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The accuracy of the lattice Boltzmann method �LBM� for describing the behavior of a gas in the continuum
limit is systematically investigated. The asymptotic analysis for small Knudsen numbers is carried out to derive
the corresponding fluid-dynamics-type equations, and the errors of the LBM are estimated by comparing them
with the correct fluid-dynamics-type equations. We discuss the following three important cases: �I� the Mach
number of the flow is much smaller than the Knudsen number, �II� the Mach number is of the same order as
the Knudsen number, and �III� the Mach number is finite. From the von Karman relation, the above three cases
correspond to the flows of �I� small Reynolds number, �II� finite Reynolds number, and �III� large Reynolds
number, respectively. The analysis is made with the information only of the fundamental properties of the
lattice Boltzmann models without stepping into their detailed form. The results are therefore applicable to
various lattice Boltzmann models that satisfy the fundamental properties used in the analysis.
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I. INTRODUCTION

The kinetic-equation approach is frequently used as a re-
placement of the traditional approach to solve the fluid-
dynamics-type equations for describing the behavior of a gas
�1–8�. The merits of this approach are good applicability to
parallel computing, simplicity of the code, linear convection
term, high resolution of shock capturing, etc. However, to
solve the kinetic equation, the molecular velocity space must
be considered in addition to the physical space, so that the
numerical cost naturally becomes larger than the traditional
numerical method. In order to avoid this demerit, molecular
velocities of discrete type are often used. The lattice Boltz-
mann method �LBM� �6–8� is one of them. In fact, this
method has already developed into an alternative and prom-
ising numerical method for simulating gas flows.

The point of LBM is to properly choose the collision op-
erator and discrete molecular velocities such that the macro-
scopic variables obtained from the solution of the kinetic
equation can satisfy the desired set of fluid-dynamics-type
equations in the limit of �→0, where � is the Knudsen num-
ber. Carrying out the asymptotic analysis for small � of the
kinetic equation, therefore, we obtain the desired set of fluid-
dynamics-type equations at the leading order of �, and at
some higher orders, the sets with deviation terms appear.
These terms contribute to the error of the LBM. The LBM is
always accompanied with this type of error.

It is imperative therefore to estimate this type of error
properly before we use the LBM as a numerical method for
simulating flows. To this end, we must investigate the gov-
erning equations of the macroscopic variables obtained from
the solution of the kinetic equation of the LBM. The so-
called Chapman-Enskog expansion with respect to small �
has been frequently used to derive the set of fluid-dynamics-
type equations and to estimate its error �9–11�. However, in

this expansion, the correct ordering of sizes of the variables
is not made beforehand, so that the magnitude of the macro-
scopic variables in the derived sets is not clear. Moreover,
the macroscopic variables are not expanded in the analysis,
so that the ordering of each term in the derived set of equa-
tions is ambiguous.

In previous studies, the systematic error estimate was
made by Inamuro et al. �12� and Junk et al. �13� �see also
Junk and Yang �14��. Inamuro et al. first made an asymptotic
analysis for small � of the kinetic equation devised by Sone
�15–17� where the correct ordering of sizes of the variables is
made beforehand and the macroscopic variables are ex-
panded as well as the distribution function. Then, the order-
ing of each term in the derived set of equations for the mac-
roscopic variables was clearly arranged. They made the
analysis for the flow of finite Reynolds number on the basis
of Qian’s isothermal LBM model �18�. According to their
analysis, the incompressible Navier-Stokes �NS� set of equa-
tions is properly derived at the leading-order set in �, and the
relative error of the LBM solution to that of the incompress-
ible NS set was systematically derived to be O��2�. Junk et
al. later made more sophisticated analysis for the same pa-
rameter region Re�1. By using general conditions of iso-
thermal LBM models, e.g., symmetry of the discrete velocity
set and several moment constraints, they derived the same
results without stepping into particular form of individual
LBM models. Thus, the above error estimate was found to be
model independent and applicable to any isothermal LBM
model.

However, they both considered the flow regime of Re
�1 only. Moreover, the LBM has three basic different mod-
els, i.e., the compressible, thermal, and isothermal models
�18–22�, and works of Inamuro et al. and Junk et al. are only
for isothermal model. It is therefore necessary to estimate the
accuracy of these three basic models not only in the flow
regime of Re�1, but also in the other flow regimes, such as
Re�1 and Re�1. Now the purpose of the present study is
summarized as follows: we make the asymptotic analysis for
small � of the kinetic equation of the above three basic LBM
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models and derive the corresponding fluid-dynamics-type
equations. The three important flow regimes are considered:
�I� the Mach number of the flow is much smaller than �, �II�
the Mach number is of the same order as �, and �III� the
Mach number is finite. From the von Karman relation, the
above three cases correspond to the flows of �I� Re�1, �II�
Re�1, and �III� Re�1, respectively. Then, we compare the
derived set of fluid-dynamics-type equations with the correct
set of equations that can describe the behavior of a gas in
each flow regime: the Stokes set of equations for case �I�
�17,23�, the incompressible NS set of equations for case �II�
�15,17�, and the Euler and the viscous-boundary-layer set
�when solution includes no discontinuities� or the weak form
of the Euler set �when solution includes discontinuities� for
case �III� �17�. In each regime, three typical LBM models,
i.e., the compressible, thermal, and isothermal models, are
treated individually. Thus, we can easily estimate the accu-
racy of any LBM models for describing the behavior of a gas
in each flow regime. It is after these error estimates are prop-
erly done that the LBM, which is widely used among fluid
dynamics researchers, becomes a real valid numerical tool
for the flow simulation.

It should be noted again that the error estimate was pre-
viously made only for the isothermal model �12–14�. For the
other LBM models, the present study treats their error esti-
mates. Thus, the following analyses of the present study,
which are based on the minimalistic set of assumptions, are
systematic error estimates applicable to a wide variety of
LBM models and in all the flow regimes �I�–�III�.

The outline of this paper is as follows. In Sec. II, the
above three basic lattice Boltzmann models are briefly intro-
duced together with their fundamental properties. Their non-
dimensional expressions are given in Sec. III, and we esti-
mate these errors by the asymptotic analysis in Secs. IV–VI.
Cases �I�, �II�, and �III� are treated in Secs. IV–VI, respec-
tively. For each case, accuracies of the above three basic
models are investigated. The obtained results are then sum-
marized in Sec. VII and some concluding remarks follow.

II. LATTICE BOLTZMANN METHOD

Let t, x� ��=1,2 , . . . ,D, where D is the number of dimen-
sions�, ci� �i=1,2 , . . . ,N, where N is the total number of
discrete molecular velocities�, and f i�t ,x�� be, respectively,
the time, the space coordinates, the molecular velocity of the
ith particle in the x� direction, and the velocity distribution
function of the ith particle. The macroscopic variables �
�density�, u� �x� component of flow velocity�, and T �tem-
perature� are defined as

� = �
i=1

N

fi, �1a�

�u� = �
i=1

N

fici�, �1b�

��DRT + u�
2� = �

i=1

N

fici�
2 . �1c�

It should be noted here that throughout this paper the sub-
scripts � ,� , . . . and �1 ,�2 , . . . are used to represent the num-
ber of space coordinates to which the summation convention
is applied. In contrast, the subscripts i and j represent the
kind of molecules, and the summation convention is not ap-
plied to these subscripts. The pressure p is related to � and T
by the equation of state:

p = �RT , �2�

where R is the specific gas constant.
Consider a kinetic equation of the Bhatnagar-Gross-

Krook �BGK� type �24�, which is simple and widely used in
the numerical computation of the LBM �18–22�:

� f i

�t
+ ci�

� f i

�x�

=
f i

eq − f i

	
, �3�

where 	 �the relaxation time� is a given constant and f i
eq �the

local equilibrium velocity distribution function� is a given
function of the macroscopic variables �, u�, and T. In the
usual LBM, the following discretized form of Eq. �3� is often
used:

f i�t + 
t,x� + ci�
t� − f i�t,x��

t

=
f i

eq − f i

	
, �4�

where 
t is the discrete time step of O�	�. When a solution
is smooth and includes no discontinuities such as shock
waves and contact discontinuities, Eq. �4� is obtained by a
first-order upwind discretization of the left-hand side of Eq.
�3� with the spatial width 
x�=ci�
t. To specify the differ-
ence between Eqs. �3� and �4�, the distribution function f i
defined by Eq. �4�, which is given only on lattice nodes, is
extended to the whole domain �t ,x�� by a smooth function.
Then we Taylor expand the smooth extended distribution
function f i�t+
t ,x�+ci�
t� on the left-hand side of Eq. �4�
with respect to t around �t ,x��, which leads to

� f i

�t
+ ci�

� f i

�x�

+ �1

2

�2f i

�t2 + ci�
�2f i

�t � x�

+
1

2
ci�ci�

�2f i

�x� � x�
�

�
t + ¯

=
f i

eq − f i

	
. �5�

The differences between Eqs. �3� and �4� are represented by
the terms multiplied by 
t and their subsequent terms on the
left-hand side of Eq. �5�. In fact, the contribution of these
terms to the fluid-dynamics-type equations appears only on
their coefficients. Specifically, the set of fluid-dynamics-type
equations derived from Eq. �4� can be obtained by modifying
the coefficients of the fluid-dynamics-type equations derived
from Eq. �3� in the following way: if the fluid-dynamics-type
equations derived from Eq. �3� only have terms whose total
number of differentiations in t and x� is one, no modifica-
tions are required. If they include terms whose total number
of differentiations is two �a second derivative or product of
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two first derivatives�, multiply 1−
t /2	 �
t�2	� to these
terms. If they include terms whose total number of differen-
tiations is three, then multiply 1−
t /	+ �
t /	�2 /6 to these
terms.

When a solution includes discontinuities such as shocks
and contact discontinuities, the extended distribution func-
tion f i also includes discontinuities, and Eq. �4� does not
converge to the kinetic equation �3� as 
t→0 but to the
following integral relation:

	 	 
� �


�t
+ ci�

�


�x�
� f i +

f i
eq − f i

	

�dtdx = 0, �6�

where 
�t ,x�� is any smooth test function of t and x� which
vanishes for t+ �x�� large enough, and integration is carried
out over the whole t-x� plane. In fact, multiplying Eq. �4� by

�t ,x��, integrating over the whole t-x� plane, and using in-
tegration by parts, we easily find that the resulting equation
converges to Eq. �6� as 
t and 
x� tend to zero �see the
Appendix of Ref. �25� for the derivation�. The fundamental
property of the fluid-dynamics-type equations is not affected
by the use of Eq. �3� or Eq. �6� instead of Eq. �4� �26,27�.
Thus, we use Eq. �3� or Eq. �6� as a basic kinetic equation in
the following analysis. The fluid-dynamics-type equations
derived from Eq. �4� are easily obtained by applying the
above-mentioned modifications.

Now return to the explanation of the lattice Boltzmann
models. There are three different kinds of basic models: �i�
compressible model �19,28�, �ii� thermal model �20,21�, and
�iii� isothermal model �18,22�. Their differences can be rep-
resented by the different constraints imposed on f i

eq as fol-
lows:

�i� Compressible model:

� = �
i=1

N

fi
eq, �7a�

�u� = �
i=1

N

fi
eqci�, �7b�

p��� + �u�u� = �
i=1

N

fi
eqci�ci�, �7c�

p�u���� + u���� + u����� + �u�u�u� = �
i=1

N

fi
eqci�ci�ci�,

�7d�

�D + 2�pRT��� + p��D + 4�u�u� + u�
2���� + �u�u�u�

2

= �
i=1

N

fi
eqci�ci�ci�

2 . �7e�

�ii� Thermal model: Eqs. �7a�–�7c� and

p�u���� + u���� + u����� + O�u3� = �
i=1

N

fi
eqci�ci�ci�,

�8a�

�D + 2�pRT��� + O�u2� = �
i=1

N

fi
eqci�ci�ci�

2 , �8b�

where O�u2� and O�u3� indicate arbitrary second-order and
third-order terms with respect to the flow velocity u�.

�iii� Isothermal model: Eqs. �7a� and �7b� and

��RT0��� + u�u�� = �
i=1

N

fi
eqci�ci�, �9a�

�RT0�u���� + u���� + u����� = �
i=1

N

fi
eqci�ci�ci�, �9b�

where T0 �reference temperature of the system� is a given
constant.

An innumerable number of examples can be constructed
to satisfy the above constraints. One or two possible ex-
amples for each model are summarized in the Appendix.

III. NONDIMENSIONAL EXPRESSIONS

The nondimensional variables and equations, which are
used in the following analysis, are listed here. Let t0, L, �0,
and T0 be, respectively, the reference time, length, density,
and temperature. Then, the nondimensional variables are de-
fined as follows:

t̂ =
t

t0
, x̂� =

x�

L
, ĉi� =

ci�


RT0

, f̂ i =
f

�0
, f̂ i

eq =
f i

eq

�0
,

�̂ =
�

�0
, û� =

u�


RT0

, T̂ =
T

T0
, p̂ =

p

�0RT0
. �10�

In terms of these nondimensional variables, the definition of
macroscopic variables �1a�–�1c� and �2� becomes

�̂ = �
i=1

N

f̂ i, �11a�

�̂û� = �
i=1

N

f̂ iĉi� �� = 1, . . . ,D� , �11b�

�̂�DT̂ + û�
2� = �

i=1

N

f̂ iĉi�
2 , �11c�

p̂ = �̂T̂ . �11d�

The kinetic equation �3� of nondimensional form is
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Sh
� f̂ i

� t̂
+ ĉi�

� f̂ i

� x̂�

=
f̂ i

eq − f̂ i

�
, �12a�

where Sh is the Strouhal number and � is the Knudsen num-
ber defined by

Sh =
L

t0

RT0

, � =
	
RT0

L
. �12b�

The integral relation �6� of nondimensional form is

	 	 
�Sh
��

� t̂
+ ĉi�

��

� x̂�

� f̂ i +
f̂ i

eq − f̂ i

�
��dt̂dx̂ = 0, �13�

where ��t̂ , x̂�� is a nondimensional smooth test function of t̂

and x̂� which vanishes for t̂+ �x̂�� large enough. Then f̂ i
eq

satisfies the following constraints from Eqs. �7a�–�7e�, �8a�,
�8b�, �9a�, and �9b�:

�i� Compressible model:

�̂ = �
i=1

N

f̂ i
eq, �14a�

�̂û� = �
i=1

N

f̂ i
eqĉi�, �14b�

p̂��� + �̂û�û� = �
i=1

N

f̂ i
eqĉi�ĉi�, �14c�

p̂�û���� + û���� + û����� + �̂û�û�û� = �
i=1

N

f̂ i
eqĉi�ĉi�ĉi�,

�14d�

�D + 2�p̂T̂��� + p̂��D + 4�û�û� + û�
2���� + �̂û�û�û�

2

= �
i=1

N

f̂ i
eqĉi�ĉi�ĉi�

2 . �14e�

�ii� Thermal model: Eqs. �14a�–�14c� and

p̂�û���� + û���� + û����� + O�û3� = �
i=1

N

f̂ i
eqĉi�ĉi�ĉi�,

�15a�

�D + 2�p̂T̂��� + O�û2� = �
i=1

N

f̂ i
eqĉi�ĉi�ĉi�

2 , �15b�

where O�û2� and O�û3� indicate arbitrary second-order and
third-order terms with respect to the nondimensional flow
velocity û�.

�iii� Isothermal model: Eqs. �14a� and �14b� and

�̂���� + û�û�� = �
i=1

N

f̂ i
eqĉi�ĉi�, �16a�

�̂�û���� + û���� + û����� = �
i=1

N

f̂ i
eqĉi�ĉi�ĉi�. �16b�

From the next section, the asymptotic analysis for small � of
the kinetic equation �12a� or the integral relation �13� is
made. We focus on the time scale t0 of order L /U �U is a
characteristic flow speed� or the time required to traverse the
distance by the gas flow. Then the Strouhal number defined
by Eq. �12b� is on the order of the Mach number Ma, or

Sh = O�Ma� , �17�

where Ma is defined by U /
�RT0 �� is a specific-heat ratio�.
We consider here the case where the Mach number also rep-
resents the scales of the deviation of the system from a uni-
form state at rest. That is, the relative size of the deviation of
thermodynamic variables �like temperature� to themselves is
on the order of Ma �see Refs. �17,29� for examples of gas
flows when this assumption does not hold�. Then, the
asymptotic behavior of the solution of the kinetic equation
�12a� or the integral relation �13� for small � is characterized
only by the Mach number.

We discuss the following three important cases: �I� Ma
��, �II� Ma��, and �III� Ma�1. From the von Karman
relation Ma�Re �, where Re is the Reynolds number of the
system defined by

Re =
�0UL

�0
�18�

��0 is the reference viscosity of a gas�, the above three cases
correspond to the flow regimes of �I� Re�1, �II� Re�1, and
�III� Re�1, respectively. According to Sone, the correct sets
of governing equations for describing the behavior of a gas
in the continuum limit of the above flow regimes are �I� the
Stokes set of equations �17,23�, �II� the incompressible NS
set of equations �15,17�, and �III� the Euler and the viscous-
boundary-layer set �17,30� or the weak form of the Euler set
�31–33� of equations, respectively. We compare the fluid-
dynamics-type equations derived from the LBM with the
above correct sets of equations in each flow regime and es-
timate the error of the LBM. In the following, the analysis is
made separately for the three different flow regimes �I�–�III�.
That is, case �I� is treated in Sec. IV, case �II� in Sec. V, and
case �III� in Sec. VI. In each section, three kinds of different
lattice Boltzmann models are treated in the following orders:
�i� compressible model, �ii� thermal model, and �iii� isother-
mal model.

IV. ASYMPTOTIC ANALYSIS FOR SMALL ε WITH Ma
™ε (Re™1)

A. Compressible model

We consider a situation where the distribution function f̂ i
deviates slightly from the equilibrium distribution function

f̂ i
eq�0� of the uniform state at rest, so that the nonlinear terms

of the deviation can be neglected �or � f̂ i− f̂ i
eq�0��2=O�Ma2�

can be neglected�. Since Sh=O�Ma� from Eq. �17� and � f̂ i /�t̂
is O�Ma�, the time-derivative term �or the first term� on the
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left-hand side of the kinetic equation �12a� is also neglected.
Under these assumptions, we make an asymptotic analysis
for small �. That is, we look for the solution whose scale of
variation is on the order of unity with respect to the coordi-
nates t̂ and x̂�, in the following series of �:

f̂ i = f̂ i
eq�0� + Fi

�0� + �Fi
�1� + �2Fi

�2� + ¯ , �19�

where the terms with Fi
�m� on the right-hand side represent

the deviation of the velocity distribution function, whose
nonlinear terms are neglected according to the assumption.
The deviation of the macroscopic variables defined by

� = �̂ − 1, û�, P = p̂ − 1, � = T̂ − 1, �20a�

is also expanded as

H = H�0� + �H�1� + �2H�2� + ¯ , �20b�

where H represents any of the deviation of the macroscopic
variables �, û�, P, and �. The component functions H�m�

satisfy the following relations from Eqs. �11a�–�11d�:

��m� = �
i=1

N

Fi
�m�, �21a�

û�
�m� = �

i=1

N

Fi
�m�ĉi�, �21b�

D���m� + ��m�� = �
i=1

N

Fi
�m�ĉi�

2 , �21c�

P�m� = ��m� + ��m�, �21d�

where the nonlinear terms of the deviation are neglected.
The equilibrium distribution function is also expanded as

follows:

f̂ i
eq = f̂ i

eq�0� + Fi
eq�0� + �Fi

eq�1� + �2Fi
eq�2� + ¯ . �22�

Here, Fi
eq�m� satisfies the following constraints from Eqs.

�14a�–�14e�:

��m� = �
i=1

N

Fi
eq�m�, �23a�

û�
�m� = �

i=1

N

Fi
eq�m�ĉi�, �23b�

P�m���� = �
i=1

N

Fi
eq�m�ĉi�ĉi�, �23c�

û�
�m���� + û�

�m���� + û�
�m���� = �

i=1

N

Fi
eq�m�ĉi�ĉi�ĉi�, �23d�

�D + 2��P�m� + ��m����� = �
i=1

N

Fi
eq�m�ĉi�ĉi�ĉi�

2 , �23e�

where the nonlinear terms of the deviation are neglected.
Recalling that the time-derivative term can be neglected

in Eq. �12a�, we substitute Eqs. �19� and �22� into Eq. �12a�
�without the time-derivative term�. After arranging the same
order terms in �, we obtain the following series of linear
equations for Fi

�m�:

Li�Fj
�0�� = 0, �24a�

Li�Fj
�m�� = ĉi�

�Fi
�m−1�

� x̂�

�m = 1,2, . . .� , �24b�

where Li�Fj
�m�� is a linear operator expressed as

Li�Fj
�m�� = Fi

eq�m� − Fi
�m�

=
�Fi

eq�0�

���0� �
j=1

N

Fj
�m� +

�Fi
eq�0�

� û�
�0� �

j=1

N

Fj
�m�ĉj�

+
1

D

�Fi
eq�0�

�P�0� �
j=1

N

Fj
�m�ĉj�

2 − Fi
�m�. �25�

Here, the partial derivatives of Fi
eq�0� with respect to ��0�, û�

�0�

��=1, . . . ,D�, or P�0� are taken with the other D+1 variables
among ��0�, û�

�0�, and P�0� being fixed.
The solution of the linear homogeneous equation �24a� is

Fi
�0� = Fi

eq�0� =
�Fi

eq�0�

���0� ��0� +
�Fi

eq�0�

� û�
�0� û�

�0� +
�Fi

eq�0�

�P�0� P�0�.

�26�

This is the linear combination of the following D+2 inde-
pendent solutions:

�Fi
eq�0�

���0� ,
�Fi

eq�0�

� û�
�0� �� = 1, . . . ,D�,

�Fi
eq�0�

�P�0� . �27�

Equation �24b� is an inhomogeneous equation whose homo-
geneous part is the same as that for Eq. �24a�. Their common
associated homogeneous equation has D+2 independent so-
lutions �27�. For this Eq. �24b� to have a solution, therefore,
its inhomogeneous term must satisfy the following relation
�solvability condition�:

�
i=1

N

giĉi�

�Fi
�m−1�

� x̂�

= 0 �m = 1,2, . . .� , �28a�

where

gi = 1, ĉi�, or ĉi�
2 , �28b�

since the left-hand side of Eq. �24b� or Li�Fj
�m�� satisfies

�i=1
N giLi�Fj

�m��=0 from Eqs. �21a�–�21d� and �23a�–�23c�.
When condition �28a� is satisfied, the solution of Eq. �24b� is
given by
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Fi
�m� = Fi

eq�m� − ĉi�

�Fi
�m−1�

� x̂�

�m = 1,2, . . .� . �29�

Substituting Eqs. �26� and �29� into the solvability condition
�28a�, we can obtain the equations for the macroscopic vari-
ables in the following way. First, from Eq. �28a� �m=1� with
gi= ĉi�,

�P�0�

� x̂�

= 0. �30�

Next, from Eq. �28a� with gi=1, ĉi�, and ĉi�
2 , we get the

following set of equations for the set of variables
�û�

�m� , P�m+1� ,��m��:

� û�
�m�

� x̂�

= 0, �31a�

�P�m+1�

� x̂�

=
�2û�

�m�

� x̂�
2 + R�

�m�, �31b�

�2��m�

� x̂�
2 = RD+1

�m� , �31c�

with m=0,1 ,2 , . . ., where

P�m� = ��m� + ��m�, �32�

R�
�m� = �

0 �m = 0�

�
r=3

m+2

�− 1�r

�r��
i=1

N

Fi
eq�m+2−r�ĉi�ĉi�1

ĉi�2
¯ ĉi�r�

� x̂�1
� x̂�2

¯ � x̂�r

�m = 1,2, . . .� ,� �33a�

RD+1
�m� = �

0 �m = 0�

−
�R�

�m−1�

� x̂�

+ �
r=3

m+2
�− 1�r−1

D + 2

�r��
i=1

N

Fi
eq�m+2−r�ĉi�

2 ĉi�1
ĉi�2

¯ ĉi�r�
� x̂�1

� x̂�2
¯ � x̂�r

�m = 1,2, . . .�.� �33b�

The set of equations �31a�–�31c� is the desired set of fluid-
dynamics-type equations derived from the kinetic equation
�3� of the LBM. When m=0, the set of equations �31a�–�31c�
is nothing but the Stokes set of equations, which is the cor-
rect set to describe the behavior a gas in the continuum limit
with Ma��. From the next order, the inhomogeneous terms
R�

�m� and RD+1
�m� appear on the right-hand sides of Eqs. �31b�

and �31c�. These terms are defined by Eqs. �33a� and �33b�
and they include the moments of Fi

eq�q� �q=0, . . . ,m−1�
which are not prescribed at the outset in Eqs. �23a�–�23e�.
Noting that û�

�m� and P�m+1� are determined only by Eqs. �31a�
and �31b� and ��m� is determined only by Eq. �31c� individu-
ally, we find the following results:

The relative error of the flow velocity and the pressure
gradient is

O��M0� if R�
�M0� is not irrotational and R�

�m�

�m � M0 − 1� is irrotational, �34a�

where R�
�m� �m=1,2 , . . . ,M0� is given by Eq. �33a�. The rela-

tive error of the temperature is

O��M1� if RD+1
�M1� � 0 and RD+1

�m� �m � M1 − 1� = 0,

�34b�

where RD+1
�m� �m=1,2 , . . . ,M1� is given by Eq. �33b�.

In Eq. �34a�, we used the fact that, if R�
�m� is irrotational or

R�
�m�=���m� /�x̂�, this inhomogeneous term can be incorpo-

rated into the pressure term of the momentum equation �31b�
by introducing P̄�m+1�= P�m+1�−��m�. Then the corresponding
set of equations admits zero solution, and a deviation from
the correct solution does not arise.

B. Thermal model

Both the analytical process and its results are completely
the same as those of the compressible model, since the dif-
ference between the two models is represented by the non-
linear terms of the flow velocity in Eqs. �15a� and �15b�, and
these terms never appear in the above analysis where the
nonlinear deviation terms are neglected. Thus, the set of
equations for the macroscopic variables is given by the same
set as that for the compressible model, or Eqs. �31a�–�31c�.
The order of the error is given by Eqs. �34a� and �34b�.

C. Isothermal model

The analytical process is similar to that for the compress-
ible model. Only its outline is given here. First, from Eqs.
�14a�, �14b�, �16a�, and �16b�, the constraints for the mo-
ments of Fi

eq�m� are given by Eqs. �23a�–�23d� with ��m�=0
�or P�m�=��m��. A series of equations for Fi

�m� is given by
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Eqs. �24a� and �24b�. The common associated homogeneous
equation for the inhomogeneous equations �24b� has no D
+2 but D+1 independent solutions:

�Fi
eq�0�

���0� ,
�Fi

eq�0�

� û�
�0� �� = 1, . . . ,D� , �35�

since Fi
eq�0� depends only on ��0� and û�

�0�. The solvability
condition is therefore Eq. �28a� with gi=1 and ĉi� only.
When the solvability condition is satisfied, the solution is
given by Eq. �29�. Substituting this solution and the leading-
order solution Fi

�0�=Fi
eq�0� into the solvability condition, we

get Eq. �30� and the sets of equations �31a� and �31b� for the
variables �u�

�m� , P�m+1��. This set �Eqs. �31a� and �31b�� is the
same as that of the compressible model for the variables
�u�

�m� , P�m+1��. Thus, the relative error of the flow velocity and
the pressure gradient is given by Eq. �34a�. Junk and Yang
�14� made the asymptotic analysis independently and ob-
tained the result that the relative error of any isothermal
model is O��2�. It is because they used the symmetry condi-
tion of the discrete velocity set in their analysis, or
�i=1

N ĉi�1
¯ ĉi�2r−1

=0 �r is an integer�, and this together with
Eq. �30� �so that P�0�=0 without loss of generality� makes
R�

�1� irrotational, while R�
�2� is not. The above symmetry con-

dition was used by Junk and Yang because any existing LBM
models possess this property. We avoided using this symme-
try in view of a possibility that a new model may appear in
the future without this symmetry.

V. ASYMPTOTIC ANALYSIS FOR SMALL ε

WITH MaÈε (ReÈ1)

A. Compressible model

Consider a case where the deviation of the distribution

function f̂ i from the equilibrium distribution function of the

uniform state at rest f̂ i
eq�0� is on the order of �. From Eq. �17�

and Ma��, Sh can be put as

Sh = B� , �36�

where B is a given constant of order unity. We then make an
asymptotic analysis for small � according to Refs. �15–17�.
That is, we look for the solution whose scale of variation is
on the order of unity with respect to the coordinates t̂ and x̂�,
in the following power series of �:

f̂ i = f̂ i
eq�0� + � f̂ i

�1� + �2 f̂ i
�2� + ¯ , �37�

where the component function f̂ i
�m� is a quantity on the order

of unity, and the series of the deviation starts from the first
order of �.

The deviation of the macroscopic variables defined by Eq.
�20a� is also expanded:

H = �H�1� + �2H�2� + �2H�3� + ¯ , �38�

where H represents any of the deviation of the macroscopic
variables �, û�, P, and �. The component functions H�m�

satisfy the following relations from Eqs. �11a�–�11d�:

��1� = �
i=1

N

f̂ i
�1�, �39a�

û�
�1� = �

i=1

N

f̂ i
�1�ĉi�, �39b�

D���1� + ��1�� = �
i=1

N

f̂ i
�1�ĉi�

2 , �39c�

P�1� = ��1� + ��1�, �39d�

��2� = �
i=1

N

f̂ i
�2�, �40a�

û�
�2� + ��1�û�

�1� = �
i=1

N

f̂ i
�2�ĉi�, �40b�

D���2� + ��2� + ��1���1�� + �û�
�1��2 = �

i=1

N

f̂ i
�2�ĉi�

2 , �40c�

P�2� = ��2� + ��2� + ��1���1�,

¯ . �40d�

The equilibrium distribution function is also expanded as
follows:

f̂ i
eq = f̂ i

eq�0� + � f̂ i
eq�1� + �2 f̂ i

eq�2� + ¯ . �41�

Here, f̂ i
eq�m� �m=1,2 , . . .� satisfies the following constraints

from Eqs. �14a�–�14e�:

��1� = �
i=1

N

f̂ i
eq�1�, �42a�

û�
�1� = �

i=1

N

f̂ i
eq�1�ĉi�, �42b�

P�1���� = �
i=1

N

f̂ i
eq�1�ĉi�ĉi�, �42c�

û�
�1���� + û�

�1���� + û�
�1���� = �

i=1

N

f̂ i
eq�1�ĉi�ĉi�ĉi�, �42d�

�D + 2��P�1� + ��1����� = �
i=1

N

f̂ i
eq�1�ĉi�ĉi�ĉi�

2 , �42e�

��2� = �
i=1

N

f̂ i
eq�2�, �43a�
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û�
�2� + ��1�û�

�1� = �
i=1

N

f̂ i
eq�2�ĉi�, �43b�

P�2���� + û�
�1�û�

�1� = �
i=1

N

f̂ i
eq�2�ĉi�ĉi�, �43c�

û�
�2���� + û�

�2���� + û�
�2���� + P�1��û�

�1���� + û�
�1���� + û�

�1�����

= �
i=1

N

f̂ i
eq�2�ĉi�ĉi�ĉi�, �43d�

�D + 2��P�2� + ��2� + P�1���1����� + �D + 4�û�
�1�û�

�1� + �û�
�1��2���

= �
i=1

N

f̂ i
eq�2�ĉi�ĉi�ĉi�

2 ,

¯ . �43e�

Substituting Eqs. �36�, �37�, and �41� into Eq. �12a� and ar-
ranging the same order terms in �, we obtain the following

series of equations for f̂ i
�m�:

Li� f̂ j
�1�� = 0, �44a�

Li� f̂ j
�m�� = − Qi

�m�� f̂ j
�1�, . . . , f̂ j

�m−1�� + B
� f̂ i

�m−2�

� t̂
+ ĉi�

� f̂ i
�m−1�

� x̂�

�m = 2,3, . . .� , �44b�

where

Li� f̂ j
�m�� + Qi

�m�� f̂ j
�1�, . . . , f̂ j

�m−1�� = f̂ i
eq�m� − f̂ i

�m�. �44c�

Here, Li� f̂ j
�m�� is the collision operator of the homogeneous

part, which is specifically given by

Li� f̂ j
�m�� =

� f̂ i
eq�1�

���1� �
j=1

N

f̂ j
�m� +

� f̂ i
eq�1�

� û�
�1� �

j=1

N

f̂ j
�m�ĉj�

+
1

D

� f̂ i
eq�1�

�P�1� �
j=1

N

f̂ j
�m�ĉj�

2 − f̂ i
�m�, �45�

and Qi
�m� is the remaining collision operator of the inhomo-

geneous part composed of the lower-order component func-

tions. Note that Li� f̂ j
�m�� and Qi

�m� have the following proper-
ties for their moments:

�
i=1

N

giLi� f̂ j
�m�� = 0, �

i=1

N

giQi
�m� = 0, �46�

where gi is given by Eq. �28b�. The first relation of Eq. �46�
is obtained by taking the moments of Eq. �45� with respect to
gi and using Eqs. �42a�–�42c�. The second is obtained by
taking the moments of Eq. �44c�, where the moments on the
right-hand side vanish.

Equation �44a� is a linear homogeneous equation. The so-
lution is

f̂ i
�1� = f̂ i

eq�1� =
� f̂ i

eq�1�

���1� ��1� +
� f̂ i

eq�1�

� û�
�1� û�

�1� +
� f̂ i

eq�1�

�P�1� P�1�. �47�

This is the linear combination of the following D+2 inde-
pendent solutions:

� f̂ i
eq�1�

���1� ,
� f̂ i

eq�1�

� û�
�1� �� = 1, . . . ,D�,

� f̂ i
eq�1�

�P�1� . �48�

Equation �44b� is an inhomogeneous equation whose homo-
geneous part is the same as that for Eq. �44a�. For this Eq.
�44b� to have a solution, its inhomogeneous term must sat-
isfy the following relation �solvability condition�:

�
i=1

N

gi�B
� f̂ i

�m−2�

� t̂
+ ĉi�

� f̂ i
�m−1�

� x̂�

� = 0 �m = 2,3, . . .� , �49�

since Li� f̂ j
�m�� and Qi

�m� satisfy Eqs. �46�. It is noted that the
first term on the left-hand side of Eq. �49� is zero when m
=2. When condition �49� is satisfied, the solution of Eq.
�44b� is given by

f̂ i
�m� = f̂ i

eq�m� − B
� f̂ i

�m−2�

� t̂
− ĉi�

� f̂ i
�m−1�

� x̂�

�m = 2,3, . . .� .

�50�

Substituting Eqs. �47� and �50� into the solvability condition
�49�, we can get the equations for the macroscopic variables
in the following way. First, from the solvability condition
�49� with m=2,

� û�
�1�

� x̂�

= 0, �51a�

�P�1�

� x̂�

= 0. �51b�

The two relations in the solvability condition with gi=1 and
gi= ĉi�

2 degenerate into the same Eq. �51a�.
From the solvability condition �49� with m=3,

B
���1�

� t̂
+ û�

�1����1�

� x̂�

+
� û�

�2�

� x̂�

= 0, �52a�

B
� û�

�1�

� t̂
+ û�

�1�� û�
�1�

� x̂�

+
�P�2�

� x̂�

=
�2û�

�1�

� x̂�
2 , �52b�

B� ���1�

� t̂
−

2

D + 2

�P�1�

� t̂
� + û�

�1����1�

� x̂�

=
�2��1�

� x̂�
2 . �52c�

From the solvability condition �49� with m=4,

B
���2�

� t̂
+ û�

�1����2�

� x̂�

+ û�
�2����1�

� x̂�

+
� û�

�3�

� x̂�

+ ��1�� û�
�2�

� x̂�

= 0,

�53a�
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B� � û�
�2�

� t̂
+ ��1��u�

�1�

� t̂
� + û�

�1�� û�
�2�

� x̂�

+ �û�
�2� + ��1�û�

�1��
� û�

�1�

� x̂�

+
�

� x̂�
�P�3� − 2

� û�
�2�

� x̂�
�

=
�

� x̂�
� � û�

�2�

� x̂�

+ P�1�� û�
�1�

� x̂�
� + R̂�, �53b�

B� ���2�

� t̂
+ ��1����1�

� t̂
� + û�

�1����2�

� x̂�

+ �û�
�2� + ��1�û�

�1��
���1�

� x̂�

−
2

D + 2�B
�P�2�

� t̂
+ û�

�1��P�2�

� x̂�
�

=
�

� x̂�
� ���2�

� x̂�

+ P�1����1�

� x̂�
� +

1

D + 2� � û�
�1�

� x̂�

+
� û�

�1�

� x̂�
�2

+ R̂D+1, �53c�

where

R̂� = −

�3��
i=1

N

f̂ i
eq�1�ĉi�ĉi�1

ĉi�2
ĉi�3�

� x̂�1
� x̂�2

� x̂�3

�� = 1, . . . ,D� ,

�54a�

R̂D+1 = −
1

D + 2

�3��
i=1

N

f̂ i
eq�1�ĉi�

2 ĉi�1
ĉi�2

ĉi�3�
� x̂�1

� x̂�2
� x̂�3

. �54b�

We can obtain the higher-order sets in a similar way.
The series of equations obtained from the solvability con-

dition �49�, together with the equation of state, constitutes
systems of equations that determine the component functions
��m�, û�

�m�, ��m�, and P�m� of the macroscopic variables �, û�,
�, and P. First, P�1� is constant from Eq. �51b�. Next, ��1�,
û�

�1�, ��1�, and P�2� are determined by Eqs. �51a�, �52b�, and
�52c�. Then, ��2�, û�

�2�, ��2�, and P�3� are determined by Eqs.
�52a�, �53b�, and �53c�. The higher-order sets are also deter-
mined in a similar way.

We find that the lowest-order set �Eqs. �51a�, �52b�, and
�52c�� corresponds to the incompressible Navier-Stokes �NS�
set of equations, which correctly describes the behavior of a
gas in the continuum limit with Re�1 �17�. The incompress-
ible NS set is given, in its nondimensional form, as

� û�

� x̂�

= 0, �55a�

Sh
� û�

� t̂
+ û�

� û�

� x̂�

+
�P

� x̂�

=
U


RT0

1

Re

�2û�

� x̂�
2 , �55b�

Sh� ��

� t̂
−

R

Cp

�P

� t̂
� + û�

��

� x̂�

=
U


RT0

1

Pr Re

�2�

� x̂�
2 , �55c�

with

P = � + � + �� , �55d�

where Cp is the specific heat at constant pressure and Pr is
the Prandtl number defined by

Pr =
Cp�

�
�56�

�� is the thermal conductivity�. Considering the ordering of
each term in the leading-order set �Eqs. �51a�, �52b�, and
�52c�� and noting Eq. �36�, we find that this leading-order set
corresponds to the incompressible NS set �or Eqs.
�55a�–�55c�� whose parameters Cp /R, Re, and Pr are given
by

Cp

R
=

D + 2

2
, Re =

U

�
RT0

=
UL

	RT0
, Pr = 1. �57�

Proceeding to the next-order set of equations �52a�, �53b�,
and �53c�, however, we find that it includes inhomogeneous
terms composed of the leading-order solution. For example,
the continuity equation �52a� includes the inhomogeneous
terms B���1� /�t̂+ û�

�1����1� /�x̂�, which are nonzero in gen-
eral. Thus, the solution at this order becomes nonzero and
produces a deviation from the correct solution of the leading-
order set. The relative error of the compressible LBM model
is therefore O���.

B. Thermal model

Both the analytical process and its results are almost the
same as those of the compressible model, since the differ-
ence between the two models is represented by the nonlinear
terms of the flow velocity in Eqs. �15a� and �15b�, and these
terms appear only at the higher orders of �. Thus, the
leading-order set of equations for the variables ��1�, û�

�1�, ��1�,
and P�2� is the same as that of the compressible model �or
Eqs. �51a�, �52b�, and �52c��, which is the incompressible NS
set. The next-order set of equations for the variables ��2�,
û�

�2�, ��2�, and P�3� is also the same as that of the compressible
model �or Eqs. �52a�, �53b�, and �53c�� except for the energy
equation �53c�. This set evidently includes nonzero inhomo-
geneous terms since Eq. �52a� includes B���1� /�t̂
+ û�

�1����1� /�x̂�. Thus, the solution at this order becomes
nonzero and the relative error of the thermal model is O���.

C. Isothermal model

Only the outline of the analysis is given. From Eqs. �14a�,
�14b�, �16a�, and �16b�, the constraints for the moments of

the component function f̂ i
eq�m� �m=1,2 , . . .� are Eqs.

�42a�–�42d� and �43a�–�43d�, and their higher orders with

��m�=0 �or P�m�=��m��. The equations for f̂ i
�m� are Eqs. �44a�

and �44b�. The common associated homogeneous equation
for the inhomogeneous equations �44b� has no D+2 but D
+1 independent solutions:

� f̂ i
eq�1�

���1� ,
� f̂ i

eq�1�

� û�
�1� �� = 1, . . . ,D� , �58�

since f̂ i
eq�1� depends only on ��1� and û�

�1�. Thus, the solvabil-
ity condition is Eq. �49� with only gi=1 and ĉi�. When the
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solvability condition is satisfied, the solution is given by Eq.
�50�. Substituting this solution and the leading-order solution

f̂ i
�1�= f̂ i

eq�1� into the solvability condition, we get the equations
for the macroscopic variables in the following way. First,
from the solvability condition �49� with m=2 and ��1�=0, we
get

� û�
�1�

� x̂�

= 0, �59a�

�P�1�

� x̂�

= 0, �59b�

��1� = 0. �59c�

Here, P�1� is independent of x̂� from Eq. �59b�. From Eq.
�59c� and the equation of state �39d�, we find that ��1� is also
independent of x̂�. In an open-domain problem, where the
time-independent density is specified, for example, at infin-
ity, ��1� can be put to zero by choosing the reference state at
infinity. In a closed-domain problem, where the total mass in
the domain is specified, ��1� can be put to zero by choosing
the average density as the reference density. Thus, we can
put

��1� = P�1� = 0, �60�

without losing generality.
From the solvability condition �49� with m=3 and ��2�

=0, we have

� û�
�2�

� x̂�

= 0, �61a�

B
� û�

�1�

� t̂
+ û�

�1�� û�
�1�

� x̂�

+
�P�2�

� x̂�

=
�2û�

�1�

� x̂�
2 , �61b�

��2� = 0. �61c�

From the solvability condition �49� with m=4 and the defi-
nition of ��3�=0,

B
���2�

� t̂
+ û�

�1����2�

� x̂�

+
� û�

�3�

� x̂�

= 0, �62a�

B
� û�

�2�

� t̂
+ û�

�1�� û�
�2�

� x̂�

+ û�
�2�� û�

�1�

� x̂�

+
�P�3�

� x̂�

=
�2û�

�2�

� x̂�
2 + R̂�,

�62b�

��3� = 0, �62c�

where R̂� is given by Eq. �54a�. We can obtain the higher-
order sets in a similar way.

The component functions û�
�m� and P�m� ���m� is deter-

mined by the equation of state and ��m�=0� of the macro-
scopic variables û� and P are determined in the following
way: first, P�1�=0 from Eq. �60�. Next, û�

�1� and P�2� are de-
termined by Eqs. �59a� and �61b�. Then, û�

�2� and P�3� are

determined by Eqs. �61a� and �62b�. The higher-order sets
are also determined in a similar way.

Considering the ordering of each term in the leading-order
set �Eqs. �59a� and �61b��, we find that this set corresponds
to the incompressible NS set �55a� and �55b� �without the
energy equation �55c��, whose parameter Re is given by Eq.
�57�. Proceeding to the next-order set of equations �61a� and

�62b�, however, we find that the inhomogeneous term R̂�

appears on the right-hand side of Eq. �62b�. If R̂� is irrota-

tional, R̂� is represented by R̂�=�� /�x̂�, and this term can
be incorporated into the pressure term of the momentum

equation by introducing P̄�3�= P�3�−�. This set of equations

�61a� and �62b� therefore admits zero solution when R̂� is

irrotational, while it has nonzero solution when R̂� is not
irrotational. The next-order set evidently includes inhomoge-
neous terms, for instance, its continuity equation �62a� in-
cludes the inhomogeneous terms B���2� /�t̂+ û�

�1����2� /�x̂�,
and the solution at this order becomes nonzero. Thus, the
relative error of the thermal model is given by

O��2� if R̂� is irrotational,

O��� otherwise, �63�

where R̂� is given by Eq. �54a�. Junk et al. �13� made the
asymptotic analysis independently and obtained the result
that the relative error of any isothermal model is O��2�. It is
because they used the symmetry condition �i=1

N ĉi�1
¯ ĉi�2r−1

=0 �r is an integer� of the discrete velocity set, and this

together with Eq. �60� makes R̂� irrotational. We avoided
using this symmetry in the analysis.

VI. ASYMPTOTIC ANALYSIS FOR SMALL ε

WITH MaÈ1 (Reš1)

We consider here two typical flow patterns for Ma�1.
First is a flow around a simple boundary without any shocks
and contact discontinuities. Second is a flow without any
boundary but with shocks and contact discontinuities. In the
former case, the thin viscous boundary layer is formed near
the boundary. In the layer, the variation of the state is aniso-
tropic, while it is isotropic outside the layer called the Euler
region. The two regions �Euler region and viscous boundary
layer� therefore should be treated separately in the analysis.
The Euler region is treated in Sec. VI A, and the viscous
boundary layer is treated in Sec. VI B �17,30�. In the latter
case, where the shock waves and contact discontinuities ap-
pear, the solution includes discontinuities, and they must be
taken into account correctly in the analysis. Since the usual
LBM scheme �4� is not consistent with the kinetic equation
�3� itself, but with the integral relation �6�, the �nondimen-
sional� integral relation �13� is used as a basic equation. Then
the macroscopic variables obtained from the integral relation
are found to satisfy, at their leading order in �, the weak form
of the Euler equations, which can correctly describe the be-
havior of a gas with shocks and contact discontinuities
�31–33�. This last case is treated in Sec. VI C.
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A. Euler region

1. Compressible model

Consider a case where the deviation of the distribution

function f̂ i is on the order of unity. We then look for the
smooth solution whose scale of variation is on the order of
unity with respect to the coordinates t̂ and x̂�, in a power
series of � �34�:

f̂ i = f̂ i
�0� + � f̂ i

�1� + �2 f̂ i
�2� + ¯ , �64�

where the component function f̂ i
�m� is a quantity on the order

of unity.
Macroscopic variables are also expanded:

ĥ = ĥ�0� + �ĥ�1� + �2ĥ�2� + ¯ , �65�

where ĥ represents any of the macroscopic variables �̂, û�, T̂,

and p̂. The component functions ĥ�m� satisfy the following
relations from Eqs. �11a�–�11d�:

�̂�0� = �
i=1

N

f̂ i
�0�, �66a�

�̂�0�û�
�0� = �

i=1

N

f̂ i
�0�ĉi�, �66b�

D�̂�0�T̂�0� + �̂�0��û�
�0��2 = �

i=1

N

f̂ i
�0�ĉi�

2 , �66c�

p̂�0� = �̂�0�T̂�0�, �66d�

�̂�1� = �
i=1

N

f̂ i
�1�, �67a�

�̂�1�û�
�0� + �̂�0�û�

�1� = �
i=1

N

f̂ i
�1�ĉi�, �67b�

D��̂�0�T̂�1� + ��1�T�0�� + 2�̂�0�û�
�1�û�

�0� + �̂�1��û�
�0��2 = �

i=1

N

f̂ i
�1�ĉi�

2 ,

�67c�

p̂�1� = �̂�0�T̂�1� + ��1�T�0�,

¯ . �67d�

The equilibrium distribution function is also expanded as
follows:

f̂ i
eq = f̂ i

eq�0� + � f̂ i
eq�1� + �2 f̂ i

eq�2� + ¯ . �68�

Here, f̂ i
eq�m� satisfies the following constraints from Eqs.

�14a�–�14e�:

�̂�0� = �
i=1

N

f̂ i
eq�0�, �69a�

�̂�0�û�
�0� = �

i=1

N

f̂ i
eq�0�ĉi�, �69b�

p̂�0���� + �̂�0�û�
�0�û�

�0� = �
i=1

N

f̂ i
eq�0�ĉi�ĉi�, �69c�

p̂�0��û�
�0���� + û�

�0���� + û�
�0����� + �̂�0�û�

�0�û�
�0�û�

�0�

= �
i=1

N

f̂ i
eq�0�ĉi�ĉi�ĉi�, �69d�

�D + 2�p̂�0�T̂�0���� + p̂�0���D + 4�û�
�0�û�

�0� + �û�
�0��2����

+ �̂�0�û�
�0�û�

�0��û�
�0��2

= �
i=1

N

f̂ i
eq�0�ĉi�ĉi�ĉi�

2 , �69e�

�̂�1� = �
i=1

N

f̂ i
eq�1�, �70a�

�̂�0�û�
�1� + �̂�1�û�

�0� = �
i=1

N

f̂ i
eq�1�ĉi�, �70b�

p̂�1���� + �̂�0��û�
�1�û�

�0� + û�
�0�û�

�1�� + �̂�1�û�
�0�û�

�0� = �
i=1

N

f̂ i
eq�1�ĉi�ĉi�,

�70c�

p̂�0��û�
�1���� + û�

�1���� + û�
�1����� + p̂�1��û�

�0���� + û�
�0����

+ û�
�0����� + �̂�0��û�

�1�û�
�0�û�

�0� + û�
�0�û�

�1�û�
�0� + û�

�0�û�
�0�û�

�1��

+ �̂�1�û�
�0�û�

�0�û�
�0�

= � f̂ i
eq�1�ĉi�ĉi�ĉi�, �70d�

�D + 2��p̂�1�T̂�0� + p̂�0�T̂�1����� + p̂�0���D + 4��û�
�1�û�

�0�

+ û�
�0�û�

�1�� + 2û�
�0�û�

�1����� + p̂�1���D + 4�û�
�0�û�

�0�

+ �û�
�0��2���� + �̂�0��û�

�1�û�
�0��û�

�0��2 + û�
�0�û�

�1��û�
�0��2

+ 2û�
�0�û�

�0�û�
�0�û�

�1�� + �̂�1�û�
�0�û�

�0��û�
�0��2

= � f̂ i
eq�1�ĉi�ĉi�ĉi�

2 ,

¯ . �70e�

Substituting Eqs. �64� and �68� into Eq. �12a� and noting that
Sh is on the order of unity from Eq. �17� with Ma�1, we
arrange the same order terms in �. We then obtain the fol-

lowing series of equations for f̂ i
�m�:
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f̂ i
eq�0� − f̂ i

�0� = 0, �71a�

Li� f̂ j
�m�� = − Qi

�m�� f̂ j
�0�, . . . , f̂ j

�m−1�� + Sh
� f̂ i

�m−1�

� t̂

+ ĉi�

� f̂ i
�m−1�

� x̂�

�m = 1,2, . . .� , �71b�

where

Li� f̂ j
�m�� + Qi

�m�� f̂ j
�0�, . . . , f̂ j

�m−1�� = f̂ i
eq�m� − f̂ i

�m�, �71c�

and Li� f̂ j
�m�� is the collision operator of the homogeneous

part, which is specifically given by

Li� f̂ j
�m�� =

� f̂ i
eq�0�

� �̂�0� �
j=1

N

f̂ j
�m� +

� f̂ i
eq�0�

���̂�0�û�
�0���j=1

N

f̂ j
�m�ĉj�

+
� f̂ i

eq�0�

��Dp̂�0� + �̂�0��û�
�0��2��j=1

N

f̂ j
�m�ĉj�

2 − f̂ i
�m�. �72�

Here, the derivatives of f̂ i
eq�0� with respect to �̂�0�, �̂�0�û�

�0�

��=1, . . . ,D�, or Dp̂�0�+ �̂�0��û�
�0��2 are taken with the other

D+1 variables among �̂�0�, �̂�0�û�
�0�, and Dp̂�0�+ �̂�0��û�

�0��2 be-
ing fixed. Qi

�m� is the remaining collision operator of the in-
homogeneous part composed of the lower-order component

functions. Li� f̂ j
�m�� and Qi

�m� have the following properties for
their moments:

�
i=1

N

giLi� f̂ j
�m�� = 0, �

i=1

N

giQi
�m� = 0, �73�

where gi is given by Eq. �28b�.
The solution of Eq. �71a� is

f̂ i
�0� = f̂ i

eq�0�. �74�

Equation �71b� for f̂ i
�m� is inhomogeneous, and for Eq. �71b�

to have a solution, its inhomogeneous term must satisfy the
following relation �solvability condition�:

�
i=1

N

gi�Sh
� f̂ i

�m−1�

� t̂
+ ĉi�

� f̂ i
�m−1�

� x̂�

� = 0 �m = 1,2, . . .� ,

�75�

since Li� f̂ j
�m�� and Qi

�m� satisfy Eqs. �73�. When condition �75�
is satisfied, the solution of Eq. �71b� is given by

f̂ i
�m� = f̂ i

eq�m� − Sh
� f̂ i

�m−1�

� t̂
− ĉi�

� f̂ i
�m−1�

� x̂�

�m = 1,2, . . .� .

�76�

Substituting Eqs. �74� and �76� into the solvability condition
�75�, we can get the equations for the macroscopic variables
in the following way. From the solvability condition �75�
with m=1,

Sh
� �̂�0�

� t̂
+

� �̂�0�û�
�0�

� x̂�

= 0, �77a�

�̂�0��Sh
� û�

�0�

� t̂
+ û�

�0�� û�
�0�

� x̂�
� +

� p̂�0�

� x̂�

= 0, �77b�

D

2
�̂�0��Sh

�T̂�0�

� t̂
+ û�

�0��T̂�0�

� x̂�

� + p̂�0�� û�
�0�

� x̂�

= 0, �77c�

From the solvability condition �75� with m=2,

Sh
� �̂�1�

� t̂
+

���̂�0�û�
�1� + �̂�1�û�

�0��
� x̂�

= 0, �78a�

Sh��̂�0�� û�
�1�

� t̂
+ �̂�1�� û�

�0�

� t̂
� + �̂�0�û�

�0�� û�
�1�

� x̂�

+ ��̂�1�û�
�0�

+ �̂�0�û�
�1��

� û�
�0�

� x̂�

+
� p̂�1�

� x̂�

=
�

� x̂�

p̂�0�� � û�

�0�

� x̂�

+
� û�

�0�

� x̂�

−
2

3

� û�
�0�

� x̂�

����
+ 2p̂�0��1

3
−

1

D
� � û�

�0�

� x̂�

���� , �78b�

D

2

Sh��̂�0��T̂�1�

� t̂
+ �̂�1��T̂�0�

� t̂
� + �̂�0�û�

�0��T̂�1�

� x̂�

+ ��̂�0�û�
�1�

+ �̂�1�û�
�0��

�T̂�0�

� x̂�
� + p̂�0�� û�

�1�

� x̂�

+ p̂�1�� û�
�0�

� x̂�

=
D + 2

2

�

� x̂�

�p̂�0��T̂�0�

� x̂�

� +
� û�

�0�

� x̂�

 p̂�0�� � û�

�0�

� x̂�

+
� û�

�0�

� x̂�

−
2

3

� û�
�0�

� x̂�

���� + 2p̂�0��1

3
−

1

D
� � û�

�0�

� x̂�

���� . �78c�

We can obtain the higher-order sets in a similar way.
The above series of equations, together with the equation

of state, constitutes systems of equations that determine the

component functions �̂�m�, û�
�m�, T̂�m�, and p̂�m� of the macro-

scopic variables �̂, û�, T̂, and p̂. First, �̂�0�, û�
�0�, T̂�0�, and p̂�0�

are determined by Eqs. �77a�–�77c�. Next, �̂�1�, û�
�1�, T̂�1�, and

p̂�1� are determined by Eqs. �78a�–�78c�. The higher-order
sets are also determined in a similar way.

We find that the leading-order set �79a�–�79c� corresponds
to the compressible Euler set of equations, which correctly
describes the flow with a finite Mach number of a gas outside
the boundary layer. The compressible Euler set is given, in
its nondimensional form, as

Sh
� �̂

� t̂
+

� �̂û�

� x̂�

= 0, �79a�
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�̂�Sh
� û�

� t̂
+ û�

� û�

� x̂�
� +

� p̂

� x̂�

= 0, �79b�

Cv

R
�̂�Sh

�T̂

� t̂
+ û�

�T̂

� x̂�

� + p̂
� û�

� x̂�

= 0, �79c�

with

p̂ = �̂T̂ , �79d�

where Cv is the specific heat at constant volume. Comparing
the leading-order set �77a�–�77c� obtained from the LBM
with the compressible Euler set �or Eqs. �79a�–�79c��, we
find that the former set corresponds to the latter set whose
specific heat at constant volume is given by

Cv =
D

2
R . �80�

Proceeding to the next-order set of equations �78a�–�78c�,
however, we find that it evidently includes inhomogeneous
terms. For example, the momentum equation �78b� includes
the viscous terms composed of the leading-order solution on
its right-hand side. Thus, the solution at this order becomes
nonzero and contributes to a deviation from the correct so-
lution of the leading-order set. The relative error is therefore
O���.

2. Thermal model

The analytical process is almost the same as that of the
compressible model, since the differences between the two
models are represented only by the nonlinear terms of the
flow velocity in Eqs. �15a� and �15b�. However, we find that
these differences appear at the leading-order set of fluid-
dynamics-type equations. Specifically, the energy equation
�77c� includes an additional third-order term of the flow ve-
locity which is absent in the compressible Euler set. Thus,
this model cannot describe the flow with a finite Mach num-
ber. This model is not treated any more in the subsequent
analysis of the present section.

3. Isothermal model

This model gives T̂�0�=1 at the leading order, and it is
evident that the energy equation is not derived at this order
properly. Thus, the isothermal model cannot describe the
flow with a finite Mach number. This model is not treated
any more in the subsequent analysis of the present section.

B. Viscous boundary layer

Compressible model

In the viscous boundary layer, the variation of the state is
strongly anisotropic. The length scale of the variation in the
direction normal to the boundary is shrunk by the factor of
1 /
Re than that in the direction parallel to the boundary. In
order to extract the effect of this anisotropy on the accuracy
of the LBM and to avoid complexities, the boundary is as-
sumed to be a plane. Under this assumption, we rotate and

transfer the spatial coordinates so as to locate the x̂3=0 plane
on that of the boundary.

Following the above estimate of the length scale of varia-
tion, we introduce the stretched coordinate y in the x̂3 direc-
tion, which is normal to the boundary:

y = x̂3/� , �81�

where

� = 
� . �82�

We look for the solution whose scale of variation is on the
order of unity with respect to t̂, x̂� ��=1, . . . ,D−1�, and y in
a power series of � �17,30�:

f̂ i = f̂ i
�0� + � f̂ i

�1� + �2 f̂ i
�2� + ¯ . �83�

Macroscopic variables are also expanded in terms of �:

ĥ = ĥ�0� + �ĥ�1� + �2ĥ�2� + ¯ , �84�

where ĥ represents any of the macroscopic variables �̂, û�, T̂,

and p̂. The component functions ĥ�m� satisfy the same rela-
tions as Eqs. �66a�–�66d� and �67a�–�67d�, and their higher
orders. The equilibrium distribution function is also ex-
panded as follows:

f̂ i
eq = f̂ i

eq�0� + � f̂ i
eq�1� + �2 f̂ i

eq�2� + ¯ . �85�

The component function f̂ i
eq�m� satisfies the same constraints

as Eqs. �69a�–�69e� and �70a�–�70e�, and their higher orders.
Before proceeding to the analysis, we note that, hereafter

in this section, we use double indices of � �or �� with ��=1
D−1

sign as representing the summation for � �or �� =1, . . . ,D
−1, e.g., ��=1

D−1�û�
�0��2= �û1

�0��2 for D=2, and ��=1
D−1�û�

�0��2

= �û1
�0��2+ �û2

�0��2 for D=3. Now we return to the main analy-
sis. Substituting Eqs. �83� and �85� into Eq. �12a� and noting
that Sh is on the order of unity, we arrange the same order
terms in �. We then obtain the following series of equations

for f̂ i
�m�:

f̂ i
eq�0� − f̂ i

�0� = 0, �86a�

Li� f̂ j
�m�� = − Qi

�m�� f̂ j
�0�, . . . , f̂ j

�m−1�� + Sh
� f̂ i

�m−2�

� t̂
+ �

�=1

D−1

ĉi�

� f̂ i
�m−2�

� x̂�

+ ĉi3
� f̂ i

�m−1�

�y
�m = 1,2, . . .� , �86b�

where f̂ i
�−1�=0, and

Li� f̂ j
�m�� + Qi

�m�� f̂ j
�0�, . . . , f̂ j

�m−1�� = f̂ i
eq�m� − f̂ i

�m�. �86c�

Here, Li� f̂ j
�m�� is the collision operator of the homogeneous

part and Qi
�m� is the remaining collision operator of the inho-

mogeneous part composed of the lower-order component
functions, both of which have properties �73� for their mo-
ments.

The solution of Eq. �86a� is
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f̂ i
�0� = f̂ i

eq�0�. �87�

For Eq. �86b� to have a solution, its inhomogeneous term
must satisfy the following relation �solvability condition�:

�
i=1

N

gi�Sh
� f̂ i

�m−2�

� t̂
+ �

�=1

D−1

ĉi�

� f̂ i
�m−2�

� x̂�

+ ĉi3
� f̂ i

�m−1�

�y
� = 0

�m = 1,2, . . .� , �88�

since Li� f̂ j
�m�� and Qi

�m� satisfy Eqs. �73�. When condition �88�
is satisfied, the solution of Eq. �86b� is given by

f̂ i
�m� = f̂ i

eq�m� − Sh
� f̂ i

�m−2�

� t̂
− �

�=1

D−1

ĉi�

� f̂ i
�m−2�

� x̂�

− ĉi3
� f̂ i

�m−1�

�y

�m = 1,2, . . .� . �89�

Substituting Eqs. �87� and �89� into the solvability condition
�88�, we can get the equations for the macroscopic variables
in the following way. First, from the solvability condition
�88� with m=1,

� �̂�0�û3
�0�

�y
= 0, �90a�

� p̂�0�

�y
= 0, �90b�

and the other D relations are reduced to identities with the
aid of the following Eq. �91a�. From Eqs. �90a� and �90b�
and the boundary condition û3

�0�=0 at x̂3=0, we get

û3
�0� = 0, �91a�

p̂�0� = p̂�0��t̂, x̂�� . �91b�

From the solvability condition �88� with m=2,

Sh
� �̂�0�

� t̂
+ �

�=1

D−1
� �̂�0�û�

�0�

� x̂�

+
� �̂�0�û3

�1�

�y
= 0, �92a�

�̂�0��Sh
� û�

�0�

� t̂
+ �

�=1

D−1

û�
�0�� û�

�0�

� x̂�

+ û3
�1�� û�

�0�

�y
� +

� p̂�0�

� x̂�

=
�

�y
�p̂�0�� û�

�0�

�y
� �� = 1, . . . ,D − 1� , �92b�

� p̂�1�

�y
= 0, �92c�

D

2
�̂�0��Sh

�T̂�0�

� t̂
+ �

�=1

D−1

û�
�0��T̂�0�

� x̂�

+ û3
�1��T̂�0�

�y
�

+ p̂�0���
�=1

D−1
� û�

�0�

� x̂�

+
� û3

�1�

�y
�

=
�

�y
�D + 2

2
p̂�0��T̂�0�

�y
� + �

�=1

D−1

p̂�0�� � û�
�0�

�y
�2

. �92d�

From the solvability condition �88� with m=3,

Sh
� �̂�1�

� t̂
+ �

�=1

D−1
���̂�0�û�

�1� + �̂�1�û�
�0��

� x̂�

+
���̂�0�û3

�2� + �̂�1�û3
�1��

�y
= 0,

�93a�

Sh��̂�0�� û�
�1�

� t̂
+ �̂�1�� û�

�0�

� t̂
� + �

�=1

D−1 
�̂�0�û�
�0�� û�

�1�

� x̂�

+ ��̂�0�û�
�1�

+ �̂�1�û�
�0��

� û�
�0�

� x̂�
� + �̂�0�û3

�1�� û�
�1�

�y

+ ��̂�0�û3
�2� + �̂�1�û3

�1��
� û�

�0�

�y
+

� p̂�1�

� x̂�

=
�

�y
�p̂�0�� û�

�1�

�y
+ p̂�1�� û�

�0�

�y
� + R̄� �� = 1, . . . ,D − 1� ,

�93b�

�̂�0��Sh
� û3

�1�

� t̂
+ �

�=1

D−1

û�
�0�� û3

�1�

� x̂�

+ û3
�1�� û3

�1�

�y
� +

� p̂�2�

�y

= �
�=1

D−1
�

� x̂�

�2p̂�0�� û�
�0�

�y
� +

�

�y
�3p̂�0�� û3

�1�

�y
� + R̄3,

�93c�

D

2�Sh��̂�0��T̂�1�

� t̂
+ �̂�1��T̂�0�

� t̂
� + �

�=1

D−1 
�̂�0�û�
�0��T̂�1�

� x̂�

+ ��̂�0�û�
�1�

+ �̂�1�û�
�0��

�T̂�0�

� x̂�
� + �̂�0�û3

�1��T̂�1�

�y
+ ��̂�0�û3

�2�

+ �̂�1�û3
�1��

�T̂�0�

�y � + p̂�0���
�=1

D−1
� û�

�1�

� x̂�

+
� û3

�2�

�y
� + p̂�1�

���
�=1

D−1
� û�

�0�

� x̂�

+
� û3

�1�

�y
�

=
D + 2

2

�

�y
�p̂�0��T̂�1�

�y
+ p̂�1��T̂�0�

�y
�

+ �
�=1

D−1 
2p̂�0�� û�
�1�

�y

� û�
�0�

�y
+ p̂�1�� � û�

�0�

�y
�2� + R̄4, �93d�

where
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R̄� = −
�3

�y3��
i=1

N

f̂ i
eq�0�ĉi�ĉi3

3 � , �94a�

R̄3 = −
�3

�y3��
i=1

N

f̂ i
eq�0�ĉi3

4 � , �94b�

R̄4 = − �
�=1

D−1

R̄�û�
�0� −

1

2

�3

�y3
�
i=1

N

f̂ i
eq�0�ĉi3

3 ��
�=1

D−1

ĉi�
2 + ĉi3

2 �� .

�94c�

We can obtain the higher-order sets in a similar way.
The series of equations obtained from the solvability con-

dition �88�, together with the equation of state, constitutes
systems of equations that determine the component functions

�̂�m�, û�
�m� ��=1, . . . ,D−1�, û3

�m�, T̂�m�, and p̂�m� of the macro-

scopic variables �̂, û�, û3, T̂, and p̂. First, û3
�0�=0 from Eq.

�91a�. Next, �̂�0�, û�
�0�, û3

�1�, T̂�0�, and p̂�0� are determined by

Eqs. �92a�, �92b�, �92d�, and �91b�. Then, �̂�1�, û�
�1�, û3

�2�, T̂�1�,
and p̂�1� are determined by Eqs. �93a�, �93b�, �93d�, and
�92c�. The higher-order sets are also determined in a similar
way.

We see that the leading-order set of equations �92a�,
�92b�, �92d�, and �91b� corresponds to the viscous-boundary-
layer set of equations that correctly describes the flow with a
finite Mach number adjacent to the boundary. The viscous-
boundary-layer set is given, in its nondimensional form, as

Sh
� �̂

� t̂
+ �

�=1

D−1
� �̂û�

� x̂�

+
� �̂û3

� x̂3

= 0, �95a�

�̂�Sh
� û�

� t̂
+ �

�=1

D−1

û�

� û�

� x̂�

+ û3
� û�

� x̂3
� +

� p̂

� x̂�

=
�

� x̂3
� �

L
RT0

� û�

� x̂3
� �� = 1, . . . ,D − 1� , �95b�

� p̂

� x̂3

= 0, �95c�

Cv

R
�̂�Sh

�T̂

� t̂
+ �

�=1

D−1

û�

�T̂

� x̂�

+ û3
�T̂

� x̂3
� + p̂��

�=1

D−1
� û�

� x̂�

+
� û3

� x̂3
�

=
�

� x̂3
� �

LR
RT0

�T̂

� x̂3
� +

�

L
RT0
�
�=1

D−1 � � û�

� x̂3
�2

, �95d�

with

p̂ = �̂T̂ , �95e�

where Cv is the specific heat at constant volume, � is the
viscosity, and � is the thermal conductivity. Considering the
ordering of each term in Eqs. �92a�, �92b�, �92d�, and �91b�,
we find that this set corresponds to the viscous-boundary-
layer set �95a�–�95d� whose specific heat at constant volume

Cv and transport coefficients � and � are given by

Cv =
D

2
R, � = �2L
RT0p̂ = 	RT0p̂ ,

� = �2 �D + 2�LR
RT0

2
p̂ =

D + 2

2
	R2T0p̂ . �96�

Proceeding to the next-order set �in terms of �� �Eqs. �93a�,
�93b�, �93d�, and �92c��, however, we find that the inhomo-

geneous terms R̄� ��=1, . . . ,D−1� and R̄4 appear on the
right-hand sides of Eqs. �93b� and �93d�. If all of them van-
ish, this set admits zero solution, and a deviation from the

correct solution does not arise. If R̄� or R̄4 does not vanish,
this set has nonzero solution and produces an error. As for
the next-order set, it includes inhomogeneous terms �see, for
instance, its momentum equation in the y direction �93c��
and the solution at this order is nonzero. Thus, the relative
error is

O��2� �=O���� if R̄� = R̄4 = 0 �� = 1, . . . ,D − 1� ,

O��� �=O��1/2�� otherwise. �97a�

It is noted that the above boundary-layer analysis has been
made after rotating the spatial coordinate so as to locate the
x̂3=0 plane on the boundary surface. Thus, we should rewrite
the above error estimate in the more general form as

O��� if the components of R̄� parallel to the

boundary surface vanish and R̄4 = 0,

O��1/2� otherwise. �97b�

Thermal and isothermal models are not considered here as
already mentioned at the end of Sec. VIA.

C. Flows with shocks and contact discontinuities

Compressible model

We consider the nondimensional integral relation �13� as
the basic equation of the kinetic-equation system because the
usual finite-difference scheme �4� is not consistent with the
kinetic equation �3� itself but with the integral relation �6�
when the solution includes discontinuities such as shocks
and contact discontinuities. We look for the solution of the
integral relation �13� whose scale of variation other than dis-
continuities is on the order of unity with respect to t̂ and x̂�,
in a power series of �:

f̂ i = f̂ i
�0� + � f̂ i

�1� + �2 f̂ i
�2� + ¯ , �98�

where the component function f̂ i
�m� is a quantity on the order

of unity.
Macroscopic variables are also expanded:

ĥ = ĥ�0� + �ĥ�1� + �2ĥ�2� + ¯ , �99�

where ĥ represents any of the macroscopic variables �̂, û�, T̂,

and p̂. The component functions ĥ�m� satisfy the same rela-
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tions as Eqs. �66a�–�66d� and �67a�–�67d� and their higher
orders. The equilibrium distribution function is also ex-
panded as

f̂ i
eq = f̂ i

eq�0� + � f̂ i
eq�1� + �2 f̂ i

eq�2� + ¯ , �100�

where f̂ i
eq�m� satisfies the same constraints as Eqs.

�69a�–�69e� and �70a�–�70e� and their higher orders.
Substituting Eqs. �98� and �100� into Eq. �13� and arrang-

ing the same order terms in �, we obtain the following series

of equations for f̂ i
�m�:

	 	 � f̂ i
eq�0� − f̂ i

�0���dt̂dx̂ = 0, �101a�

	 	 Li� f̂ j
�m���dt̂dx̂

= −	 	 
Qi
�m�� f̂ j

�0�, . . . , f̂ j
�m−1���

+ �Sh
��

� t̂
+ ĉi�

��

� x̂�
� f̂ i

�m−1��
�dt̂dx̂ �m = 1,2, . . .� , �101b�

where

Li� f̂ j
�m�� + Qi

�m�� f̂ j
�0�, . . . , f̂ j

�m−1�� = f̂ i
eq�m� − f̂ i

�m�, �101c�

and Li� f̂ j
�m�� is the collision operator of the homogeneous

part, which is specifically given by Eq. �72�. Li� f̂ j
�m�� and Qi

�m�

possess properties �73� for their moments.
From Eq. �101a�, we get

f̂ i
�0� = f̂ i

eq�0�, �102�

since � is arbitrary. For Eq. �101b� to have a solution, its
inhomogeneous term must satisfy the following relation
�solvability condition�:

	 	 ��
i=1

N

gi�Sh
��

� t̂
+ ĉi�

��

� x̂�
� f̂ i

�m−1��dt̂dx̂ = 0 �m

= 1,2, . . .� , �103�

since Li� f̂ j
�m�� and Qi

�m� satisfy Eqs. �73� �gi is defined by Eq.
�28b��. When condition �103� is satisfied, we have a solution
of Eq. �101b� in the regions where the solution is smooth as

f̂ i
�m� = f̂ i

eq�m� − Sh
� f̂ i

�m−1�

� t̂
− ĉi�

� f̂ i
�m−1�

� x̂�

�m = 1,2, . . .� ,

�104�

where integration by parts is applied to Eq. �101b�.
Substituting Eqs. �102� and �104� into the solvability con-

dition �103� and noting that there is no contribution from the

solution f̂ i
�m� at its discontinuities, we can get the equations

for the macroscopic variables in the following way. From the
solvability condition �103� with m=1,

	 	 �Sh
��

� t̂
�̂�0� +

��

� x̂�

�̂�0�û�
�0��dt̂dx̂ = 0, �105a�

	 	 �Sh
��

� t̂
�̂�0�û�

�0� +
��

� x̂�

��̂�0�û�
�0�û�

�0� + p̂�0������dt̂dx̂ = 0,

�105b�

	 	 �Sh
��

� t̂
�̂�0�DT̂�0� + û�

�0�2

2
+

��

� x̂�

��̂�0�DT̂�0� + û�
�0�2

2

+ p̂�0��û�
�0��dt̂dx̂ = 0. �105c�

From the solvability condition �103� with m=2,

	 	 
Sh
��

� t̂
�̂�1� +

��

� x̂�

��̂�0�û�
�1� + �̂�1�û�

�0���dt̂dx̂ = 0,

�106a�

	 	 �Sh
��

� t̂
��̂�0�û�

�1� + �̂�1�û�
�0�� +

��

� x̂�

�̂�0�û�

�0�û�
�1�

+ �̂�0�û�
�1�û�

�0� + �̂�1�û�
�0�û�

�0� + p̂�1���� − p̂�0�

�� � û�
�0�

� x̂�

+
� û�

�0�

� x̂�

−
2

D

� û�
�0�

� x̂�

������dt̂dx̂ = 0,

�106b�

	 	 �Sh
��

� t̂
��̂�0�DT̂�1� + 2û�

�0�û�
�1�

2
+ �̂�1�DT̂�0� + û�

�0�2

2
�

+
��

� x̂�

��̂�0�DT̂�0� + û�

�0�2

2
+ p̂�0��û�

�1�

+ ��̂�0�DT̂�1� + 2û�
�0�û�

�1�

2
+ �̂�1�DT̂�0� + û�

�0�2

2
+ p̂�1��û�

�0�

−
D + 2

2
p̂�0��T̂�0�

� x̂�

− p̂�0�û�
�0�� � û�

�0�

� x̂�

+
� û�

�0�

� x̂�

−
2

D

� û�
�0�

� x̂�

������dt̂dx̂ = 0, �106c�

where Eqs. �105a�–�105c� are utilized. We can obtain the
higher-order sets in a similar way.

The above series of equations, together with the equation
of state, constitutes systems of equations that determine the

component functions �̂�m�, û�
�m�, T̂�m�, and p̂�m� of the macro-

scopic variables �̂, û�, T̂, and p̂. First, �̂�0�, û�
�0�, T̂�0�, and p̂�0�

are determined by Eqs. �105a�–�105c�. Next, �̂�1�, û�
�1�, T̂�1�,

and p̂�1� are determined by Eqs. �106a�–�106c�. The higher-
order sets are also determined in a similar way.

We find that the leading-order set �105a�–�105c� corre-
sponds to the weak form of the Euler set, which correctly
describes the flow with a finite Mach number of a gas includ-
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ing shock waves and contact discontinuities. Specifically, a
solution of the weak form of the Euler set satisfies the Euler
equations themselves in the regions where the solution is
smooth, and it satisfies, at its discontinuities, the correct
jump conditions derived from the conservation form of the
compressible Euler equations �31–33� or the Rankine-
Hugoniot relations �35� �strictly speaking, the subsidiary en-
tropy condition also must be satisfied across a shock wave,
but numerical examination �25,28� indicates that this entropy
condition is satisfied automatically�. The weak form of the
Euler set is given, in its nondimensional form, as

	 	 �Sh
��

� t̂
�̂ +

��

� x̂�

�̂û��dt̂dx̂ = 0, �107a�

	 	 �Sh
��

� t̂
�̂û� +

��

� x̂�

��̂û�û� + p̂�����dt̂dx̂ = 0,

�107b�

	 	 �Sh
��

� t̂
�̂�Cv

R
T̂ +

û�
2

2 � +
��

� x̂�

�
�̂�Cv

R
T̂ +

û�
2

2 � + p̂�û��dt̂dx̂ = 0, �107c�

with

p̂ = �̂T̂ , �107d�

where Cv is the specific heat at constant volume. Comparing
the leading-order set �105a�–�105c� obtained from the LBM
with the weak form of the Euler set �or Eqs. �107a�–�107c��,
we find that the former corresponds to the latter whose spe-
cific heat at constant volume Cv is given by Eq. �80�. Pro-
ceeding to the next-order set of equations �106a�–�106c�,
however, we find that it evidently includes inhomogeneous

terms composed of the leading-order solution. For example,
the momentum equation �106b� includes the inhomogeneous
terms representing viscosity of fluid. The solution at this or-
der is therefore nonzero, and it becomes a deviation from the
correct solution of the leading-order set or the weak form of
the Euler set. Thus, the relative error is O���. Thermal and
isothermal models are not considered here as already men-
tioned at the end of Sec. VI A.

VII. SUMMARY AND CONCLUDING REMARKS

In the present study, the relative errors of the solution of
the LBM are derived for describing the behavior of a gas in
the continuum limit of three different flow regimes Ma��
�Re�1�, Ma�� �Re�1�, and Ma�1 �Re�1�. The error is
defined as a difference between the macroscopic variables
obtained from the solution of the LBM and the solution of
the correct fluid-dynamics-type equations, or the Stokes set
for Ma�� �Re�1�, the incompressible NS set for Ma��
�Re�1�, and the Euler and the viscous-boundary-layer set or
the weak form of the Euler set for Ma�1 �Re�1�. The
obtained results of the error estimates are summarized as
follows �see also Table I�:

�I� The case of Ma�� �Re�1�. Any basic lattice Boltz-
mann models �compressible, thermal, and isothermal mod-
els� have the following errors: the relative error of the flow
velocity and the pressure gradient is

O��M0� if R�
�M0� is not irrotational and R�

�m�

�m � M0 − 1� is irrotational, �108a�

where R�
�m� ��=1, . . . ,D; m=1, . . . ,M0� is given by Eq.

�33a�. The relative error of the temperature is

O��M1� if RD+1
�M1� � 0 and RD+1

�m� �m � M1 − 1� = 0,

�108b�

where RD+1
�m� �m=1, . . . ,M1� is given by Eq. �33b�.

TABLE I. The relative errors of the solution of the LBM �compressible, thermal, and isothermal models� for describing the behavior of
a gas in the continuum limit of three different flow regimes Ma�� �Re�1�, Ma�� �Re�1�, and Ma�1 �Re�1�. The symbol – indicates
that the corresponding lattice Boltzmann model cannot describe the behavior of a gas in the corresponding flow regime. Note that the error
estimate for the temperature in the flow regime Ma�� �Re�1� is not applied to the Isothermal model.

Ma�� �Re�1� Ma�� �Re�1� Ma�1 �Re�1�

Compressible
model

O��M0� if R�
�M0� is not

irrotational and R�
�m�

�m�M0−1�
is irrotational �for the flow

velocity and the pressure gradient�
O��M1� if RD+1

�M1��0
and RD+1

�m� �m�M1−1�=0
�for the temperature�

O���

�Euler region� O���
�Viscous boundary layer�

�O���if the components of R̄�

parallel to the boundary surface

vanish and R̄4 = 0

O��1/2� otherwise.
�

�Flow with shocks or contact discontinuities�O���
Thermal
model

Isothermal
model

�O��2�if R̂� is irrotational

O��� otherwise.
�
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�II� The case of Ma�� �Re�1�. The relative error for the
compressible model and the thermal model is O���. The rela-
tive error for the isothermal model is

O��2� if R̂� is irrotational,

O��� otherwise, �109�

where R̂� ��=1, . . . ,D� is given by Eq. �54a�.
�III� The case of Ma�1 �Re�1�. Only the compressible

model can describe flows in this regime.
�i� When a flow does not include shocks or contact dis-

continuities, the relative error in the Euler region is O���,
and that in the viscous boundary layer is

O��� if the components of R̄� parallel to the

boundary surface vanish and R̄4 = 0,

O��1/2� otherwise. �110�

where R̄� ��=1, . . . ,D� and R̄4 are given by Eqs.
�94a�–�94c�.

�ii� When a flow includes shocks or contact discontinui-
ties, the relative error is O���.

The above error estimates are also summarized in Table I.
Application of these error estimates to the specific lattice
Boltzmann models is shown in the Appendix.

From the above arrangements about the errors of the
LBM, we find that the errors of the LBM can be controlled to
some extent. For example, any lattice Boltzmann model can
reduce its error from O��� to any higher order when describ-
ing the flow with Ma�� �Re�1�. The isothermal model can
reduce its error from O��� to O��2� when describing the flow
with Ma�� �Re�1�. The compressible model can reduce its
error from O��1/2� to O��� when describing the flow with
Ma�1 �Re�1� in the viscous boundary layer. The above
arrangements will be of help not only in evaluating the mag-
nitude of the error for using the LBM, but also in construct-
ing the lattice Boltzmann model of the better accuracy.

In the present study, we have focused on the accuracy of
the LBM, and no account is given of its defects. In fact,
some parameters of the fluid-dynamics-type equations de-
rived from the kinetic equation of the LBM cannot be given
freely. For instance, Cv /R in Eq. �79c� is fixed to the value

given by Eq. �80�. In the past, Yan et al. �36� and Kataoka
and Tsutahara �25� suggested the models that overcome this
defect and described the flow of a gas with various specific-
heat ratios in the Euler region. However, these models cannot
describe the flow in the viscous boundary layer. The authors
�28� also suggested a new model that can describe the flow
both in the Euler region and the viscous boundary layer of a
gas with various specific-heat ratios. The error estimate of
this model is specifically given in the Appendix. The other
problem is the dependence of the transport coefficient on the
pressure in the equations of the viscous boundary layer,
while in the real gas it depends only on the temperature. This
defect is easy to overcome by multiplying density on the
right-hand side of the kinetic equation �3� �37�. In the present
analysis, this modification is not introduced since we are
interested in the accuracy of the basic lattice Boltzmann
model, and this modification does not affect the order of the
errors presented above.

Finally, we must give some comments about the initial
and the boundary conditions. In the present study, the effects
of the initial and the boundary conditions are not taken into
account. That is, the error due to the initial condition and the
boundary condition of the velocity distribution function is
assumed to be much smaller than that due to the kinetic
equation itself. When we numerically solve a given initial-
boundary-value problem by the LBM, therefore, we must
also estimate the errors of the initial and the boundary con-
ditions appropriately in addition to the error given above.
This matter is treated as a future problem.

APPENDIX: SPECIFIC LATTICE BOLTZMANN MODELS
AND THEIR ACCURACY

Several specific lattice Boltzmann models were proposed
in the past. Here, the compressible model proposed by Chen
et al. �19� and that by the authors �28�, the thermal model by
Alexander et al. �20�, and the isothermal model by Qian et
al. �18� of their two-dimensional versions �D=2� are given
in the nondimensional form, and their errors are estimated on
the basis of the results summarized in Sec. VII of the present
study.

1. Chen’s model (compressible model)

ĉi� ��=1,2; i=1,2 , . . . ,16� is given by

�ĉi1, ĉi2� =�
�cos 
i,sin 
i� for i = 1,2,3,4

2�cos 
i,sin 
i� for i = 5,6,7,8


2�cos�
i + �/4�,sin�
i + �/4�� for i = 9,10,11,12

2
2�cos�
i + �/4�,sin�
i + �/4�� for i = 13,14,15,16,
� �A1�

where 
i=�i /2. f̂ i
eq is given by

f̂ i
eq = �̂�Ei + Fiû�ĉi� + Giû�û�ĉi�ĉi� + Hiû�û�û�ĉi�ĉi�ĉi�� for i = 1,2, . . . ,16, �A2�

where
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Ei =�
8

15
−

2

3
T̂ +

T̂2

3
+ �−

2

3
+

5

6
T̂�û�

2 +
û�

2 û�
2

8
for i = 1,2,3,4

−
1

30
+

T̂

24
+

T̂2

24
+ � 1

24
−

T̂

12
�û�

2 −
û�

2 û�
2

64
for i = 5,6,7,8

−
4

15
+

2

3
T̂ −

5

12
T̂2 + �1

6
−

7

24
T̂�û�

2 −
û�

2 û�
2

32
for i = 9,10,11,12

1

60
−

T̂

24
+

T̂2

24
+ �−

1

96
+

T̂

96
�û�

2 for i = 13,14,15,16,

�
Fi =�

2

3
− T̂ −

û�
2

2
for i = 1,2,3,4

−
1

24
+

T̂

8
for i = 5,6,7,8

T̂

4
−

û�
2

8
for i = 9,10,11,12

0 for i = 13,14,15,16,

�
Gi =�

2

3
− T̂ −

û�
2

6
for i = 1,2,3,4

−
1

96
+

T̂

16
+

û�
2

96
for i = 5,6,7,8

1

6
−

T̂

8
−

û�
2

48
for i = 9,10,11,12

−
1

384
+

T̂

128
+

û�
2

768
for i = 13,14,15,16,

� Hi =�
1

3
for i = 1,2,3,4

1

96
for i = 5,6,7,8

1

8
for i = 9,10,11,12

0 for i = 13,14,15,16.

� �A3�

ĉi� and f̂ i
eq given above satisfy their constraints �14a�–�14e�

for the compressible model. Now, we estimate the error of
this model based on the results summarized in Sec. VII �or
Eqs. �108a�, �108b�, �109�, and �110��.

�I� Ma�� �Re�1�. Expanding the above equilibrium dis-
tribution function �A2� in the same way as Eq. �22�, we
obtain its component function Fi

eq�m� explicitly. Substituting
this Fi

eq�m� into Eq. �33a�, we get

R�
�1� = 0, �A4�

R�
�2� is not irrotational �� = 1,2� . �A5�

Thus, the relative error of the flow velocity and the pressure
gradient is O��2�. Substituting Fi

eq�m� into Eq. �33b�, we get

R3
�1� � 0. �A6�

Thus, the relative error of the temperature is O���.

�II� Ma�� �Re�1�. The relative error is O���.
�III� Ma�1 �Re�1�. The relative error in the Euler re-

gion is O���.
The relative error in the viscous boundary layer is deter-

mined by obtaining the specific values of R̄� ��=1,2� and R̄4
defined in Eqs. �94a�–�94c�. To this end, we expand the equi-
librium distribution function represented by Eq. �A2� in a
series of � in the same way as Eq. �85�. We then obtain an

explicit form of its component function f̂ i
eq�m�. Substituting

this f̂ i
eq�m� into Eqs. �94a�–�94c�, we find that the components

of R̄� parallel to the boundary surface and R̄4 are always
zero. Thus, from Eq. �110�, the relative error in the viscous
boundary layer is O���. The relative error for flows with
shocks and contact discontinuities is O���.

2. Kataoka and Tsutahara’s model (compressible model)

ĉi� ��=1,2; i=1,2 , . . . ,16� is given by
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�ĉi1, ĉi2� =�
�cos 
i,sin 
i� for i = 1,2,3,4

6�cos 
i,sin 
i� for i = 5,6,7,8


2�cos�
i + �/4�,sin�
i + �/4�� for i = 9,10,11,12

3

2

�cos�
i + �/4�,sin�
i + �/4�� for i = 13,14,15,16,� �A7�

where 
i=�i /2. f̂ i
eq is given by

f̂ i
eq = �̂�Ei + Fiû�ĉi� + Giû�û�ĉi�ĉi� + Hiû�û�û�ĉi�ĉi�ĉi�� for i = 1,2, . . . ,16, �A8�

where

Ei =�
b − 2

25
T̂ +

− 36 + �b + 4�T̂ + û�
2

115
û�

2 for i = 1,2,3,4

1

96
−

121b + 408

86400
T̂ +

b + 2

1728
T̂2 +

− 799 + �19b + 306�T̂ + 19û�
2

397440
û�

2 for i = 5,6,7,8

81

160
+

− 229b + 8

3200
T̂ +

b + 2

320
T̂2 +

− 117 + �9b + 38�T̂ + 9û�
2

640
û�

2 for i = 9,10,11,12

−
4

15
+

89b + 222

2700
T̂ −

b + 2

270
T̂2 +

26 − �2b + 9�T̂ − 2û�
2

270
û�

2 for i = 13,14,15,16,

�
Fi =�

2�b − 2�
25

T̂ for i = 1,2,3,4

− 2b + 29

32400
T̂ −

û�
2

2592
for i = 5,6,7,8

9

40
+

− 14b + 3

400
T̂ +

û�
2

80
for i = 9,10,11,12

−
2

45
+

2�7b + 11�
2025

T̂ −
7

810
û�

2 for i = 13,14,15,16,

�
Gi =�

72 − 2�b + 4�T̂ − 2û�
2

115
for i = 1,2,3,4

− 29 + 4�b + 4�T̂ + 4û�
2

298080
for i = 5,6,7,8

9 − �b + 4�T̂ − û�
2

160
for i = 9,10,11,12

− 4 + �b + 4�T̂ + û�
2

810
for i = 13,14,15,16,

� Hi =�
0 for i = 1,2,3,4

1

46656
for i = 5,6,7,8

−
3

320
for i = 9,10,11,12

8

3645
for i = 13,14,15,16.

� �A9�

Here, b is a given constant related to the specific-heat ratio � by b=2 / ��−1�. ĉi� and f̂ i
eq given above satisfy constraints

�14a�–�14d� for the usual compressible model and the following constraints:

�b + 2�p̂ + �̂û�
2 = �

i=1

N

f̂ i
eq�ĉi�

2 + �̂i
2� , �A10�

��b + 2�p̂ + �̂û�
2�û�=�

i=1

N

f̂ i
eq�ĉi�

2 + �̂i
2�ĉi�, �A11�
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�b + 2�p̂T̂��� + p̂��b + 4�û�û� + û�
2���� + �̂û�û�û�

2

= �
i=1

N

f̂ i
eqĉi�ĉi��ĉi�

2 + �̂i
2� , �A12�

where

�̂i = �5/2 for i = 1,2,3,4

0 for 5 � i � 16
� �A13�

is an independent variable introduced to satisfy Eqs.
�A10�–�A12�. This is a lattice Boltzmann model whose
specific-heat ratio can be chosen according to our conve-
nience, while the previous usual model gives the unphysical
value of �=2 �when D=2� only. When b=2, the above con-
straints �14a�–�14d� and �A10�–�A12� reduce to Eqs.
�14a�–�14e� for the usual model. The asymptotic analyses for
small � of this LBM model can be made in a similar way as
those presented in Secs. IV–VI. The same results �108a�,
�108b�, �109�, and �110� are derived of their orders of the
relative error, and they are summarized as follows:

�I� Ma�� �Re�1�. Expanding the above equilibrium dis-
tribution function �A8� in the same way as Eq. �22�, we
obtain its component function Fi

eq�m� explicitly. Substituting
this Fi

eq�m� into Eqs. �33a� and �33b�, we get

R�
�1� is not irrotational �� = 1,2� , �A14�

R3
�1� � 0. �A15�

Thus, the relative error of this model is O��� for any macro-
scopic variables.

�II� Ma�� �Re�1�. The relative error is O���.
�III� Ma�1 �Re�1�. The relative error in the Euler re-

gion is O���.
The relative error in the viscous boundary layer is deter-

mined by obtaining the specific values of R̄� ��=1,2� and R̄4
defined in Eqs. �94a�–�94c�. To this end, we expand the equi-
librium distribution function represented by Eq. �A8� in a
series of � in the same way as Eq. �85�. We then obtain an

explicit form of its component function f̂ i
eq�m�. Substituting

this f̂ i
eq�m� into Eqs. �94a�–�94c�, we find that the components

of R̄� parallel to the boundary surface and R̄4 are always
zero. Thus, from Eq. �110�, the relative error in the viscous
boundary layer is O���. The relative error for flows with
shocks and contact discontinuities is O���.

3. Alexander’s model (thermal model)

ĉi� ��=1,2; i=1,2 , . . . ,13� is given by

�ĉi1, ĉi2� = ��0,0� for i = 1

�cos 
i,sin 
i� for i = 2,3, . . . ,7

2�cos 
i,sin 
i� for i = 8,9, . . . ,13,
�

�A16�

where 
i=�i /3. f̂ i
eq is given by

f̂ i
eq = �̂�Ei + Fiû�ĉi� + Giû�û�ĉi�ĉi�

+ Hiû�û�û�ĉi�ĉi�ĉi�� for i = 1,2, . . . ,13,

�A17�

where

Ei =�
1 −

5

2
T̂ + 2T̂2 + �−

5

4
+ 2T̂�û�

2 for i = 1

4

9
�T̂ − T̂2� −

2

9
�1 − T̂�û�

2 for i = 2,3, . . . ,7

−
T̂

36
+

T̂2

9
+ � 1

72
−

T̂

18
�û�

2 for i = 8,9, . . . ,13,
� Fi =�

4

9
�1 − T̂� for i = 2,3, . . . ,7

−
1

36
+

T̂

9
for i = 8,9, . . . ,13,�

Gi =�
8

9
−

4

3
T̂ for i = 2,3, . . . ,7

−
1

72
+

T̂

12
for i = 8,9, . . . ,13,� Hi =�−

4

27
for i = 2,3, . . . ,7

1

108
for i = 8,9, . . . ,13.� �A18�

ĉi� and f̂ i
eq given above satisfy their constraints �14a�–�14c�,

�15a�, and �15b� for the thermal model. Now, we estimate the
error of this model based on the results summarized at the
beginning of Sec. VII �or Eqs. �108a�, �108b�, �109�, and
�110��.

�I� Ma�� �Re�1�. Expanding the above equilibrium dis-
tribution function �A17� in the same way as Eq. �22�, we
obtain an explicit form of its component function Fi

eq�m�.
Substituting this Fi

eq�m� into Eq. �33a�, we get

R�
�1� = 0, �A19�
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R�
�2� is not irrotational �� = 1,2� . �A20�

Thus, the relative error of the flow velocity and the pressure
gradient is O��2�. Substituting Fi

eq�m� into Eq. �33b�, we get

R3
�1� = R3

�2� = 0, R3
�3� � 0. �A21�

Thus, the relative error of the temperature is O��3�.
�II� Ma�� �Re�1�. The relative error is O���.
�III� Ma�1 �Re�1�. The thermal model cannot describe

the flow of Ma�1.

4. Qian’s model (isothermal model)

ĉi� ��=1,2; i=1,2 , . . . ,9� is given by

�ĉi1, ĉi2�

= ��0,0� for i = 1


3�cos 
i,sin 
i� for i = 2,3,4,5


6�cos�
i + �/4�,sin�
i + �/4�� for i = 6,7,8,9,
�

�A22�

where 
i=�i /2. f̂ i
eq is given by

f̂ i
eq = Ei�̂�1 − 1

2 û�
2 + û�ĉi� + 1

2 û�û�ĉi�ĉi�� for i = 1,2, . . . ,9,

�A23�

where

E1 = 4/9, Ei = 1/9 for i = 2,3,4,5,

Ei = 1/36 for i = 6,7,8,9. �A24�

ĉi� and f̂ i
eq given above satisfy their constraints �14a�, �14b�,

�16a�, and �16b� for the isothermal model. Now, we estimate
the error of this model based on the results summarized at
the beginning of Sec. VII �or Eqs. �108a�, �108b�, �109�, and
�110��. The errors of the flow velocity and the pressure gra-
dient are to be considered.

�I� Ma�� �Re�1�. Expanding the above equilibrium dis-
tribution function �A23� in the same way as Eq. �22�, we
obtain its component function Fi

eq�m�. Substituting this Fi
eq�m�

into Eq. �33a�, we get

R�
�1� = 0, �A25�

R�
�2� is not irrotational �� = 1,2� . �A26�

Thus, the relative error is O��2�.
�II� Ma�� �Re�1�. Expanding the equilibrium distribu-

tion function represented by Eq. �A23� in a series of � in the
same way as Eq. �41�, we obtain an explicit form of its

component function f̂ i
eq�m�. Substituting this f̂ i

eq�m� into Eq.

�54a�, we get R̂�=0, which is evidently irrotational. Thus, the
relative error is O��2� from Eq. �109�. This result agrees with
the error estimate by Inamuro et al. �12�.

�III� Ma�1 �Re�1�. The isothermal model cannot de-
scribe the flow of Ma�1.
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