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A rarefied gas flow in a long porous channel having a periodic structure that is consisting of
alternately arranged porous media and gaps, the former of which contains a periodic array of parallel
circular cylinders, is considered for the case in which the channel is infinitely wide. The cylinder
arrays have a periodic temperature distribution with the same period as the structure. Under the
assumption that the length of each cylinder array and that of each gap are much larger than the
period of the cylinders in the array, a fluid-dynamic system describing the overall behavior of the
gas in the channel is derived from the kinetic system composed of the Bhatnagar—Gross—Krook
equation and the diffuse reflection boundary condition. The derived system is composed of a
diffusion model for each cylinder array, whose isothermal version has been reported previously
[S. Taguchi and P. Charrier, Phys. Fluids 20, 067103 (2008)], a set of fluid-dynamic equations for
each gap, and the macroscopic connection conditions at each junction between an array and a gap.
Then, the fluid-dynamic system is applied to a long channel consisting of many cylinder arrays and

gaps. Some numerical results demonstrating the pumping effect of the flow are presented.
© 2010 American Institute of Physics. [doi:10.1063/1.3500686]

I. INTRODUCTION

In a rarefied gas or a gas in a small system, a steady flow
is produced because of the effect of the temperature field.
Such a flow cannot be predicted in the framework of con-
ventional gas dynamics, and therefore, the kinetic theory of
gasesl’2 is required for its proper description. Therefore, the
study of thermally induced flows is an important area in the
field of kinetic theory. As a result, various types of flows,
such as the thermal stress slip ﬂow,3’4 nonlinear thermal
stress ﬂow,4’5 and thermal edge ﬁow,ﬁ’7 have been revealed,
in addition to the classical thermal creep flow (or thermal
transpiration).s_lgln addition, various applications of such
flows have been proposed. For example, the Knudsen pump
(or compressor)zm35 is driven by the thermal transpiration,
whereas the thermal edge pump (or compressor)%’37 is
driven by the thermal edge flow. These devices have an ad-
vantage in that they do not contain moving parts.

Another pumping device that has been proposed but has
not yet been addressed in the existing literature is the one
proposed by Kayashima.38 This device contains a long po-
rous channel having a periodic structure that is composed of
alternately arranged porous media and gaps. The temperature
distribution of the channel is also periodic with the same
period as the structure. This device is driven by a rarefied gas
flow (typically, the thermal transpiration) induced in each
nonuniformly heated porous medium. Thus, the basic con-
cept is the same as that of the Knudsen compressor. How-
ever, because of its geometrical complexity, this pump has
not yet been studied.

Recently, the fundamental flow problems of a rarefied
gas through a periodic array of parallel circular cylinders,
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i.e., the pressure-driven flow™*" and temperature-driven

flow,*” have been investigated on the basis of the Bhatnagar—
Gross—Krook (BGK) model*'** of the Boltzmann equation.
It has been shown that a net flow is produced in the direction
of the global temperature gradient as long as the Knudsen
number based on the molecular mean free path and the pe-
riod of the cylinders is not very small. Thus, it is possible to
develop the device proposed by Kayashima using a periodic
array of circular cylinders.

First, we consider the original Knudsen compressor. The
typical Knudsen compressor contains a long pipe that is
composed of alternately arranged narrow and wide pipes.
The temperature distribution of the pipe is also periodic with
the same period as the structure. The flow and the pumping
effect in this device have been investigated both
numerically23’27 and experimentally.26’28’29 In real applica-
tions, one often has to use a large number of segments. For
such a long device, considering the case in which the length
of the pipe segment is much larger than the linear dimension
of its cross section (e.g., diameter), Aoki er al. derived a
fluid-dynamic system composed of a diffusion model for
each segment and a connection condition at junctions of seg-
ments from the Boltzmann system.31 Such a model can be
used as a convenient tool for estimating the properties of the
Knudsen pump in various steady and unsteady situations;
doing so by a direct numerical analysis or by an experiment
is difficult.

Because Kayashima’s device and the original Knudsen
pump have a similar structure, we can expect that a similar
diffusion system can also be obtained for the former by an
analysis similar to that performed in Ref. 31. In this study,
therefore, we carry out such an analysis. That is, we consider
Kayashima’s device to be composed of periodic cylinder ar-
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rays and derive a diffusion model for each cylinder array and
a set of fluid-dynamic equations for each gap, together with
the connection condition at each junction of an array and a
gap, under the condition that the length of each array and gap
is much larger than the period of the cylinders in the array.

Some simplifications are introduced in this paper. First,
we consider the case of an infinitely wide channel and ne-
glect the effect of the channel wall (i.e., the flow is consid-
ered to be globally one dimensional). Second, we employ the
BGK model of the Boltzmann equation and the diffuse re-
flection boundary condition on the cylinder surface as our
basic kinetic system. This choice greatly simplifies the analy-
sis because we can make use of some existing results. On the
other hand, some disadvantages of the BGK model have also
been noted in literature. The main disadvantage is that this
model gives the Prandtl number fixed to unity, whereas for
real monatomic gases, it is approximately 2/3. Conse-
quently, the viscosity and thermal conductivity of the gas
cannot be simultaneously adjusted to the corresponding val-
ues of a real gas, and this may cause a difficulty when com-
paring the result with experimental data. However, it is ex-
pected that the derived model will describe the qualitative
behavior of the flow with sufficient accuracy. It should also
be noted that the method itself can be applied to other kinetic
models, as well as to the original Boltzmann equation, and
the consequence arises only in the transport properties of the
model that emerge in the transport coefficients. These coef-
ficients can be obtained through additional computational ef-
forts.

The remainder of this paper is organized as follows. In
Sec. II, we consider a flow through a vast extent of a periodic
array of parallel circular cylinders with a global temperature
distribution. Under the assumption that the length scale of
variation of the global temperature distribution is much
larger than the period of the cylinders, a diffusion model that
describes the global pressure distribution of the gas and the
mass flux in the array is derived from the kinetic system by
homogenization.43 The diffusion model contains two trans-
port coefficients that are essentially given by the mass-flow
rates of the pressure- and temperature-driven flows that have
been obtained in the previous studies. Next, in Sec. III, we
consider a flow across a gap and investigate its overall be-
havior. Under the assumption that the distance across the gap
is much larger than the mean free path of the gas molecules
(or the Knudsen number is small), we derive a set of fluid-
dynamic equations describing the flow by a standard
asymptotic analysis of the BGK equation for small Knudsen
numbers.>** In Sec. IV, we consider the case in which a
cylinder array is in contact with a half space filled with the
gas and investigate the behavior of the gas flowing through
the cylinder array to the half space. Here, the purpose is to
derive the connection conditions at the junction of the cylin-
der array and the gap for the diffusion model and the fluid-
dynamic equations derived in Secs. II and III, respectively.
Then, we briefly revisit the pressure- and temperature-driven
flows and present the numerical values of the transport coef-
ficients contained in the diffusion model in Sec. V. The sys-
tem of the diffusion model, the fluid-dynamic equations, and
the connection conditions derived in this manner are summa-
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FIG. 1. Ararefied gas flow past a square array of parallel circular cylinders.
T,, describes the overall distribution of the cylinder temperatures and each
cylinder temperature is indicated by .

rized in Sec. VI, and the numerical result is presented in Sec.
VII. We consider a flow through a long (and wide) porous
channel composed of alternately repeated cylinder arrays and
gaps. We numerically investigate the pressure distribution
and the mass-flow rate in the structure on the basis of the
fluid-dynamic system derived in Secs. II-IV. Section VIII
presents the conclusions.

Il. FLOW PAST A SQUARE ARRAY OF CIRCULAR
CYLINDERS AND ITS FLUID-DYNAMIC MODEL

A. Problem and basic equations

Let us consider a rarefied gas flow past a periodic square
array of parallel circular cylinders (see Fig. 1). We take the
X5 axis parallel to the cylinders and let the centers of cylin-
ders be located on the lattice points (X,X,)=((m
+1/2)D,nD) (m,n=0,*1,=%2,...), where D is the dis-
tance between the centers of neighboring cylinders (or the
period of the cylinders). The common radius of the cylinders
is r.(<D/2). The temperature of the cylinders, which is con-
stant in time and uniform in the row X;=const, has a distri-
bution in the X, direction described by T,,(X;) (-0 <X,
< ). More specifically, the temperature of the cylinders in
the row X,=(m+1/2)D, which we denote by T,,,, is given
by T,,,=T,,((m+1/2)D). Let us denote by L the characteris-
tic length scale of variation of T,,. We investigate the behav-
ior of the gas induced around the cylinders under the follow-
ing assumptions:

(i)  The behavior of the gas is described by the BGK
model of the Boltzmann equation.

(i)  The gas molecules leaving the cylinder surface obey
the diffuse reflection condition.

(iii)  The characteristic length scale of variation of the cyl-
inder temperatures is much larger than the cylinder
period, i.e., L>D.

Let 7 denote the time variable, & (or &) the molecular
velocity, f(X,,X,,&,1) the velocity distribution function, p
the density, v; (v3=0) the flow velocity, T the temperature,
and p the pressure of the gas. The BGK equation describing
the behavior of the gas is written, in the present two-
dimensional problem, as
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U o of

ot 51(7_X1+§2 Acp(fe_f)a (1)
P (&- v!-)z)
o= Gy &P (“ 2RT )’ )
p= f fd§, (3)
1
v;= ; f &fdE, (4)
p=RpT= % f (& -v)’fdE, (5)

where R is the specific gas constant (the Boltzmann constant
divided by the mass of a molecule), A, is a constant (A.p is
the collision frequency), and dé=d&,dé,dé;. Here and in
what follows, the domain of integration with respect to £ is
the whole space, unless otherwise stated. The summation
convention is assumed for double indices throughout the pa-
per.

The diffuse reflection boundary condition on the cylinder
surface is written in the following form:

2
g, & *
fmp(ﬁ) orem =0 on Sy
(6)
with
2 172
A
RTwm §ji1j<0

Here, S denotes the surface of the cylinder with its center
at (X, Xz) ((m+1/2)D,nD) in the (Xl X,) plane and n;
(n3=0) is the unit normal vector to Smn pointing to the gas.
It is noted that there is no mass flux across the surface
(the impermeability condition), i.e.,

ffjn]fd§=0. (8)
In addition, an initial condition should be prescribed, i.e.,
f(XbXZ?g’O) =f0(X17X2’§)' (9)

B. Scaling

We are interested in the solution whose length scale of
variation is L in the X direction (the direction in which the
cylinder temperature varies), which is much larger than D
(the period of the cylinders) [see assumption (iii) in Sec.
IT A]. For this purpose, let us introduce the following dimen-
sionless variables:

Phys. Fluids 22, 102001 (2010)

ot X, X,
t=—, y=—7, X=—,
t, L D
gz > f
l= e f=
(2RT,) p./(2RT,)
P v; . T
p=—, V=, T=-—, (10)
Py (2RT,)"? T,
A P ol ol ( wm7T )
P= (Twm’T ) 5
p* T,
A rC'
Fo=—.
D

Here, ¢, p,., T,, and p,=Rp,T, are the reference time, the
reference density, the reference temperature, and the refer-
ence pressure, respectively. Note that 0;=0. Hereafter, we
assume that the flow field is periodic in x, with period 1 (or
D in the dimensional X, variable) and consider the problem
in the domain —o <x; <% and —1/2<x,=<1/2 by imposing
the periodic boundary conditions at x,= *1/2. With these
new variables, the BGK equation (1) is recast as

oF o _af 21

5*% é“&y 16} 2=V—77K—p(fe -, (11)

f,= {) ex (——hiﬁ‘)z), (12)
(7TT3/2 T

p= f fd, (13)
1 .

ﬁi=7f§ifd£, (14)
p

=pT= f(gj 0, fde, (15)

d{=d{,d{dEs. (16)

Here and in what follows, the domain of integration with
respect to {=({,, ., {3) is the whole space, unless otherwise
stated. The dimensionless parameters S, K,, and € are de-
fined by

(17)

—, €=

P L Y
T, QRTH) T D L

where €,=(2/\m)(2RT,)"?/A,p, is the mean free path of
the gas molecules in the equilibrium state at rest with density
p,. and temperature 7,. €, is related to the corresponding
viscosity u, by m,=(7/2)p,(2RT,)""2€,. (Thus, the con-
stant A, can be expressed as A.=p,./p.u,.) S, and K, are the
Strouhal number and the Knudsen number, respectively. S, is
specified later together with the reference time ..
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The dimensionless form of the boundary condition is
given by

. 2
j‘: AO-—W eXp(— ng_> fOr gjnj > 0,
( 7TTwm) " Twm
on S, (m=0,%x1,=*2,...), (18)
) a \12 .
O'W=—2 - jnjfdé, (19)
Twm gj”.i<0
f: periodic  (x,= * 1/2). (20)

Here, S, represents the location of the cylinder surface with
its center at (y,x,)=(e(m+1/2),0) in the (y,x,) plane and
n; (n3=0) is the unit vector on S, radially directed from the
center. It should be noted that since the length scale of varia-
tion of T, is L, its dimensionless counterpart ]A“W is a function
of y, ie., YA"W=]A”W(y). Therefore, the relation between the (di-
mensionless) cylinder temperature 7,,,, and 7, (Sec. Il A)
should be written as

Ton=T,(elm+1/2)) (m=0,%1, %2, ...). (21)

Finally, the dimensionless initial condition reads as

f(y’XZ’ LO) :fo(y’xb g)» (22)

where /(y,xy,£)=(2RT,)**p. (X, X3, 0).

Because of the assumption of the slow variation in the
cylinder temperature [assumption (iii) in Sec. II A], € is a
small parameter. In this situation, the flow induced around
cylinders by the thermal effect is expected to be small.
Therefore, we assume that the characteristic flow speed is of
the order of (2RT,)"?e. In this case, the corresponding ref-
erence time may be taken as t,=L/(2RT,)"?¢, and the re-
sulting Strouhal number is é, ie.,

S,=———5="——=¢. 23
* 1, (2RT)?  Lle 23)

On the other hand, we assume that K, is of the order of unity.
To summarize, the BGK equation to be solved is given by

= 4= 5(f.—1). (24)

of o _of 21
€+ el =P
ot &y (9.)C2 \quK*

C. Homogenization

In this section, we try to obtain the solution to Egs. (24)
and (12)—(15) subject to the boundary conditions (18)—(20)
by homogenization.43 That is, we introduce a new space vari-
able,

x1=y/€=X1/D, (25)

and assume that (i) f depends not only on y but also on x; in
the direction of the global temperature variation, i.e.,

Phys. Fluids 22, 102001 (2010)

f=f(y,x1sxzs§,f), (26)

and (i) f is periodic in x, with period 1. The variable y
describes the long scale variation over the distance across
which the cylinder temperature varies appreciably, whereas
the variable x; corresponds to the short scale variation over

the period of the cylinders. With this new f‘, Eq. (24) is recast
as

af of o _of 21 _. .
e +el,—+{{—+L—=—=—pf.-H. (27
oy i T, T KPS

We seek the solution f in the form of expansion in the
small parameter ¢, i.e.,

f=lfo+fnme+fpe+ . (28)
Correspondingly, the macroscopic quantities of the gas h
(h=p, 01, 5, T, and p) are expanded in € as

h=h(0)+h(1)€+ h(2)€2+ tee (29)

The relations between A, and f‘(m) are obtained by substi-

tuting the expansions of 4 and f into the definition of the
macroscopic quantities [Egs. (13)—(15)] and equating the co-
efficients of the same power of €. We also expand the local

Maxwellian fe in € i.e.,
fe=Fey ¥ fen€+ fe)€+ -+ (30)

If we substitute Egs. (28)—(30) into Egs. (27) and (18)—(20)
and take into account the following expansion of fwm around
y(=ex)):

. . T, 1 1d°T, 1 2

Typ=Ty+——\m+-—x|e+-—— |m+-—x e
'y 2 dy 2

b 31)

we obtain a sequence of boundary-value problems for f(m),
which can be solved from the lowest order.

1. Problem for €° order

The equation and the boundary condition for the zeroth
order in € are given by

f?f(o) f?f(O) 2 1 R .
R T - X), (32
ax, O 2 nK. by fe) = fi0) (x€X) (32)
s o) (&= 0j0)’
fey=———exp|=——— |, (33)
(7T ) T (o)
A &W(O) §2
f(o):A—a/zexp -] forfm;>0 (xe8),
[#T,,(y)] T,(y)
(34)
1/2
Gruo) =~ 2( " ) f {nif 0dd, (35)
Tw(y) g.'"j<0
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T | >

FIG. 2. A unit cell in the (x;,x,) plane.

fioy: periodic  (x;=0,1,0,= = 1/2), (36)
where 03()=0. Here, x=(x;,x,) is the two-dimensional po-
sition vector in the (x;,x,) plane, X/ is the gas region in the
unit cell with a square shape bounded by x;=0 and 1 and
x,=*1/2, S is the location of the cylinder surface with ra-
dius 7, centered at (x,x,)=(1/2,0) in the unit cell, and n; is
the unit normal vector to S pointing to the gas (see Fig. 2).
The zeroth order macroscopic quantities pg), 01(g), U2(0)» f“(o),

and p o) are expressed in terms of f(o) as

ﬁ<0)=ff(0)d§ (37a)

) 1 )

Vioy=7— | &if0dd, (37b)
P

A ~ A 2 A 2A

poy=pP0T0= 3 (&= 010) f(0)dE. (37¢)

It should be noted that the variables y and 7 enter this system
only as parameters. Because of this property and the period-
icity of f in x, (and in x,), the problem is reduced to the
boundary-value problems (32)—(36) in the unit cell.

It can be easily seen that the following Maxwellian:

2
f(o)=MeXP(— A—gL) (38)
[T, (] T,

which is independent of x, satisfies Egs. (32)—(36) with
Eq. (37). Here, @) is an arbitrary function of y and 7. This is
also the unique solution.”** If we substitute Eq. (38) into

Eq. (37), we obtain

Po)=Co: Vi=0, (39a)
T0) =Py Poy=Tuw(y)- (39b)

Thus, the zeroth order solution is written as

Phys. Fluids 22, 102001 (2010)

A 2
b ) o (_ _§L> ()
[#T, (] T,,(y)

with an undetermined p ).

2. Problem for €' order

With the aid of the solution f(o) to the zeroth order prob-
lem, the equation and boundary condition for the first order
in € are given by

Ifay 07f(1 21 . o)
_+ _ _
Uax, H—— o, - mK.Po Fon=Fa) - 46— Py
(x € X)), (41)
A N R AT a1y £ 3 A(l)
fey=fol —+2——4L+2—/—4L+ (%—5 — |,
P(0) T, T, W T,
(42)
| Gwy (& 3\ 14T, 1
fo=rfo| = —(TL—_ o\
po \T, 2)7T,6d 2
for {m;>0 (xeS), (43)

- sz R P “
Gu=-2( — Gnifodd+ —————\x1—
(1) 7 gn<01.l() 2dey

w J

foy: periodic  (x;=0,1,5,= * 1/2). (45)

The first order macroscopic quantities p;y, Oy(1y, Da(1)» f"(l),
and p(;) are given by

ﬁ(1)=ff(1)d§, (46a)
1)_ gl.f ])d§7 (46b)
P(o)
a2 s
Po=poTon*+pPolv=73 Gifaydg. (46¢)

Equation (41) is the linearized BGK equation with the inho-
mogeneous term

oy . | Imbe (£ 5\dnT,
_glo.‘y —_glf(0)|: P +<7A"W_2 dy . (47)

Because of the linearity of the problem and the forms of
the inhomogeneous terms, we can seek the solution in the
form,
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. " . Jdln ﬁ(O)
T =f(o)[¢p(X,C;K(y,f),rc)
.dn f"w
+¢T(X’C;K(y’f)’rc) :|’ (48)
c=(cy,09,03), ;= i (49)
1,¢2-¢3/» i riwl/Z’
where K is a kind of local Knudsen number defined by
KT, KT,
= = (50)

) Poy(y.0)

and ¢p and ¢y are the solutions of the following boundary-
value problems:

dd,, dp, 2 1.

— +cy—=——L -1 x e Xy, (51
€1 o, (%] P \’/7_TK sok(da) =1, (x € f) (51)
o= Kypa+ (c2 - %)Twa forcn; >0 (xeS), (52)

— 1
Kya=— A Cjnj¢aE(c)dc 5 Twas (53)
cjnj<0 ’ 2
¢, periodic  (x;=0,1,x,= * 1/2), (54)
E(c) = % exp(-¢?), (55)
de=dcdcydes, c=]c. (56)
Here, =P and T,
IP=C1, IT=C1(C2—5/2), (57)
TwP=07 TWT=_('x] _1/2)7 (58)

and iBGK is the linearized BGK collision operator defined by

R 2 3 3
Lpck(8) =f [1 +2(cie + 0202,) + 5(612 - E)(Cjz* - 5)}

X g(c*)E(c*)dc* -8 (59)

where g is a function of ¢ and ¢;, (or c,) is the variable of

integration corresponding to c;. It should be noted that ¢p
and ¢; depend on K and 7. (through S) and K depends on y
and 7. These dependencies are explicitly shown in Eq. (48).

Equations (51)—(54) are equivalent to the equation and
boundary condition for the two fundamental flow problems
of a rarefied gas associated with a periodic array of cylinders.
More precisely, let us consider a rarefied gas flow over infi-
nitely many parallel circular cylinders with a square array
arrangement, driven by a (small) uniform pressure gradient
or by a (small) uniform temperature gradient, whose direc-
tion is perpendicular to a plane containing a row of cylinders.
If we consider these problems on the basis of the linearized
BGK equation with the diffuse reflection condition on the
boundaries, ¢p and ¢, of Egs. (51)—(54) correspond to the
solution of the pressure-driven flow and that of the

Phys. Fluids 22, 102001 (2010)

temperature-driven flow, respectively. These problems have
been studied in Ref. 39 (the pressure-driven flow) and in Ref.
40 (the pressure- and temperature-driven flows). We will
come back to this point later in Sec. V.

By substituting Eq. (48) into Eq. (46), the first order
macroscopic quantities in € are expressed in the following
forms:

. dnpe  dinT,
P =P(0)<wp Py +r & ) (60a)
X . d1n p dInT,
bi1y = TL”(MZP o T g » ], (60b)
. . [ dmp dinT
Toy= TW<TP gt T . W), (60c)
ay dy
dIn p ) dlnf“,)
iy = Pyl P + =, 60d
Pu P(o)( "o S (60d)
where w,, u;, (u3,=0), 7,, and P, are defined by
w(x:K,7) = f dale.x;:K,7.)E(c)de, (61a)
um(x;K,f(.)=fci(ba(c,x;K,fc)E(c)dc, (61b)
T(x:K,7,) = (2/3) f (c* = 3/2)dole,x;K, 7, )E(c)de,
(61c)
P (X;K,F.) = wy+ T, (61d)

It may be noted that w,, u;,, 7, and P, depend on y and 7
through K.

3. Problem for € order and diffusion model

Now we consider the problem for the second order in e.
The equation and boundary conditions for f‘(z) are given by

1%(?) + 2%? = %TKL*[ﬁ(o)(ﬁ(z) —Fo) + poyFuny = Fi)]
—%— 1% (x € Xp), (62)
je(2) =0T,
foy=- forim>0 (xe9),
foy: periodic  (x;=0,1,5,= * 1/2), (63)

where the explicit form of fe(z) and that of the boundary
condition on the cylinder surface S are omitted. In this sub-
section, we do not solve this problem but derive a fluid-
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102001-7 A Knudsen compressor composed of periodic arrays

dynamic model from the necessary condition in order for the
problem to have a solution.

We first integrate Eq. (62) with respect to { over the
whole space. Since the contribution from the collision term
vanishes, this yields

9p(0) L b
- U
P dy POV1(1)
- (—‘9 fzf dg+ -~ f@f dg) (64)
- 0x] 1 (2) ﬁxz (2> N

Here, Eqs. (37a) and (46b) have been used. Since py does
not depend on x, further integration with respect to x; and x,
over X; in the unit cell gives

Py 9
(1=a)—+—| po | T10ydx
/g dy (0) X, 1(1)

J P d .
=_fx>(£f§1f(2)d§+%fng(z)aZ)dx, (65)
f

where dx=dx;dx,. The right-hand side of the above equation
is shown to be zero with the aid of the divergence theorem
and the periodic condition (63), as well as the impermeabil-
ity condition on the cylinder surface, i.e.,

f {nfdl=0 (xcS) (66)

[cf. Eq. (8)]. Thus, Eq. (65) is rewritten, with the aid of Eq.
(60b), in the following form:

O d1n p) dnT,
P p(O)T:v/z Mp + My

gt 9y dy dy

=0, (67)

(1- 77?3)

where M p and M are defined by
M (K,F,) =f u(x;K,7,)dx  (a=P,T). (68)
Xy

We note that the integral [ 1/12,2 u1a|x|=constdx2 is independent
of x;. Here, the integrand should be interpreted to be zero
inside the cylinder (this kind of remark will not be repeated
below since no confusion is expected). Therefore, Eq. (68) is
further transformed into

12

Ma(Ka f.c) = J ula(X;K’ fc)|x|:constdx2' (69)

-1/2

Here, M p and M are the dimensionless mass-flow rate in
the x; direction of the pressure-driven flow and that of the
temperature-driven flow, respectively [see the paragraph af-
ter Eq. (59)]. Multiplying Eq. (67) by 7,,(y), we obtain the
equation for p() [Eq. (39b)], which is summarized as fol-
lows:

Phys. Fluids 22, 102001 (2010)

p(o) T, M

— + - =0, (70a)
g (1-mr2) dy
B A _dhnT,
M= "2 MpK )2 4 MK, ) ,
712 dy
(70b)
K=K, T/p ). (70c)

Here, we note that the variable M corresponds to the dimen-
sionless mass-flow rate in the y (or X,) direction. That is, if

we denote by M the total mass-flow rate (per unit time)
across the plane X;=const with unit length in X5 and with

length D in the X, direction, M is related to M by the relation

M

W:EM-FO(&Z). (71)

Equation (70) is a (nonlinear) drift-diffusion equation for
Py Wwith the transport coefficients Mp and My If we
specify appropriate initial and boundary conditions, it de-
scribes the transient behavior of the overall pressure distri-
bution and mass flux of the gas in the cylinder array with a
finite length.

A very similar model has been derived for a long pipe in
Ref. 31 under the condition of the smallness of the linear
dimension of its cross section compared to the longitudinal
length of the pipe. Its extension to the case of a curved
channel,33 as well as to the case of a gas mixture,49 has also
been made. On the other hand, such models have been fre-
quently used in literature to analyze microflow
problems.5 953 An attempt to apply the present model to more
realistic porous media has been made in Ref. 54. It should
also be mentioned that the diffusion approximation for a pe-
riodic array of parallel circular cylinders has been made
matlsléamatically rigorous for a Knudsen (or free-molecular)
gas.

lll. FLOW ACROSS A GAP AND ITS FLUID-DYNAMIC
EQUATIONS

In Sec. II, we have investigated the global behavior of
the flow through a cylinder array, without regard to the pres-
ence of the gaps beside it. In this section, in turn, we con-
sider the global behavior of the flow across the gap. We
recall that the mean free path of the gas molecules has been
assumed to be comparable to the period of the cylinders in
the array [see the sentence following Eq. (23)]. Therefore, if
the distance across the gap is large compared to the cylinder
period, the Knudsen number based on the mean free path and
the size of the gap is small, and the behavior of the gas will
be described in a fluid-dynamic manner. In addition, the flow
speed is also small since the flow produced in the array is
weak [Eq. (71)]. Motivated by these observations, we will
consider the following problem.
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102001-8 Satoshi Taguchi

A. Problem

Consider a one-dimensional rarefied gas flow parallel to
the X, axis (i.e., v,=v3=0). Let us denote by p,, the reference
density, by T, the reference temperature, and by €, the mean
free path of the gas molecules in the equilibrium state at rest
with density p, and temperature 7. The length scale of
variation of fluid variables is denoted by L. We investigate
the behavior of the gas based on the BGK equation under the
following assumptions: (i) the length scale of variation L is
much larger than the mean free path €,, or the Knudsen
number Kn=+¢,/L is small; and (ii) the flow speed is small
and the Mach number is of the same order as the Knudsen
number Kn.

For the sake of later convenience, we introduce length D
which is of the same order as the mean free path, i.e., D
~{,. Then, using the same dimensionless variables and the
time scale introduced in Sec. II B, the BGK equation de-
scribing the flow is written as

Bl 21 0
62&;”51 oy~ Tak Ve (72)
R _As 2
p— exp(—M). (73)
(7TT3/2 T

Here, p, 0, and T are given by Egs. (13)—(15), §; is the
Kronecker delta, and € and K, are the same as those defined
in Eq. (17) (i.e., e=D/L and K,=€,/D). Since Kn=K €, € s
a small parameter which is of the same order as Kn. We will
carry out below an asymptotic analysis of Eq. (72) for small
€ under the condition

|61/ =0(e), (74)
[assumption (ii) in this section].

B. Asymptotic analysis and fluid-dynamic equations

In this subsection, we obtain the solution of Eq. (72).
Since the corresponding asymptotic analysis for the Boltz-
mann equation under condition (74) is explained in detail in
literature (see, e.g., Refs. 2, 47, and 48), we briefly summa-
rize the outline of the analysis and present the result.

We seek the solution f of Eq. (72) in the form of expan-
sion in €, i.e.,

f=lo+fne+rfoe+ . (75)
Accordingly, the macroscopic quantities are expanded in € as

(for h=p, T, and P,
(76a)

h=hg)+he+hoe+ -

A

U1=011)€+ U1(2)€2+ (76b)

Here, the expansion of ¢ is started from € order (i.e., 0y
=() to meet condition (74). The local Maxwellian is also
expanded in €, i.e.,
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fo=Foo) + Fey €+ fum €+ -+ (77)

Substitution of Egs. (75)—(77) into Eq. (72) yields a recursive

expression for f(m) (m=0,1,...) with f(o) given by

. 60y (7,1) 2
f(oF%eXp(—A—g’—A)’ (78)
[7T(0)(v.0)] T()(y.1)

where pg) and f"(o) are undetermined functions of y and 7. On
the other hand, from the property of the collision term, the
following compatibility conditions must be satisfied:

of

f i~ =0, (79a)
a m m:

fw(a Fon f(t”)dc 0 (m=1), (795)

where i, denotes the collision invariants, i.e., Yy=1, .=,
(r=1,2,3), and 1,04:(]2.. Substituting f(o) and f(m) (m=1) suc-
cessively obtained from f(o) into Eq. (79), we obtain sets of
partial differential equations governing p,), 0;(,+1), and f"(n)
(n=0) (the fluid-dynamic equations).

Here, we give the explicit form of the leading order set
of the fluid-dynamic equations as well as that of f(,) thus
obtained. The equations are summarized as

p
© _y. 00
dy
) .
P +5(P(o)vl(1))=0, (80b)
3 9p(o) a(s 5 . &T(O)
5 600101y = ks T =0, 80c
2 g Tap\Potin RloTs (80c)
Poy=pP0)T0) (80d)
where
\rr
k,=—K,. 81
«= 5 Ky (81)
f(l) is given by
A~ . | P 4 gos f(1)
fo=rfo A_+2A_U1(1)+<T'——— —
Do) T(o) T(()) T(o)
25\ ke dT
_£1<TL_E -— . |- (82)
T ) Poy
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FIG. 3. A square array of circular cylinders in contact with a half space. TL,
describes the overall distribution of the cylinder temperatures and each cyl-
inder temperature is indicated by e.

IV. CYLINDER ARRAY IN CONTACT WITH A HALF
SPACE

In this section, we consider the case in which a cylinder
array is in contact with a half space filled with the gas and
discuss the flow in the array and the half space on the basis
of the diffusion model and the fluid-dynamic equations de-
rived in Secs. II and III, respectively.

A. Connection problem

Let two semi-infinite domains, domain I (X; <0) with a
square array of circular cylinders and domain II (X;=0)
without cylinders, be joined at X;=0 (see Fig. 3). In domain
I, the centers of the cylinders are located on the lattice points
(X,,X,)=((m+1/2)D,nD) (m=-1,-2,-3,...;n=0,=*1,
+2,...) in the (X;,X,) plane, with D being the distance
between the centers of adjacent cylinders. The radius of the
cylinders is commonly r.. As in Sec. II, the global distribu-
tion of the cylinder temperatures is described by
TL(XD (-0 <X, <0), that is, the temperature of the cylin-
ders in the row X;=(m+1/2)D is given by T. =T ((m
+1/2)D). Since both domains I and II are large, the behavior
of the gas in domain I and that in domain II are described by
the diffusion model derived in Sec. II and by the fluid-
dynamic equations derived in Sec. III, respectively, with a
local correction near the junction. In this section, we inves-
tigate this correction and derive the connection condition for
the diffusion model and the fluid-dynamic equations at the
junction.

We assume the periodicity of the flow field in X, with
period D and use again the same dimensionless variables as
in Sec. II B to nondimensionalize the present problem. Let us

denote the solution by F' instead of f We also denote by 7l

wm

and va the dimensionless counterparts of Tivm and TL, re-

spectively. Then, the equation and boundary conditions be-
come as follows. The BGK equation is

oF oF oF 2 1

8§+E§15+g2£:\;_771(_*ﬁ(n_m’ (83)
. a2
F,= f) exp{—w}, (84)
(’7TT)3/2
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/3=de§, (85a)
L1
v,=7f§,~Fd§, (85b)
p
A N 2 AN
p=pT= g (&i—0)7Fdd, (85¢)
where 0;=0, and the boundary conditions are
é, &
F=—"—exp|-—1| for {n;>0,
(7TTI )3/2 TI T
on S (m=-1,-2,...), (86)
o\ 12
6 =- 2( - ) f {n;Fdg, (87)
T{vm gjnj<0
F: periodic  (x,= * 1/2). (88)

Here, Sin represents the location of the cylinder surface with
its center at (y,x,)=(€e(m+1/2),0) in the (y,x,) plane and n;
(n3=0) is the unit vector on S} radially directed from the
center. By the same reasoning as in Sec. II B [see the para-
graph containing Eq. (21)], YA“& is a function of y only and
Al . .
T,,, is given by

21 A

Tom=T,(em+1/2)) (m=-1,-2,...). (89)

wm

Finally, the range of x, in the above system is —1/2=<x,
=<1/2.

Now, we denote by F' the restriction of F in domain I
(F'=F for —»<y<0) and by F" that of F in domain II
(F"=F for 0=y < ). Then, F' satisfies Eqs. (83)—(85) and
the boundary conditions (86)—(88), whereas F'! satisfies Eqs.
(83)—(85) and the boundary condition (88). Moreover, since
F should be continuous at the junction (y=0), F' and F!
satisfy the following continuity condition:*®

Fl(y = O_,)Cz, é’,f) = FH(}’ = O’XZ’ g,f) (_ 172 < X2 = 1/2)
(90)

B. Condition at junction

Let us first assume that F' and F! are given by the cor-

responding restrictions of f obtained in Secs. II and III, re-
spectively. More precisely, we assume that F' is given by the

solution f of (24) and (18)—(20) with 7,,,=7%, and F" is
given by the solution f of Eq. (72). We denote such F by F
(J=I,II). Then, Fle}(y,xl,xz,g,f) with x;=y/e and F;
=F}I¢~I(y,§,f) are expanded in € as
F}=Fjg + e+ Fipe+ - (J=LI). (91)

For example, F }'(0) and F ?(0) are given by the following Max-
wellians [cf. Egs. (40) and (78)]:
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Al )
P(())(y,f) s
o= o ™ " a ) v22)
[7T,,()] T,(y)
All )
p(o)(y,f) &
)|
Fro="", 32 P\ T — (92b)
[WT(())(y,f)] T(O)(y,t)

where ﬁ}o), [)H,), and 7%) are undetermined functions.

At the zeroth order in e, it is easily checked that the
above F! o) and F (0) satisfy the equation and boundary con-
dition for F' and F", respectively. In addition, if we impose
the conditions

f’{o)(y =0_,1)= ﬁ{é)(y =0,1), (93a)

T,(y=00) =T, (y= 0.0, (93b)
or, equivalently,

Bloyy =0_,7) = p{y(y = 0,1), (94a)

T),(y=0) = T{5)(y = 0.9, (94b)

f)H) T(0)7 the continuity condition

at the kinetic level (90) is also satisfied.

At the first order in €, F}(,) is the corresponding restric-
tion of f(;) of Eq. (48) with T,,=T and Fy, is that of Eq.
(82). However, for these F}(l) and F}I(I), the continuity con-
dition (90) cannot be made to satisfy since

where ﬁ{0)=ﬁ{0)fiv and ﬁ

F}(l) depends on
X, but F]Icl(l) does not. Therefore, we seek the restriction F’
satisfying Eq. (90) in the form

F'=F{+G’, (95)

where G’ is a correction term only appreciable near the junc-
tion. We assume that G’ is a function of x,(=y/€), x,, £, and
f, i.e.,

GJZ GJ(.X],Xz,g,i), (96)

and that G’ is periodic in x, with period 1. Note that G/ is
defined for —c<x; <0 and G" for 0 <x, <oe. Correspond-
ing to Eq. (91), G’ is sought in the form of expansion in e,

G'=G,je+GhE+ -, (97)

where the expansion is started from the first order since the
continuity condition is already satisfied by F;(O). If we sub-
stitute Eq. (95) with Egs. (91) and (97) into the original
equation and boundary conditions for F/, and take into ac-
count the properties of F/{ as well as those for G’, we obtain
the equation and boundary conditions for the coefficients
G’ ) (m=1,2,...). Here, we summarize the equation and

boundary conditions for G{I) thus obtained. The equation is
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! Bxl 2 ox, (9)6'2
2 Bo) ), o) SN}
:? K (Ff(())) W"‘z o _UIG(I

v By P) (T,)
) A
2 3\ TY

+2 /52 UJG( 1) + (_Aé;L - _> %(1) G(l) . (98)

(T,)” Vi Vi

where (-)~ indicates the value at y=0_, [)JG(I), 13{0(1) (13§G<1)

=0), and f‘ém are, respectively, the density, flow velocity,
and temperature of the gas corresponding to G{,) that are
defined by

ﬁjcm):fG(J])dg, (99a)

lG(l) - fé:G ndd, (99b)
(Broy)”

20 £ 3

T(/J(l)zg N ( PPN G{1)d§’ (99¢)
(Pro) (1)

and relation (93) has been used. The boundary condition for
G}n in domain I (- <x;<0) and that for GP]) in domain II
(0<x,<x) are

5! 2
G{l)=+(l) xp(— —FIL) for {n;>0,
[=(T,) 1" (T,,)"
on S, (m=-1,-2,...), (100)
12
R T
ale(,):—z( . ) f {n;Gyde, (101)
(T,)" {n;<0
GED and G}Il): periodic  (x,= = 1/2), (102)

where S,, represents the location of the cylinder surface with
radius 7. centered at (x;,x,)=(m+1/2,0) in the (x;,x,) plane

and n; (n3=0) is the unit normal vector to S,, pointing to the
gas. The continuity condition at the junction (x;=0) reads as

F}(l)(y = 0—’-x1 = 0_,)62, g’i) + G%l)(-xl = O—’x2’ g’f)
_Ff 1)(y 0 gf)+G (xl O,Xz,é‘,f). (103)

Finally, since G{l) is a correction, the following conditions

are imposed:
Gl —0 (asx, ——), (104)
Gly—0 (asx; — ). (105)

In the present study, we admit the existence of the solution to
Eqgs. (98) (105) and derive the connection condition for F}(l)

and FU )
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First, the integration of Eq. (98) over the whole space of
£ gives

J
X

Now we integrate Eq. (106) with J=I with respect to x; and
x, over the domain bounded by x;=0, x;=c' (¢'<0:const),
X,=*1/2, and by the boundaries of the cylinders. If we
denote such a domain by D', then

J | J )
o E} §1G(1)d§+;2 $HGydg |dx=0. (107)

By using the divergence theorem and the periodic condition
(102) for G{]), as well as the fact that Egs. (100) and (101)

give [ §iniGIl yd€=0 on the cylinder surface, this reduces to

1/2 1/2
J f 016 (y)|x,=0_dGdx, = f J 0G|y =dbdxs
-1/2

(108)

By letting ¢! ——o and using condition (104), we obtain

12
le fglGh)(M =0_,x,,&,1)ddx, =0 (109)
-1/

Similarly, integrating Eq. (106) with J=II with respect to x;
and x, over the domain bounded by x;=0, x;=c!
(c">0:const), and x,==*1/2, and using the divergence
theorem as well as the periodic condition (102) for GH), we
find a relation for G{II) corresponding to Eq. (108). Then,
letting ¢'"— o and using condition (105), we obtain

12
f j é‘/lG%Il)(xl =0,%,,¢,1)dldx, =0 (110)

-1/2

On the other hand, multiplying the continuity condition (103)
by ¢ and integrating the result over the whole space of ¢,
and further integration with respect to x, from —1/2 to 1/2
give

12 12
f—l/z f §1F}(1>|xy|::%—_d§dxz+f_”2 f é/1G£1)|Xl=0_d§dxz
12
=J glF]IC(l)|y Od§+f J ZlGI )|X1_0d§d)€2, (111)

where the fact that F JI}(I) is independent of x, has been used.
But, since Egs. (109) and (110) hold, this reduces to

172
j f glel‘(l)(y = O_,X] = O_,.Xz, g,f)dgd.xZ

-1/2

= f {iF ) (y =0,4.1)dL. (112)

We now recall that F]Ic(l) is the restriction for y<<0 of the
solution f( 1) obtained in Sec. II with fw=f"fv and that F ?(1) is

the restriction for y=0 of the solution f(l) obtained in Sec.
III. Therefore, we have, from Egs. (46b), (60b), and (69),
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12
J f §\Fj\didx, = M (113)
-12
Al N
P dInp dinT!,
m=—9 [M (K7 ——2 4 MK 7) :
(]”J)l/z dy dy
(114)
K*(ﬂv)m
K'=—5—, (115)
P
and from Eq. (82),
f LF L= piodin (116)
With Egs. (113) and (116), Eq. (112) becomes
My = (P(o U1(1))|y=o~ (117)

To summarize, the zeroth order pressure ﬁh]) in domain I
and the zeroth order density ;32)), pressure p%), temperature

7%), and the first order flow velocity ﬁl]l(l) in domain II are

described by the following equations and connection condi-
tions:

A

(71310) TL oM!

—t 2. =0, (118)
g (L—m?) dy
(7[511
) (119a)
dy
(7151}))
—( 0011y =0, (119b)
AI1 -
3dp a5 5 T
5 (AO) +_<_132))‘3111(1) k*T«)) @ -0, (119¢)
2 95 dy\2 dy
Ploy = Ploy T(o)» (119d)
ﬁ%0)|y=0_= PAE))|y=o+a (120a)
T ly=0_= T(oyly=o, (120b)
M = (/315)l9?<1>)|y=o+, (120c)

where M! is given by Eq. (114) and y=0 on the right-hand
sides of Egs. (94) and (117) has been replaced by y=0,.

V. FLOW AROUND PARALLEL CIRCULAR
CYLINDERS INDUCED BY SMALL PRESSURE AND
TEMPERATURE GRADIENTS

In Sec. IV, we have derived the connection condition to
be used with the diffusion model and the fluid-dynamic
equations. The remaining task is to obtain the transport co-
efficients Mp and M in the diffusion model. As we will
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see, this amounts to computing the mass-flow rates of the
pressure- and temperature-driven flows induced over a peri-
odic cylinder array. We discuss these problems in this sec-
tion.

A. Problem and relevant equations

We begin with the following problem. Let us consider a
rarefied gas around infinitely many circular cylinders with
radius r,. parallel to the X5 axis (X; is the space rectangular
coordinates). The centers of the cylinders are located at
(X,,X,)=(mD,nD) (m,n=0,%=1,=*2,...), where D is the
distance between the centers of adjacent cylinders. We con-
sider the flow induced around the cylinders in two different
physical situations, namely, the pressure-driven flow (P) and
the temperature-driven flow (T):

(P) The gas is subject to a globally uniform pressure gra-
dient in the X, direction. That is, the pressure is given
by po(1+CpX,/D) (Cp is a constant) in the absence of
cylinders (or r,=0). The cylinder surfaces are kept at a
uniform and constant temperature 7,

(T) The cylinder temperature is not uniform in the X, di-
rection and is given by Ty(1+Cpm) (Cy is a constant)
for the cylinder whose center is located at (X;,X,)
=(mD,nD). There is no global pressure gradient.

Investigate the steady behavior of the gas on the basis of the
BGK equation with the diffuse reflection boundary condition
under the assumption that the constants Cp and Cy are so
small that the problem can be linearized around the reference
equilibrium state at rest with pressure p, and temperature T,
Below, we attach the subscripts P and T to distinguish the
quantities for the problems (P) and (T), respectively, and use
a to designate P or T.

Let us introduce the followi_ng notations: py=py/RT) is
the reference density, €[ =(2/V7)(2RT,)"?/A.po] is the ref-
erence mean free path of the gas molecules, Ky=¢,/D is the
Knudsen number, 7#.=r./D, x;=X;/ D, (2RT,)"?{; is the mo-
lecular velocity, py(2RTo)>2(1+® )E(Z) is the velocity dis-
tribution function [E({) is given by Eq. (55) with ¢={],
po(1+@,) is the density, (2RT,)"?i;, (it;,=0) is the flow
velocity, To(1+7,) is the temperature, and py(1+P,) is the
pressure of the gas. In addition, we denote by
po(2RT)V*C DM , the mass-flow rate (per unit time) in the
X, direction through a cross section X;=const (with unit
width in X5 and with width D in X,). According to Ref. 40,
we can seek <I~Jp and <I~>T in the form <f)p=Cp[x]
+®P(x1’x2’§)] and (DT=CT[(§/2‘_5/2)XI+(DT()C17x27§)]a
where @, and ®; are periodic in x; and x, with period 1.
Then, ®p and P are governed by the following equation
and boundary condition:

ob ob 2 1
= e —=—(V,-D,)-1 X)), 121
gl (?xl +§2 dxz \/7_TKO( a a) a (X € f) ( )
W, = 0o+ 2(Lyuy o+ Lotta) + (£ = 312) 7, (122)
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D= Kot (=312 7 for Liny+Lmy >0 (x €5),

(123)
1 -
Kya=— ETwa_ 2N (glnl + §2n2)q)aE(§)d§’
{in+EHn,<0
(124)
®: periodic  (x;= = 1/2,x,= = 1/2), (125)

where x=(x;,x,), X is the region occupied by the gas in the
square unit cell |x;|<1/2 and |x,|<1/2 in the dimensionless
(xy,x,) plane, w,, u;,, and 7, in Eq. (122) are defined in Egs.
(128a)—(128c) below, S is the surface of the cylinder cen-
tered at (x;,x,)=(0,0) with radius 7. in the (x;,x,) plane, n;
(n;=0) is the unit normal vector to § pointing to the gas, and
the inhomogeneous terms Ip, I, 7,,p, and 7,7 are given by

Ip=0, Ir=0(8-52), 7,p=0, 7p=-x.
(126)
Here, the range of x; (i=1,2) has been restricted to ||
< 1/2 by the periodic condition (125). It should be noted that

the problem depends not only on K, but also on 7, through S.
The macroscopic quantities are expressed as follows:

@p=Cplx|+wp), @r=Cr=x;+ wy), (127a)
uip=Cpu;p, Uir=Crit;, (127b)
FP = CPTP, TfT= CT('xl + CTTT) N (1270)
Pp=Cplxy+Pp), Pr=CyPp, (127d)
where w,, U;,, 7,, and P, are given by
W, = f @ LE()dE, (128a)
Ui = J gchaE(g)d§7 (128b)
2 , 3
=3 f (4,- - 5><I>C,E(§>d§, (128¢)
P,=w,+ 7, (128d)
The mass-flow rate M, is given by
12
M,= f u1a|x1=consldx2~ (129)
-172

B. Transport coefficients

As readily seen, Egs. (121)—(125) are essentially the
same as Eqgs. (51)—(54) if we take into account the correspon-
dence between K and K (and the inessential difference in the
origin of x;). Similarly, Eq. (129) corresponds to Eq. (69)
that defines the transport coefficients. Therefore, we can de-
rive the transport coefficients once we obtain the mass-flow
rates for the problems (P) and (T).
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102001-13 A Knudsen compressor composed of periodic arrays

FIG. 4. The mass-flow rates Mp and M, for 7,=0.2, 0.25, and 0.3. The
dashed-dotted line (#.=0.2), solid line (#,=0.25), and dashed line (#.,=0.3)
indicate the results obtained from the asymptotic expressions given in
Refs. 39 and 40.

The problems (P) and (T) governed by Egs. (121)—(125)
have been investigated in Refs. 39 and 40, and the features of
the flows, especially that of the mass-flow rate, have been
clarified. Therefore, we can make use of the numerical data
for the mass-flow rates given in these references to derive the
transport coefficients. In the present paper, however, in order
to use more accurate numerical values, we repeated the same
computations with higher accuracy. We also made additional
computations to extend the range of available data with re-
spect to the Knudsen number. The details of the present com-
putations are left to Appendix.

We show the numerical results for Mp and M in Fig. 4
and in Table I. Here, the results are summarized using

Phys. Fluids 22, 102001 (2010)

0.2 T T
o 7.=02 i
o 7.=025 4
0.15H & 7.=03 e
DDD .J
w 0.1F SO
= -'..A
0.05 '/AA‘AA
Uor o B .
8 iiiﬁ : ‘
(f—o-cooggen & E —L —(1—a)L 0 alL L (I4+a)L 2L
2 ‘—1 ‘ 0 1 . .
10 10 i 10 10 FIG. 5. An example of Kayashima’s device composed of square arrays of

circular cylinders and gaps. See the caption of Fig. 1.

Vi
k=—K,
2 0

(130)
rather than K. This is because the computations have been
carried out by specifying k instead of K. Finally, we con-
clude this section by the expression of the transport coeffi-
cients in terms of M. It is given by

-
M (K7 =MQ<EK,fC), (131)

2

where the dependence on 7, has been explicitly shown.

VI. FLUID-DYNAMIC SYSTEM FOR A KNUDSEN-TYPE
COMPRESSOR COMPOSED OF CYLINDER
ARRAYS AND GAPS

Now we are ready to consider Kayashima’s device hav-
ing a long periodic structure composed of many cylinder
arrays and gaps and to present its fluid-dynamic system. Let

TABLE I. Transport coefficients Mp and My for 7.=0.2, 0.25, and 0.3. See the Appendix for the meaning of the values in the parentheses.

M, M 10 M, Myx 10
kK #A=02 £=025 £=03  £=02  £=025 #,=0.3 k ;=02 £=025 #=03 #=02 #=025 #=03
0.01 (2.2097)  (1.2456) (-0.0011)  (-0.0008)  1.00 03965 02661  0.1734 0.6418 04768  0.3434
0.02 (1.2146)  (0.6973) (=0.0033)  (=0.0028)  1.10 03963 02667 0.1741 0.6810 05052  0.3634
0.03 (0.8825)  (0.5145) (=0.0052)  (=0.0049) 120 03965 02676  0.1749 07173 05314 03818
0.04 0.7163)  (0.4230) (=0.0059)  (=0.0062) 130 03971 02686 0.1758 0.7510 05557  0.3987
0.05 0.6167)  (0.3680) (-0.0049)  (=0.0065) 140 03980 02697  0.1767 0.7825 05785  0.4145
09748 06166 03679  -0.0010  —0.0049  —0.0065 150 03991 02710  0.1776  0.8121  0.5998  0.4292
006 08661 05503 03312 00038  -0.0025  —0.0056 1.60 04004 02723  0.1786  0.8400  0.6199  0.4431
0.07 07889 05032 03050  0.0100 0.0012  —0.0037 170 04018 02737  0.1796  0.8664  0.6389  0.4561
008 07316 04680 02854  0.0173 0.0060  —0.0009 1.80 04032 02751  0.1806 0.8915  0.6569  0.4684
0.09 06873 04407 02702  0.0254 0.0116 00026 200 04064 02779  0.1826 0.9381  0.6904 04912
0.10 06522 04190 02581  0.0341 0.0178 00067 250 04151 02851  0.1875 1.0388 07626  0.5398
0.15 05491 03549 02217  0.0819 0.0539 00324  3.00 04240 02920  0.1920 1.1234  0.8230  0.5798
020 04992 03237 02040  0.1311 0.0925 0.0611 350 04327 02985  0.1962  1.1966  0.8749  0.6139
0.30 04509 02939  0.1870  0.2238 0.1652 0.1159 400 04411 03046 02001 12614 09207  0.6436
040 04279 02803  0.1795  0.3062 0.2287 0.1635 500 04567 03157 02071 13728 09987  0.6937
050 04150 02731  0.1757 03789 0.2837 0.2041 600 04709 03255 02132 14666  1.0638  0.7348
0.60 04072 02692  0.1738 04432 0.3317 0.2393 700 04838 03343 02186 1.5481  1.1197  0.7700
070 04023 02671  0.1730  0.5006 0.3740 02700  8.00 04956 03423 02234 1.6203  1.1690  0.8006
0.80 03992 02661  0.1728  0.5522 0.4117 0.2971 9.00 05064 03495 02278  1.6851 12129  0.8277
090 03974 02658  0.1730  0.5991 0.4458 03214 1000 05164 03562 02318 17440 12527  0.8521
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FIG. 6. Kayashima’s device in two different situations. In case (A), the right end is closed by a wall with temperature T, whereas in case (B), both ends are

open.

us consider a periodic structure consisting of many square
arrays of circular cylinders and gaps, as shown in Fig. 5.
More precisely, the cylinder arrays are located in mL <X,
<(m+a)L (m=0,*1,%2,...;0<a<1) and they are sepa-
rated by gaps with uniform distance (1-a)L. We shall call
the union of a cylinder array and a gap a basic unit (or
simply unit). We also call, in the basic unit, the part of the
cylinder array subunit I and that of the gap subunit II. The
length of one unit is therefore L. The common radius of the
cylinders is . and the distance between the centers of neigh-
boring cylinders is D(>2r.). In order to induce a flow ther-
mally, we need to impose a temperature distribution on the
cylinder arrays. This temperature distribution is described by
T,(X,), which is a periodic function of X, with period L.
It is noted that T, is defined for mL<X,;<(m+a)L
(m=0,x1,%x2,...). Let us assume that the length of sub-
unit I as well as that of subunit II is much larger than the
distance between the centers of the cylinders D. Then, Eqs.
(118) and (119) and the connection condition (120) describe
the global behavior of the gas, i.e.,

ap T, M
Ty, (132a)
gt (1—m7) dy
dlIn TW
M= TW.MAKr)@}+AM( Pt
(132b)

K=K, 1%p

m<y<m+a;m=0,*x1,*2,...), (132¢)
P
_p:(), (133a)
dy
ap d
—e+—(ﬁﬁl)=0, (133b)
g dy

3p a5, 5, 4T
==+ —|=po, - =k, T— | =0,

2t \a ety (133¢)
p=pIT

m+a<y<m+1,m=0,*x1,*2,...), (133d)
p: continuous, (134a)
T=T, M=pi,

(y=mm+a,m=0,*x1,%£2,...). (134b)

Here, L has been taken as the reference length and the di-
mensionless variables are the same as those in the preceding

sections, but the subscript “(0)” of p and 7, and the subscript
“(1)” of ¥, are omitted. M p and M are given by Eq. (131).
It should be mentioned that similar fluid-dynamic systems
have been constructed for the Knudsen compressor com-
posed of pipes (or channels) in the case of a single-
component gas31’33 as well as in the case of a gas mixture.*
It should also be mentioned that this approach has been ini-
tiated in Ref. 30 using a simplified BGK model in the con-
text of the Knudsen pump. In Sec. VII, we analyze the flow
in the present compressor numerically by applying the diffu-
sion system (132)—(134).

VIl. NUMERICAL RESULTS AND DISCUSSION

In this section, we show some numerical results for the
fluid-dynamic system derived in the preceding sections.
Hereafter, we assume that the global temperature distribution
T, is given by a linear function of X, in each subunit I, as
shown in Fig. 5. To be more specific, let us set

Ty (X,=mlL)

Tw:
T, (X,=(m+a)l)
(m=0,%=1,%x2,...;T,<T). (135)

Then, T,, in each subunit I is given by the line segment
connecting 7T, and 7.
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102001-15 A Knudsen compressor composed of periodic arrays

Let us assume that the device is composed of N basic
units and consider the flow in 0<X; <NL. Following Refs.
31 and 35, we consider the following two situations (Fig. 6):

(A) The right end (X;=NL) of the device is closed by a
wall kept at a uniform temperature 7,,. The left end
(X,;=0) is open and the gas pressure there is given by
Po-

(B) Both ends are open. The pressure at the left end
(X;=0) is kept at p,, whereas that at the right end
(X,=NL) at p,. The temperature of the gas at the right
end is Ty,

Case (A) estimates the pressure difference that can be main-
tained by the device, whereas case (B) estimates the flow rate
produced by it against an imposed pressure difference.

Let us take T and p, as the reference temperature and
pressure, respectively, i.e., T,,=T, and p,=p,. Then, the pa-
rameters characterizing the present problems are T,/T,
r./D, a, N, and K, in case (A), and T,/ T, r./D, a, N, K.,
and p,/py in case (B), where the Knudsen number K, is
defined by K, =€,/ D, with €, =(2/\7)(2RT,)"2/ A, p, being
the mean free path of the gas molecules in the equilibrium
state at rest with temperature 7}, and density po=po/RT,. In
the present study, we restrict ourselves to the steady state and
solve the diffusion system (132)—(134) with dp/di=3dp/dt
=0 in 0 <y <N by imposing the following boundary condi-
tions:

1.2¢

1.1f

P/Po

1.05F

P/Po

FIG. 7. p/py vs y in case (A) for N=1. (a) T\/Ty=1.5, r./D=0.25, a=0.5,
and K,=0.1, 02, 0.5, 1, 2, and 5. (b) T,/Ty=1.5, K, =1, a=0.5, and r,/D
=0.2, 0.25, and 0.3. (¢) K, =1, r./D=0.25, a=0.5, and T,/ Ty=1.5, 2, 3, 4,
and 5. (d) T,/Ty=1.5, K,=1, r./D=0.25, and a=0.2, 0.3, 0.4, 0.5, 0.6, 0.7,
and 0.8.
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10} :
re/D=0.3

y/N

FIG. 8. p/py vs y/N in case (A) for N'=100, T,/Ty=1.5, and a=0.5. (a)
r./D=0.25, and K,=0.1, 0.2, 0.5, 1, 2, 3, 4, 5, and 6. (b) K =1, and
r./D=0.2, 0.25, and 0.3.

p=1 (y=0),
(136a)
ﬁ1=0, f=1 (y=./\/)
in case (A) and
p=1 (=0,
(136b)
p=pi/po,» T=1 (y=N)
in case (B).

We first show the result for case (A) in Figs. 7-10. Fig-
ure 7 shows the steady pressure distribution p/py(=p) in the
case in which only a single unit is used (N=1); Fig. 7(a)
shows the effect of K, Fig. 7(b) that of r./D, Fig. 7(c) that
of T,/T,, and Fig. 7(d) that of a. The pressure rise at the
closed end (y=1) becomes larger with the increase of K,
T,/Ty, or r./D, and the pressure rise is almost independent
of a. Among these features, the effects of K, T1/T,, and a
remain unchanged when the number of the units is increased
to a large number. On the other hand, as for the influence of
r./ D, a smaller r,/ D may give a higher pressure rise when \/
is large, as shown below.

Figures 8 and 9 show the steady pressure distributions
when 100 units are used (A=100). That is, Fig. 8(a) shows
p/po versus y/ N for various K, in the case of r./D=0.25,
and Fig. 8(b) shows that for r./D=0.2, 0.25, and 0.3 in the
case of K,=1 (a¢=0.5 and T,/Ty=1.5). Figure 9 is the corre-
sponding figure for 7/T,=2. The pressure rise at the closed

15F ]
[ re/D =03
jl j=l 1 [ =g
£ £ 07 0.25
Ry N
5t 1
0.5 1
y/N

FIG. 9. p/py vs y/N in case (A) for N=100, T,/Ty=2, and a=0.5. (a)
r./D=0.25, and K,=0.1, 0.2, 0.5, 1, 2, 3, and 4. (b) K,=1, and r./D=0.2,
0.25, and 0.3.
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FIG. 10. p/p, vs y/ N in case (A) for various N and for r,/D=0.25 and 0.3
(T,/Ty=1.5 and a=0.5). (a) K, =1, (b) K,=5. The solid line indicates the
result for r./D=0.25 and the dashed-dotted line that for r./D=0.3.

end (y=AN) increases with K. In Fig. 8(b), larger r./D gives
a higher pressure rise and the highest pressure rise is attained
for r./D=0.3. On the other hand, in Fig. 9(b), the highest
pressure rise is attained for r./D=0.25, and r./D=0.3 gives
the second highest pressure rise.

Figure 10 contains further information on the effect of N
on the pressure rise. That is, the pressure distributions for
various numbers of the units (N'=20, 50, 100, 200, 500, and
1000) are shown for r./D=0.25 and 0.3 and for K,=1 and 5
in the case of T,/Ty=1.5 and a=0.5; Fig. 10(a) for K,=1
and Fig. 10(b) for K,=5. As N becomes large, the total
pressure rise tends to approach a limiting value for each
r./D. The limiting value is smaller for larger r./D. Owing to
the difference in the limiting pressure rises, a smaller r./D
can produce a higher pressure rise at the closed end when N
is large.

P/Po

FIG. 11. p/py vs y/N in case (B) for various N (r./D=0.25, a=0.5,
K.=1, and p,/py=2). (a) T|/Tp=1, (b) T\/Ty=1.5, (c) T,/T;=2, and (d)
T,/ T,=3.

Phys. Fluids 22, 102001 (2010)

Figure 11 shows the steady pressure distribution
pl/po(=p) versus y/N in case (B) for various A in the case
of T)/Ty=1, 1.5, 2, and 3 (p,/py=2, r./D=0.25, a=0.5, and
K.=1); Fig. 11(a) for T,/Ty=1, Fig. 11(b) for T,/Ty=1.5,
Fig. 11(c) for T,/Ty=2, and Fig. 11(d) for T,/Ty=3. The
corresponding mass-flow rate M, which is constant in y (or
X,), is shown in Table II. When the global temperature dis-
tribution is uniform (7,/Ty=1), an imposed pressure differ-
ence causes a leftward flow. This flow is reduced when a
global temperature gradient is imposed on the cylinder ar-
rays, which tries to drive a flow in the rightward direction.
As the number of the units is increased, the temperature-
driven flow overcomes the pressure-driven flow and a net
flow in the rightward direction is obtained. The induced flow
rate is larger for larger T,/ T,. As N'— o, the mass-flow rate
tends to approach a limiting value for each 7'/T,, irrespec-
tive of p,/py (M — 0 for T,/ Ty=1). On the other hand, when
N is large, the global pressure distribution becomes uniform,
except in a narrow region (in y/N) adjacent to the high pres-
sure end. The thickness of the region becomes thinner as N
is increased. These features are the same as those of the
Knudsen compressor composed of channels™ or pipes.35

VIil. CONCLUDING REMARKS

In this paper, we have considered a rarefied gas flow in
Kayashima’s device, composed of many periodic arrays of
circular cylinders, for the case in which the channel is infi-
nitely wide, and derived its diffusion model on the basis of
the BGK equation and the diffuse reflection boundary condi-
tion.

This derivation involves several steps. In the first step,
we considered a flow over a square array of parallel circular
cylinders with a slowly varying temperature distribution. We
derived a diffusion model that describes the pressure distri-
bution and mass flux of the gas through the array by homog-
enization (Sec. II). This derivation also requires numerical
data of the mass-flow rates of the pressure- and temperature-
driven flows, which are available in previous literature. In
the second step, we considered a slow flow across the gap
and derived a set of fluid-dynamic equations that describes
its overall behavior (Sec. IIT). In the third step, we consid-
ered the case in which the cylinder array is in contact with a
half space filled with the gas (Sec. IV). On the basis of the
diffusion model and the fluid-dynamic equations derived
above, we derived the connection condition at the junction of
the array and the gap. In Sec. V, the numerical values of the
transport coefficients of the diffusion model are presented.
The fluid-dynamic system for the entire periodic structure
was summarized in Sec. VI. Finally, some numerical results
for the model were presented in Sec. VII.

The derived model can be used as a convenient tool for
estimating various properties of the device in both steady and
unsteady conditions. Thus far, we have only considered one
of the simplest cases of the porous media, namely, a square
array of parallel circular cylinders. The present analysis can
easily be extended to other types of porous media with a
periodic structure. Such an extension will improve the appli-
cability of the present model.
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TABLE II. Dimensionless mass-flow rate M corresponding to Fig. 11.
M
pi/po=15 P1/po=2
N T,/Ty=1 T,/Ty=1.5 T,/Ty=1 T,/Ty=1.5 T,/ Ty=2 T,/ Ty=3
5 -5.343(=2)" —5.685(-3) —1.080(-1) -5.119(-2) -7.781(-3) 5.382(-2)
10 -2.672(-2) 1.813(-2) —5.400(-2) —3.485(-3) 3.576(-2) 9.147(-2)
20 -1.336(-2) 2.993(-2) —2.700(-2) 2.026(-2) 5.685(-2) 1.075(-1)
50 —5.344(-3) 3.665(-2) —1.080(-2) 3.404(-2) 6.726(-2) 1.120(-1)
100 -2.672(-3) 3.833(-2) -5.401(=3) 3.784(=2) 6.850(-2) 1.121(-1)
200 -1.336(-3) 3.863(-2) -2.701(-3) 3.868(-2) 6.857(-2) e
“Read as —5.343 X 1072,
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APPENDIX: DATA ON THE NUMERICAL
COMPUTATION

The details on the numerical analysis of problems
(121)—(125) are given in this appendix. Below, we use k
=(\V7/2)K, [Eq. (130)] instead of K.

1. Reduction of the problem

Let us introduce the heat-flow vector py(2RT,)"*C,Q;a
(03,=0) in addition to the macroscopic quantities already
introduced in Sec. V, i.e.,

5
Qiazf §1§]2(DQE(§)d§_ Euia' (Al)

From Egs. (121)—(125), one can show that the following re-
lation holds (the symmetric relation®):

MT:f QlPdX+fxl(Qanl+Q2Pn2)dl
X; S

12

= O, ply,=1126%3,
-1

(A2)

where dx=dxdx, and d! is the line element along the cylin-
der surface S. The second equality is obtained by applying
the divergence theorem. This type of relation is often re-
ferred to as the Onsager relation.”® ¢! Equation (A2) shows
that as far as the mass-flow rate M is concerned, it is ob-
tained from the information on the heat flux Q,p of the
pressure-driven flow without solving the problem for ®;.
Since our interest in this paper is My, we shall take the full
advantage of this property; we only consider the problem of
the pressure-driven flow [i.e., Egs. (121)—(125) with a=P]
below and compute M from Q,p using Eq. (A2). In this way,
the amount of necessary computations is greatly reduced.

has been obtained in Ref. 40.

2. Further transformation of Equations (121)—(125)
with a=P

a. Reduction of {3

By the standard procedure,z’62 one can eliminate the
component {3 of the molecular velocity from the system. Let
us introduce the following marginals of ®p:

2

— g * 1 e_{.%
¢P=[h}=f { z}cpp?dg}

—0 3 N

Multiplying Eq. (121) (with a="P) by ¢-5/ 7 or e/
and integrating the result with respect to {3 from — to %, we
obtain a set of simultaneous equations for g and £,

I8, 08| _Lg~s|_ &2
R H b e R

(A3)

(A4)
|:ge :|_[wP+2”1P§1+2”2P§2+TP(§%+§§_1):| (A5)
2h, wp+2u,ply + 2upply + TR({T+ ) |
L I -
wp=— ge T dEdl,, (Aba)
L I -
Uip= 7_7 {ige™ 1" 2d{dE,, (A6b)

2 (* (~ 2 2
TF?J J [(&F+ Qg + hle” " 2ddg, — wp. (A6e)

Similarly, from Egs. (123)—(125), we obtain the following
boundary conditions for g and A:
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{g}zm{?} for {inj+5Hn, >0 (xe8), (A7)

h 2
2 BB
Kyp == "= (&iny + Lony)ge™ 0t dg d,,
NTTJ {in+4on,<0
(A8)
®p: periodic  (x;= = 1/2,x,= * 1/2). (A9)

Q,p 1s expressed in terms of g and & as

1(* [~ 2 2 5
Qip=— J f LG+ D)g + e “dg dg, - St
(A10)

Owing to the symmetry of the problem, we can further as-

sume that the flow field (or ®p) is symmetric with respect to
x,=0 and antisymmetric with respect to x;=0. Therefore, we
can analyze the problem in the first quadrant of X, (say, X5

. . . . : f
by imposing the following boundary conditions at x;=0 and
1/2 and x,=0 and 1/2:

(I_)P(O’-x% §1’§2)

=—D,(0,x0,— {1,5) for ;>0 (F.<x,<1/2),
(Alla)

D p(1/2,%2,1,0)

=— Dp(1/2,x0,— {1,8y) for §; <0 (0<x,=<1/2),
(A11b)

q_)P(xl’O»é'l,fz)

=®p(x,0,4,- &) for >0 (F.<x;<1/2),
(Allc)

(I_DP()C], 1/2’§1’§2)

=Dp(x),1/2,4,- &) for <0 (0<x;<1/2).
(A11d)

For the sake of later use, we also write some of the
equations in the polar coordinates. Let us introduce the fol-
lowing polar coordinate system (Fig. 12):

x;=rcos 6, x,=rsin6, (Al2a)

{i=Lcos(0+6;), &=sin(0+6,).

Here, F.<r=<rp, 0s0<m/2, 0<({<o», —7< 0,<m, and
rp(<1/2) is a parameter related to the grid system intro-
duced below. We denote the quantities expressed in the polar
coordinates by putting the superscript # [e.g., g
=g*(r,0,¢, 6,), wpzwf;(r, 0), etc.]. Then, Egs. (A4)-(A8)
are recast as follows:

(A12b)
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X2
(¢, ¢2)
O .
2 r (;517I2)
Te
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FIG. 12. Polar coordinate system.

# : #
§Cos€§£[g }+usm0<a _ )[g }

ht r \ao~ a0,) | n*
# #
1]gf- 0+6,)|2
_1 gz §" | Lcos( g)[ } (A13)
k| hf —n? 2 1

gt wh+2¢u?, cos 0, + ubp sin 0,) + #E-1)
L wh+28ubscos O+ ubpsin ) + hE |

(A14)
(™ (~
wh=— f f (g#e"gzdfdﬁg, (Al5a)
TJ_zJdo
(™[~
”fp = _f f 2% cos ﬁggﬁe_{zdgdﬁg, (A15b)
TJ_zJdo
1 (™ (~
uhp = - J fo 2 sin 0§g“e-42dgd0§, (A15¢)
2 (™ (*
=" f f {3g* + h)etdLdo, - o (A154d)
377 -7 J0
# #
g Kyp| 2 ™ ™ .
|:hﬁ]=7|:1] for —E<0g<5 (r=*+.), (A16)

2 —/2 T %
Kﬁ,P=—?<f +f )f £ cos O,g*eCdgdo,. (A17)
N - /2 0

The conditions corresponding to Egs. (Alla) and (Allc) are

Dh(r,m2,0,0) = - Dh(r,m2,(,~ 0) for —m<6,<0,
(A18a)

D4(r,0,4,0,) = Dh(r,0,{,~0) for0<,<m (A18b)

(7.<r=rp). The x; component of the flow velocity is ob-
tained from (u*,,ufy) by
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#

ubp=ut,cos 6—ulp sin 6, (A19a)
ulp=ulysin 0+ ub, cos 6. (A19b)

b. Integral equations

It is well known that the velocity distribution function is
discontinuous around a convex boundary.z’63 For the problem
under consideration, a discontinuity leaving the cylinder sur-
face is reflected at the boundary x;=0 and 1/2 and x,=0 and
1/2, according to condition (A11), and continues to propa-
gate until it reaches the cylinder surface. To obtain ®p hav-
ing such a complicated structure by a direct method (e.g.,
finite-difference method) is a formidable task. To bypass this
difficulty, we transform Eqs. (A4)—(A8) and (A11) into a set
of linear integral equations for the macroscopic quantities
(wp, uyp, rp, 7p, and k,,p) by eliminating the velocity dis-
tribution function."? The resulting integral equations are
given in Egs. (65)—(67) of Ref. 39 (wp, u;p, 7p, K,,p, X, and X,
are denoted by w, u;, 7, k,,, ¥, and Yy, respectively; see also
the last paragraph of Sec. III A of the same reference). Simi-
larly, we express Q;p in terms of wp, u;p, Tp, and «,,p. Since
the expression is rather lengthy, we omit it here for brevity.

3. Numerical methods
a. Case of moderate and large k

For moderate and large k, the pressure-driven flow is
analyzed on the basis of the integral equations. Similar inte-
gral equations have been solved in Ref. 64, where a two-
dimensional rarefied gas flow confined in noncoaxial circular
cylinders has been investigated. Therefore, we can exploit
the method used in this reference by adapting it to the
present problem. Since the detailed description is given
there, we only outline the numerical method.

(i) Let us write the integral equations in the following
symbolic form:

y=A(y) +b,

where y is the column vector composed of (wp, u;p, Usp, Tp,
K,,p), A(y) is the linear integral operator, and b is the column
vector corresponding to the inhomogeneous terms. Equation
(A20) is solved by the method of successive approximation.
That is, we obtain the discrete solution y, of y at the lattlce
points in the (x;,x,) plane as the limit of the sequence y
(n=0,1,...) constructed by the formula

y(hn+l A (y )+bl1’

(A20)

(A21)

where Ay and b, are the discrete counterparts of A and b,
respectively.

(ii) A(y) contains an area and a line integral in the
(x1,x,) plane, whose domains of integration vary with point
x in X* (see Fig. 13). Similarly, b contains a line integral in
the (x;,x,) plane. For the numerical integration, we first trun-
cate the domain of integration by restricting the ranges of x;
and x, to |x;|<N.+1/2 and |x,|<N.+1/2. Here, N, is a
sufficiently large positive integer. Then, the area and line
integrals are evaluated numerically by using the Gauss—
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xy

FIG. 13. The domain of integration. The domain of integration for the area
integral, say D(x), is the region occupied by the gas visible from x and that
for the line integral, say £(x), is the surfaces of the cylinders visible from x.

Legendre quadrature, as described in Ref. 64. The values of
N, used in the present computations are summarized as fol-

lows:
.
2<N.<4

6=<N.

(0.05<k=<0.15)
10 (02<k<0.6)
I2<N.<18 (0.7<k<1.6)
20N, <29 (1.7<k<25)
35=N, <49 3<k<T)
\56<NC<70 8=k=10)

for 7,=0.2, 0.25, and 0.3.

(iii) The grid system used in the present computation is
shown in Fig. 14. It is a composite grid system consisting of
two subgrids I and II. Subgrid I is a rectangular grid system
in the staircaselike domain ABCDEFGHA with steps at x;
=b/2 (BC) and ¢/2 (DE) and x,=b/2 (CD) and ¢/2 (AB). It
consists of uniformly distributed (M + 1) lattice lines both in

the x; and x, directions (we choose the constants b and c¢ in
such a way that the segments AB, BC, CD, and DE are on

/

/

/
I

a

oo

/

A
o

(A22)

/
i

I

/

b 1-b
.CL'Q 2 | 2 |
1 [H G
2 ik
"D i
Eris 1] 1—b
c AT B =
2 5
T TT (RPN
“IA/ CEED |
\ b
1] T 2
'i’\y\‘%'
0 BB CF
0 Te A

FIG. 14. Grid system consisting of two subgrids I and II. Subgrid I is a
rectangular grid system in the staircaselike domain ABCDEFGHA and sub-
grid IT is a polar grid system in the domain A’'B'C'D'A".

Downloaded 01 Feb 2011 to 133.30.52.203. Redistribution subject to AIP license or copyright; see http://pof.aip.org/about/rights_and_permissions



102001-20  Satoshi Taguchi

the lattice lines). Subgrid II is a polar grid system bounded
by the cylinder surface (A’B’), the quarter circle C'D’ with
radius rp sharing the same center with the cylinder, the seg-
ment B’C’ on the x; axis, and the segment D'A’ on the x,
axis. It consists of (M,+ 1) nonuniformly distributed concen-
tric quarter circles (finner near the inner cylinder and coarser
near the outer) and (My+1) uniformly distributed radial
lines. The macroscopic quantities (wp,u;p,Usp, Tp, K, p) are
evaluated at each grid node in both subgrids. The grid pa-
rameters are summarized as follows. For subgrid I,
(M,b,c)=(40,4,5) for #,=0.2, (M,b,c)=(40,4,6) for 7.
=0.25, and (M,b,c)=(40,5,7) for #,=0.3 (0.05<k<10).
For subgrid I, (M,,rp)=(20,0.33) for #.=0.2, (M,,rp)
=(20,0.37) for #,=0.25, and (M,,r)=(20,0.45) for 7#,.=0.3
(0.05<k=<10). The minimum (maximum) grid interval in
the radial direction in subgrid II is approximately 3.6
X 1073 (1.3X1072) for #,=0.2, 3.3X 1073 (1.2Xx107?) for
7.=0.25, and 4.1 X 107* (1.5Xx 1072) for #,=0.3. As for M,
My=80 (0.05<k=<0.2) and M,=40 (0.3<k=<10) for 7,
=0.2 and 0.25, and M,=80 (0.05<k=<0.4) and M,=40
(0.5<k=10) for 7,=0.3.

b. Case of small k

When k is small, the discontinuity in the velocity distri-
bution function is confined in a thin layer (the S layer63)
adjacent to the boundary, and we can expect that the overall
flow field is obtained accurately by a direct finite-difference
analysis of Eqs. (A4)—(A8) and (A11) (neglecting the discon-
tinuity). Since the finite-difference analysis is rather easy and
efficient, we employ it for the analysis of the pressure-driven
flow for small k (k<0.05 in the actual computation). The
values of Mp and M obtained by this method are shown in
Table I in the parentheses. Below, we outline the solution
method.

(i) We use the same grid system as before for the dis-
cretization in the (x;,x,) space (see the previous subsection).
In subgrid I, we solve Egs. (A4)-(A6) with the boundary
condition (Al1), supplemented by a boundary condition on
ABCDE [Eq. (A23) below]. In subgrid II, we solve Egs.
(A13)—(A15) with the boundary conditions (A16)—(A18),
supplemented by a boundary condition on C'D’ [Eq. (A24)
below]. Since the velocity distribution function should be
continuous in the gas, we impose the following condition on
ABCDE:

®p,=d% for ,,>0 (on AB and CD), (A23a)

®,=®% for ;>0 (onBC and DE), (A23b)

and on C'D’,

—, = T T
Oh=0b, for —7< 0§<—5 and5< 0, <m.

(A24)

(ii) We obtain the discrete solutions in both subgrids as
the limits of the sequences constructed from a finite-
difference scheme in each subgrid, which are expected to
converge simultaneously. More precisely, in subgrid I, we try
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to obtain the discrete solution ® py of @, at the lattice points

in the (x;,x,,,{>) space as the limit of the sequence (f)g’;
(n=0,1,...) constructed by using a finite-difference scheme

corresponding to Eq. (A4), giving the relation between @g’;
and (I_)f,fh_ D In subgrid II, we try to obtain the discrete solu-
tion CI_Djf,h of (I_)f, at the latticei points in the (r, 6,{, 6,) space as
the limit of the sequence CIDf,(h") (n=0,1,...) constructed by
using a finite-difference scheme corresponding to Eq. (A13),

giving the relation between <I_)f,(u") and CI_)f;(h"_l). CI_DEZ,? and CI_)f;(;')

are related to each other through conditions (A23) and
(A24). If q_Dg’; and (I_)f,(h”) converge simultaneously, we take
the limiting functions as the solutions ® py and CI_DfLH, respec-
tively.

(iii) Let <I_)g’h_ D and CI_Df,(h"_]) be known. The process to
obtain @g’; and (I_Df,(h") are as follows. First, we obtain the
boundary data of CI_Df,(h") on C'D’ from CI_)EZ,T D by the interpo-
lation. Let £, and 6, be the discrete sets for the variables {
and 6, respectively. For 7/2<6,,<m (or for —7m< 6, <
—1/2), CI_Df,(h”) is determined from r=rp, to 7, and from 6=0 to
/2 (or from #=7/2 to 0) in the descending (or ascending)
order of 6, by using the finite-difference equation, the
boundary conditions on C'D’, and the boundary condition on
B'C’ (or that on D'A’) for all {;. Similarly, for 0< 6,
<a/2 (or for —m/2<6,,<0), (f)f,(u") is determined from r
=7, to rp, and from #=0 to 7/2 (or from #=7/2 to 0) in the
descending (or ascending) order of 6, by using the finite-
difference equation, the boundary conditions on A’B’, and
the boundary condition on B’C’ (or that on D'A’) for all {j.

Next, we obtain the boundary data of <I_>§fz on ABCDE from

CI_Df,(h”) by the interpolation. Let {;, and £, be the discrete sets
for the variables ¢, and {,, respectively. For each {;,=0,

CI_DELf; is determined first from x;=0 to »/2 and from x,=c¢/2
to 1/2 (or from x,=1/2 to ¢/2), second from x,=b/2 to c/2
and from x,=b/2 to 1/2 (or from x,=1/2 to b/2), and fi-
nally from x;=c¢/2 to 1/2 and from x,=0 to 1/2 (or from
x,=1/2 to 0) by using the finite-difference equation, the
boundary conditions on HA, BC, and DE, and the boundary
conditions on AB, CD, and EF (or that on GH) for all ¢,
=0 (or for all £, <0). Similarly, for each {;; <0, <I_>(;,1; is
determined first from x;=1/2 to ¢/2 and from x,=0 to 1/2
(or from x,=1/2 to 0), second from x;=c/2 to b/2 and from
x,=b/2 to 1/2 (or from x,=1/2 to b/2), and finally from
x;=b/2 to 0 and from x,=c/2 to 1/2 (or from x,=1/2 to
¢/2) by using the finite-difference equation, the boundary
condition on FG, and the boundary conditions on EF, CD,
and AB (or that on GH) for all £,, =0 (or for all £,, <0).
(iv) The grid parameters are summarized here. For sub-
grid I, (M,b,c)=(80,4,6) for 7,=0.25, and (M,b,c)
=(80,5,7) for #.=0.3 (0.01<k=<0.05). For subgrid II,
(M,,rp,Mp)=(60,0.45,80) for 7.=0.25, and (M,,rp,M,)
=(60,0.475,80) for #,=0.3 (0.01 <k<0.05). The minimum
(maximum) grid interval in the radial direction in subgrid II
is approximately 1.8X 1073 (6.8 107%) for #.=0.25 and
1.6X 1073 (6.0 1072) for #,=0.3. As for the molecular ve-
locity space (£, 6,), we first restrict £ in the range 0<{<Z
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(Z=6.6). Then, the space is subdivided by 61Xx321 (¢
X @) lattice lines. The lattice lines for { are nonuniform
(finner near {=0) and those for 6, are uniform. For the
(¢,,4,) space, we first express it by the polar coordinates,

ie., g’l:Zcos @Q and g’z:ZSin @Q (0< 2<oo and — < @§$ ).
Then, the (Z , @Q) space, restricted to 0= 2 <Z, is subdivided
by 61 X321 (Z X é() lattice lines in the same way as the
(£, 6, space. The minimum (maximum) interval of the lat-

tice lines for ¢ (or {) is approximately 2.0 1073 (0.29).

4. Data on accuracy

The simplest measure of accuracy is given by the uni-
formity of the mass-flow rate. That is, Mp should be theo-
retically independent of x;, but it exhibits a slight variation
owing to the numerical error. Let us denote by M ;k, the value
of Mp shown in Table 1. They are the values evaluated at
x;=1/2. As an accuracy test, we also evaluate Mp at each
location of the lattice lines x;=const constituting subgrid I
and examine its unifomity. The result is summarized below.
For the numerical solutions of the integral equations, the
deviation of Mp from M: is

4.1 X 1073 05<k<04
Moo o_4 (0.05<k<04)
— <{17X10™* (05<k<2)
P 6.8 X 107 (25<k=<10)
(A25a)
for 7,=0.2,
3X 107 DO =s=k=0.
Moo 5.3 10_4 (0.05<k=<04)
. <{1.6X10* (0.5<k=<2)
P 32x107* (25<k=<10)
(A25b)
for 7,=0.25, and
89X 107 (0.05<k<0.4)
MP_M; —4 <l <
_ <13.1X10™* (0.5<k=<2)
P 7.6 X 107% (2.5<k<10)
(A25¢)

for 7.=0.3. For the numerical solutions obtained by the
finite-difference analysis, the variation of Mp is

Mp-M, 7.7 X107 (#.=0.25)

=
M, 11X 107* (7.=0.3)

(A26)

for 0.01<k=<0.05.
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