ip/ 1 1| 37w L,
x-(k)== )t tou ), (31)
1 r
X’,(kl)zﬁ—¥+0(r’z). (32

Point sink flow in a stratified fluid 2779

which prevents us from properly evaluatit@g) by the Airy
integral. Sol _ in (34) can only be reduced to a simplified
form by the substitution&=[ — 2/x(®)(0)t]¥%’"/®s and k
=[—2/x®(0)t]¥%~ ™85 for the first and the third integrals,
respectively, which give

2p1/2 0
0=+ [ “g(p.sag1+ o)
0
nar
near T=1, (36)
where

i a s®
Note thaty’ (k,) is real and positive fonwr/t<1 so that g(p,s)= Z—ﬁ'[m(P,S)—h(p,S)]eXF{ 58 g), (37
Co and C; correspond with paths of steepest decent. To

avoid singularity atk=0, we first differentiatd _ with re-
spect tot, and then estimatél _ /Jt by Laplace’s methotd

on these paths. Thus, we get, after integrating the obtained h=(p,s)=

asymptotic solution ol _ /ot with respect ta,

nr 1/2

t
|(n77r!t)|k=k1:foim
plt
XeX[{— E(m— 1)
(33

where(30)—(32) and| ,|k=kl—>0 ast—oo are used. Now we

can get the solution df_ for n@r/t<1 by substituting28)
and(33) into (27).

dt’+0(t™?),

It should be noted, however, that the asymptotic behav-

ior represented by27) is not valid neanzr/t=1 wherel _
has only one stationary poikt= k=0 [see(25)]. According

to Lighthill,?* this region is called a caustic and the proce-
dure to obtain the asymptotic behavior near the caustic is

shown in his book. Now we try to apply his methodlto.

and
2 1/3 i 1/2
2(§> nwrsexr{i? +p
31/2
Xex;{ ITasi), (38
2 1/3
= ﬁ) (nar—t) (39

Finally, substituting(26), (27), (36), and | . =0 into
(20), and carrying out the integration with respectpgowe
obtain the asymptotic solution ¢ffor larget:

nar

—>1,

for n

[(nar,t)=0 (40)

r 4/3 .
|(n’7TI',t)= msw[wo(ko)t—kor]

t o1 f nar 1
+m+ (t ) OrT<,

Noting that the integrand of_ has a simple pole at=0 (41
[see(21) and(22)], we should deform the path of integration 1 "
to C,, C3, andC, as shown by a dashed line in Fig. 2. Thus, | (nzr,t)= 3 J pY2exp —p)dp
we get 0
| (nar,t)= J +J +f xf 9(p,9)ds[1+0(t 23]
c, Jcy Je, 0
1 1 g (42)
i i near —=1,
X (2kr—ip) 27TI(vLO(k)} t
where k, and g(p,s) are given by(25) and (37), respec-
Xexp[i Y_(0)t+ x" (0)tk tively. Note that we used
(£ 2Kor —ip) 2= (= 2kor) 2+ 0O(r 1) (43)
X(3)(0) . . . . . .
4 X tk3+O(tk5)} dk (34) in carrying out the integration with respeptpwn the rlght-
6 ' hand side of(20) when n@r/t<1. Equation(43) is valid
Where except forp>2kyr ~O(r) where the integrand on the right-
hand side of(20) is exponentially small with respect to
@) _d3X, 3 r(~t).
x=(0)=73| ~ 33 (39 The profiles ofl att=100 and 1000 are presented in Fig.

k=0

The function (Xr—ip)*? on the right-hand side df34) has
a singularity ak=k;(=O(r ")) so that a Taylor expansion
of this function abouk=0 is only valid for |k|<O(r %),

3. From this figure we see that the modal front propagates
horizontally at the dimensionless long wave speed,71/
We also find that amplitude of which physically represents
the velocity of the individual modes~(r ~!I) relative to the
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10— , — The numerical method is the finite-difference method, and an
I extension of that used by Pao and Kafor the two-
dimensional line sink flow to the axisymmetric point sink
flow. Some differences, however, exist between our method
. and theirs so that we make a brief explanation in the follow-
ing especially focusing on these differences.

The time derivatives are approximated by the predictor—
corrector method of second-order accuracy. The space de-
rivatives are approximated by the central differences of sec-
ond order except for the derivatives df and p in the
] advective terms on the left-hand side(bf and(6) where the
usual upwind scheme of third-order accura(so-called
UTOPIA) is used. The elliptic equatiofY) is solved, subject
- to the boundary condition), by the standard successive
\ ] over relaxation technique to obtain tigefield. The compu-

N\ . tational domain is &r <70, 0<z<1. The number of grids
800 900 . 1000 1100 is 1200 (in the r direction X80 (in the z direction for the
flow in regime(i) (Gr=10'"°, Sc=730; see also the first para-
FIG. 3. Thenwr dependence of: (a) t=100; (b) 1000. Broad solid lines  graph of Sec. V A and 500<40 for the flow in regimesii)
show the results_ by so_luti_dﬁl) and broad dashed lines show_the results by gnd (i) (where all calculations are in the rangesGrOG).
solution (42). Thin 'SO|IC.1 lines show the results by the solution under the The grid points are concentrated toward the sink in the
hydrostatic approximation obtained by Lawrer&ef. 15. . J . . .
direction to capture the motion of higher modes near the sink
with higher accuracy. In the direction, these are equally
average flow velocity of the corresponding sectiongistributed. We apply the radiation conditfrin terms ofA

(~r7%), grows like t'* at the modal front[see (38)],  representing one of the unknown variablest, andp:
whereas for the two-dimensional modes it @{1) (see

Kataokaet al.” and Mcewan and Bain®s The width of the

front expands as*® [see(39)], which is the same order as dA A
that of the two-dimensional modé$.Behind the front, two at = "Tor
types of waves are present. First, a long wave, that is gener-

ated continuously throughout the discharge, has radian freg; e upstream boundary=70. Here we puC, =1/, or
quency wo=0 and horizontal wave numbér=0. Second, e |ong wave speed of the first mode. Calculations are con-
the shorter waves, which are generated at the start of the,eq even after the first mode arrives at this upstream
discharge (=0), havew, andk both larger than zero. Both - 6 ndary for the flow in regime&i) and(iii), so we need to
waves have the same order O(1)] in their amplitude off - oy 51yate the effects of this artificial open boundary. Indeed
[see the first and the second terms on the right-hand side gfe have tested several cases where the open boundary is
(41)]. If we compare with the case of the two-dimensional|ocated much farther upstream and no detectable differences
modes where the amplitude of the shorter waves decreases ase found over the region<0r <50. For the flow in regime

t~ Y2 while that of the long wave is constaﬁi,we can say (i) however, calculations are terminated before the arrival of
that the shorter wave components are relatively dominant ife first mode {=200), since in this case=200 is large

the case of the cylindrical modes. enough to obtain the necessary information, such as the be-

Also shown in Fig. 3 are profiles of the solution under p4yior of cylindrical modes and the steady-state withdrawal-
the hydrostatic approximation obtained by Lawrefite. layer thickness.

[There is an erratum in his solutidfi2). To obtain the cor- When calculating such an axisymmetric flow by the
rect form,Nt/[(N1)®— (nrr/d)?]* should be multiplied by  finite_difference method, we must note that the valuewof
the second term on the right-hand side of his solution. See. —r~1gy4lar cannot be properly evaluated mt 0. So the
also Monismithet al?? where his solution is correctly repro- value of p cannot be obtained at=0, since it is given by
duced] This approximation is equivalent to ignoring vertical time integrating the evolution equatio8) which involvesw.
acceleration of fluids, or neglecting the first and secondrperefore, in the present study, the vertical grid linesfor
terms on the left-hand side 612). The obtained solution is (and also?) are located to step over the axis of symmatry
expressed by the combination @0) and (41) with the first  _ 45 shown in Fig. 4. These values are then obtained from
term on the right-hand side d#1) omitted. This solution 14 evolution equationés) and (6) for r>0, and are deter-

represents the behavior of the long wave behind the modahined on the added grids ok 0 from the boundary condi-
front. However, it does not describe the shorter waves whicky,, (8) as {(—Ar)=—¢(Ar) and p(— Ar)=p(Ar) where

have the same order of amplitude as that of the long wave, ; genotes the grid size on both sidesref0 (see Fig. 4

Note that onlyy is defined at =0 (see Fig. 4 againwhere
its value is directly given by8).

To investigate the point sink flow for arbitrary param- To avoid singularity, we approximate the point sink by a
eters, the system of equatiof®—(9) is solved numerically. small horizontal circular opening of finite radiug,, and

®)

-0 (44)

IV. NUMERICAL METHOD

Downloaded 18 May 2010 to 133.30.51.104. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



Phys. Fluids, Vol. 12, No. 11, November 2000 Point sink flow in a stratified fluid 2781

ar | ar ] Grashof number 1§ is large enough to know the fundamen-
\ é tal mechanism of mode propagation in an inviscid stratified
1 fluid. No quantitative differences were also detected in the
flow of the Schmidt number larger than 730. Therefore, in
Sec. VA and regiméi) of Sec. VB where inviscid, nondif-
fusive flow patterns are investigated, the parameters for Gr
and Sc are set equal to ¥@and 730, respectively.

To see the behavior of the individual modes clearly, we

FanY

D

N define the strength of theth mode as
2 1
r un(x,t)=2rJ [u—uP]cosnmz dz (47)
0
FIG. 4. A schematic of the computational grid near0 showing the defi-
nition points for¢ (), p (x), andy (O). whereu® represents the velocity component in theirec-

tion of a potential flow. The modal strength represents the
. . . ) ratio of the velocity component in the direction of each
mtroc_ll_Jce the following continuous function as a boundarymoOle atz=0 to the average flow speee-¢ 1) of the cor-
condition for ¢ responding section. The obtained valuesipfn=1,2,3) at
242 r ar’ t=50 and 100 are shown by broad lines in Fig. 5. Also
= 12(m2—4) fr r’(1+cosﬁ) dr’ shown by thin lines in the figures fé=0.015 are the values
" of u, att=100 calculated from the linear asymptotic solu-
(0=<r<r,,z=0). (45  tion (F—0) given by(40)—(42). Here the relation between

In fact, no physically appropriate boundary conditions for up and| is obtained from(11), (15), and(16), as

ar_1dp can be foun_d across this _opening. Pgo and4r<axp Up=—2l(narr,t) —ulPo? (48)
plied {=0 andp=0 in their numerical calculations of the line

sink flow problem. It is clear, however, that neithenor p Where_ug”"‘) represents the strength of tinth mode by a
keeps a constant value zero in the course of time, and theg®tential flow, and is expressed by

conditions lead to a distortion of their profiles near the open- ot

ing. In the present study,andp are assumed to be advected w'=—2nmrKy(nm) (49

in the negative direction. Thus, the boundary conditions for [see(14)]. Figure a) shows that the first mode propagates

these variables are expressed by upstream at nearly the linear long wave speed, Whereas
e e for the line sink flow it propagates at the speed 4/F, (see
EJF ZE:O’ Refs. 4—7 and P The difference in the propagation speed of

wave modes between these two types of sinks is attributed to

ap dp 4mC, the fact that the average speed of the flow toward the sink
5t TCig, =g (0sr<rw, 2=0), (46)  decreases as ! in the case of point sink flow, but this

velocity is constant € —F,) at any position in the case of
whereC,= — (F/4mr)dylor and i is given by(45). There-  |ine sink flow. We also find from Figs.(B) and 5c) that the
fore the boundary conditio(8) is replaced by(45) and(46)  second and the third modes also propagate at the linear long
only on the boundary €r<r,,, z=0. Throughout this pa- \wave speed, 1/2 and 1/3r, respectively, although for large
perr, is set to be 0.15. We have also tested the smalleg the modal front is located downstream side, since it is
values ofr,, and found no quantitative differences in the gypject to the large-speed flow near the sink at the initial
computational results except in the close vicinity of the Si”k-stage of propagation.

From these figures, it is seen thay for arbitrary F
V. NUMERICAL RESULTS shows a relatively similar profile to that ¢f—0. In this
regard, we have found that the strength of the modal front
grows liket® for any value ofF. However, the difference is
The values of G=10'° and Se=730 were used to study seen in that, as increases, the modal strength shows

the point sink flow of a stratified fluid where viscosity and smoother profile, which indicates that the strength of the
diffusivity are negligible, because the flow for €10° was  shorter waves is becoming smaller than that of the long
calculated to show that the effect of viscosity is too strong towave. This is because the shorter waves have slower propa-
investigate the essentially inviscid nature of flow patterns ogation speed and cannot propagate upstream at the initial
the propagation of the individual modes. We have also testegtage when they are subject to the large-speed base flow
the case of Gr 10, and found that the behavior of the first toward the sink. The whole image of, also suggests that
and the second modes, including their amplitude and periothe absolute value of the modal strength is becoming smaller
of oscillation, is quantitatively almost unchanged at least unfor a givenn asF increases. Interpretation of this phenom-
til the maximum calculation timé=200. We have detected enon is obtained by using the idea of a point of virtual con-
small differences in the amplitude of the mauz 3 at large  trol introduced by Ivey and Blak& (hereafter referred to as
t, however, the difference is so small that we can say thédB).

A. Cylindrical modes in an inviscid stratified fluid
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They suggested that the flow patterns of regiffeare ~ whose vertical wavelength is equal to the withdrawal-layer
determined by the upstream propagation of modes, and théickness. In the present contekt,= F/46°r wheredis half
behavior of these modes are influenced by the flow patternthe dimensionless withdrawal-layer thickness, and this de-
at the point of virtual control. This point exists in the flow fines the locationr, of a point of virtual control asr,
field where the local value of the internal Froude numBer =F/45%. IB experimentally observed thaf is O(F?),
is unity. F; is defined as the ratio of the average flow speedwvhich givesr,= O(F®). Consequently, each mode is influ-
in a withdrawal layer to the propagation speed of modeenced by the velocity distributiofhere defined as,(z)] at
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r=r,~F Thatis,uy(z) serves as the boundary condition B. Steady-state withdrawal-layer thickness

on u of the upstream flow, andy(2) can be decomposed IB introduced a scaling analysis to classify the steady-
into its modal components, each of which serves as a boundyate flow patterns into the following three regimes. The di-
ary condition for one mode of motion. AS or equivalently  mensionless withdrawal-layer half-thicknedsand the di-

r,, increases, the profile alu,(z) approaches that of uni- mensionless time to steady state in each regime are given as
form flow, since the withdrawal-layer thickness grows with follows.

over the regiorr <r, where the advective effect overcomes (i) Inertial-buoyancy regime(inertia and buoyancy

the buoyancy effect. Accordingly, &increases, the ampli- forces are importapt

tude of each modal component iQfu,(z) becomes smaller, SEY3.1 in t~t.=F Y%
and in effect, the modal strengfldefined by(47)] for r s
>r, also becomes smaller. [S>Syi, rP<0(1)]. (50)

Figure 5 also suggests that the modal strength becomes
smaller as the modal numberincreases for a giveR. This
fact can be explained by first considering the casé& ef0
wherer u,(z) is represented by the delta function. In this  6F *~S™! in t~t=F *Gr 1192
case, the same amount of modal strength is distributed to

(ii) Viscous-convective regimesiscous forces and spe-
cies convection are importgnt

1/3 -1
each mode. Therefore in the caseFof-0, wherer uy(2) [S<Scit, 1e"<O(S )] (5D)
exhibits smoother profile than that d&f—0, the modal (i) Viscous-diffusive regimeviscous forces and spe-
strength must decrease asncreases. cies diffusion are importapnt

IB suggested that the higher modes, whose dimension- _ i
less vertical half-wavelengtk(= 1/n) is smaller thars, can- oF 1/3~ré/3 in - t—te=Grieschree
not propagate upstream. Figure 5, however, shows that these [S>Syi, r§’3>0(1)]
higher modegn=3 for F=0.4,n=2 for F=2.0 and 6.0
are propagating upstream despite the fact thatl/n is  Of
smaller thans[§=0.52, 0.88, and 1 foF =0.4, 2.0, and 6.0,
respectively, which are obtained frofB5)]. If we pay atten-
tion to the sign of each modal strength, it is seen that thavhere

[S<Sei, r&*>0(s™h], (52

strength of the lower modes with nearly equal to or larger S=(F4Gré) V30 (53
than § always has the sam@egative sign as that of the ’
linear modes. On the other hand, the strength of the higher r.=F 1(GrSg ‘2. (54)

modes withhx smaller thand does not necessarily have the B obtainedS..~3 from their experiments and this value
same sign, but takes either sign. This means that the horizon- crit P

tal velocity at the intake levelr=0) of th hiah des 20rees well with our numerical results shown in the follow-
al velocity at the intake levelz=0) of these higher modes ing [see(56)]. In this paper, we follow Imberg¥t by defin-

is not alwa.ys directed toward the sink. Therefore propagatiori}1g 5 as thez coordinate at whichi has dropped to 1/12 the
of these higher modes does not contribute to net changes {f} e atz=0.
the withdrawal-layer thickness. It is interesting to make a (i) |nertial-buoyancy regimeln Fig. 6, the time depen-
comparison with the case of line sink flow, in which the dence of 5 at r=2 and 4 for various values of (Gr
horizontal velocity at the intake level of the two-dimensional =10'°, Sc=730) is presented. The abscissa is dimensionless
modes is always directed toward the sink. time scaled byts=F 3 [see(50)]. IB suggested that the
Last, we try to show that any mode can propagate uptime to steady state is=4tg, and Spigel and Farralitsug-
stream for any finite= by applying the idea of the point of gestedt~2.5 from their experiments. These experimental
virtual control to the case of large where the fluid is with- ~ results are only for the flow of <0.04 and we see a good
drawn from all depths, that i$i=1. In this case a location of agreement with our numerical results for small(see the

virtual control ist, = F/4, which corresponds to the position "€Sults forF =0.002 and 0.015 in Fig.)6Figure 6, however,

where the propagation speed of the first mode and the avers ggests that the scaled tirtié to steady state is not con-

. . . stant with respect t& and takes larger value &sincreases.
age flow speed are identical. If we consider the cas€ of P g

i ; o In Fig. 7, the steady-state value &fs shown as a func-
—oo where the flow is potential and no stratification effectstiOn of F, Figure 7 suggests that
are present, the deviation from a uniform flow represented by
(49) exists at any finite distance from the sink. Therefore it is SF~13=0.70 (55

natural to consider that the deviation also exists in the case qg a good description of the results, and it agrees well with
finite F where stratification effects are present. Thus, for fi-jpe experimental resu|t$3|:fl/3=0_66, by IB: 6F ~¥3=0.81

mode can propagate upstream. This statement is consistes$ mentioned previously, however, their experiments were
with the numerical results shown in Fig. 5 where any modeonly concerned with the flow df <0.04. Therefore the im-
propagates upstream even for the large Froude number 6.(ortance of our result is that formul(&5) is valid even for
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FIG. 6. Time development of dimensionless withdrawal-layer half-thickness ) . . ) .
5 for the inertial-buoyancy regimez, M, F=0.002; A, A, 0.015,V, V, FIG. 8. Time development of dimensionless withdrawal-layer half-thickness

0.1; O, 4, 04,0, ®, 1.0. Open and closed marks represent results at Sfor the visgqus-convective re%irTﬁSctw): v, Vv, (%Gr):(0.04,1d); 0,
=2 and 4, respectively. H, (0.04,10); ¢, ¢, (0.15,10); A, A, (0..08,1 ). Open and closed
marks represent results et 2 and 3, respectively.

large F where 6 approaches the value 1. This fact indicates
that the steady-state withdrawal-layer thickness of rediine parameter Sc of numerical results in regifig is set to be
is not influenced by the presence of the upper plane. infinity. According to the scaling analys}g,the withdrawal-
From all the above-mentioned arguments about the inlayer thickness in this regime is independent of distance from
viscid stratified flow including those in Sec. V A, we can saythe sink[see(51)]. Therefore, as time increases, any mode is
that the critical Froude numbe¥, of the point sink flow expected to reach far upstream with its strength approaching
depends on its definition. If it is the Froude number definedsome constant steady-state value independent gideed
to demarcate whether or not the selective withdrawal occurthis phenomenon was also observed in our numerical results,
(6<1 or nob, we obtainF,=2.9 from(55). If it is defined to ~ but the time to steady state was extremely longer than was
distinguish whether internal wave modes can propagate ugguggested by prior works.
stream or not, we obtaif .= from the discussion in the Figure 8 shows the time dependencesdbr the flow of
last paragraph of Sec. V A. In the case of line sink flow, boththis regime. The abscissa is the dimensionless time scaled by
values are identical witlF,.=1/7 (see Refs. 2 and 11 ts=F *5Gr %2 [see (51)]. Figure 8 suggests that the
(i) Viscous-convective regimdo clarify only the vis- time to steady state is abot#=500, which is totally dif-
cous effects of fluid and the corresponding flow patterns, théerent from the experimental resuk 3t suggested by IB.
One of the possible reasons for this discrepancy is the geo-
metrical difference that the experiment is conducted in a
1 r | : . . bounded container while the numerical results are for a hori-
zontally unbounded fluid. We can also point out the diffi-
culty in defining the withdrawal-layer thickness in their ex-
0.8} . periments, since the induced velocity is small in the point
sink flow. Anyway, our numerical results suggest that the
time to steady state is very long in an infinite-horizontal-
0.6 . extent fluid which is often encountered in practical situa-
tions, such as oceans, lakes, and large reservoirs.
It is time consuming to calculate unti 500 for vari-
04 1 ous sets of parameters. Therefore, in Fig. 9, we have plotted
6 at t=300 where § is considered to reach nearly the
steady-state value. Also shown in Fig. 9 is the steady-state

0.2 N value of & in regime (i). The ordinate issF "' and the
abscissa i$S™ . Figure 9 suggests that

. . . . i . SF¥3=135"140.2 for S<Sy=3 (56)

F# is a good description of the results of regirfie), and it

FIG. 7. Steady-state withdrawal-layer half-thicknésss a function o3 estimates the Vall'ig_d moglfrately smaller than_ the_ Experi-
for the inertial-buoyancy regime. The symbols represent the numerical rementa!I reSU|t_§F - 2.1S " of IB. _However! this @screp-
sults and the solid line is a fit to these numerical data. ancy is consistent if we note again the geometrical differ-
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0
regime whose parameters are in the range €8%0.2 and 18<Gr and 16<Gr<10".
<10 with Sc=x=. The solid line is a fit to the data for the viscous-
convective regime.

impossible ands is substantially influenced by the mode
shape which is dependent on the depth of the fluid. From this
ence, and also thatin our case is defined as tkeoordinate  argument it is expected thatin regime(ii) is not influenced
at which u has dropped to 1/12, whereas for their experi-by this effect at the steady state, since all modes can propa-
ments it is defined as the vertical coordinatat which the gate far upstream.
horizontal velocity first becomes zero.

(i) Viscous-diffusive regimeln this regime we have
found that 5§ approaches its steady-state value in time
~2ts wheretg is given by (52). Taking the time to steady We have studied the point sink flow of linearly stratified
state ag=2tg, we have plotted the steady-state values$of fluid in an infinite-horizontal-extent domain of finite depth.
in Fig. 10. The ordinate i$F ~Y° and the abscissa is> We summarize the main results into the following three
whose definition is given by54). From Fig. 10 we see that parts.
in regimeiii ), wherer*=0.3, 5F ~® is dependent not only First, we have considered the caserof-0, Gr—x, and
onr. but also on Sc so that the withdrawal-layer thickness iSGr>Sc— o to obtain a linear asymptotic solution for large
expressed by of the cylindrical modes in a stratified fluid where viscous

5F*1’3:2.4r}:’3+ h(S0). (57) and_diffusive effects are negligible_:. The obtained solution is

subject to no wavelength approximation and represents the
where h(Sc) is a monotonically increasing function of Sc. wave nature clearly. It is found that the amplitude of the
This formula is in relatively good agreement with Koh’s ana-modal strength grows likeé® at the front, unlike its two-
lytical result® 5F ~3=2.arY® except for the dependence on dimensional counterpart, which ©(1). Behind the front
Sc. Such a dependence on Sc was also found in the case tofo types of waves with the long and the shorter horizontal
line sink flow2? wavelength are present. Both waves have their amplitude of

Here we should mention that formu(&7) is not always O(1) which indicates that the shorter waves are relatively
valid whené approaches the value 1, and all the plotted datalominant compared to the case of the two-dimensional
in Fig. 10 are those fo#<0.5. Some data fof>0.5 deviate modes.
from this formula due to the influence of the upper plane. If  Second, we have numerically studied the mode propaga-
we recall thats in regime(i) is not influenced by this effect, tion for F>0 in an essentially inviscid stratified fluid (Gr
we are now tempted to consider the mechanism hnp =10'). It is seen that the modal strength generally becomes
regime(iii ) is influenced by the presence of the upper planesmaller asF increases, and for constant valueFafas the
while that in regim€(i) is not. This explanation can be given modal number increases. The strength of the higher modes
in the following manner by considering the propagation ofcan take an opposite sign to that of the linear modes. We also
modes. In regimdi) all modes can propagate upstream sosuggested that any mode can propagate far upstream for any
that summation of velocity profiles of all modes can describdinite F.
arbitrary horizontal velocity distribution. In regiméii), Finally, we have examined the withdrawal-layer thick-
however, we have found that the higher modes cannot proparess for all three regimes suggested by IB. In the inertial-
gate far upstream due to species diffusion, that is, the numbuoyancy regime the thickness is not influenced by the pres-
ber of modes that are present at any distance from the sink ence of the upper plane and the selective withdrawal ceases
finite. Therefore, description of arbitrary velocity profiles is to occur atF=2.9. In the viscous-convective regime an ex-

VI. CONCLUDING REMARKS
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