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Detailed measurements of pressure distributions, mean velocity profiles and
Reynolds stresses were made in the thick axisymmetric turbulent boundary
layer near the tail of a body of revolution. The results indicate a number of
important differences between the behaviour of a thick and a thin boundary
layer. The thick boundary layer is characterized by significant variations in
static pressure across it and an abnormally low level of turbulence. The static­
pressure variation is associated with a strong interaction between the boundary
layer and the potential flow outside it, while the changes in the turbulence
structure appear to be a consequence of the transverse surface curvature. In
order to predict the behaviour of the flow in the tail region of a body ofrevolution
it is not therefore possible to use conventional thin-boundary-layer calculation
procedures.

1. Introduction
A number of previous studies have shown that, when the thickness of the

boundary layer on a body of revolution becomes of the same order as the local
radius of the body, the influence of transverse (or lateral) curvature, which is
usually neglected in thin-boundary-layer theory, becomes appreciable. Such
a situation arises in the case of the boundary layer developing on a long slender
cylinder placed axially in a stream. This particular configuration has been
examined experimentally and theoretically in some detail in previous investiga­
tions. In his recent paper Cebeci (1970) has reviewed the previous studies of both
laminar and turbulent boundary layers, and also presented the results of his
own calculations using finite-difference techniques. For laminar flow the situa­
tion appears to be quite satisfactory in so far as Cebeci's numerical results cover
a wide range of conditions and also show substantial agreement with the results
ofother, not so extensive, analytical studies. In the case ofthe turbulent boundary
layer Cebeci employed an eddy-viscosity model with the additional assumption
that this model is not directly affected by transverse curvature. Thus, the in­
fluence of curvature is taken into account only in the mean-flow momentum and
continuity equations. While the results of these calculations show a plausible
effect of transverse curvature, and also agree with the experimental results of
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Richmond (1957) and Yasuhara (1959), the assumption that the same eddy­
viscosity model applies to both thin and thick boundary layers remains to be
verified directly since it implies that the turbulent motion itself is not explicitly
influenced by transverse curvature. In order to demonstrate the validity of such
an assumption it is ofcourse necessary to make detailed turbulence measurements
in thick axisymmetric boundary layers. Such measurements have not been
reported so far. From the recent study of Patel (1973a) it appears that the use of
a universal mixing-length or eddy-viscosity model adequately describes the
velocity distribution in the wall region of a thick axisymmetric boundary layer.
More experimental data are, however, needed to elucidate the turbulent motion
in the outer region.

The cylinder problem cited above is ideally suited for studying the influence
of transverse curvature on the development of the boundary layer since the
absence of pressure gradients in this case enables one to isolate the curvature
effect. In many practical situations, however, significant transverse curvature
effects occur in conjunction with streamwise pressure gradients, and possibly
with longitudinal surface curvature. Well-known examples of this type of flow
are the boundary layers in the mid-section of conical and annular diffusers.
Another, equally important, case is the flow in the tail region of a body ofrevolu­
tion. In this case the boundary layer over the forward part of the body is thin
and can be treated by conventional techniques, but if the body is sufficiently
long and slender, the boundary layer in the tail region will grow to a thickness
which is comparable with, or even much larger than, the local radius of the body.
The present study deals with this latter case. It will be obvious that here we have
a case in which both transverse curvature and pressure gradients may dominate
the flow. As we shall see later, this flow exhibits several other features of interest;
amongst these being a strong interaction between the boundary layer and the
potential flow outside it.

This paper describes mean-flow and turbulence measurements in the thick
axisymmetric boundary layer on a body of revolution. A parallel theoretical
study was undertaken to develop methods for calculating such a thick boundary
layer and also to investigate the possibilities of calculating, simultaneously, the
potential and boundary-layer flows, allowing the two to interact. The results of
these studies will be published separately.

In the literature there are several publications which report measurements on
boundary layers in conical diffusers and on bodies ofrevolution but none of these
was made with a view to studying the interaction phenomenon just mentioned.
Moreover, there is little information concerning the turbulence in a thick axisym­
metric boundary layer. In the case of a body of revolution, the interaction is
important since the pressure distribution on the surface is modified considerably
by the boundary layer even when the flow does not separate anywhere. The
pressure recovery at the tail (or the pressure variation through the boundary
layer at the tail) is obviously needed to obtain better estimates of the total drag
experienced by the body. The present experiments were designed specifically to
study these aspects of the flow.
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FIGURE 1. Model and traversing mechanism.

2. Experimental arrangement and instruments
2.1. Wind tunnel

The experiments were conducted in the largest closed-circuit wind tunnel of the
Iowa Institute of Hydraulic Research. The working section of the tunnel is
7·3 m long with a cross-section in the forin ofa 1·5 m octagon provided bythroating
a 3·7m square approach section. Although the maximum speed attainable in
the tunnel is of the order of 27 mls all the measurements reported here were made
at a nominal speed of 12 mls in order to minimize the influence oftunnel vibration.

2.2. Model, mountings and alignment

A six-to-one prolate spheroid, 1·5 m long and 25 cm in maximum diameter, used
previously by Chevray (1968) to study axisymmetric wakes and by Satija (1971)
to make preliminary investigations of axisymmetric boundary layers, was used
in the present experiments. Two rows of cylindricallucite beads, 0·635 em long,
were attached with a spacing of O· 635 em at a distance of 7·6 em from the nose to
ensure early transition of the boundary layer. In order to avoid separation ahead
of the tail, Satija modified the original spheroid used by Chevray by truncating
it at a section 5 cm from the tail and glueing on a conical tail piece such that the
slope of the surface remained continuous at the junction. With this modification
the overall length ofthe model became 158 em. The model is shown schematically
in figure 1.

The model was mounted in the wind tunnel by means of eight 1mm diameter



348 V. C. Patel, A. Nakayama and R. Damian

steel wires in tension, four at each end of the model. Each wire was provided
with a screw-coupling such that its length could be easily adjusted and the model
located at any desired position.

In order to obtain axial symmetry of the boundary layer the geometric axis of
the model was first aligned with the centre-line of the tunnel. Three identical
Pitot tubes, 6.35 mm in diameter, were then placed in contact with the surface
at intervals of 1200 around the body at a section about 6-35 cm from the tail.
Small adjustments were then made in the lengths of the supporting wires until
the total pressures recorded by the three tubes became equal. This procedure was
repeated by placing three similar tubes at about the mid-section of the model.
Finally, six Pitot tubes were used, three at each of the two sections, the tubes
downstream being offset by 60° relative to those upstream. Only minor adjust­
ments were required in this final stage to obtain agreement between the readings
of the three tubes at each section. Since the readings of the Pitot tubes may be
regarded as a measure of the wall shear stress, and consequently of the velocity
distribution in the wall region, this procedure ensured axial symmetry ofthe flow.

As an additional check on the axial symmetry, the axial components of mean
and fluctuating velocities were measured by means of a hot-wire anemometer in
the wake of the body 7-6 em downstream from the tail. Although the measure­
ments were made in only one plane across the wake, the distributions of mean
velocity and the root-mean-square values ofthe fluctuating velocity were found
to be closely symmetrical about the geometric axis of the model. From these
measurements it was concluded that the boundary layer on the model ,vas axially
symmetric to a sufficient degree of accuracy_

2.3. Traversing mechanism

The essential features of the traversing mechanism used in the experiments are
shown in figure 1. The mechanism consisted of a rigid rod with three degrees of
freedom in the horizontal plane passing through the axis of the model: transverse
motion along the length ofthe rod, transverse motion along a slide situated outside
the tunnel and rotation about a pivot on this slide. The mechanism was thus
capable of traversing measuring probes, such as Pitot tubes and hot-wire probes,
mounted on the end ofthe rod by suitable brackets, in the direction normal to the
model surface at a number of discrete streamwise locations on the model. The
length of the slide was such that the furthest upstream point on the model which
could be investigated was about 66 %of the model length from the nose. For the
purpose of the present study this was considered quite adequate. At the other
end, measurements could be made right up to the tail of the model. The main rod
of the traversing mechanism was provided with a screw drive, a scale and a
vernier so that the normal distance of the probes from the model surface could
be adjusted and measured from outside the tunnel with a resolution of 0-3 mID.
The rod entered the tunnel through a narrow slit cut out of the tunnel walL The
portion ofthe slit not occupied by the rod was sealed by a rubber sheet to prevent
any leakage of air from the tunnel.

The traversing rod had to be made rigid enough to prevent it from vibrating
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in the wind. In order to minimize the interference between the traversing
mechanism and the flow being measured the probes were attached such that the
distance between the probe tip and the traversing rod was as large as possible.

2.4. Measuring instruments

All total (Pitot) and static pressures were measured using probes of standard
design, made from hypodermic tubing ofoutside diameters 1·27 mm and 1·65 mm
respectively, in conjunction with micromanometers capable ofresolving pressure
differences of the order of 0·025 mm alcohol. The air temperature and pressure
in the tunnel were measured immediately downstream of the contraction. These,
together with the barometric pressure and dry- and wet-bulb temperatures in
the laboratory, were used to find the density and viscosity of the air as well as
to correct the manometer readings in the manner suggested by Naudascher
(1964).

Mean velocities and the Reynolds stresses within the boundary layer on the
model were measured by means of single- and X-wire probes using the two­
channel, constant-temperature' Old Gold Model, Type 4-2H Hot-Wire Anemo­
meter' and 'Type 2 Mean-Product Computer', designed and manufactured by
the Iowa Institute of Hydraulic Research. These instruments are built with all
solid-state electronic components and equipped with a linearizing circuit for
each hot-wire channel and an analog-to-frequency converter. Other features of
the design and principles of operation of this anemometer system have been
described by Glover (1972). The single-wire and X-wire probes used in the
measurement of mean and fluctuating velocity components were all made from
copper-plated tungsten wires of nominal diameter 0·00287 mm and resistance
8440fl/m.

Preliminary experiments conducted at the beginning of the present study,
as well as those made earlier by Satija, indicated an unrealistically low level of
turbulence in the boundary layer on the spheroidal modeL After a considerable
amount of experimentation, the origin of this anomaly was traced to an in­
adequate frequency response of the hot-wire anemometer. Once this had been
discovered, modifications were made in the amplifier circuits to improve the fre­
quency response and at the same time to cut down the noise leveL The necessary
modifications were relatively minor. In order to ensure that the modified
system performed adequately, a number of tests were conducted in fully de­
veloped turbulent pipe flow. A copper pipe 5 cm in diameter and 10 m long was
constructed for this purpose. Measurements with Pitot tubes, and single-wire
and X-wire probes, were then made a few inches upstream of the pipe exit, and
the results compared with those of Laufer (1954). Satisfactory agreement was
obtained with the data of Laufer as regards the distributions across the pipe
of the mean velocity, the Reynolds shear stress and the turbulent normal stresses
(i.e. the mean-square values of the three components of the velocity fluctuation).

In addition to providing a check on the performance of the hot-wire anemo­
meter, the pipe experiments also served to highlight the problems, such as drift
in the calibration curves and the necessity of having identical calibration curves
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for both wires in X-wire operation, associated with the use of the instruments.
These tests also suggested the techniques to be followed in subsequent
experiments in order to obtain reliable and consistent data.

3. Some observations from preliminary experiments
Exploratory measurements in the boundary layer on the spheroidal model

were first made by traversing the total-head and static-pressure tubes separately
across the boundary layer at a number of streamwise stations ranging from
about 66 °/0 of the model length to the tail. Both tubes were oriented parallel to
the model surface. These measurements indicated, amongst other things, that
the boundary layer remained attached right up to the tail and that large varia­
tions in static pressure occurred across the boundary layer over the last 10 %
of the model length. This variation in static pressure was accompanied by
a dramatic increase in the thickness of the boundary layer.

Before describing the detailed measurements which were made later on, it is
convenient to discuss briefly the consequences of these early observations. The
rapid thickening of the boundary layer and the large variations in the static
pressure in the direction normal to the body surface of course indicated that the
mean-flow streamlines within the boundary layer did not remain closely parallel
to the surface. Alternatively, the component of velocity normal to the wall
could no longer be assumed to be an order of magnitude smaller than the com­
ponent parallel to the wall, as is the case in thin boundary layers. A number of im­
portant conclusions pertaining to the measuring techniques follow immediately.

(i) Since the direction ofthe mean-flow streamlines changes continuously across
the boundary layer, a simple static-pressure probe mounted parallel to the
body surface cannot be relied upon to give an accurate measure of the local
static pressure, especially at large distances from the surface. If such a probe is
to be used with any success its orientation must be changed continuously to
coincide with the local streamline direction, ,vhich is not known a priori.

(ii) A properly designed total...head tube can be made insensitive to yaw angles
up to 30° so that it can be used in the present situation without incurring appre­
ciable errors.

(iii) Owing to the difficulty of measuring static pressure mentioned above, the
Pitot-static combination cannot be used to measure the velocity distribution
across the boundary layer.

(iv) In order to measure the velocity profiles in the tail region it is therefore
necessary to use hot-wire techniques. A single hot-wire probe traversed normal
to the body surface will, however, give the distribution of the resultant velocity
through the boundary layer but not the angle which the velocity vector makes
with the surface of the body.

(v) The variation in static pressure through the boundary layer can in principle
be determined by taking the difference between the total head measured by
a Pitot tube and the dynamic pressure recorded by means of a single wire. As
we shall see later, this procedure is not altogether satisfactory, although con­
sistent results can be obtained when due care is taken.
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FIGURE 2. Measuring stations and notation.

(vi) To specify the velocity field in the tail region of the body completely, it is
necessary to measure the components of mean velocity along and normal to
the body surface. This can best be accomplished by traversing a X-wire probe
in the direction normal to the surface.

(vii) The use of X-wire probes to measure mean velocities has the additional
advantage that the Reynolds normal and shear stresses can also be measured
at the same time.

The above conclusions contributed in large measure to the final procedures
adopted for making the measurements reported below. Traverses of total-head
and static-pressure tubes, and single-wire and X-wire probes, were made at
seven streamwise stations on the model, namely X/L = 0·662, 0-80, 0·85, 0·90,
0-93, 0-96 and 0·99, where X denotes the distance from the nose of the model
measured along the axis and L the overall length (= 157·8 em) of the modeL All
measurements were made at a nominal unit Reynolds number of 8·0 x 105 m-I _

The relative positions ofthe seven measuring stations and the notation adopted
for the presentation ofdata are shown in figure 2. The complete model is described
by the radius distribution

{
~ {X 0.9655 _ X}t 0 < X < 0'9333,

ro 6 L L' L

L = 0.4333 ( 1 - ~), 0·9333 < ~ < 1.000.

The angle between the tangent to the surface and the axis of the model is 1J.
x and yare curvilinear co-ordinates measured along and normal to the surface,
respectiv"ely. If r is the distance of a point from the model axis, it follows that

r = ro+ y cos ¢.
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The components of mean velocity along x and yare U and V, respectively. The
resultant velocity at any point is denoted by Q, so that Q = (U2+ V2)t. The
velocity fluctuations will be denoted by lower-case letters. In addition to these,
we have the total pressure P, the static pressure p, density p and kinematic
viscosity v. Subscripts wand 0 will be used to signify values at the wall (y = 0)
and at the edge of the boundary layer (y = 8), respectively.

4. Mean-flow measurements
The total-head (Pitot) tube described earlier was first tested for insensitivity

to yaw and then traversed through the boundary layer, keeping the tube parallel
to the body surface, at each of the seven streamwise measuring stations. The
total pressure was measured relative to the static pressure prer in the tunnel
just downstream from the contraction and made dimensionless by division by
the tunnel dynamic pressure IP~ef' which was held constant in all tests. The
measured variations of the total-pressure coefficient Op = (P-Prer)f!pU:ef are
shown in figure 3. Since Op becomes independent ofy outside the boundary layer,
these measurements were used to estimate the boundary-layer thickness 8. The
variation of 0 and the ratio 8fro with streamwise distance is shown in figure 4.

Similar measurements were then made using the static-pressure tube and the
data were rendered dimensionless using the same reference conditions as before.
The variations of the static-pressure coefficient Op = (p - Prer)/!pU:ef are also
shown in figure 3. As indicated in the last section, these static-pressure measure­
ments may be suspect in the outer regions of the boundary layer over the last
10 %of the length of the model owing to the yaw sensitivity of the probe. They
are, however, included here for comparison with results obtained by an alter-
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native method. Since the measurements close to the "vall are not in doubt even
up to the tail (the flow being locally parallel to the wall), the streamwise variation
of the static pressure Cpw on the model surface was determined by extrapolating
the measurements to the wall. A plot of Cpw versus XjL is made in figure 5,
from which it will be seen that the pressure gradient on the wall is adverse all
the way from the first measuring station to the tail. The variation of the static
pressure Cpo at the edge of the boundary layer indicated by the static probe,
aligned with the model surface, is also shown in figure 5. Although the accuracy
of the results for XjL greater than 0-93 may be questionable, the figure indicates
clearly the large static-pressure variations across the boundary layer near the
tail of the model. The other results shown in figure 5 are described later OD.

From the total- and static-pressure distributions described above, it was
possible to calculate the profiles of total velocity, i.e. Q/Qa. These are shown in
figure 6.

A single hot-wire probe was then traversed through the boundary layer at
each of the seven streamwise stations. The wire was held normal to the flow and
parallel to the model surface. In these, as well as other hot-wire measurements,
care was taken to ensure that the drift of the wire calibration curve was small.
Those runs in which the calibration drifted by unduly large amounts were re­
peated. The profiles of total velocity measured by means of the single wire are
compared with those obtained from the Pitot-static measurements in figure 6.
The values of Qa, the velocity at the edge of the boundary layer, recorded by the
single-wire probe are shown in figure 5. Also shown in this figure is the pressure
variation Op8 along the edge of the boundary layer implied by the measured
values of Q8 and the constancy of total pressure.

As mentioned in the last section, the total-pressure profiles measured by the
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Pitot tube (shown in figure 3) and the total-velocity profiles measured by the
single-wire probe were used to infer the static-pressure distributions through the
boundary layer. The results of this exercise were not altogether satisfactory,
primarily owing to the fact that the static pressure came out as a small difference
between t·wo relatively large quantities, neither ofwhich could be measured with
the required accuracy. Some consistency was, however, obtained by smoothing
the data before taking the differences. The resulting distributions of static
pressure are compared with those measured by means of the static-pressure tube
in figures 3 and 5.

In order to determine the components of mean velocity U and V along and
normal to the model surface, respectively, a X-wire probe was traversed across
the boundary layer at each of the seven measuring stations. A probe with the
proper geometric and calibration characteristics was built after several trials.
The wires were located in the plane normal to the surface and the flow. The results
of the X-wire measurements were converted to profiles of U/Qo, V/Qo and Q/Qo.
These profiles are also shown in figure 6.

Finally, a Preston tube of outside diameter 3·11 mm was used, in conjunction
with the calibration curve of Patel (1965), to determine the wall shear stress"w.

A plot of the skin-friction coefficient Of = "w/tPQ~ is made in figure 7.

s. Analysis of the mean-flow measurements
5.1. Boundary-layer growth

From the variation of the boundary-layer thickness shown in figure 4 it is clear
that for about the first 85 % of the body length the boundary layer may be
regarded as thin in so far as 0 is much smaller than r o, the local radius ofthe body.
Over the last 15 %of the body length, however, thin-boundary-layer theory will
cease to apply and transverse curvature effects are expected to playa dominant
role in tJhe behaviour of the flow.
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5.2. Static-pressure distribution

Although, as indicated earlier, the static-pressure distributions obtained by the
two methods may be suspect as far as accuracy in the tail region of the body
is concerned, the results shown in figures 3 and 5 confirm the observation made
above. The static pressure remains substantially constant through the boundary
layer right up to X /L = 0·90. From figure 5 we see that up to this point the pres.
sure at the edge of the boundary layer is somewhat larger than that at the wall.
In addition to the well-known influence of the normal Reynolds stress v2, this
increase in pressure with distance from the wall may partly be attributed to the
convex curvature of the mean-flow streamlines associated with the convex
longitudinal curvature of the body surface.

The decrease in static pressure from the wall towards the edge of the boundary
layer in the tail region of the body (X/L > 0-90), on the other hand, appears to
be a consequence of the concave curvature of the mean-flow streamlines asso­
ciated primarily with the rapid thickening of the boundary layer. The change
from the thin- to the thick-boundary-Iayer behaviour seems to take place in the
region of the X/L = 0·90 station, where 8Jro is approximately 0·62.

The rapid increase in the thickness of the boundary layer near the tail of the
body may of course be regarded as a direct consequence of the ever-increasing
influence of transverse curvature, but the large variation in static pressure across
the boundary layer associated with this thickening suggests that there is a strong
interaction between the boundary-layer flow and the potential flow outside it.
Owing to the presence of the thick boundary layer, potential-flow theories can
no longer be expected to predict the pressure field in the tail region correctly.
At the same time, it is unlikely that usual thin-boundary-Iayer theory, which
assumes constant static pressure in the direction normal to the surface, can
adequately predict the boundary-layer behaviour even when the experimentally
determined wall-pressure distribution is prescribed. Thus, it appears that any
rational theory describing the flow in the tail region of a body of revolution with
a thick boundary layer must attempt to solve for the potential flow and the
boundary-layer flow simultaneously.

5.3. Velocity distributions

Referring to figure 6, it will be seen that the profiles of the total velocity Q/Q8
measured by the three different methods, namely with Pitot and static tubes,
single hot-wire probes and X-wire probes, are in reasonable agreement at all
streamwise stations. Although we had expected to observe systematic differences
between thePitot-static and the hot-wire results in the outer parts ofthe boundary
layer near the tail of the body, owing to the yaw sensitivity of the static-pressure
tube, figure 6 indicates that any differences which may exist are swamped by the
general scatter of the data. Detailed calculations indicated that the expected
differences were too small to be distinguished from experimental scatter since
the errors incurred in the measurement of static pressure were themselves
much smaller than the dynamic pressures from which the total velocities were
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calculated. The agreement between the results of three different instruments
in a complex flow situation such as this was considered very encouraging.

The profiles of the longitudinal and normal components of mean velocity
measured by means of the X-wire probe clearly show the difference between the
thin and the thick boundary layer. Up to X/L = 0·90 the normal component of
velocity is seen to be small compared with the longitudinal component, as
required in thin-boundary-Iayer theory. By X/L = 0-99, however, the normal
component of velocity is almost 32 %of the longitudinal component at the edge
of the boundary layer. Apart from indicating the breakdown of the usual
thin-boundary-Iayer assumptions in the tail region, these results confirm the
observation made earlier regarding the rapid divergence of the mean-flow stream­
lines in planes normal to the surface. Indeed, the angle between the surface
and the streamline passing through y = 0 at X/L = 0·99 is tan-1 0-32 = 18"0°.
Since the angle between the tangent to the body surface at this point and the
body axis is cos-1 0-92 = 23°, this indicates that the flow near the edge of the
boundary layer is more nearly parallel to the axis than the body surface.

The general shape of the velocity profile at the last measuring station shows
that the flow there is close to separation. The profile at the most upstream station,
X/L = 0-662, was found to conform well with the two-parameter velocity­
profile family of Thompson (1965), indicating that the boundary layer there
has essentially the same characteristics as one developing on a plane t·wo­
dimensional surface.

5.4_ The mean-flow streamlines

The longitudinal component ofvelocity measured by means of the X-wire probe,
namely U, was used to compute the distribution of the stream function 1Jr at
each streamwise measuring station, using the definition

ljF(y) = f: Urdy = f: U(ro+ycosrjJ)dy.

Figure 8 shows the mean-flow streamlines within the boundary layer determined
from these distributions of 1/f. It will be seen that the streamlines are convex and
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nearly parallel to the surface in the region 0·662 < X/L < 0'90, where the
boundary layer is thin, and concave and divergent over the last 10% of the body
length. Figure 8 thus verifies directly the observations made in §5.2 simply on
the basis of static-pressure variations. The angles between the streamlines and
the body surface obtained from figure 8 were found to be in good agreement with
those deduced from the direct measurements of the normal and longitudinal
components of velocity. This may be regarded as a check on the axial symmetry
of the boundary layer.

Figure 8 shows yet another interesting feature of the thick boundary layer
near the tail. From the near coincidence of the edge of the boundary layer with
a mean-flow streamline it may be concluded that the entrainment of free-stream
fluid into the thick boundary layer is small.

(1)

(2)and

5.5. Integral parameters from velocity profiles

The thickness of the boundary layer at each measuring station was determined
from the total-pressure profiles measured by means of the Pitot tube. Thus,
8was defined as the normal distance from the wall where the total pressure became
0-99 times the constant value in the free stream. This definition appears to be
t'he most appropriate one here for two reasons. First, it gives a unique value of 8
even when the static pressure, and therefore the velocity, vary with distance
from the wall outside the boundary layer. Second, it reduces to the usual
definition of 8, as being the distance where the local velocity is 0·995 times the
free-stream velocity, when the boundary layer is thin and the static pressure
substantially constant across it.

For an axisymmetric boundary layer there appear to be a number of dif­
ferent ways of defining integral parameters such as the displacement and
momentum thicknesses.

Perhaps the most meaningful definitions are the physical definitions:

fT O+8! cos <P fTo+8 cos <p
21TrpUp dr = 21Trp( Up - U) dr

TO TO

fTO+O; cos t/> fTo+8 cos r/>
21TrpU~ dr = 2rrrpU(Up - U) dr,

TO TO

where Up is the velocity distribution which would occur if the flow were potential
right up to the wall, 8i is the physical mass-flux deficit thickness, 8: is the
momentum-flux deficit thickness and, as noted before, r = ro+Ycos¢. The
shape factor of the velocity profile and the momentum-thickness Reynolds
number of the boundary layer may then be defined as

H* = 8i/8i, R~ = QBoi/v, (3)

respectively. The displacement thickness defined in this manner gives the
physical displacement of the external flow streamlines due to the presence of
the boundary layer, while the momentum thickness is closely related to the drag
experienced by the body. The evaluation of these thicknesses from measured
velocity profiles is, however, made difficult by the fact that nothing is known
about the variation of the velocity distribution Up in the hypothetical potential
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flow over the distance occupied by the boundary layer. If it is assumed that Up
remains constant, and equal to Us, over this distance, then (1) and (2) simplify
to yield

and

(
1 0* ) f8 ( U) roi 1 + - ....!. cos ¢ = 1 - - - dy
2 f o 0 Uo r o

(
1 0* ) f8 U ( U) r8: 1+2 r: cos ¢ = 0 U/t 1- U/t ~ dy.

(4)

(5)

(8)

(6)

(7)and

so that

If the axisymmetric boundary-layer equations are integrated across the layer
in the usual manner to obtain the momentum-integral equation, it is found that
the integrals on the right-hand sides of (4) and (5) arise quite naturally. In
almost all previous studies of axisymmetric boundary layers, therefore, the
displacement and momentum thicknesses have been defined simply as

01 = f8 (1- U) !... dy
o Uo ro

f8 U( U) Ir
82 = 0 U/t 1- U/t ~dy,

H = °11°2, Re = Qo02/v.

We shall refer to these as the usual axisymmetric definitions. A major advantage
of using these is that they enable the momentum-integral equation for axisym­
metric flow to be written in a form that is simple and very similar to that for plane­
surface boundary layers. As we shall see later, however, these definitions lead
to some anomalies when the boundary layer is thick in comparison with the
local radius of the body. From the expressions given above it will be clear that
the usual axisymmetric definitions are related to the physical definitions (using
Up ~ Uo) by the formulae

and

01 = ot(1 + t(oi Iro)cos 1»

02 = 0:(1 + l(oi Iro)cos ¢).

(9)

(10)

Finally, if one is interested only in describing the shape of the velocity profiles,
without regard to the geometry of the surface, one can determine the thicknesses
using the usual definitions:

81 = f: (1- ~) dy, (11)

82 =f:~(l-~)dY, (12)

11 = 81/82, Be = Q882/v. (13)

We shall refer to these as the planar definitions for obvious reasons.
It will be clear that the physical definitions as well as the usual axisymmetric

definitions reduce to the planar definitions given above when the boundary
layer is thin, i.e. when 0 ~ roo For thick boundary layers, however, the numerical
values of the various integral parameters calculated using the three definitions
are considerably different.
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For the present experiments the integral parameters were calculated at each
streamwise station using all three definitions given above. In the calculation of
the thicknesses given by the physical definitions, however, the assumption
Up ~ U8 was not used. Instead, use was made of the distribution of Up implied
by the constancy of total pressure and the observed variation of static pressure,
since this would appear to represent the true variation of Up more realistically.
The difference between the values calculated in this manner and those obtained
using (9) and (10) was found to be of the order of a few per cent. Since the profiles
of UIUaand QIQa were not substantially different at the first three measuring
stations, namely XIL = 0,662, 0-80 and 0-85, it was decided to use for these the
values of QIQa indicated by the Pitot and static tubes so as to minimize the
influence of the scatter in the hot-wire data. For the last four measuring stations,
however, the profiles of UjUarecorded by the X-wire probe were used. The results
of these calculations are presented in figures 9 and 10.

From figure 9 we see that the nearness to separation at the tail of the body is
indicated only by the large value of the shape parameter il, which is based
solely on the shape ofthe velocity profile. The other two definitions do not convey
this important information. Examination of figure 10 indicates the large dif­
ferences in the numerical values of the momentum thickness resulting from the
three alternative definitions. It is interesting to note that, when the boundary
layer is much thicker than the local radius of the body (e.g. at XjL = 0-99), the
usual axisymmetric definitions lead to the rather incongruous situation where
the momentum and displacement thicknesses become larger than the physical
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thickness of the boundary layer. (This is of course due to the ever-increasing
factor l/ro appearing in the definitions.) Considerable care may therefore be
required in choosing the most meaningful and appropriate definitions of the
integral parameters when attempts are made to extend some of the more success­
ful integral calculation methods to treat thick axisymmetric boundary layers.

5.6. Wall shear stres8

The values of the wall shear stress, measured directly by means ofPreston tubes,
are compared in figure 7 with those obtained by applying the method of Clauser
(1956) to the profiles of longitudinal velocity U/Us- Also shown in the figure is the
variation ofOf obtained from the formula ofThompson (1965) using the measured
values ofthe planar parameters 11 and Re. The disagreement between this formula
and the Preston-tube and Clauser-plot results appears to imply that the well­
known two-parameter representation of velocity profiles, upon which the skin­
friction formula of Thompson is based, may not adequately describe the velocity
profiles in thick axisymmetric boundary layers. This observation was indeed
confirmed by detailed comparisons of the measured profiles with Thompson's
profile family. It may be remarked here that the use of integral parameters other
than those obtained from the planar definitions will not lead to improved
correlation between experiment and skin-friction and velocity profile relations
commonly used in thin-boundary-layer analysis.
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6. Measurements of the Reynolds stresses
In the present experiments the Reynolds stresses uw and vw were assumed to

be identically zero on account of the axial symmetry. The remaining components
of the Reynolds stress tensor, namely u2, v2; w2 and UV, were measured by means
of X-wire probes. The results were made dimensionless using the velocity at the
edge of the boundary layer and are shown in figures 11 (a)-(d).

The well-known turbulence measurements of Klebanoff (1955) in a flat-plate
boundary layer are compared with the present measurements at the most up­
stream station, X/L = 0·662, ill figure 12. The small disagreement between the
two sets of data may be attributed largely to the small adverse pressure gradient
which exists at this station and the uncertainties associated with the determina­
tion of the boundary-layer thickness. Nevertheless, the trends shown in figure 12
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indicate that the boundary layer at the most upstream measuring station has
the properties of a fully developed, thin, turbulent boundary layer.

Perhaps the most striking characteristic of the data shown in figure 11 is the
generally low level of turbulence in the thick boundary layer near the tail of the
body. In a thin boundary layer that is proceeding towards separation the velocity
fluctuations and the shear stresses are much larger than those observed here.
From the measurements of shear stress and mean velocities the distributions of
mixing length 1and eddy kinematic viscosity e were determined using the usual
relations

(14)

These are shown in figures 13 and 14. It may be remarked here that the variations
of mixing length were also found using an axisymmetric definition in the form

(15)

The values of lA determined in this manner were found to be substantially lower
than those shown in figure 13, especially near the tail. In figure 13 a comparison
is made between the experimental distributions of l and the universal distribu­
tion used by Bradshaw, Ferriss &Atwell (1967) in the calculation ofthin boundary
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layers. From figures 13 and 14 it is clear that there is a systematic and dramatic
decrease in the mixing length and eddy viscosity as the boundary-layer thickness
increases in relation to the local radius of the surface.

In recent discussions of energy transport processes in thin boundary layers
the mixing length is often associated with a dissipation length on the assumption
that the production and dissipation of turbulent kinetic energy are much larger
than either diffusion or convection in the wall region, and nearly balance each
other. If such an interpretation is accepted for the present case, the reduction
in mixing length observed here implies that the rate of dissipation in a thick
boundary layer is larger than that in a thin boundary layer. This, coupled with
the lower rates of production resulting from the reduced Reynolds stresses,
would appear to suggest that the near equilibrium between production and
dissipation is no longer maintained in the thick boundary layer, and that the
increased rate of dissipation must be accompanied by increased rates of con­
vection and diffusion. More detailed turbulence measurements are obviously
needed in order to verify these observations.
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7. Conclusions
Perhaps the most useful purpose served by the present study is the collection

of a complete set of experimental data in a hitherto unexplored situation. This
data can form the basis for further theoretical studies on a number of aspects of
turbulent boundary-layer behaviour.t

The major conclusions of this study may be summarized as follows.
(i) The turbulent boundary layer on the conical tail of a body of revolution

thickens very rapidly. This thickening is accompanied by (a) significant varia­
tions in static pressure across the boundary layer such that fluid elements further
away from the surface experience smaller adverse pressure gradients than those
nearer the surface; (b) a strong divergence of the mean-flow streamlines in planes
normal to the surface, so that the normal velocity component cannot be neglected
in comparison with the longitudinal component; and (c) a dramatic decrease in
the Reynolds stresses, so that empirical laws established for turbulence be­
haviour in thin boundary layers cannot be used, unmodified, for the prediction
of thick boundary layers.

(ii) The static-pressure variation across the boundary layer implies an inter­
action between the turbulent rotational flow within the boundary layer and the
potential flow outside, with the result that neither can be calculated independently
of the other.

(iii) In order to calculate the development of the thick bOllndary layer, it will
be necessary to include not only the direct effects of pressure variation but also
the indirect effect of transverse curvature on the turbulence as reflected in the
decrease in mixing length and eddy viscosity.

(iv) The boundary-layer calculation is made all the more difficult by the fact
that potential-flow theory, which ignores the presence of the boundary layer, can
no longer be relied upon to predict the pressure field required to calculate the
boundary-layer development. The prediction of the flow in the tail region of
a body of revolution must therefore be accomplished by an iterative procedure
in which potential-flow and boundary-layer calculations are performed simul­
taneously. Further discussion of the differential and integral equations of thick
axisymmetric boundary layers, and the problems associated with their solution,
is given in a recent paper by Patel (1973b).

The authors wish to thank Professor L. Landweber for introducing them to the
problem. The authors also acknowledge the assistance offered by Professor J. R.
Glover in the use of hot-wire anemometers, and by Mr Dale Harris, and his
workshop staff, in the construction of the experimental apparatus. This report
is based upon research conducted under the General Hydromechanics Research
Program of the Naval Ship Systems Command, technically administered by
the Naval Ship Research and Development Center, under Contract N00014-68-A­
0196-0002.

t Tables of all experimental results are available from the authors upon request.
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