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Abstract. The Okubo-Weiss field, frequently used for partitioning incompressible
two-dimensional (2D) fluids into coherent and incoherent regions, corresponds to the
Gaussian curvature of the stream function. Therefore, we consider the differential
geometric structures of stream functions and calculate the Gaussian curvatures of
some basic flows. We find the following. (I) The vorticity corresponds to the mean
curvature of the stream function. Thus, the stream-function surface for irrotational
flow and parallel shear flow correspond to the minimal surface and a developable
surface, respectively. (II) The relationship between the coherency and the magnitude
of the vorticity is interpreted by the curvatures. (III) Using the Gaussian curvature,
stability of single and double point vortex streets is analyzed. The results of this
analysis are compared with the well-known linear stability analysis. (IV) Conformal
mapping in fluid mechanics is physical expression of the geometric fact that the sign of
the Gaussian curvature does not change in conformal mapping. These findings suggest
that the curvatures of stream functions are useful for understanding the geometric
structure of incompressible 2D flow.
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1. Introduction1

To conduct research in the field of geometric theory, it is helpful to identify a relationship2

between a physical quantity and a geometric quantity. For instance, the general theory3

of relativity has shown that gravitational potential corresponds to the metric of space-4

time. In the geometric theory of continuum mechanics, various relationships have been5

also known. For instance, in solid mechanics, defect fields are recognized as torsion and6

the Riemann-Cartan curvature of material space-time [1–5]. This geometric approach7

has been developed on the basis of differential geometry and gauge theory [6–8] and8

applied in several fields such as solid earth sciences [9–11].9

In fluid mechanics, geometric approaches have been applied to various subjects.10

For example, the Navier-Stokes equations on a Riemannian manifold, and interesting11

relationships have been proposed [12–15]. Fischer [15] showed that the scalar non-12

dynamic term of the conformal Ricci flow equation (a geometric quantity) is analogous13

to the pressure term of the Navier-Stokes equations (a physical quantity). Weiss14

[16] proposed a field, the so-called Okubo-Weiss field, that is used for partitioning15

an incompressible two-dimensional (2D) fluid into regions with different dynamic16

properties. The Okubo-Weiss field has been widely used for analyzing atmospheric17

and oceanic circulations and realized as an important quantity to characterize flow field18

(e.g. [17, 18]). Moreover, he mentioned that the Okubo-Weiss field corresponds to the19

Gaussian curvature of the stream function. However, few studies have focused on the20

Weiss’s correspondence, although the Gaussian curvature is known as a fundamental21

quantity to characterize a surface. From view point of differential geometry, natural22

questions arise: What is a physical quantity corresponding to the mean curvature of23

the stream function, which is also one of fundamental quantities for a surface? What24

types of flow field correspond to the minimal surface (vanishing the mean curvature) and25

the developable surface (vanishing the Gaussian curvature)? However, these questions26

have not been considered yet. Thus, the main purpose of this study is to consider the27

differential geometric structure of the stream function.28

In this study, we consider incompressible 2D flow because the stream function can29

be defined in this case. A correspondence between the mean curvature of the stream30

function and the vorticity shows that the irrotational flows can be expressed by the31

minimal surface. We thus focus primarily on irrotational flows (i.e., potential flows).32

Another aim of this study is to present the curvatures of basic potential flows and their33

superposition concretely. The concrete forms of the stream functions corresponding34

to various kinds of basic flows, such as uniform flow, the source-sink, and the point35

vortex are already known. It is thought that the geometric structure of the stream36

function is unique for each basic flow. Moreover, superposition of basic flows allow us37

to obtain more complex flows that describe, for example, the flow around a body with38

a particular shape of interest. Therefore, it is necessary for the geometric theory of the39

potential flows to consider the role of curvature in the superposition. We also calculate40

the curvatures of non-potential flows, such as uniform flow with local symmetry and41
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Rankine’s combined vortex.42

In Section 2, we present the theory. We give a brief overview of the Okubo-Weiss43

field and consider the geometric structure of the stream function. To determine the44

Gaussian curvature of the steam function for irrotational flow, we derive a Gaussian45

curvature formula for the stream function in terms of the complex velocity potential.46

In Section 3, we present the results. Based on the theory in Section 2, we calculate47

concretely the Gaussian curvatures of some basic potential flows and their superposition.48

Moreover, we consider single and double vortex streets and Rankine’s combined vortex.49

Section 4 contains a discussion of the results. We discuss the stability of the single and50

double point vortex streets in terms of the Gaussian curvature of the stream function51

and the curvatures of the potential and non-potential flows. Moreover, we reconsider52

the geometric structure of the stream function based on conformal mapping. Section 553

gives our conclusions.54

2. Theory55

2.1. Brief overview of the Okubo-Weiss field56

In this study, we consider incompressible 2D flows. First, we give a brief overview of57

the Okubo-Weiss field and express it in terms of the stream function.58

In freely decaying 2D turbulence governed by the Navier-Stokes equations, it59

is well known that long-lived, coherent vortices spontaneously emerge from random60

initial conditions. They evolve through mutual advection, approximately described61

by Hamiltonian advection of point vortices and the merging of like-signed vortices [19].62

Ultimately, they dominate the evolution of the entire system. The quantity Q, proposed63

by Weiss [16], has been used to extract coherent vortices from a turbulent field. The64

evolution of incompressible 2D fluids is written in terms of the vorticity using the so-65

called vorticity equation. To study the deformation of the vorticity, Weiss concentrated66

on the vorticity gradient. Under the assumption that the velocity gradient tensor slowly67

varies with respect to the vorticity gradient, he derived a vorticity gradient that evolves68

exponentially at a rate of ±
√

Q, where Q is defined by69

Q =
1

4
(σ2 − ω2), (1)70

where σ2 is the square of the rate of strain:71

σ2 = (∂xu − ∂yv)2 + (∂yu + ∂xv)2, (2)72

and ω is the vorticity:73

ω = ∂xv − ∂yu. (3)74

Here, u and v are velocity components in the x and y directions, respectively. The75

coherent region is defined by the region of the fluid in which Q < 0. Equation (1)76

indicates that the vorticity predominates over the rate of the strain in such regions.77
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The continuity equation for incompressible 2D flow is given by ∂xu+∂yv = 0. This78

continuity equation is identically satisfied by introducing the stream function, ψ(x, y):79

u = ∂yψ, (4)80

v = −∂xψ. (5)81

Equations (1) and (3) can be rewritten in terms of the stream function as82

Q = (∂x∂yψ)2 − (∂x∂xψ)(∂y∂yψ), (6)83

and84

ω = −∂x∂xψ − ∂y∂yψ = −∆ψ, (7)85

respectively.86

The quantity Q can be also interpreted as the stability of the trajectory of the87

Lagrangian particles immersed in the velocity field, as shown by Okubo [20] and88

reformulated by Benzi et al. [19].‡ In this sense, the quantity Q is frequently referred89

to as the Okubo-Weiss field. Here, we introduce the interpretation of Q by Benzi et90

al. We let (δx, δy) be a small perturbation along the trajectories. Within a linear91

approximation, the perturbation evolves in the following way:92

d

dt

(
δx

δy

)
=

(
∂x∂yψ ∂y∂yψ

−∂x∂xψ −∂x∂yψ

)(
δx

δy

)
. (8)93

Therefore, the evolution of the perturbation on the particle at the initial position (x0, y0)94

is given by95 (
δx(t)

δy(t)

)
=

(
δx(0)

δy(0)

)
exp(Λt), (9)96

where Λ are the eigenvalues of the matrix (8):97

Λ = ±
√

Q. (10)98

Here, Q in (10) is evaluated at (x0, y0).99

From (9) and (10), the sign of Q is related to the evolution of the distance between100

two Lagrangian particles embedded in the velocity field (4) and (5) [19]. For instance, in101

the region of the fluid in which Q < 0, the distance between two particles will not diverge102

exponentially. Thus, the coherent regions are defined as regions in which Q < 0 [19],103

and the definition of the coherent region in terms of Q is referred to as the Okubo-Weiss104

criterion.105

Equation (6) implies that the Okubo-Weiss field Q is determined by the geometric106

structure of the stream-function surface, ψ(x, y) [16]. We reconsider the Okubo-Weiss107

field from the perspective of differential geometry, as discussed in the next section.108

‡ Okubo [20] discussed 2D flows with velocity singularities such as convergence and divergence.
However, Benzi et al. [19] investigated non-divergent 2D flows.
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2.2. Geometric structure of the stream-function surface109

2.2.1. The Okubo-Weiss field, vorticity, and curvatures of the stream-function surface110

Typically, the geometric structure of a surface is characterized by two curvatures, a111

Gaussian curvature and a mean curvature [21]. These curvatures can be used to express112

the geometric structure of the stream-function surface, ψ(x, y).113

We let ψ(x, y) be a surface in three-dimensional Euclidean space R3 and assume114

that M is the matrix of the second fundamental form:115

M =

(
∂x∂xψ ∂x∂yψ

∂x∂yψ ∂y∂yψ

)
. (11)116

The determinant and trace of (11) give the Gaussian curvature, K, and the mean117

curvature, H, of ψ(x, y), respectively:118

K = det M = ∂x∂xψ∂y∂yψ − (∂x∂yψ)2, (12)119

2H = trM = ∂x∂xψ + ∂y∂yψ = △ψ. (13)120

From (6) and (12), the Gaussian curvature of the stream function is the negative Q121

value:122

K = −Q. (14)123

This relationship was previously identified by Weiss [16]. In contrast, we find from (7)124

and (13) that the vorticity is twice the negative mean curvature:125

2H = −ω. (15)126

The sign of the vorticity indicates the direction of rotation; thus, the degree of the127

vorticity is related to the absolute value of H.128

We let p be a point on the surface, ψ(x, y). In differential geometry, it is known that129

the following definitions: (i) p is elliptic if K(p) > 0; (ii) p is hyperbolic if K(p) < 0;130

(iii) p is parabolic if K(p) = 0, but M(p) ̸= 0; and (iv) p is planar if K(p) = 0 and131

M(p) = 0. Therefore, from (14), the relationship between the physical concepts in fluid132

mechanics and the geometric concepts in differential geometry is given by133

134

(I) Coherent (Q < 0) ↔ elliptic (K > 0);135

136

(II) Incoherent (Q > 0) ↔ hyperbolic (K < 0);137

138

(III) Marginal (Q = 0) ↔ parabolic or planar (K = 0).139

Because the stream function is defined for various 2D flows, we calculate the Gaussian140

curvatures of the flows, as discussed in section 3.141
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2.2.2. Plane potential flow and Gaussian curvature It is well known that for an142

irrotational flow, the velocity potential, φ, can be introduced, according to (3), as follows:143

u = ∂xφ, (16)144

v = ∂yφ. (17)145

This type of flow is called potential flow. Equation (15) showed that the mean curvature146

vanishes in potential flow. This type of surface is called a minimal surface in differential147

geometry. When H = 0, it can be mathematically shown that K ≤ 0. Indeed, the148

quantity Q is less than or equal to zero when ω = 0, as shown by (1). Therefore, in the149

case of (II) and (III) from the previous section, the another relationship between the150

physical concept in fluid mechanics and the geometric concept in differential geometry151

is given by152

153

(IV) Potential flow (ω = 0 and Q ≥ 0) ↔ minimal surface (H = 0 and K ≤ 0).154

155

In this section, we discuss the geometric structure of potential flow. From (4),156

(5), (16), and (17), the two functions ψ and φ satisfy the Cauchy-Riemann differential157

equations:158

∂xφ = ∂yψ, (18)159

∂yφ = −∂xψ. (19)160

The velocity potential surface, φ(x, y), also exhibits curvatures. However, the Cauchy-161

Riemann equations show that these curvatures are equal to those of the stream-function162

surface ψ(x, y). Therefore, in this paper, we focus on the curvatures of ψ(x, y).163

For potential flows, we can define the holomorphic function as the complex velocity164

potential:165

W = φ + iψ. (20)166

The potential, W , is important in the analysis of potential flow, because various physical167

quantities can be derived by the differentiation of W . For instance, the velocity is given168

by169

dz

dt
= u + iv =

dW

dz
, (21)170

where z = x + iy, and the overbar denotes the complex conjugate.171

We derive the relationship between W and the Gaussian curvature. For this, we172

rewrite (6) in terms of W . From (21) and its complex conjugate, we obtain173

d

dt

(
δz

δz

)
=

(
0 d2W

dz2

d2W
dz2 0

)(
δz

δz

)
. (22)174
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Therefore, the evolution of (δz, δz)T is given by175 (
δz(t)

δz(t)

)
=

(
δz(0)

δz(0)

)
e±

√
Qt (23)176

with177

Q =
d2W

dz2

d2W

dz2 =

∣∣∣∣d2W

dz2

∣∣∣∣2 . (24)178

Therefore, from (14), we have179

K = −
∣∣∣∣d2W

dz2

∣∣∣∣2 . (25)180

This shows that K ≤ 0 in potential flow, as expected from (1) and (14). The formulas181

(24) and (25) are useful because Q and K can be calculated without extracting the182

imaginary part of the complex velocity potential.183

The concrete curvatures for various potential flows are shown in Section 3.1.184

2.3. Superposition and curvatures185

An advantage of potential flow is that the stream function for complex flows can be186

obtained by the superposition of stream functions for relatively simple flows. For187

instance, we combine simple flows described by ψA and ψB to obtain a complex flow188

described by189

ψ = ψA + ψB. (26)190

In this section, we discuss the effect of this superposition on the Gaussian curvatures.191

We let KA and KB be the Gaussian curvatures of ψA and ψB, respectively. From192

(12), the curvature of ψ is given by:193

K = KA + KB + KI , (27)194

where195

KI = ∂x∂xψA∂y∂yψB + ∂x∂xψB∂y∂yψA − 2(∂x∂yψA)(∂x∂yψB), (28)196

or, from (4) and (5),197

KI = −∂xvA∂yuB − ∂xvB∂yuA − 2(∂xuA)(∂xuB). (29)198

Here, (uA, vA) = (∂yψA, −∂xψA) and (uB, vB) = (∂yψB, −∂xψB). In general, KI ̸= 0,199

i.e., K ̸= KA+KB, so the superposition of the Gaussian curvatures does not necessarily200

hold true. KI indicates the interaction between the surfaces ψA and ψB. This interacting201

curvature plays an interesting role in the superposition of basic flows. On the other hand,202

from (13), the superposition of the mean curvature holds true.203

Now, instead of the addition given by Equation (26), we consider the subtraction204

ψA − ψB. This corresponds to the volume flow rate between the two streamlines. In a205

similar fashion described above, the curvature of the volume flow rate is KA +KB −KI .206

The concrete curvatures for superposition of basic flows are shown in Sections 3.2207

and 3.3.208
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2.4. Developable surface and parallel shear flow209

In Section 2.2.2, we showed that the stream-function surface for potential flows210

corresponds to a minimal surface: H = 0 and K ̸= 0. This raises the question of which211

flow corresponds to a developable surface, H ̸= 0 and K = 0, that can be flattened onto212

a plane without distortion.213

The stability problem of parallel shear flow, (u, v) = (U(y), 0), has been a central214

issue in fluid dynamics [22]. From (1), (2), and (3), the Gaussian curvature for215

parallel shear flow vanishes. Therefore, the curvatures for parallel shear flow satisfy216

the conditions H ̸= 0 and K = 0, indicating that the stream-function surface for the217

parallel shear flow is a developable surface.218

3. Results219

3.1. Basic plane potential flows220

Potential flows can be described by the complex velocity potential, W . Because W is a221

solution to Laplace’s equation, W is a harmonic (holomorphic) function. The concrete222

forms of the harmonic functions correspond to the various basic flows. As mentioned for223

case (IV) in Section 2.2.2, only the non-positive Gaussian curvature characterizes the224

potential flow. In this section, we present calculations of the non-positive K related to225

basic potential flows, i.e., the harmonic functions. The significance of the results will226

be discussed in Section 4.227

3.1.1. Uniform flow The simplest plane flow is one for which the streamlines are228

all straight and parallel, and the magnitude of the velocity is constant [23]. This229

corresponds to uniform flow. The complex velocity potential, W , of uniform flow is230

given by the following harmonic function:231

W (z) = Ue−iαz, (30)232

where U is the magnitude of the velocity and α is the angle of attack, i.e., the angle of233

the flow relative to the x axis (Fig. 1(a)).234

From z = x + iy and Euler’s formula, the stream function is given by235

ψ = ℑ[W ] = U(y cos α − x sin α), (31)236

where ℑ denotes the imaginary part of W . In this case, the matrix (11) becomes zero,237

so the Gaussian curvature is also zero. That is, the stream function of the uniform flow238

is planar.239

The constant α in (30) or (31) indicates the global symmetry of the system.240

Following gauge theory, this symmetry can be localized by replacing α with α(x):241

ψ = U(y cos α(x) − x sin α(x)). (32)242
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Note that this is not potential flow, so W cannot be defined. From (12) and (13), the243

Gaussian and the mean curvatures of this flow are244

K = −(Uα′ sin α)2, (33)245

2H = −U{2α′ cos α + (y cos α − x sin α)(α′)2 + (x cos α + y sin α)α′′}.(34)246

3.1.2. Corner flow and source doublet We consider the power law potential:247

W (z) = Azn, (35)248

where A(> 0) is a scaling parameter, and the exponent n(̸= 0) characterizes various249

flows. For instance, positive n describes the flow around or through a corner (Figs. 1(b)250

and (c)). The case of n = −1 gives the flow due to a source doublet (Fig. 1(d)).251

From z = reiθ, the stream function in terms of x and y is given by252

ψ = ℑ[W ] = A(x2 + y2)n/2 sin
{

n arctan
(y

x

)}
. (36)253

Therefore, from (12), the Gaussian curvature is254

K = −A2(n − 1)2n2(x2 + y2)n−2. (37)255

This curvature varies with the value of n(> 0), i.e., the angle of the corner flow. When256

n = 1, the angle is π (i.e., uniform flow), so the curvature vanishes, as described in257

Section 3.1.1.258

3.1.3. Source and sink For the radial flow shown in Fig. 1(e), the complex velocity259

potential, W , is given by260

W (z) =
m

2π
log z, (38)261

where m is the flow rate. If m is positive, the flow is radially outward, i.e., a source262

flow. If m is negative, the flow is toward the origin, i.e., a sink flow.263

The stream function is given by264

ψ = ℑ[W ] =
m

2π
arctan

(y

x

)
. (39)265

Therefore, from (12), the Gaussian curvature is266

K = −
{

m

2π(x2 + y2)

}2

. (40)267

Note that the position of the source or the sink, (x, y) = 0, is a singular point.268

Thus, the velocity and the Gaussian curvature at this point cannot be defined.269
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3.1.4. Point vortex We consider flow in which the streamlines are concentric circles,270

i.e., a flow field induced by a point vortex, as shown in Fig. 1(f). In this case, the271

complex velocity potential, W , is given by272

W (z) = − iΓ

2π
log z, (41)273

where Γ is the strength of the point vortex. If Γ is positive (negative), the vortex induces274

counterclockwise (clockwise) motion around the point vortex. The stream function is275

given by276

ψ = ℑ[W ] = − Γ

4π
log (x2 + y2). (42)277

Therefore, from (12), the Gaussian curvature is278

K = −
{

Γ

2π(x2 + y2)

}2

. (43)279

Note that one should not apply (43) at the position of the vortex, (x, y) = 0. It is280

known that the point vortex does not induce the velocity at its position. To calculate281

the velocity and the Gaussian curvature of the stream function for the point vortex at282

the position of the vortex, the complex velocity potential, W ′, must be used without283

the effect of self-interaction. In the present case, this velocity potential is W ′ = 0.284

Therefore, the velocity at (x, y) = 0 is given by285

u(0) + iv(0) =
dW ′

dz

∣∣∣∣
(x,y)=0

= 0. (44)286

Moreover, the Gaussian curvature of the stream function at (x, y) = 0 is287

K(0) =

∣∣∣∣d2W ′

dz2

∣∣∣∣2
∣∣∣∣∣
(x,y)=0

= 0. (45)288

3.2. Superposition of basic plane potential flows289

We obtain more complex flows by the superposition of basic flows. Because any290

streamline in an inviscid flow can be considered a solid boundary, superposition can291

be used to describe the flow around a body with a particular shape of interest [23]. In292

this section, we focus on three classical examples of basic flow superposition.293

3.2.1. Source in a uniform stream: A half-body We obtain the flow around a half-body294

by adding a source, (38), to a uniform flow, (30), parallel to the x-axis (Fig. 2(a)):295

W (z) = Uz +
m

2π
log z. (46)296

The stream function is given by297

ψ = ℑ[W ] = Uy +
m

2π
arctan

(y

x

)
. (47)298
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Therefore, from (27) and (28), the Gaussian curvature, except for (x, y) = 0, is299

K = −
{

m

2π(x2 + y2)

}2

. (48)300

Because the curvature related to the uniform flow is zero, only the curvature related301

to the source remains. Similar to the source and sink flows, the position (x, y) = 0 is302

a singular point of the flow. Thus, the Gaussian curvature cannot be defined at this303

point.304

We consider the Gaussian curvature at the stagnation point. The velocity of305

the flow around a half-body consists of the velocity superposition of the basic flows306

u = U + (m/2π){x/(x2 + y2)} and v = (m/2π){y/(x2 + y2)}, where we use (4) and (5).307

From (u, v) = (0, 0), the position of the stagnation point is (x, y) = (−m/(2πU), 0).308

Therefore, the Gaussian curvature at the stagnation point is given by309

K|u=v=0 = −
(

2πU2

m

)2

= −
(

2πU

D

)2

, (49)310

where D ≡ m/U is the thickness of the half-body.311

3.2.2. Doublet in a uniform stream: A circular cylinder We obtain the flow around312

a circular cylinder by adding a doublet, (35), with n = −1, to the uniform flow, (30),313

parallel to the x-axis (Fig. 2(b)):314

W (z) = Uz +
A

z
. (50)315

The stream function is given by316

ψ = ℑ[W ] =

(
U − A

r2

)
y =

(
U − A

x2 + y2

)
y. (51)317

Therefore, from (27) and (28), the Gaussian curvature is318

K = − 4A2

(x2 + y2)3
. (52)319

Only the Gaussian curvature that relates to the doublet remains.320

The velocity of the flow consists of the velocity superposition of the basic flows.321

Therefore, we estimate the radius of the cylinder, a, from (u, v) = (0, 0); i.e.,322 √
x2 + y2 = a =

√
A/U . Therefore, the Gaussian curvature on the radius of the323

cylinder is given by324

K|u=v=0 = −4U3

A
. (53)325
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3.2.3. Doublet and point vortex in a uniform stream: A rotating cylinder We obtain326

the flow around a rotating cylinder by adding the point vortex of strength, Γ, (41), to327

the combined potential, (50) (Fig. 2(c)):328

W (z) = U

(
z +

a2

z

)
+

iΓ

2π
log

(z

a

)
, (54)329

where a is the radius of the cylinder defined in the previous section. We modified the330

term of the point vortex for ψ = 0 on z = a. The stream function is given by331

ψ = ℑ[W ] = U

(
1 − a2

x2 + y2

)
y +

Γ

2π
log

(√
x2 + y2

a

)
. (55)332

Therefore, from (27) and (28), the Gaussian curvature is333

K = − 4a4U2

(x2 + y2)3
− Γ2

4π2(x2 + y2)2
− 2a2UyΓ

π(x2 + y2)3
. (56)334

The first term is the curvature when only the flow around the cylinder exists (52). The335

second term is the curvature when only the point vortex exists (43). The third term is336

the curvature caused by the interaction between the flow around the cylinder and the337

point vortex.338

The location of the stagnation point for the rotating cylinder depends on the339

inequality between Γ and 4aπU . That is, there exist two stagnation points on the340

circumference of the circle for Γ < 4aπU , and one stagnation point inside the flow for341

Γ > 4aπU . In those cases, K is negative. As Γ increases, the two stagnation points on342

the boundary of the circle approach each other and coalesce at the point (0,−a) when343

Γ becomes equal to 4aπU . This critical case corresponds to the vanishing point of the344

total curvature:345

K = 0, (57)346

because the solution of this equation is given by347

y =
−4a2πU ± ixΓ

Γ
. (58)348

This shows that the real solution for (57) exists at the point (0,−a) for Γ = 4aπU .349

3.3. Vortex street350

3.3.1. Single vortex street We consider a row of point vortices along the x-axis (Fig.351

3(a)). The strength of the vortices is Γ, and the distances, b, between the vortices are352

the same. The complex potential of such a street is given by the superposition of point353

vortices, (41):354
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W (z) =
∞∑

n=−∞

− iΓ

2π
log(z + nb)

= − iΓ

2π

[
log z + log

{
Ã Π∞

n=1

(
1 − z2

n2b2

)}]
= − iΓ

2π
log

(
sin

πz

b

)
+ B̃, (59)

where we use the formula (sin πz)/(πz) = Π∞
n=1 (1 − z2/n2), and Ã and B̃ are values355

that are independent of z. Because it is difficult to extract the imaginary part of W356

(i.e., the stream function), we calculate the Gaussian curvature directly using (25):357

K = −

{
πΓ

b2(cos 2πx
b

− cosh 2πy
b

)

}2

. (60)358

This shows that the Gaussian curvature located far away from the vortex street is given359

by360

K|y→±∞ = 0. (61)361

That is, the flow approaches a uniform flow.362

The Gaussian curvature along the vortex street, i.e., the x-axis, and, except for the363

positions of the point vortices (x ̸= nb, y = 0, where n is an integer), is given by364

K|y=0 = −
{

πΓ

b2(cos 2πx
b

− 1)

}2

. (62)365

To evaluate the Gaussian curvature at the positions of the point vortices (i.e., z = nb),366

we extract the effect of the vortices at the points of interest, as explained in Section367

3.1.4. We derive the Gaussian curvature at the origin, z = 0. Because the vortex368

distribution is symmetric along the x−axis, the Gaussian curvature at z = nb, (n ̸= 0)369

equals that at z = 0. The complex velocity potential, W̃ , without the self-interaction370

effect of the vortex at z = 0, is given by371

W̃ (z) = − iΓ

2π
log

(
sin πz

b
πz
b

)
. (63)372

In the vicinity of z = 0, we can express the complex velocity as373

dW̃

dz
= −iΓ

2b

πz
b

cos πz
b
− sin πz

b
πz
b

sin πz
b

(64)

=
iΓπ

6b2
z + O(z2). (65)

Because dW̃/dz = u − iv, the induced velocity at z = 0 becomes zero. Moreover, from374

(25), the Gaussian curvature at z = 0 is given by375

K(0) = −π2Γ2

36b4
. (66)376
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3.3.2. Double vortex street By extending the theory of the single vortex street, we377

consider two parallel rows of point vortices, i.e., Kármán vortex (Fig. 3(b)). In this378

case, the strengths of the point vortices in rows A and B are Γ and −Γ, respectively.379

As shown in Fig. 3(b), d is the distance between the rows, and c is the distance in380

the direction of x, toward which the vortices in row B shift from those in row A. The381

complex velocity potential of this double street is given by the following superposition:382

W = WA + WB, (67)383

WA = − iΓ

2π
log

(
sin

πz

b

)
, (68)384

WB =
iΓ

2π
log

(
sin

π(z − z0)

b

)
, (69)385

where WA and WB are the complex velocity potentials for rows A and B, respectively,386

and z0 = c + id. Thus, the total complex potential is387

W = − iΓ

2π
log

{
sin πz

b

sin π(z−z0)
b

}
. (70)388

From (25), the Gaussian curvature of the double vortex street is given by

K = −

∣∣∣∣∣∣∣
Γπ

2b2

sin π(2z−z0)
b

sin πz0

b{
sin πz

b
sin π(z−z0)

b

}2

∣∣∣∣∣∣∣
2

. (71)

Similar to the previous subsection, we evaluate the Gaussian curvature at the389

positions of the vortices, i.e., z = nb and z = nb + z0. Now, we discuss the Gaussian390

curvature at z = 0. The complex velocity potential without the self-interaction effect of391

the vortex at z = 0 is given by392

W̃ (z) = − iΓ

2π
log

{
sin πz

b

πz
b

sin π(z−z0)
b

}
. (72)393

Thus, in the vicinity of z = 0, we obtain

dW̃

dz
= −iΓ

2b

πz
b

sin πz0

b
+ sin πz

b
sin π(z−z0)

b

πz
b

sin πz
b

sin π(z−z0)
b

(73)

=
iΓ

2b

{
cot

πz0

b
+

(
2

3
+ cot2 πz0

b

)
πz

b

}
+ O(z2). (74)

Therefore, the induced velocity at z = 0 is given by394

u(0) − iv(0) =
iΓ

2b
cot

πz0

b
(75)

=
Γ

2b

sinh 2πd
b

+ i sin 2πc
b

cosh 2πd
b

− cos 2πc
b

. (76)
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When v = 0, we obtain the well-known double-street configuration: the symmetric395

arrangement (c = 0) or the staggered arrangement (c = b/2).396

From (25), the Gaussian curvature at z = 0 is given by397

K(0) = −
∣∣∣∣ iΓπ

2b2

(
2

3
+ cot2 πz0

b

)∣∣∣∣2 . (77)398

Because of the symmetry of the configuration of the vortex street and the Gaussian399

curvature dependence on Γ2, (77) is valid for the position z = 0 as well as the positions400

of the vortices, z = nb and z = nb + z0.401

In Section 4.4, we discuss the stability of the street and the curvature.402

3.4. Rankine’s combined vortex403

Rankine’s combined vortex is a circular vortex that has a constant vorticity distribution404

within a radius as a central core and an irrotational flow distribution outside the core.405

We let r0 be the radius of the central core. In this case, the stream functions inside and406

outside the core are given as follows, respectively:407

ψr≤r0 = −ω

4
r2, (78)408

ψr≥r0 = −ω

2
(r0)

2 log
r

r0

− ω

4
(r0)

2. (79)409

Then, the Gaussian and mean curvatures inside the core are given by410

Kr≤r0 =
ω2

4
> 0, (80)411

Hr≤r0 = −ω

2
̸= 0, (81)412

and those outside the core are given by413

Kr≥r0 = −(r0)
4ω2

4r4
< 0, (82)414

Hr≥r0 = 0. (83)415

4. Discussion416

4.1. Geometric interpretation of the relationship between the Okubo-Weiss field and417

vorticity418

In this study, we focused on incompressible 2D flow described by the stream function.419

The Okubo-Weiss field, which is frequently used to define the coherent region in this420

flow, corresponds to the Gaussian curvature of the stream-function surface, ψ(x, y).421

In this paper, we pointed out that the vorticity corresponds to the mean curvature of422

ψ(x, y). In differential geometry, it is well known that a surface can be characterized by423

the mean and Gaussian curvatures. Therefore, the correspondences found by Weiss [16]424
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and this study suggest that the stream-function surface can be characterized by the425

vorticity and the the Okubo-Weiss field.426

The Okubo-Weiss field is not independent of the vorticity [19,24], which is related427

to the fact that the Gaussian curvature is not independent of the mean curvature.428

The values of |ω| in the negative Q regions are generally large compared to those in429

the positive Q regions [16, 19, 24]. (14) showed that K = −Q, and (15) showed that430

2H = −ω. These physical relationships can be interpreted geometrically as follows: |H|431

in the regions with K > 0 are generally large compared to those in the regions with432

K < 0. Next, we discuss the validity of this relationship.433

For this discussion, we introduce the principal curvatures κ1 and κ2 by choosing434

an orthonormal basis of eigenvectors of the matrix (11). Moreover, using (12) and (13),435

the matrix (11) can be diagonalized as436

N =

(
κ1 0

0 κ2

)
, (84)437

where κ1 = H +
√

H2 − K and κ2 = H −
√

H2 − K. Therefore, the Gaussian curvature438

and the mean curvature in terms of κ1 and κ2 are given by439

K = det N = κ1κ2, (85)440

H =
1

2
trN =

κ1 + κ2

2
. (86)441

These equations show that the physical relationship between the the Okubo-Weiss field442

and the magnitude of the vorticity is attributable to simple geometric relationships.443

That is, if K > 0, κ1 and κ2 have the same sign. In contrast, κ1 and κ2 have opposite444

signs if K < 0. Therefore, |H| in the K > 0 regions may be larger compared to |H| in445

the K < 0 regions.446

From (1), the Okubo-Weiss field is a comparison between the square of the strain447

rate, σ, and the vorticity, ω. The geometric expressions of σ2 and ω2 are given by448

4(H2−K) = (κ1−κ2)
2 and 4H2 = (κ1 +κ2)

2, respectively. Thus, the Okubo-Weiss field449

can be interpreted as a comparison between the difference of the principal curvatures450

and their sum.451

4.2. Gaussian curvature and mean curvature in the flow452

(14) showed that K = −Q, and (15) showed that 2H = −ω. If the entire area within453

the irrotational region (ω = 0) is neutral (Q = 0), its stream-function surface is a flat454

(K = 0), minimal surface (H = 0). That is, the stream-function surface of general flow,455

in which the coherent (or incoherent) regions and the vorticity normally exist, deviates456

from the flat, minimal surface. This deviation can be characterized by the Gaussian457

curvature and the mean curvature.458

The mean curvature is extrinsic, i.e., it is defined for the stream-function surface,459

ψ(x, y), embedded in the space R3. Therefore, the mean curvature depends on the460
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embedding. In contrast, the Gaussian curvature is intrinsic, i.e., it can be defined461

without reference to R3. Therefore, if two flows have equal Q distributions but different462

ω distributions, their surfaces, ψ(x, y), have the same intrinsic structure but different463

extrinsic structures. Thus, we could not distinguish the two flows without reference to464

higher dimensional space R3.465

In this study, we primarily focused on potential flows (Sections 3.1 and 3.2).466

Because the mean curvature vanishes in potential flow, it is not necessary to note467

the embedding of ψ(x, y) in R3. Therefore, the geometric analysis of potential flow468

is relatively easy. In contrast, the combined vortex discussed in Section 3.4 showed that469

the mean curvature inside the core did not vanish (i.e., non-potential flow). Therefore,470

when we cross the boundary of the core, we observe a change in the intrinsic structure471

as well as the embedding of ψ(x, y). In general, equation (15): 2H = −ω shows that472

the extrinsic structure of the stream function changes at the transition between the473

potential flow and non-potential flow. In other words, we cannot identify the transition474

without reference to R3.475

4.3. Geometric structure of potential flow476

In Section 3.1.1, we calculated the curvature of the stream function for uniform flow.477

Because this is the simplest flow, its result was used as the standard for analyzing more478

complex flows. The stream-function surface for uniform flow is planar. Therefore, the479

stream function for complex flows can be interpreted geometrically as the “deformation”480

of the planar region. Next, we discuss the curvature related to non-uniform flows, i.e.,481

the deformation of the planar region.482

In Sections 3.1.3 and 3.1.4, we calculated the Gaussian curvatures of the stream483

functions for the source-sink and the point vortex. The comparison between the484

curvatures (40) and (43), except for the point (x, y) = (0, 0), showed that the two485

curvatures became equal when the flow rate, m, was replaced by the circulation, Γ.486

Thus, the stream functions for the source-sink and the point vortex had the same487

geometric structure with respect to the Gaussian curvature. This can be inferred as488

follows: (i) from (38) and (41), the velocity potential of the source-sink corresponds to489

the stream function of the point vortex; and (ii) the stream function and the velocity490

potential have the same Gaussian curvature (Section 2.2.2). The sign of the flow rate, m,491

determines the direction of the radial flow, and the sign of the circulation, Γ, determines492

the direction of the rotation. Because the Gaussian curvature, K, in the potential flow493

should be non-positive due to H = 0, the direction of the potential flow should not494

change the negative sign of K. In fact, (40) and (43) showed that m and Γ do not495

change the structure of K or its sign. Therefore, it can be concluded that the stream496

functions for the four flows, the source, the sink, clockwise motion, and counterclockwise497

motion, can be classified into the same geometric group based on the mean and Gaussian498

curvatures.499

On the other hand, the stream functions given by the power law potential (Section500
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3.1.2) were classified into different groups according to the value of n, which corresponds501

to the angle of the corner flow, as follows. For instance, (37) showed that the local502

dependence of the curvature vanished when n is one or two, i.e., the angle is π (uniform503

flow) or π/2. These two values are critical for corner flow. When n > 1, the sign of ∂nK504

switches from positive to negative. In this case, the velocity at the origin ((x, y) = 0)505

is given by (i) ∞ for n < 1; (ii) A for n = 1; and (iii) 0 for n > 1. In real fluids, when506

n > 1, the flow downstream of the corner separates from the boundary. When n > 2,507

the proportional relationship between K and r =
√

x2 + y2 inverts. In this case, the508

curvature (i.e., velocity change) at the origin is given by (i) −∞ for n < 2; (ii) −4A2
509

for n = 2; and (iii) 0 for n > 2. In summary, K shows the same structure in the basic510

potential flows whose streamlines perpendicularly intersecting or being parallel to each511

other.512

4.4. Geometric stability of the vortex street513

As described in Section 2.1, the relationship between the Gaussian curvature of the

stream function and the linear stability of the trajectory of particles immersed in 2D

flow depends on the relationship between the velocity and the stream function,

u =
dx

dt
= ∂yψ, (87a)

v =
dy

dt
= −∂xψ. (87b)

On the other hand, the motion of point vortices in an incompressible 2D fluid are514

governed by the same equations, with (87a) and (87b). This implies that the Gaussian515

curvature could be useful for diagnosing the linear stability of an array of point vortices.516

Thus, we discuss the stability of an array of point vortices, in particular, the single517

and double vortex streets discussed in Section 3.3, by noting the sign of the Gaussian518

curvature. Note that the linear stability of the vortex street in terms of Gaussian519

curvature indicates the stability of the position of a point vortex with respect to520

infinitesimal perturbations applied to the vortex of interest. On the other hand, the521

well-known linear stability analysis of a vortex street indicates the stability of the array522

of vortices with respect to infinitesimal sinusoidal perturbations applied to the vortex523

street [25]. Therefore, it is expected that the stability analyses of the vortex streets by524

the Gaussian curvature and the well-known analysis would lead to different conclusions.525

However, it is valuable to compare these two analyses.526

4.4.1. Single vortex street As described in Section 3.3.1, the Gaussian curvature at the527

position of point vortices in the single vortex street is given by (66). Because K < 0, i.e.,528

Q > 0, a vortex in the single vortex street is unstable to perturbations applied to the529

vortex of interest. On the other hand, from the well-known analysis, the single vortex530

street is a linearly unstable arrangement because sinusoidal perturbations applied to the531

vortex arrangement increase exponentially with time [25]. Thus, both analyses lead to532

the same conclusion for the single vortex street.533



Differential geometric structures of stream functions 19

4.4.2. Double vortex street We focused on two cases: the symmetric arrangement534

(c = 0) and the staggered arrangement (c = b/2). The symmetric arrangement of535

the double vortex street is a linearly unstable arrangement because a small sinusoidal536

perturbation applied to the vortex arrangement increases exponentially with time.537

The staggered arrangement of the double vortex street is also a linearly unstable538

arrangement, except for cosh(πd/b) =
√

2. For the case of cosh(πd/b) =
√

2, i.e.,539

d/b ≈ 0.281, the arrangement is neutral because a small sinusoidal perturbation applied540

to the vortex arrangement does not change with time [25].541

The Gaussian curvature at the position of point vortices, (77), is rewritten as542

K = −
∣∣∣∣ iΓπ

2b2

(
cosh

2πd

b
± 5

)(
cosh

2πd

b
∓ 1

)∣∣∣∣2 , (88)543

where the upper and lower signs for c = 0 and c = b/2, respectively. Because the cosh544

function is positive and cosh(2πd/b) > 1, the Gaussian curvature at the position of point545

vortices for c = 0 is negative; thus, a point vortex within the symmetric arrangement546

of the double vortex street is unstable with respect to linear perturbation applied to547

the vortex of interest. In this sense, both analyses lead to the same conclusion for the548

symmetric arrangements of the double vortex street. In contrast, in the case of c = b/2,549

(77) becomes zero for cosh (2πd/b) = 5, i.e., d/b ≈ 0.37. This indicates that a vortex550

in the staggered arrangement of the double vortex street is neutral to a perturbation551

applied to the vortex of interest for the case of cosh (2πd/b) = 5.552

4.5. Conformal mapping and curvature553

Since the method of conformal mapping is particularly useful for the derivation of554

complicated flow patterns from a known simple flow pattern, this mapping has been555

widely applied in fluid mechanics. Then, in this section, we discuss the relationship556

between conformal mapping and the geometric structure of the stream-function surface.557

In the conformal mapping of F : ζ → z, the complex function in the z = x + iy558

plane has a corresponding complex function in the ζ = ξ + iθ plane:559

z = F (ζ). (89)560

Because F is analytic, the conformal mapping is isogonal, i.e., it preserves the561

magnitudes of local angles between equipotential and streamlines. This property is an562

advantage for applying the method of conformal mapping to potential-flow problems.563

The conformal mapping in fluid mechanics is interpreted as a mapping to derive564

complicated potential flow from a known simple potential flow. Because the vorticity of565

potential flows is zero, the Okubo-Weiss field (1) remains non-negative after applying566

a conformal mapping. Using the relations (14) and (15), the above properties of the567

conformal mapping can be rewritten geometrically as follows:568

(i) The Gaussian curvature remains non-negative after applying a conformal mapping.569

(ii) The mean curvature remains zero in the conformal mapping.570
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Generally speaking, the Gaussian curvature does not change sign by conformal mapping571

in differential geometry. Thus, the property (i) holds true in general. Moreover, since the572

mean curvature is a geometrical object, the property (ii) is clear. In summary, conformal573

mapping in fluid mechanics is physical expression of the geometric facts (i) and (ii).574

This result implies that the sign of the Okubo-Weiss field is a topological quantity.575

This invariance property is important since one is often interested in perturbations and576

structural stability of elementary stream functions.577

5. Conclusions578

We have discussed the differential geometric structure of the stream function, ψ, for579

incompressible 2D fluid. The following conclusions were drawn from the results and580

discussion.581

I) As pointed out by Weiss [16], the Gaussian curvature, K, of ψ corresponds to582

the Okubo-Weiss field Q. Moreover, we showed that the mean curvature, H, of ψ583

corresponds to the vorticity, ω. Therefore, ψ for potential flows is the minimal surface584

(H = 0 and K ̸= 0), and ψ for parallel shear flow is one of the developable surfaces585

(H ̸= 0 and K = 0). In differential geometry, it is well known that a surface can be586

characterized by the mean and Gaussian curvatures. Therefore, the correspondences587

found by Weiss [16] and this study suggest that the stream-function surface can be588

characterized by the vorticity and the Okubo-Weiss field.589

II) The relationship between the coherency and the magnitude of the vorticity was590

attributed to the simple geometric fact that |H| is related to the sign of K.591

III) Using the Gaussian curvature, stability of single and double point vortex streets is592

analyzed. It is derived that the single and symmetric double point vortex streets are593

unstable arrangements. This is consistent with the well-known linear stability analysis.594

In contrast, it is derived that the staggered double point vortex street is unstable595

arrangements except for a particular aspect ratio. This point is also consistent with596

the well-known linear stability analysis. However, the aspect ratio in the both analysis597

are inconsistent.598

IV) In conformal mapping, the transition from irrotational flow to rotational flow is599

prohibited. This was attributed to the geometric fact that the sign of K does not600

change in conformal mapping.601

The author’s outlook regarding future study is as follows. (i) In the section 4.5,602

we consider the geometrical structure of the stream function in conformal mapping. In603

modern conformal geometry, the integral of Branson’s Q curvature has been known as604

a fundamental quantity to derive the invariant quantity in conformal mapping [26–28].605

Branson’s Q curvature is essentially the Gaussian curvature in 2D space. Therefore,606

the integral of K of the (compact) stream-function surface, that has not been studied607

in this paper, is expected to relate to the invariant quantity in the conformal mapping.608

(ii) In this paper, we did not focus on the geometric evolution of the stream-function609

surface. To propose a relationship between time and the geometric objects of the stream-610
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function surface, we should introduce the Navier-Stokes equations for incompressible611

2D flow. From the results of this paper, the equation without the pressure in terms of612

the metric gij of the stress-function surface is diffusion equation with nonlinear term:613

∂t
√

gii = ν△√
gii−

√
gjj ∂k

√
gii, where vi =

√
gii (the summation convention is not used),614

vx = v, vy = u and ν is the coefficient of kinematic viscosity. It is interesting to develop615

this point of view because nonlinear diffusion equation for metric is of considerable616

concern in the modern differential geometry. §617
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Figure 1. Streamlines for basic flows. (a) Uniform flow: U = 1 and α = π/6. (b)
Flow in the vicinity of the (3/2)π corner: A = 1 and n = 2/3. (c) Flow in the vicinity
of the (1/2)π corner: A = 1 and n = 2. (d) Doublet: A = 1 and n = −1. (e) Radial
flow: |m| = 1. (f) Point vortex: |Γ| = 1.
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Figure 2. Streamlines for combined flows. (a) Flow around a half-body: U = m = 1.
(b) Flow around a circular cylinder: U = A = 1. (c) Flow around a rotating cylinder:
U = a = 1 and Γ = 4π.
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