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STRONG PRO-FIBRATIONS AND ANR OBJECTS IN
PRO-CATEGORIES

TAKAHISA MIYATA

ABSTRACT. The notions of pro-fibration and approximate pro-fibration for
morphisms in the pro-category pro- Top of topological spaces were introduced
by S. Mardesi¢ and T. B. Rushing . In this paper we introduce the notion of
strong pro-fibration, which is a pro-fibration with some additional property,
and the notion of ANR object in pro- Top, which is approximately an ANR-
system, and we consider the full subcategory ANR of pro- Top whose objects
are ANR objects. We prove that the category ANR satisfies most of the
axioms for fibration category in the sense of H. J. Baues if fibrations are strong
pro-fibrations and weak equivalences are morphisms inducing isomorphisms in
the pro-homotopy category pro- H(Top) of topological spaces. We give various
applications. First of all, we prove that every shape morphism is represented
by a strong pro-fibration. Secondly, the fibre of a strong pro-fibration is well-
defined in the category ANR, and we obtain an isomorphism between the
pro-homotopy groups of the base and total systems of a strong pro-fibration,
and hence obtain the pro-homotopy sequence of a strong pro-fibration. Finally,
we also show that there is a homotopy decomposition in the category ANR.

1. INTRODUCTION

Shape category is based on the pro-category pro- HANR of the homotopy cate-
gory of spaces having the homotopy type of an ANR (equivalently, a CW complex).
In shape theory spaces are represented by inverse systems of good spaces such as
ANR’s (or CW complexes), and we are allowed to work on the inverse systems.
However, from the viewpoint of homotopy theory, shape theory for general topo-
logical spaces is not completely analogous to homotopy theory for CW complexes.
For example, the well-known Whitehead theorem which says that every weak ho-
motopy equivalence between CW complexes is a homotopy equivalence does not
hold in shape theory unless the spaces have finite shape dimensions [10, §. 5, Ch.
I1].

From the viewpoint of model category, the pro-category pro- H(C) of the homo-
topy category H(C) of a category C is not obtained as a model category on the
pro-category pro-C [13]. To overcome this deficiency, D. A. Edwards and H. M.
Hastings [3] defined homotopy globally in the pro-category (see also [14]).

In this paper we are interested in a homotopical algebraic approach to shape
theory. Precisely, we introduce the notion of ANR object in the pro-category of
topological spaces and the notion of strong pro-fibration between ANR objects.
Then we prove that the full subcategory ANR whose objects are ANR objects
satisfies most of the axioms for a fibration category in the sense of H. J. Baues [1]

Date: June 19, 2008.
1991 Mathematics Subject Classification. 55P55, 54C55, 55U35.
Key words and phrases. Strong pro-fibration, pro-category, fibration category, ANR object.



2 TAKAHISA MIYATA

if fibrations are strong pro-fibrations and weak equivalences are morphisms induc-
ing isomorphisms in the pro-homotopy category pro- H(Top) of topological spaces.
Roughly speaking, an ANR object is a system which is approximately an ANR
system. A strong pro-fibration is a pro-fibration, introduced by S. Marde$i¢ and T.
B. Rushing [8, §. 9], with some additional property.

We give various applications. First of all, we show that every shape morphism is
represented by a strong pro-fibration. Secondly, the fibre of a strong pro-fibration
is well-defined in the category AN'R. We obtain an isomorphism between the pro-
homotopy groups of the base and total systems of a strong pro-fibration, and hence
obtain the pro-homotopy sequence of a strong pro-fibration. Finally, we show that
there is a homotopy decomposition in ANR.

The notions of fibration category and cofibration category were introduced by H.
J. Baues [1]. Those notions make the constructions of homotopy theory available
in more contexts by simply weakening the assumptions and concentrating on either
the fibrations or the cofibrations.

The usual model structure on the category Top of topological spaces and maps
adopts Hurewicz fibration for fibration, i.e., maps with the homotopy lifting prop-
erty (HLP) with respect to any spaces. But the HLP is not a very useful property
for maps between spaces with bad local properties [8, Example 4]. S. Mardesi¢
and T. B. Rushing [8] introduced the notion of shape fibration between compact
metric spaces, extending the notion of approximate fibration, introduced by D. S.
Coram and P. F. Duvall [2] (see also [7] for the definition of shape fibration between
arbitrary topological spaces).

A shape fibration is a map in Top, and it is defined by a property called the ap-
proximate homotopy lifting property for system maps between ANR-systems. But
it would be more appropriate to work directly on ANR-systems than on their limit
spaces. One reason is that systems of noncompact spaces often appear, in which
case their limits may be empty. S. Mardesi¢ and T. B. Rushing [8, §. 9] called a
system map a pro-fibration (resp., an approzimate pro-fibration) if it has the homo-
topy lifting property (resp., approximate homotopy lifting property) with respect
to all spaces. In this paper we define our strong pro-fibration as a pro-fibration
with some reasonable additional property, and show that the category ANR with
strong pro-fibrations satisfies most of the four axioms, called the composition ax-
iom (F1), the pull-back axiom (F2), the factorization axiom (F3), and the axiom
on cofibrant models (F4), for a fibration category. More precisely, we show that the
category ANR, where fibrations are strong pro-fibrations and weak equivalences
are morphisms inducing isomorphisms in pro- H(Top), satisfies (F1), (F3), and a
weak version of (F2). We are not able to verify (F4) at this moment, but it is
unlikely to hold for the categroy ANR.

The paper is organized as follows: In Section 2, we recall the definitions of basic
properties of pro-categories and fibration categories. In Section 3, we introduce
the notion of ANR object in pro- Top and obtain its characterization. In Section
4, we define the notion of strong pro-fibration in the category ANR, and show
its well-definedness. After verifying the composition axiom in Section 5, we verify
the factorization axiom and show that every shape morphism is represented by a
strong pro-fibration in Section 6, and discuss the pull-back axiom in Section 7.
In Section 8, we define the fibre of a strong pro-fibration in ANR and obtain an
isomorphism between the pro-homotopy groups of the base and total systems of a
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strong pro-fibration. Finally, in Section 9, we obtain a homotopy decomposition in
ANR.

The author would like to thank the referee for his valuable commnets on the
paper.

2. PRO-CATEGORIES AND FIBRATION CATEGORIES

First, we recall the definitions of pro-category pro-C and the category of inverse
systems inv-C for any category C. For more details, the reader is referred to [10,
Chapter 1, §1.1].

Let C be any category. A system (resp., tower) in C means an inverse system
(resp., inverse sequence) consisting of objects and morphisms in C. A system map
(f, fr) : X = Y between systems X = (Xy,pan,A) and Y = (Y, quu, M) in C
consists of a function f : M — A and morphisms f,, : X,y — Y, in C for p € M
such that for p < p' there is A > f(u), f(¢') with the following commutative
diagram:

X

Py
Py’

X X

fxl J/fw
9pup’

Y, ~— Yy
A level map (f) : X — Y consists of morphisms fy : X, — Y) for A € A in C with
the following commutative diagram for A < \':

X P Xy

s [

q
Yy N Yy

The category inv-C consists of all systems in C and system maps.

We define an equivalence relation ~ on inv-C by saying that two system maps
(f, fu),(9,94) : X — Y are equivalent, in notation, (f, f.) ~ (g,9,), iff for each
w € M there is A > f(u), g(u) such that the following diagram commutes:

X

Pr(u)a
Pg(u)x

Xg(u)

The pro-category pro-C consists of all systems of C and morphisms are given by
the formula

pro-C(X,Y) =inv-C(X,Y)/ ~.
A system is said to be cofinite provided the index set A is cofinite, i.e., each element
of A has only finitely many predecessors. An ANR-system (resp., ANR-tower)
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means an inverse system X = (X, pax, A) (resp., a tower X = (X, p;+1)) such

that all coordinates X (resp., X;) are ANR’s (for metrizable spaces).
Throughout the paper, space means topological space, map means continuous

map, and open covering means normal open covering unless otherwise stated.

Lemma 2.1. For any category C, we have the following statements:
(1) Given a 2-sink B 2y L Xin pro-C, there is a commutative diagram

g f

B—Y~<~—X

)

B ——=Y' < X’
with the following properties:
(a) the systems X', Y', B’ have the same index set,
(b) the morphisms f' and g’ are represented by level maps,
(c) the coordinates and the bonding maps of X', Y', B’ are those of X,
Y, B, respectively, and
(d) ¢, 3, k are isomorphisms.
(2) Given a commutative square

Ay *f>A2
hll lhg
B, —— B;

in pro-C, there is a commutative diagram

I

A14 > A2

hi A/l A/2
ho
h}
B, 3 B, R}
X \K
/ /
B]. ’ B2
g

with the following properties:

(a) the systems A, Ay, B, BY have the same index set,

(b) the morphisms f', g’, h}, hy are represented by level maps,

(c) the coordinates and the bonding maps of A}, Ay, B, BY are those of
Aq, Ay, By, Bs, respectively, and

(d) k1, ko, U1, 1o are isomorphisms.

Proof. The proof is based on the technique used by S. Mardesi¢ and J. Segal [10,
Theorem 3, Ch. I, §1.3]. For the complete proof, the reader is referred to [12]. O
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Let Top denote the category of spaces and maps, and let H(Top) denote the
homotopy category of Top. For any map f : X — Y between spaces, let [f] denote
the homotopy class of f. Then every system X = (Xy,par,A) in Top induces a
system [X] = (X, [pax],A) in H(Top), and each system map (f,fn) : X — Y
in inv- Top induces a system map (f,[fy]) : [X] — [Y] in inv- H(Top). Moreover,
each morphism f : X — Y in pro- Top induces a morphism [f] : [X] — [Y] in
pro- H(Top).

A fibration category is a category F with the structure (F, fib, we) which satisfies
axiom (F1), (F2), (F3), (F4) below. Here fib and we are classes of morphisms,
called fibrations and weak equivalences, respectively. For more details, the reader is
referred to [1].

(F1): Composition aziom. The isomorphisms in F are weak equivalences and
fibrations. For any morphisms f: X — Y and g : Y — Z, if any two of f,
g, and g f are weak equivalences, so is the third. The composite of fibrations
is a fibration.

(F2): Pull-back axiom. For any 2-sink X T,y & Bin F with f being a
fibration, there is a pull-back diagram in F

E—% ., X

7| |7

B4 .vy

and f is a fibration. Moreover, if f (resp., g) is a weak equivalence, so is f
(resp., g).
(F3): Factorization aziom. Each morphism f : X — Y admits a factorization

X%f>Y

| A

A

where g is a weak equivalence and h is a fibration.

(F4): Aziom on cofibrant models. Each object X in F admits a trivial fi-
bration RX — X where RX is a cofibrant in F, i.e., each trivial fibration
f:@Q — RX admits a morphism s : RX — @ such that fs =1gx.

For any metric space X, for any ¢ > 0, and for any z € X let B.(z) = {y €
X :d(z,y) < e}. For any € > 0, two points y,y’ of a metric space Y are e-near
provided d(y,y’) < €, and any two maps f,g: X — Y of a space X into a metric
space Y are e-near, denoted (f,g) < e, provided f(z) and g(z) are e-near for each
z € X. More generally, for any open covering V of a space Y, two points y,y’ of
Y are V-near, denoted (y,y’) < V, provided y,y" € V for some V € V, and any
two maps f,g : X — Y are V-near, denoted (f,g) < V, provided f(z) and g(z)
are V-near for each x € X. For any open covering U of a space X and for any
subset A of X, let st(A,U) = | J{U eUd : UN A # 0}, and write A <U if ACU
for some U € U. The star covering st of an open covering U of X is the open
covering consisting of all subsets st(U,U), U € U. A covering U of X is said to be
a refinement of a covering V of X, denoted U < V, provided each U € U admits
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V € V such that U C V. For any coverings U;, i = 1,2,...,n, of X, let Z\’lui be
the covering {UyN---NU,: U; €l;, i=1,2,...,n} of X.

3. ANR OBJECTS

A system X = (X, pan, A) consisting of metric spaces X is said to be an ANR
object provided for each \ € A there exists A’ > A such that each map f: A — X/
from a closed subset A of a metric space X admits an open neighborhood U of A
and a map f: U — X, such that f|A = pay f.

A

Theorem 3.1. Let X = (X, pan,A) be a system of metric spaces. Then the
following are equivalent:

(1) X is an ANR object;

(2) Each X € A admits ' > X so that pax factors through an ANR.

Proof. (1)=(2): For each A € A, let A’ > X be as in the definition of ANR object.
Let X be embedded into an ANR K as a closed subset. Then there exist an open
neighborhood Uy of X in K and a map pyy : Uy — X, such that pyy | Xy =
pan- Then Uy is an ANR as it is an open subset of an ANR K. This proves (2).

(2)=(1): For each A € A, take A’ > X as in (2). It is easy to see that for this N
the property required for ANR object holds. (]

Theorem 3.1 immediately implies
Corollary 3.2. Fvery ANR-system is an ANR object.

Theorem 3.3. Let X = (X;,pii+1) be a sequence of metric spaces. Then the
following are equivalent:

(1) X is an ANR object;

(2) X is isomorphic to an ANR-tower in pro- Top.

Proof. (1)=(2): Let ip = 1. There is 41 > ig such that p;,;, factors into the com-

posite X, Rl | REE X;, for some ANR V. Embed X;, into an ANR K, as a
closed subset, and we obtain an extension g; : Uy — Vi over some open neighbor-
hood U of X;,. Let f; : Uy — X, be the composite h1g;. By a similar argument,
we obtain a sequence {ix}, ANR’s Uy, each of which is an open neighborhood of

X, in some ANR Kj;,, and maps fi : Uy — X,,_,, each of which is an extension
of pi, i, * X4, — Xi,_,. Thus we have the following commutative diagram:
U, Us Ui—1 Uk
vl <27 s
Xio Pioin i1 Diria 1o Xik’lpm Xik <~

Define the map qi 41 : Ugy1 — Uy as the composite Uy fk—ﬂ X;, — Uk. Then
we have an ANR-tower Y = (Ug, grx+1) and a level map (f) : Y — X' to the
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subsequence X' = (X, , piyip,,) of X. By Morita’s lemma [10, Theorem 5, Ch. II,
§. 2.2], (fx) represents an isomorphism in pro- Top. Since X' is isomorphic to X
in pro- Top, we have (2).

(2)=(1): Without loss of generality, we can assume that a level map (f;) : X —
Y represents an isomorphism f : X — Y in pro- Top [10, Theorem 3, Ch. I, §.
1.3], where Y = (Y}, ¢;i+1) is an ANR-sequence. For each i, there exist ¢ > ¢ and
a map 1y : X; — Yj so that the following diagram commutes:

Diit
Xi é Xi'

Tiil
fi i lfi/

Yi < S/;;/
qii!

Suppose that f: A — X, is a map from a closed subset A of a metric space Z.
Then fif : A — Yi extends to a map f': U — Yy over an open neighborhood U
of A. Then f =ry f' : U — X; is an extension of p; f. [l

Theorem 3.4. Let X = (Xy,pav,A) and Y = (Y, quu, M) be ANR objects.
Then we have
(1) the system X' = (XL, (pax)«, A) is an ANR object, where (pax)« : XL, —
X1 is the map defined by (pax)«(a) = payva for a € X1,
(2) the system X xY = (X X Y,,pan X quu, A X M) is an ANR object, and
(3) if Z = (Zx,ran, ) is a system such that Zy are open subsets of X with
pax (Zx) C Zy for X < X and ryy : Zx — Zy are restrictions of pax,
then Z is an ANR object.

Proof. The proof is similar to the analogous assertions for ANR’s. ]

4. PRO-FIBRATIONS, STRONG PRO-FIBRATIONS, AND APPROXIMATE
PRO-FIBRATIONS

For any system map (f, fu) : X — Y between systems X = (Xy,par,A) and
Y = (Yu,quu, M), a pair (\,u) € A x M is admissible provided X\ > f(u). For
any admissible pairs (A, ), (X, @), write (A, p) > (N, /) if A> N and p > /. A
system map (f, f,) : X — Y is said to have the homotopy lifting property (HLP)
with respect to a space Z provided it satisfies the following property:

HLP) For any admissible pair (A}, € A x M there exist an admissible pair
7
(N, 1) > (A, ) such that whenever h: Z x0— Xy and H: Z x 1 — Y,
are maps satisfying

(4.1) JuwDPsuyxh = Ho,
then there is a map H : Z x [ — X satisfying
(4.2) Hy = paxh
and

(4.3) FupsqoaH = quu H.
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Xf(#’)
Fur Tpf(u’)%’

Pf(p)x P h
Xp =—Xos— X Z %0
-~/ &
ful //\ -~ - lc
YIL Qpp’ Y#/ H Zx1I

A system map (f, f,) : X — Y is said to have the strong homotopy lifting prop-
erty (SHLP) with respect to a space Z provided it satisfies the following property:
(SHLP) For any admissible pair (A, pu) € A x M there exist an admissible pair
(N, 1) > (A, ) such that whenever h: Z x0— Xy and H: Z x 1 — Y,
are maps satisfying (4.1), then there is a map H:ZxI— X, satisfying

(4.2) and (4.3) and the property that

(4.4) if H is constant on z x I, then H is constant on z x I.

A system map (f, fu,) : X — Y has the approzimate homotopy lifting property
(AHLP) with respect to a space Z provided it satisfies the following property:

(AHLP) For any admissible pair (A, ) € A x M and for any open coverings Y and V
of X and Y}, respectively, there exist an admissible pair (X, p') > (A, p)
and an open covering V' of Y}, such that whenever h : Z — Xy and
H:7Z x1I—Y, are maps satisfying

(4.5) (fuwps(urynh, Ho) <V,
then there is a map H : Z x I — X satisfying
(4.6) (Ho,prxh) <U,
and
(4.7) (fupp(unH s g H) < V.

(XN, p) in (HLP) , (SHLP) and (AHLP) is called a lifting index for (f, f,,), and
V' in (AHLP) is called a lifting mesh for (f, f,.).

A map f: X — Y is said to have the HLP (resp., SHLP, AHLP) with respect
to a space Z provided the system map (f) : (X) — (Y) between the rudimentary
systems has the HLP (resp., SHLP, AHLP) with respect to Z.

We wish to extend the definitions of HLP, SHLP, and AHLP to morphisms in
pro- Top.

Proposition 4.1. Suppose that (f, fr),(g,9x) : X = Y are system maps such that
(f, Ix) ~ (g,9x). If (f, fr) has the HLP (resp., SHLP, AHLP) with respect to a
space Z, then so does (g, gx).

Proof. We first prove the proposition for the AHLP. Let (A, ) € A x M be an
admissible pair for (g,¢9,), and let & and V be open coverings of X, and Y,
respectively. Take Ay > A, f(u) such that

(4.8) JuPr(was = 9uPg(ur, -

Apply the AHLP for (f, f,) with the admissible pair (A1, 1) and the open coverings
p;/\lll/l and V, and we have an admissible pair (A, u') > (A1, p) and an open covering
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V' of Y,, with the corresponding properties in (AHLP). Take A} > N, g(¢’) such
that
(4.9) JuPgung = GuwPg(un;-
Then (M}, ') is a lifting index and V' is a lifting mesh for (g, g»). Indeed, suppose
that h: Z x 0 — Xy, and H : Z x I — Y}, are maps such that
(4.10) (gu’pg(u’)/\’l h, Ho) < V.
By (4.9) and (4.10),

(frpguryn, by Ho) < V'
Since V' is a lifting mesh for (f, f,,), this implies that there exists a map H:ZxI—
X, with the following properties:

(4.11) (pauv; by Ho) < piy, U,

(4.12) (up s H, quue H) < V.
By (4.11), (4.12), and (4.8),

(413) (p)\)\’lhap)\/\1]~{0) < Z/[,

(4.14) (9uPg(A(Pax H), g H) < V.
as required.

Parg Paga/ P

X)\ X>\1 XA’ X)\/l

~
Pg(p)A Pf(u)Ay Py(u N h
~
S Pguay
~

Xg(w) X Xp(u) Xgu) ™~ Z %0

~

g
~_H
9u fur \\ C
, fu g I RN B
~
Y,

“w Yu’ I Z x 1

Aup’

Similarly, we can prove the assertion for the HLP and SHLP similarly, replacing
the nearness conditions (4.10) - (4.14) by the appropriate equality conditions. O

A morphism f : X — Y in pro- Top is said to have the homotopy lifting prop-
erty (HLP) (resp., strong homotopy lifting property (SHLP), approximate homotopy
lifting property (AHLP)) with respect to a space Z provided f is represented by
a system map with the HLP (resp., SHLP, AHLP) with respect to Z. In view of
Proposition 4.1, this is equivalent to saying that any system map representing f
has the HLP (resp., SHLP, AHLP) with respect to Z. Following S. Mardesi¢ and T.
B. Rushing [8, §. 9], we call a morphism in pro- Top having the HLP (resp., AHLP)
with respect to all spaces a pro-fibration (resp., an approximate pro-fibration). We
now call a morphism having the SHLP with respect to all spaces a strong pro-
fibration.

Clearly, a strong pro-fibration is a pro-fibration. Although we do not know if we
have a full implication from pro-fibration to approximate pro-fibration, we have

Theorem 4.2. Let (f,f,) : X — Y be a system map between ANR-systems X
and Y. If (f, f.) has the HLP with respect to a paracompact space Z, then it has
the AHLP with respect to Z.
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Theorem 4.2 immediately follows from the following proposition, which is a gen-
eralization of [8, Proposition 2].

Proposition 4.3. Let (f, f,): X — Y be a system map between systems X and
Y. IfY is an ANR-system, and if (f, fu) has the formally weaker lifting property
(WAHLP) with respect to a paracompact space Z which is obtained by replacing
(4.5) by (4.1), then it has the AHLP with respect to Z.

Proof. The main idea of the proof is from [8, Proposition 2|. Suppose that (f, f,)
has the WAHLP with respect to Z. Let (A, u) € A x M be an admissible pair, and
let ¢ and V be open coverings of X, and Y),, respectively. Take an open covering
V1 of Y, such that

(4.15) st(st V1) < V.

Apply (WAHLP) to (f, f.) with ¢ and V;, and we obtain an admissible pair
(N, 1) > (A, ) with the corresponding property in (WAHLP). There exists an
open covering V' of Y,/ so that

(4.16) any V’-near maps into Y, are q;ﬁ,Vl—homotopic.

To see that (X, p') and V' are respectively a lifting index and a liftig mesh, suppose
that we have maps h: Z x 0 — X and H : Z x I — Y),» such that

(fuwpsurh, Hy) < V'
By (4.16), there exists a homotopy H' : Z x I — Y, such that
H(l) = fl‘,pf(ﬂl))\/h’ H{ = Ho, and

(4.17) quuwH' is a Vi-homotopy.
Define a homotopy H"” : Z x I — Y,,s by
1
H'(z,2t) 0<t<-,
(4.18) H"(z,t) = 1 2
H(z20-1) Z<t<lL

Then HY = fupsuah, so (WAHLP) implies that there exists a homotopy H" -
Z x I — X, such that

(419) (fupf(#))\f{//aquu’HN) < Vi,

(4.20) (p,\,\/h7 ﬁé’) <U.
By (4.18) and (4.17), for each z € Z,

1
ot (o 1)) <.
This together with (4.19) implies

o 1
fﬂpf(li))\H” (Z X |:Oa 2:|> < Stvlv

so by [6, 3.4] there exists a map ¢ : Z — (0, 1] such that

(4.21) fupgqorH" (z X [0, %(w(Z) + I)D <st Vi,
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(4.22) Qe Hz x 0,0(2)]) < V1.

Now we define a homotopy H : Z x I — X, by

t o(2)
a2, ) 0<t< ,
( ©(2) 2

(4.23) Az t)={ A" (z,t T %(1 — go(z))) “0(22) <t<p(z),

_ 1

i (s 50+0) oz)<t<1
By (4.20) and (4.23),

(paxh, Ho) < U.

It remains to show
(4.24) (fupf(u)/\ﬁ’quu’H) < V.
For 0 <t < p(z), (4.23), (4.21), (4.19), (4.18), and (4.22) imply
(4.25) (FupsunH (2,1), quu H(2,)) < st(st V1).

For p(z) <t <1, by (4.23) and (4.18),

- . 1
JuppaH (z,t) = fupgorH"” <Z7 5(1 +t)> , and

1
Quu H (2, t) = quuH" (z, 5(1 + t)) }

Those two equalities together with (4.19) imply

(426) (fppf(y))\ﬁ(zut)7q#M’H(Z7t)) < Vl'

By (4.25), (4.26), and (4.15), we have (4.24) as required. O

The following is also a generalization of [8, Proposition 1].

Proposition 4.4. Let (f,f,) : X — Y be a system map between systems X
and Y. If X is an ANR-system, and if (f, f.) has the AHLP with respect to a
paracompact space Z, then it has the formally stronger lifting property (SAHLP)
with respect to Z which is obtained by replacing (4.6) by (4.2).

Proof. This is proven for level maps in [6, 3.2], and the same technique applies to
the case for general system maps. (I

A map f: X — Y between spaces is a shape fibration provided f admits an
AP-resolution (p,q, (f, f.)) such that the system map (f, f,) has the AHLP with
respect to all spaces [7]. The AHLP is invariant for AP-resolutions of f, but the
HLP is not [8, Example 3]. However, in our theory, it suffices to consider the HLP
since systems are chosen in advance.
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5. COMPOSITION AXIOM

Theorem 5.1. FEvery isomorphism f : X — Y in pro- Top has the HLP, SHLP,
and AHLP with respect to all spaces.

Proof. Let (f,fu.) : X — Y and (g,9)) : Y — X be system maps representing f
and the inverse of f, respectively. Let (A, u) € A x M be an admissible pair for

(f, fu)- By (fg,9xfqn)) ~ (1,1)), there exists A1 > A, fg(\) such that

(5.1) INg)PFg()M = Pars-

By (9f, fugrq) ~ (1,1,) and the fact that (g,g,) is a system map, there exists
1 >, g(A), gf () such that

(5.2) Tu9rw oty = G

(5.3) 9f(w) g f (' = P(mAgxdg(N)p -

By the fact that (f, f,) is a system map, there exists A’ > f(u’), A1 such that
(5-4) FaPrgn = dgp furPrunn -

First, to show that (f, f,) has the AHLP with respect to a space Z, let & and V
be open coverings of X and Y,,, respectively, and let

(5.5) V' =g, 5,095 U

Then (X, ') is a lifting index, and V' is a lifting mesh for (f, f,,). Indeed, suppose
that h: Z x 0 — Xy and H : Z x I — Y,,» such that

(5.6) (fu’pf(u’)Nh’ Ho) <V.
Let H = IzggywH : Z x I — X. Consider the following diagram:

X)\ Paxq X)\l Pxyx/ X,\/
py Pfg(M/ pm:/ \
X o\ Xfg) Xg(u) Z x0
fui W lfgm J{C
Y,u Yf(#) qgf(u)uy \) Fur Zx1I

ey

Then, by (5.6), (5.5), (5.4), and (5.1),

(5.7) (Ho,panh) <U,
and by (5.2) and (5.3),
(5.8) fupf(u)Aﬁ = quu H,

which immediately implies

(.f}tpf(u)/\gv quu’H) < V.
For the HLP, replacing (5.6) by the equality

Jwpguynh = Ho,
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we have the required properties

Hy = paxh
instead of (5.7), and (5.8). It is obvious that if H is constant on z x I, then H is
constant on z x I. Thus (f, f,) has the SHLP. O

Theorem 5.2. Let f : X — Y and g :Y — Z be morphisms in pro- Top. If f
and g have the HLP (resp., SHLP, AHLP) with respect to a space A, then gf has
the HLP (resp., SHLP, AHLP) with respect to A.

Proof. We first prove the theorem for the AHLP. Let X = (Xy,pxn,A), Y =
(Y, quu M), and Z = (Z,,r,,N), and let f and g be represented by system
maps (f, f.) and (g, g,), respectively. To show that the composition (g, g, )(f, fu)
has the AHLP with respect to A, let (A\,v) € A x N be admissible pair for the
composition (g, ¢,)(f, fu), and let & and W be open coverings of X, and Z,,
respectively. Let Wi be an open covering of Z,, such that

(5.9) st Wy < W.

Apply the AHLP to (f, f,,) together with ¢/ and g, 'W,, and we have an admissible
pair (A, ) > (X, g(v)) and an open covering V of Y,, with the corresponding prop-
erty. Then apply the AHLP to (g,¢,) with V and Wy, and we have an admissible
pair (¢/,v") > (u,v) and an open covering W’ of Z,, with the corresponding prop-
erty. By the fact that (f, f,) is a system map, there exists A" > X, fg(v/), f(1")
such that

(5.10) FownProne = Qg furPpuae

(511) f:“'pf(ﬂ))‘” = qH.U/fH/pf(M')A”'

We wish to show that (\”’,2') is a lifting index and W’ is a lifting mesh for the
composition (g, g,)(f, fu). Suppose that h: Ax0 — Xy and H: Ax I — Z,, are
maps such that

(5~12) (HOagu’fg(u’)pfg(u’)A”h> <W'.
By (5.10) and (5.12),
(HOagu’qg(u’)p’fu’pf(u'))\”h) <W.

Since W’ is a lifting mesh for (g,¢,), this implies that there exists a map K :
A x I — Y, such that

(513) (KO;q;Lp’fu/pf(u/))\”h) < V,

(5.14) (9v8(v)pu I, Tor H) < W1
By (5.11) and (5.13),

(Ko, fupsyarh) < V.
Sinc V is a lifting mesh for (f, f,), this implies that there exists amap L : Z x I —
X such that

(Lo,paxrh) < U,

(5.15) (Fau)PranLs Qo) < g, Wi
By (5.15), (5.14), and (5.9),

(516) (gufg(y)pfg(u))\La rl/l//H) < W7
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as required.
Replacing the nearness conditions in (5.12) - (5.16) by the corresponding equality
conditions, we have the assertion for the HLP and also for the SHLP.

Pxxr Parar

X X X
N
Prg(v)n » > Prgwx'’ h
F)X ~ - Dy A
Xraw) X S Xren Xr Ax0
~ ~ g lfu/
To() fu feen T Yy
Q! 7/ - . c
dg(v/yp! ~ B
Qg(v)u / S oL
Yoo =<—Yu<_ _ _ Yo(r) ~ .
9v \g/\\\\\\\\\K \\\
Z, Zy = AxI
|

Let fibs, fib, and fib, denote the classes of strong pro-fibrations, pro-fibrations,
and approximate pro-fibrations, respectively, and let we denote the class of mor-
phisms in pro- Top inducing isomorphisms in pro- H(Top).

Theorems 5.1 and 5.2 immediately imply

Theorem 5.3. (ANR, fibs,we), (ANR, fib,we), and (ANR, fib,,we) satisfy
the composition axiom.

6. FACTORIZATION AXIOM

Theorem 6.1. Every morphism f : X — Y in ANR admits a commutative

diagram in AN'R
X -7 Y
E

where g is a morphism inducing an isomorphism in pro- H(Top) and h is a mor-
phism with the HLP, SHLP, and AHLP with respect to all spaces.

Proof. By [10, Theorems 2, 3, Ch. I, §. 1], Theorems 5.1 and 5.2, it suffices to
assume that f is represented by a level map (f) : X — Y, where X = (X, par, A)
and Y = (Y, g, A) are ANR objects indexed by a cofinite directed set A. We
define open coverings V), of Y, by induction on the number of predecessors of the
elements of A. If A € A has no predecessors, then we let V\ be any open covering
of X . If we have defined open coverings V) for all A € A that have at most n — 1
predecessors, and if A € A has n predecessors, then we define an open covering V,
of Y, as follows: If \;, i = 1,...,n, are the predecessors of A, then for each i, we
take an open covering U; of Y}, such that

(6.2) U; <V, and

(6.1)
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(6.3) any two U;-near maps into Yy, are Vy,-homotopic.
We then take an open covering Vy of Y such that

(6.4) Vs < N AU

i=1
For each A € A, let
By = {(@,w) € Xa x Y+ (fa(@),(0)) < Vo).
Since Vi < gyy, W for A < X by (6.2) and (6.4), then there is a well-defined map
v Ex — Exrawv(z,w) = (pan (x), gavw) for A < N,
For each A\ € A, we define maps
gx: X — Ex:ga(x) = (z,ef, () for v € X,

and
hy:Ey —Yy\:hy(z,w) =w(l) for (z,w) € Ej.

Here for any space W and for any wg € W, let e,,, € W denote the constant path
defined by ey, (t) = wo for ¢ € I. Then there is a commutative diagram:

(6.5) Xy~ x,
X far <
f)\ E/\ & EA’

% h,\/

Yy ~a Yy
Thus we have a sytem E = (Ex,rxx»,A) which is an ANR object by Theorem
3.4, and have level maps (g») : X — E and (hy) : E — Y which induce the
commutative diagram (6.1) in ANR.
Claim 1. h has the HLP, SHLP, AHLP with respect to all spaces.
It suffices to show that each hy has the SHLP with respect to any space Z.
Consider the commutative diagram:

Ex<2-7x0

AN
w
hAl N ic
N

Yy ~— Zx1
First, for any path o : I — X on a metric space X, we define the diameter |a| of «
as the diameter of the image of «, i.e.,
la| = sup{d(a(t),a(t')) : t,t' € I}.

Note that the function X7 — Rsq : a + |a| is continuous, and |a| = 0 iff o is a
constant path.
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If we write ¢(2) = (p1(2), p2(2)) € X\ x Y, then the map ¥ : Z x [ — E) :
U(z,t) = (V1(2,t), Pa(2,t)) € Xy x V) is defined as follows: Let Wq(z,t) = ¢1(2).
For each (z,t) € Z x I with |pa(2)] # 0 or |®.(2)| # 0, set

o) (%)
Het) = e Y T el e

Here, for each (z,t) € Z x I, ®;(z) € Y! is defined by
Dy (2)(u) = ®(z,tu) for u € I.
Then for each (z,t) € Z x I, define the path ¥o(z,t) by the following formula: for

each u € I,
w6 (57
(0 <u < pu(zt)
if |p2(2)[ # 0 and [®4(2)| # 0,
Uy (2,t)(u) = (“y“ )
(n(z,t) <u<l)
®4(2)(u) if |pa(2)] = 0 and [®4(2)] # 0,
pa(2)(u) if |®4(2)] = 0.

Using the same argument as in the proof of [11, Theorem A], in which a function
between ANR’s defined in the same way as above is shown to be continuous, we
can show that the function Wy : Z x I — Y is continuous.
Claim 2. g:X — E induces an isomorphism in pro- H(Top).

It suffices to show that for A < ) there is a map Byn : Ex — X which makes
the following diagram commute up to homotopy (Morita’s lemma [10, Theorem 5,
Ch. 11, §. 2]):

Py
X}\ < X)\/

Ban

N

QAi N 9x
N

E)\ < E)\/
TN

Let «vy : Ex — X be the restriction of the projection map X, x YAI onto X, and
define the map ﬂ)\x : E)\/ — X>\ by ﬂ>\ = AT\ - Then obviously ,6/\/\/g>\/ = DAN-
It remains to show g)\ﬁk)\/ > TAN - Indeed, g)\ﬂAA/(Z‘,W) = (p)&\' (I)aef)\p”\/(w)) and
v (2, w) = (pan (), ganvw) for (z,w) € Ey . Define a homotopy K : Ex x I — E),
by
K(x,w,t) = (p)\)\’ (x)aqkk/wt) for (:E,w,t) € E)\’ X I,

where for each t € I, w; € Yy, is defined by w;(s) = w(st) for s € I. For each
(z,w) € Ex, (fx(z),w(0)) < Vy, so by (6.4) and (6.3), there is a Vy-homotopy
L:FE, xI—Y, such that

L(z,w,0) = gy fx(z) and L(z,w,1) = gxyw(0) for (z,w) € Ey.
So there is a well-defined map H : E\ x I — E defined by
H(wivt) = (p)\)\’ (x)a eL(ac,w,t)) for (x,w,t) € EX x I.
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Combining H and K, we have a homotopy between gy and 7. (Il

Remark 6.2. (1) In Theorem 6.1, if the systems X and Y are ANR-systems
(resp., ANR-towers), we can choose E as an ANR-system (resp., ANR-
tower).

(2) In Theorem 6.1, if f : X — Y is a morphism in the pro-cateogry pro- Top,
of pointed spaces and base point preserving maps, then we can choose
g and h as morphisms in pro- Top, so that g induces an isomorphism in
pro- H(Top),.. Here pro- H(Top), is the pro-homotpy category of Top, where
the homotopies preserve base points. In this case, the analog of (1) also
holds.

Theorem 6.1 immediately implies

Theorem 6.3. (ANR, fibs,we), (ANR, fib,we), and (ANR, fib,,we) satisfy
the factorization axiom.

More generally, we have the following version of the factorization axiom, where
the naturality is guaranteed:

Theorem 6.4. Every map f : X — Y in ANR admits a commutative diagram
in ANR

(6.6) X

where g is a morphism inducing an isomorphism in pro- H(Top) and h has the
HLP, SHLP, and AHLP with respect to all spaces. Moreover, for every commutative
diagram in ANR

(6.7) x—T1-y

o] |o

! /
XT>Y

there is a morphism v : Ey — Eg in AN'R which makes the following diagram
commute:

(6.8) X Y
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Proof. Let f be represented by alevel map (fy) : X — Y, where X = (X, par, A)
and Y = (Y, ¢\, A) are indexed by a cofinite set A. Let V), A € A, be as in the
proof of Theorem 6.1.

Let ¥ be the set of the pairs (A, V) of elements A of A and open coverings V
of Yy, which is ordered by (A, V) < (N, V) iff A =X and V' <V, or A < X and
V' < gy V. For each (\, V) € %, let

Epy) = {(@,w) € Xu x Vi : (fa(2),w(0)) <V AW}
For (A, V) < (X, V'), there is a well-defined map

TV P Eor vy = By ooy ovv) (7,w) = (oav (@), pavw).
We define the maps
gyt Xa = Enyy 9oy (@) = (2, ep, (1)) for each (A, V),

and

hy i B vy — Ya i ha(z,w) = w(1) for each A € A.
Then we have the following commutative diagrams for (A, V) < (N, V'):

Py

X)\ XA’
Q(A,v)l J/Q(A/,v’)
E E oy
(AV) T (v (A, V)

Moreover, the following diagram commutes for A < \':

Paxr

X X
X f J 5%
A/
TAAYADV YD)
i Eo b - Evqvap
% J h>\/
Y’\ axx/ Y’\/

Thus we have the system Ejy = (E()\yv),r(A’v)()\/’vz),E) which is an ANR object,
and have system maps (g,9(xv)) : X — Ey and (h,hy) : Ey — Y, where g :
Y—=A:g\V)=XNand h: A — X : h(X) = (N {YA}), so that the system maps
represent the morphisms which make diagram (6.6) commute. We can similarly
prove Claims 1 and 2 in the proof of Theorem 6.1.

To prove the naturality, suppose that we have a commutative diagram (6.7). By
Lemma 2.1 (2), we can assume that X,Y, X' = (X{,p\\,A), Y = (Y{,¢\\,A)
have the same index set A and the maps f, f’, a, B are represented by level maps
(£2), (fL), (@n), (Br), respectively, and that the following diagram commutes:

X)\fH)\Y)\

XS\ *,>Y>(
I
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Let Ep = (EE/\,V),TE)\,V)(/\,,V,),E’) be the ANR object which is induced by the

morphism f’. We define a function v : ¥/ — X : y(\, V) = (A, W), where W is an
open covering of Y) such that

W< B HVAAY).

Here V4 is an open covering of Y) with the property corresponding to (6.4). For
each (A, V) € X, we define the map

o) By = By 1700w (@,w) = (ax(2), Bw).
Then for (A, V) < (X,V’), we have the following commutative diagram:

Ty(A,V)v (M, V)

Eyow) By
"/(A,v)l \L’Y(A/,v’)
1 !
Etw) YIRS L)

Thus we have the system map (v,v(x,v)) : Ef — Ey and the following commuta-
tive diagrams for (A, V) € ¥/ and A € A, respectively:

Iy (A, V) E h

Xy ———— By YY) Yx
akl l’)’(x,w ’Y(A,V)i lﬁ,\
X! £ E - Y/

by g;(x‘\)) \V) \Y) h;\ A

Here g;()\y) and R/ are the maps corresponding to g,(v) and hy, respectively.
Thus we have the commutative diagram (6.8). (]

Remark 6.5. The properties analogous to (1) and (2) in Remark 6.2 hold for
Theorem 6.4.

Next, we use the factorization axiom to prove

Theorem 6.6. Every shape morphism between compact metric spaces is represented
by a strong pro-fibration in pro- ANR.

Before proving Theorem 6.6, we need several lemmas.

Lemma 6.7. Every ANR-system X = (X;,piit+1) admits an ANR-sequence X' =
(Xi41,P}441) with all bonding maps being Hurewicz fibrations and a level map (p;) :
X — X' consisting of homotopy equivalences.

Proof. Let X; = Xi, and let ¢ : X; — Xj be the identity map. Then, for
i = 2,3,..., we inductively apply [11, Theorem 2.1] to p;—1pi—1,; : Xi — X/_;.
Note that [11, Theorem 2.1] says that every map between ANR’s is the composition
of a homotopy equivalence and a map having the strong homotopy lifting property
with respect to arbitrary spaces in the sense of [11]. Also, note that a map having
the strong homotopy lifting property with respect to arbitrary spaces is a Hurewicz

fibration. Then we obtain an ANR X/ and a factorization X; RLN X! Pimygs X[, of

Yi—1Pi—1,; where ¢; is a homotopy equivalence, and pgfl’i is a Hurewicz fibration.
O
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Lemma 6.8. Suppose that X = (X;,p;i+1) andY = (Y;, ¢i i+1) are ANR-towers.
If the bonding maps q; ;+1 are Hurewicz fibrations, then every system map (f, [fi]) :
[X] — [Y] is equivalent to a system map induced by a system map (f',f}): X =Y.

Proof. For i = 1, let f'(1) = f(1) and f{ = f1 : Xpq) — Y1. Assume that we
have defined integers f'(1) < f/(2) < --- < f'(n — 1) with f'(¢) > f(i) and maps
Ji+ Xy — Y, 1=2,3,...,n—1, with the following properties:

(6.9) fi = fipsiy s

(6.10) f{,lpf/(i_nff(i) =qi—14fi-
Take an integer f'(n) > f(n), f'(n — 1) such that
fnflpf(n—l)f’(n) = anl,nfnpf(n)f’(n)
This together with (6.9) implies
P tP 1) 57 (n) = dn=1,0 D () ()

Since ¢n—1., is a Hurewicz fibration, this then implies that there is a map f), :
Xf’(n) — Yn such that

frllflpf’(n—l)f/(n) = anl,nf:z'

Thus we obtain the system map (f/,f/) : X — Y. By (6.9), the induced map
(', 1) : [X] — [Y] is equivalent to (f,[f:]) as required.

Pf'(n—1)f'(n—-1)

Xyrn-1) Xr(n)

Prn—1)f'(n—1 Pf(n)f'(n) //

/

/
Xiw-v S X,

/
fnll/ f"l /
)2

Yn—l Y’n

dn—1,n

Using Lemmas 6.7 and 6.8, we can easily show

Lemma 6.9. Fvery shape morphism F : X — Y between compact metric spaces is
induced by a system map (f, f;) : X — 'Y between ANR-systems, where the bonding
maps of Y are fibrations.

Proof of Theorem 6.6. Theorem 6.6 immediately follows from Lemma 6.9 and
Theorem 6.1.

7. PULL-BACK AXIOM

Suppose that we are given a 2-sink B 2y L X ANR with f being a
strong pro-fibration. By Lemma 2.1, we have the following commutative diagram
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in ANR:

(7.1) B—l-y<l x

ki l" l
B *,>Y/<7,X/

b

where X', Y’, B’ have the same index set, the coordinates and the bonding maps
of X', Y’', B’ are those of X, Y, B, respectively, the morphisms f' and g’ are
represented by level maps, and the morphisms 2, 7, and k are isomorphisms. Let
X' = (X)\,p)\,\/,A), Y' = (Y)\,qA)\/,A), and B’ = (B)\,S,\)\/,A), and let (f)) : X' -
Y’ and (g)) : B’ — Y’ represent f’ and g’, respectively. For each ) € A, let

Ey = {(x,b) € X, x By : f,\(.’L‘) = g,\(b)}7
and for A < ), define a map ryy : Exs — E) by
T’)\)\/(l‘,b) = (pA)\/(JZ),S)\X(b)) for (:L‘,b) € Ey.

Then we have the system E = (FE),ry»,A) and the commutative diagram in
inv- Top:
k
(7.2) B %
(hx)l \L(fx)
B ——=Y’
(9x)

Here, for each A € A, k) : E\x — X, and h) : E\ — B, are the restrictions of the
projection maps from X, x B) onto X, and B, respectively.

Lemma 7.1. A level map (f)): X — Y has the SHLP with respect to a space Z
iff it has the following property:

(SHLP).: Each A € A admits N > X such that whenever h : Z — X/ and
H:Z x I — Yy are maps satisfying

fxh = Ho,
there is a map H : Z x I — X satisfying
Hy = prxh,
HH =qwH,
and the condition that
(7.3) whenever H is constant on z x I, H is constant on z x I.

Proof. This is basically proven in [5, Lemma 4.3]. Note here that conditions (4.4)
in (SHLP) and (7.3) in (SHLP), are automatically induced from each other in the
corresponding implications. O

N in (SHLP) is called a lifting index for (f).
Lemma 7.2. FE is an ANR object.
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Proof. Let XA € A, and let A; > A be a lifting index for (f)) (Lemma 7.1). Using the
fact that X', Y’, and B’ are ANR objects, we take Ao > \; such that gy, , = 7"
for some maps v : Yy, — R and 7/ : R — Y, where R is an ANR, and in turn
take A3 > Ao such that py,n, = &/« and sy,», = /'8 for some maps a : X, — P,
o P— X, 0:By; — Q,and 3 : Q — By, where P and @ are ANR’s.

Let ¢ : C' — E), be a map from a closed subset C' of a metric space Z. We show
that 75, extends over some open neighborhood of C. Since P and () are ANR’s,
aky,p and Bhy,p respectively extend to maps o1 : U — P and vy : U’ — Q for
some open neighborhood U’ of C. Let V be an open covering of R such that

any two V-near maps fi, fo into R are homotopic via a homotopy
(7.4) which is constant on « x I whenever fi(z) = fa(x),

and take an open covering V' of R such that

(7.5) stV < V.

Let

(7.6) U =st(C, (¢ V) A (g 8 gy Y)
Then

(7.7) FauPax @ 1|U =~ gx, 53,0, 8"12|U.

Indeed, (7.6) implies that each x € U admits 2’ € C and V3, V, € V' so that
(78) rYf)\za/'(/Jl ($>7’Yf>\2a/¢1 (.I/) € V1 and 79/\2ﬁ/1/)2(37)779/\2ﬁ/1/)2($/) € V.

Then, tracing diagram (7.13) below, we have

(7.9) Y V1(2") = Y@ Frokrs (@) = Y@roxs 9rs hrg 0(2") = v, 3102 ().
By (7.8), (7.9), and (7.5),

(Va1 |U, g, B2 |U) < V.

By (7.4), this implies yf\,&'t1|U =~ vgx, 0 ¥2|U. Applying 7' to both sides, we
have

Dora @ V1|U 2 gy a9, 62| U.
But, tracing diagram (7.13), we have

Dore @ V1U = fa,paa @9 |U,

DureIraBV2|U = ga, 5x3,0,0'¢2|U,
and hence we have (7.7). Since A\; > A is a lifting index for (fy), (7.7) implies the
existence of a map £ : U — X such that
(7.10) IAE = D 9x San. 802U,

Par, @Y1 |U ~ &, and
(7.11)
Par, @Y1 () = £(x) whenever fi, pa,r, @' V1(x) = ga, Sa x5 102(z) for z € U.

But

(7.12) a3 8" 102|U = qax, gx, 53,0, 092 |U.
By (7.10) and (7.12), £ and sy, 3'92|U define a map ¢ : U — E) such that
kag =&,

ha@ = $xx,'12|U.
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On the other hand, if x € C, then £(z) = pxr,&’¥1(x) by (7.11). So, &|C and
Saxe 3 1)2|C determine the map ryx,@. Thus @|C = ryx,p.

(7.13)

U/

Diagrams (7.1) and (7.2) induce the following commutative diagram in pro- Top:

(7.14) E—tsXx
hl lf
B—>Y
Theorem 7.3. Diagram (7.14) is a pull-back diagram in ANR.
Proof. Suppose that we have the following commutative diagram in ANR:
(7.15)
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We must find a unique map p which makes this diagram commute. Without loss
of generality, we can assume that X, Y, Z, and E have the same index set, say
X = (Xo,pasA), Y = (Y, o, A), B = (By,san, A), and E = (Ex,ran, A),
and that f, g, h, and k are represented by level maps (fy), (gx), (hx), and (ky),
respectively. Let C = (Cy,t,,, M), and let ¢ and 1 be represented by system

maps (¢, px) and (¥, 1), respectively.
For each A € A, there is p(A) > (), ¥(A) such that

Iaeato o) = IAUAty()p(n)-
There is a function p : A — M and for each A € A there is a unique map p, :
Cyn) — E) which makes the following diagram commute:

oo

Coin) —=Cp(n)

N
NP ©x
tLoyw) S
L k

Cjw(A) E\ 2 X
N*J{ ifk
B, Yy

That (p, px) : C — E is a system map follows from the fact that for A\; < A9 there
is u > p(A1), p(A2) so that

Paitonn = PaixaPralo(ra)us

Uity = SaraVasty(o)p-
This shows the existence of p.

C to(ra)n to(xa)p(A2
7 P(Az) P(A2)
tp(mui p<x2>w(xz)l \ \
up(>\1)p(>\1
(j &j p(A1) CZ¢( A2) X

TAq Ao
PXx1xg
tme /
A
Cyp(n) Ex, ' X Frs
h

By,

To show the uniqueness of p, let p’ : C — E be another map that makes diagram
(7.15) commute, where p is replaced by p’. Let p’ be represented by (p’, p). Then
for each A € A there is pu > ©(N), (X)), p(A), p'(A) such that

Fapato(nn = Paten = Pty s
hapat o = Uatypou = habity (-
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This means pat,(x)u = Prtpr(a)u> 50 p = p' as required. O
A morphism f : X — Y is said to have property (F) provided every system
map (f, fu) : X — Y representing f has the following property:
(F): for any admissible pairs (A, u) < (X, ') and for any space Z, if h: Z —
Xy and H : Z x I — X are maps such that
Ho = paxvh,

JubrorHo = fupguata,
then there is a map H : Z x I — X/ such that
Hy = h,
pavH =H,
fu’pf(u’)A/HO = fu’pf(u’)xﬁl'
Note that if a morphism f : X — Y is represented by system maps (f, f,) and

(f'; fl.), and if (f, f,) has property (F), so does (f’, f,,). Moreover, if a level map
(f») : X — Y has property (F) iff it has the following property:

(F)r: for A < X and for any space Z,if h: Z — Xy, and H : Z x I — X,
are maps such that

Ho =pxxh,
fxHo = faH1,
then there is a map H : Z x I — X/ such that
Hy=h,
pavH =H,
fxHo = fxHi.

If X = (X, par,A) is a system with each bonding map pyy being a Hurewicz
fibration, and if Y = (Y, ¢\, A) is a system map with each bonding map gy
being injective, then every level map (fy) : X — Y has property (F). In particular,
every level map (fy) : X — Y between systems with each boding map being both
a Hurewicz fibration and a cofibration (e.g., a homeomorphism) has property (F).

Next we wish to prove

Theorem 7.4. In the pull-back diagram (7.14), if f has property (F) with respect
to f and if f induces an isomorphism in pro- H(Top), then so does h.

We do not know at this moment if the theorem holds without the condition
that f has property (F'). Before proving the theorem, we obtain the following two
lemmas.

Lemma 7.5. Suppose that a level map (fy) : X — Y between systems X =
(Xa,pan,A) and Y = (Yy,qan, A) has the HLP with respect to all spaces. Let
A1 > A be a lifting index for (fx). Then if Ao > A1 and o : X, — X, is a map
such that

(7.16) Xy, ==X,

fxll \fo2

Y., =—Y,
A1 g ro Az
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commutes, and for any A} > Xz there exists a map o' : X, — Xy

and the following commutative diagrams:

!
X)\ll ot%)()\lz

f}’ll lf}’z

Yy < Yy,
1 q>\/1)\,2 2

(7.17)

Py
2
<Xy

la,

Xy

1

(7.18)

’
Pxixg

then there exist A3 > Ay and a map B : Xy, — X, such that
(1) the diagram

<]
X)\z <7)()\3

f@l lfx3

Y., =—Y,
Az drorg A3

(7.19)

commutes, and

with o ~ p>"1>‘,2

(2) pax, @B =~ pars via a homotopy h : Xy, x I — X such that the diagram

h
Xy <~— X,

| |

Y,
<o

(7.20)

commutes fort € I.

Proof. Fix A € A, and let A; > X be a lifting index for A. Let o : X, — X, be a
map as in the hypothesis. Let A] > A2 be a lifting index for Ay, and choose a map
o' Xy, — Xy, with @/ =~ pyry, and the commutative diagrams (7.17) and (7.18).
Let L : Xy, x I — X\ be a homotopy such that Lo = o and L = PA,N- Since
A} is a lifting index for Ag, there is a map G : Xy, X I — X, which makes the

following diagram commute:

Pxga] Pyl
X>\2 <LX)\/1 <712X>\/2 x 0

~ ~
f)\2 l f)\ll\J/\ h ¢ J/g

LXXZ x I

(7.21)

Y, Yy
A2 Q,\2)\’1 M f>\/1
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Define a map F: X, x I — X, by

1

aG(x,1—2t) 0<t< -,

F(z,t) = 1 2

payL(z 2t —1) S<t<l,

and a map k: Xy, x I x I =Y, by

1
Dure roGlx, 1 =2t(1 = T)) 0<t< -,
k(z,t,T) = prene ) 2
Do L@, 1 =201 -1 -T)) 5<t<l

Note here that the maps F' and k are well-defined by the commutativities of dia-
grams (7.18) and (7.21), respectively. Then, since A; is a lifting index for A, there
is amap K : X, x I x I — X which makes the following diagram commute:

Pax i
AX)\<;1 X)\1<;X)\/ x I x0
< 2

fAJ/ fgl\\\ « J/C

Y, Yy X)\/2><I><I

rxq 1 k

Note here that the commutativity of the right square follows from that of (7.16).
Now let A3 = X), and let 8 = G1 : X5, — X),. Then pyy,af8 = Ko, and
DPaxs = Ki1,0. Moreover, for 0 <t <1land 0<7T <1,

DKo = Oosfrgs K1 = Ooagfrgs K1 = fapans-
So, the homotopy h : Xy, x I — X given by

K(z,0,3t) ogtgé,
h(z,t) =< K(z,3t—1,1) égtg%,
K(x,1,3 - 3t) ;gtgl,
gives the required homotopy from pxx, a5 to pax,- O

Lemma 7.6. If a level map (fy) : X — Y between systems X = (Xx,pan,A)
and Y = (Y, qxx, A) has the HLP with respect to all spaces and if it induces an
isomorphism in pro- H(Top), then each A € A admits N > X\ and a map oxy :
Yy — X such that

(7.22) e = o,
(7.23) Pax = pan [
Pax/

X)\<;X)\/

A3
@A’
fAi \\AA lfﬂ
N

Y)‘ < Y)\/
axN!
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Proof. Fix A € A, and let A > X be a lifting index for A. Then by Morita’s lemma
[10, Theorem 5, Ch. II, §. 2], there exist X > X and a map ¢),,, : Yx» — Xy~
such that

(7.24) Iar@in = s

(7.25) Pxr 22 @ far

By (7.24) and the choice of A", there is a map @y : Yy» — X such that equality
(7.22) and the relation

(7.26) AN = DA Py
hold. (7.26) and (7.25) imply (7.23).

P a

X X X
A T Pan A , A
~ PN
f)‘l fA//\l\\ ifk'
Y/\ axx’’ Y/\” '\’ Y/\/

O

Proof of Theorem 7.4. Let X = (Xx,pan,A), Y = (Ya,on, A), B = (B, saxn, A),
and E = (Ex,ranv,A), and let f, g, h, and k be represented by level maps (fy),
(ga), (hy), and (k»), respectively. Let A € A, and let Ay > X be a lifting index
for (fx). Since f induces an isomorphism in pro- H(Top), by Lemma 7.6, there is
A2 > A1 and a map @y, 2, : Y, — X, such that

@A1>\2f>\2 = Priras

(7.27) Ia@aine = @,
Again by Lemma 7.6, for any A} > Ay there exist A, > A\| and a map (‘0//\'1 Ve Yy, —
Xy, such that

iy Iay = PAg

i = avyy-
By (F)r there is a map @y, + Xy, — X such that

Oxny = Phan g

Ixiexing = oy g,
PANPAN, = PaidaDiang -

Then for the map o = @i, fr, the hypothesis of Lemma 7.5 is fulfilled with
o = 90/,\/1,\/2f>\’2~

DPAqAg Py, Pl A

1 172
X>\1 X)\Q X)\/l )(/\/2

50// ’
fxll/ w*zlfﬁ fyll whlfyz

Y, Y, Y,
A1 dxqAg Az

Al 2
! ! !
PPV EEVEVA

So, by Lemma 7.5, there exist A3 > Ay and a map ty,5, : Xy, — X), with the
following two properties:



STRONG PRO-FIBRATIONS AND ANR OBJECTS IN PRO-CATEGORIES 29

(1) the following diagram commutes:

txag

(7.28) X, <22 X,

fle J{fxg,

Y., <Y
Az dagrg As

(2) there is a homotopy H : X, X I — X such that Hy = pax, ©x1xs faabrorss
Hy = py»,, and the following diagram commutes for ¢ € I:

Hy

(7.29) Xn<— X,
fAl lf}\g
Yy Grxg Y>‘3
Consider the following diagram:
(7.30)
kx
Ey, 2 X,
&)\3 tky
k
E, t2 X,
*,\2 p):/\/
k
Ey, 2 X,
Ql py
kx PA1An
E)\ e X)\
7
h>\3 h>\2 h>\1 Y / \Lhk J/f)\ f>\1 sz f>\3
/ g BA L) Y)\
/
/
, / q\
Yaxg 7 By, 281 Yy,
/
/
v SX1Ag Ax1rg
/
/Bkg D YAQ
/
/
IV Axgrg
~ 9rg
B, - Y,
It suffices to find a map ¥z, : Ba, — E) such that
(7.31) Paxtan, > Sxxg,
(7.32) Taxs = UargMag-
By (7.27),

grAS s = FAPAAM @A e AxaA39As -
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This determines a unique map ¥y, : By, — E) such that

(7.33) Patars = Sxxs;

(7.34) Extans = DaxiPrira@rorsGrs -

(7.33) immediately implies (7.31), so it remains to show (7.32) holds. Indeed,
(7.35) hataxghag = BaTaxs-

Moreover,

(7.36) Exrans = Paxskag

z(md t;y (7.34) and the commutativity of (7.28),

7.37

Extanghag = Parxi@aixDors IrsPrs = Paxs @are Drars faskag = Paxi @ane Sratasag kg
Then the map ¥ : Ey, x I — E) defined by

U(x,b,t) = (H(kxs(2,0),t), harans (z,0))
gives the homotopy

Paxi @A e [ratrors = Paxg-

The map ¥ is well-defined by the commutativity of (7.29) . Thus (7.35), (7.36),
(7.37), and the homotopy W give (7.32). This completes the proof of the assertion.

O

Next, we show

Theorem 7.7. In the pull-back diagram (7.14), if g induces an isomorphism in
pro- H(Top), then so does k.

Before proving the theorem, we introduce some notations and obtain two lemmas.
For any 2-sink B Sy L X, let
Brg={(x,b,p) € X x BxY": ¢(0) = f(z), (1) = g(0)},
and for any map f: X — Y, let

Ep={(z,0) € X xY": ¢(0) = f(2)}.
For A < ), there exist well-defined maps

ta  Ery gy = Epygn st (@,0,0) = (pan (1), 520 (D), axn 9),
and
urn By, — Epy s uan (2,0) = (pan (), o @)
Thus we have systems E(t,) (g,) = (Ef, 90,0, A) and Ep ) = (Ey,,unn, A).
For each A € A, there is a map py : Ex — Ey, 4, which is defined by px(z,b) =
(7,0, e4(z)), and (py) forms a level map (py) : E — E(4,),(4,)- Here, foreachy €Y,
let e, € Y denote the constant path at y.

Lemma 7.8. (p) : E — E;,) (g,) induces an isomorphism in pro- H(Top).

Proof. This follows from the fact that each py : £\ — Ef, 4, is a homotopy equiv-
alence. a
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Suppose that we have a commutative diagram

B (9x) y (fx) X

(ﬁx)l (1Yk)l l(ax)

B/HYHXI

(93) ()

where B" = (B}, s\,,,A) and X' = (X{,p),/,A). Then there is a well-defined level
map (®x) : Esy),9x) = E(5),(s4)> Where the map @5 = iz, 5,) = E(5)),(64)
is defined by ®x(z,b,¢) = (ax(z),Br(b), ) for (z,b,0) € E(s,) g)- We write
E (5,00 = E5),00)5 tanr A)-

Lemma 7.9. If (ay) and (By) induce isomorphisms in pro- H(Top), so does ().
Proof. Fix A € A. Then by Morita’s lemma, there exist A’ > A and maps o}, :

X\, — X and B}, : BS, — B, such that the two triangles in the following
diagrams commute up to homotopy:

Pxxs SAN/

)(A S )(A’ l?A S l}A/
A a/ A B,
AN AN
(XA\L N N \LO&)\/ B/\l N N \Lﬂkl
N AN
!/ I ! !/
Xy <— X5 B\, <— B,
P San

Let o : X{, x I — X} be a homotopy with oy = a)a),, and o1 = p),,, and
let 7 : By, x I — B be a homotopy with 79 = £xf3},, and 7, = s),,. Also,
let 6 : X» x I — X be a homotopy with 6y = o/, @y and 01 = pyy, and let
w : By x I — By be a homotopy with wg = 85,,6x and wq = syy». We define a
map Py, Epr, g1 — Ef, g, by

A/
D\ x (2,6, 0) = (e (@), Bin (0), ) for (z,0,9) € By, o,
where 3 € Y is defined by

1
fro(x, 3t) 0<t<—,
1 32
P(t) =9 aoweBt—1) 3 <t< 3’
2
(b3 -31) S<t<L

Then the two triangles in the following commutative diagram commute up to ho-
motopy:

taan’
Ef, g, =< Efy,gy

’
‘:\ éxk/
N ~ Dy
~
N

Ey

13VV

Indeed, @5 P, (z,b, @) = () (), BrF4, (), ®). So the homotopy PP ,, =~
t\, is given by the map H : Ey; o x I — Eyp o where:

H(z,b,¢) = (o(z,b,0),7(b, 1), T(p,1)),

’ogr v
A9 ALY



32 TAKAHISA MIYATA

and the map I' : Y{i x I — Y is defined as follows:

1
flo(@,3t+ 1) 0<t< (-1,
3t+T -1 1 1
T'(p, T = / - -1-T)<t< =(T+2
10 =1 awe (Bt Tt) U= <o)
1
Gr(b3=3t+T)  S(T+2<t<L

Moreover, @, @y (z,b, @) = (ayy ax (), B3, 6 (b), ?). The homotopy @, Py =~
tax is given by the map L : Ey,, x I — By, 4, where:

N

L(z,b, ) = (0(, t),w(b, 1), 0(p, 1)),
and the map © : Yy, x I — Y] is defined as follows:

1
flo(z,3t+T) 0<t< §<1_T)’

gt+T -1 1
010 = awe (gt ) FA-TISts

gh\T(0,3 =3t +1T) §(T+2)<t§

Proof of Theorem 7.7. Consider the commutative diagram:

B (9x) % (f>) x

(gx)i ny)l/ l(lxk)

Y (1vy) Y (f2) X

Note that the following diagrams induce pull-back diagrams in ANR:

E (29) x x (1x,) X

(fx)i J/(fx) (fx)i i(fA)

B——Y Y —Y
(9x) (1yy)

Then there exist level maps (px) : E — E(4,y,5,), (P)) : X — E(1,),(1v,) and
(®x) s E(f,090) — E(fk%(hq)’ and the following diagram commutes:

E (@x) X

(px)l J{(P&)

B0 E4,),0v,)
A)

By Lemmas 7.8 and 7.9, the level maps (py), (p4), and (@) induce isomorphisms
in pro- H(Top), and hence (g, ) induces an isomorphism in pro- H(Top).
U
Finally in this section, we prove

Theorem 7.10. In the pull-back diagram (7.14), the morphism h is a strong pro-
fibration.
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Proof. The assertion immediately follows from the fact that the pro-fibration f is
represented by the level map (fy) with the (SHLP), with respect to all spaces. O

8. HOMOTOPY GROUPS OF THE BASE AND TOTAL SYSTEMS OF STRONG
PRO-FIBRATION

Suppose that X = (X, pax,A) and Y = (Y3, ¢an, A) are ANR objects, and let
f:(X,z9) — (Y,y,) be a morphism represented by a level map (fy) : (X, x9) —
(Y,y,). Let B = (B, qxv|Bx, A) be a system in ANR consisting of subsets By of
Y\ containing the base points ygx of Y. Then we have the morphism g : (B,y,) —
(Y,y,) represented by the level map (g)) : (B,y,) — (Y,y,) consisting of the
inclusion maps gy : By — Y). Suppose that f : X — Y is a strong pro-fibration
in ANR, and let A = (f5 ' (Bx),pax|fv'(By),A). Then we have the pull-back
diagram in ANR:

/

(8.1) A—2>x

¥ F
B T‘ Y
where f' and g’ are the maps represented by the level map (fy|Ax) and the level
map (g4 ) consisting of the inclusion maps g4 : Ay — X}, respectively.
The main result of this section is Theorem 8.1. This is a generalization of the
results by S. Mardesi¢ and R. T. Rushing [9, Theorem 2] and Q. Haxhibeqiri [6,
Theorem 5.7] for ANR-systems. The fibre of a strong pro-fibration is well-defined

in ANR, and as a consequence of Theorem 8.1, we have the sequence of a strong
pro-fibration.

Theorem 8.1. The morphism f: (X, A, xo) — (Y, B,y,) induces isomorphisms
fim(X, A ) — my (Y, B, y).

Before proving the thereom, we first prove the following lemmas:

Lemma 8.2. The level map (fy) : X — Y has the following properties:

(1) Each A € A admits N > X with the following property: any maps g :
I"xQUI™"x I — Xy and H : I™ x I — Yy such that

fvg=H|I"x0UI" x T
admit a map G : I™ x I — X such that
f)\G = qM/H, G‘In X OUIn x I = pPx\g.

(2) For any finite dimensional polyhedral pair (Z,C), each A € A admits N > A
with the following property: any maps g : Z x 0UC x I — Xy and H :
Z x I — Yy such that

fvg=H|Zx0UC x I
admit a map G : Z x I — X such that
HhG =g H, G|Z X 0UC X I =pyrg.
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(3) If (Z,C) is a finite dimensional polyhedral pair such that C is a strong
deformation retract of Z, then each X € A admits N > X with the following
property: any maps g : C — Xy and H : Z — Yy such that

HIC = fvyg
admit a map G : Z — X, such that
NG =aqwH, GIC=pvg.

Pxxr g
X}\?X)\/ %B

~ - f,
fxi G \l\A \LC

-~ =
Y>‘ axx’ Y)‘/ H A

where (A, B) = (I" x [,I* x0UI" x I), (ZxI1,Zx0UC x I), (Z,C).

Proof. The first assertion immediately follows from the facts that (I™ x I, 1™ x 0U
I x I) is homeomorphic to (I"™ x I,I™ x 0) and that (fy) has property (SHLP),,
(Lemma 7.1).

For the second part, let (K, L) be a triangulation of the pair (Z,C). Let W_; =
Zx0UCx1I,and W, =|K|x0U|K?UL| x I for each ¢ > 0,. By induction, we
obtain a sequence A = A, < A1 < -+ < Ag < A_; = X and maps G, : W, — X,
for g = —1,0,...,n such that

G1=y,

C;(q“/Vq—l = C:q—l (0 < q < n)v

f/\qu = H|W, (-1 <q<n),
where n =dimZ. Then G =G,, : W,, = Z x 0UC x I — X, is the desired map.
Indeed, using (1), we inductively take A = A, < A1 < -+ < XA <A1 =X s0

that whenever k : 19 x 0U [ x [ — XAqf and K : [9x ] — YAq,l are maps such
that

1

K|II9x0UI%xI=f\ ,k,
there is a map K:I1xI— X, such that
K|I'x 00U x I =py, 5, .k

quK = qx,\, . K. Assuming we have defined maps G, for ¢ < m < n, we define
the map G, as follows: for each m-simplex o € K \ L, define maps

go ol x0Uo| x I — X, ;9o = Gm-1|lo] xO0U || x I, and

m—1
H,:|lo|xI—=Y,, ,:H,=H|o|xI.
Then Hy||o| x 0U || x I = fx,,_,go. So, there is a map G, : |o| x I — X, such
that
G0||O'| x0u |O’| x I = DPAAm_1Y90>

I Go = Oaprn 1 Ho
Define the map G, : W, — X\, by Gp|lo| x I = G,.
For the third assertion, let D : Z x I — Z be a strong deformation retract of Z
to C, i.e., Dy = 1z, Dy = ir where r : Z — (' is a retraction and ¢ : C' — Z is the
inclusion map. For each A € A, choose A’ > X as in (2). For any maps g : C' — X
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and H : Z — Yy such that H|C = fy g, define the map ¢’ : Z x 1UC x I — Xy

as the composite
D|Zx1UCXI
Zx1uCx PP o 9 x,

and the map H' : Z x I — Yy as the composite
Zx1-2 7 Ly,
Then, by (2), we obtain a map G’ : Z x I — X such that
G'Z x1UC x I =prg',

hG =g H.
Then G = Gf, : Z — X is the desired map. O

Proof. Theorem 8.1. We will show that each A € A admits A’ > X and a map ¥ :
7q(Yar, BaryYor,) — me( X, Ax, zox) which makes the following diagram commute:

(Paxr)
(8.2) g (X, Ax, Tox) <10y (X, A, Toxr)

N o w
(fx)nl T~ l(fw)n

Tq(Yx, B, yor) =<—— mq(Ya, By, yox')
(@xxr)s
Let A € A. Choose a lifting index A; > A, and in turn for this A1, choose a lifting
index Xy > A;. Suppose that o : (I",I" pg) — (Ya,, B, %ox,) represents an
element of my(Y,, Ba,, Yor,)- Since {po} is a strong deformation retract of I", by
Lemma 8.2 (3), there is a map H' : I — X, which makes the following diagram

comimute:
Pxyxg
Xy, =— Xy, ~— {po}

o
f/\ll ' lg

Yy, <5—1I"

A1 PRV

Since a(I™) C By,, fa, Hi(I") = ga,x,(I™) C By,, and so H'(I™) C Ay,. We now
define the map ¥(a) : (I, 1", po) — (X, Ax,, Tox) by ¥(a) = pax, H'. Note that
frv(a) = gax,a. Using the fact that I™ x {0,1} U{po} x I is a strong deformation
retract of I™ x I and Lemma 8.2 (3), we can show that there is a well-defined
homomorphism (function if ¢ = 1) ¥ : 7(Y,, Bx,, yor,) — (X, Ax, 2or) :
U([a]) = [¢(a)] which makes diagram (8.2) with A’ = Ao commute. O

For any strong pro-fibration f : X — Y in AN'R, the fibre F of f is the ANR
object which is defined by the following pull-back diagram (Lemma 7.2):

F——X
* —>Y

By Theorem 8.1 and the exactness of the pro-homotopy sequence of the pair
(X, F,xg), we have the sequence of strong pro-fibration

T ﬂ—t](FaJ’O) - 7Tq(X7$0) - 7T<](Yv7y0) - T‘—qfl(Fva) oy

which is exact.
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9. APPLICATIONS TO HOMOTOPY DECOMPOSITION

In this section, we assume that all spaces have base points and that all maps
and homotopies preserve base points. Let pro- H(Top), denote the pro-homotopy
category of pointed spaces and base point preserving maps.

Here are the main results of this section.

Theorem 9.1. Every ANR-tower X admits a sequence of ANR-towers

(9.1) rx)Ipx) 2 pyx) I

and morphisms i, : X — P,(X) (n = 1,2,...) in pro- Top, with the following
properties:

(1) f,, are strong pro-fibrations,

(2) mq(Pn(X)) =0 forq>n,
(3) iy, induce isomorphisms (i,)y : mg(X) — mg(Pp(X)) for g <mn, and
(4) the following diagram commutes in pro- H(Top), :

[X]

[P1(X)] W [P2(X)] [<fz]—<— [Po(X)] <— -

Theorem 9.2. Every ANR-tower X admits a sequence of ANR objects

Po(x) Lo Py x) I B (x) I
with the following properties:

(1) f,, are strong pro-fibrations,
—= ) m(X) g>n
(2) mg(Pn(X)) ~{ 0 ¢<n }forn> 1, and
(3) Po(X) is isomorphic to X in pro- H(Top),.
Every CW complex X and n > 1 admit the n-th Postnikov section X "] of X
and the inclusion map j% : X — X" (see [4]). So, X" is a CW complex satisfying

n m(X) g <n,
Wq(XH)z{ q(O) g <n.

For m < n, every map f : X — Y between CW complexes induces a map (unique
up to homotopy) fnm : X ("] — Y] which makes the following diagram commute:

X—Y

A s

Write fI" for frn. Thus every CW-tower X = (X;,p;+1) induces a CW-tower
xM = (X}”],pﬁ’f} 1), and every system map (f, f;) : X — Y between CW-towers
induces a system map (f, [(fi)nm]) : [X™] — [YI™)]. So for each CW-tower X
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there exists a commutative diagram:

(9.2)
(X]
([
J{([jﬂ) !
M (2] [n]
[X ] ([(gi)2,1]) [X ] ([(91)3,2]) ([(gi)n,nfl]) [X ] ([(gi)n+1,n])

where ([j']) is the level map induced by the inclusion maps j* : X; — Xi[n], and
([(gi)n+1,n]) is the level map induced by the identity maps g; : X; — X;. Then

n m(X) ¢<mn,
Wq(XH)%{ q(()) q > n.

Lemma 9.3. Fvery CW-tower (resp., ANR-tower) X admits an ANR-tower (resp.,
a CW-tower) X" and a level map ([@;]) : [X] — [X] consisting of homotopy classes
of homotopy equivalences p; .

Proof. We can easily prove the lemma, using the fact that every CW complex (resp.,
ANR) has the homotopy type of an ANR (resp., a CW complex). O

Proof of Theorem 9.1. By Lemma 9.3 there exist a CW-tower Y and a level
map ([¢;]) : X — Y in pro-H(Top), consisting of homotopy equivalences. For
this CW-tower Y there exist CW-towers Y™ (n =1,2,...) with the commutative
diagram (9.2) with X and X (" being replaced by Y and Y™ respectively. By
Lemma 9.3 and the pointed version of Lemma 6.7, for each n, there exist an ANR-
tower X ,, with the bonding maps being Hurewicz fibrations and a level map (a?) :
vy o x n consisting of homotopy equivalences. Let b]' be the homotopy inverse
of a}. Since the bonding maps of X,, are Hurewicz fibrations, there is a level map
(h?) : X 11 — X, which induces the level map ([a(gi)ns1.000 1)) @ [Xnta] —
[X1]. So we have the following commutative diagram in pro- H(Top),:

([af™])
[Y[n+1]] = [ X 1]
([(gi)nJrl,nD\L l([h?])
Y1) oy Xl

Now let h,, : X,,+1 — X, be the morphism represented by (h?), let P1(X) = X1,
and let ¢; : X; — P1(X) be the morphism induced by the identity maps. Then
by Remark 6.2, we inductively obtain ANR-towers P,,(X) (n =1,2,3,...) and the
commutative diagrams in pro- Top,

X1 — Popa(X)

X, —— P,(X)
Cn,

where ¢, are morphisms which induce isomorphisms in pro- H(Top),, and f,, are
strong pro-fibrations. Thus we have a sequence of ANR-towers (9.1) with properties
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(1) and (2). Since the bonding maps of X, are Hurewicz fibrations, by Lemma 6.8,
the morphism d,, : [X] — [X "] represented by the composite of the level maps

) 0 vy Oyt 2 x,)

is induced by a level map (d}) : X — X,,. Let 4, : X — P,,(X) be the composite
X & X, 2 P (X).

Then sequence (9.1) and the morphisms ¢, have properties (3) and (4). This
completes the proof of Theorem 9.1.
Proof of Theorem 9.2. By Remark 6.5, for each n > 1, there is a commutative

diagram in ANR:
| X
9

X —— Py(X)
in
where E,, = E;_, the morphism g,, induces an isomorphism in pro- H(Top),, and
h,, is a strong pro-fibration. Let F',, be the fibre of h,,. Then, by the naturality in
Theorem 6.4, there is a map between pull-back diagrams:

F, E,
Fra Yn—1
hy
kn-1
anl ‘( Enfl

* Pn(X) hp—1

\ Fus
* Pn_l(X)

We have the sequence of ANR objects:
E, FF, <f_1F2<f_2 e F, Fn F, .

Let Po(X) = E1, and using Remark 6.2, we inductively obtain ANR objects P, (X)
(n=1,2,...) which make the following diagram commute:

_ ey £l £ Fiu
Po(X) = E, F, F, e .

Pux) <2 Pyx) L T -

where the vertical maps induce isomorphisms in pro- H(Top),,, and ?n (n=0,1,--)
are strong pro-fibrations. Thus we have properties (1) and (3). By the exact
sequence of the strong pro-fibration E,, — P,(X), we have the second property

2).
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