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TECHNICAL ARTICLE 

Improvement of X-ray reflectivity calculations on a multilayered surface 
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X-ray reflec tometry is a powerful tool for investigating rough surface and interf<lcc structures. 
Presently. X-ray reflecti vity is based on Parralt fonnali sm, accounting for the effec! of roughness 
by the theory of Ncvot-Croce. However. thc calculated results showed a strange phenomenon in 
that the amplitude of Ihe oscillation because of interference effects increases in the case of a specific 
roughness of the surface. We propose that the strange results originated from thc currently used 
equation because of a serious error in which the Fresnel transmi ssion coefficient in thc reflecti vi ty 
equation is increased at a rough intenace, and the increase in the transmission coefficient completel y 
overpowers any decfCase in the value of the reflect ion cocfficient because of lack of consideration in 
diffuse scattering. In the present study. we present a new improved fonnalism that corrects this error. 
and thereby derives an accurate anal ysis of X-ray reflectivity from a multilayer surface. taking into 
account the effect of roughness-induced diffuse scattering. © 2013 IlIIerllllliol/a/ Centre for 
Diffractioll Data. [doi:lO.IOI7/S088571561 3000 1 10] 
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scattering, multi layer surface and interfaces 

I. INTRODUCTION 

Grazing incidence X-ray scattering is a powerful tool for 
investigating rough surface and interface structures (Parratt. 
1954; Nevol and Croce. 1980; Sinha el (I/.. 1988; Holy 
el al., 1993: Dai llant and Gi Daud, 1999; Sakumi, 2009; Fuji i 
et (I/., 2004 . 2005 ; Fujii. 2010, 201 1). In m~my previous 
studies of X-my reflectornetl)'. X-ray reflectivity was based 
on Parratt formali sm (Parrall. 1954). coupled with the use of 
the theory of Nevot and Croce to include roughness (Nevot 
and Croce. 1980). However. the calculated results of X-ray 
reflectivi ty often showed stmnge results whcre the amplitude 
of the oscillation because of the interference effects would 
increase for a rougher surface. These stmngc results disagree 
with reality and suggest that there is a problem in how the 
effect of roughness is incorpomted into Ptlrratt fOmltlli sm. 
and hence the effect of roughness is not accumtely represented 
in the theoretical form ula of X-ray reflecti vity. In our previous 
study. we proposed that these stmnge results originated 
because of neglect of the effect of a decrease in the intensity 
of refracted X mys because of diffuse scatte ri ng at a rough su r­
face and interface (Fujii. 20 10. 201 I). 

In the present study. we propose more clearly that the 
strange results originated from a currently used equation 
because of a serious error in which the Fresnel transmission 
coefficient in the reflectivity equation is increased at a rough 
interface. We investigate the calcu lated result of X-ray reflec­
tivity based all Parratt fonna liSIll (Parrall. 1954) with the effect 
of the roughness incorporated by the theory of Nevot-Croce 
(Nevot and Croce. 1980), and pn::sent a new accurate formal­
ism to correct the em>r. 

O)Au(hor (0 whom correspondence shoutd be addressed. EtecU"Onic mail: 
fujiiyos@kobc·u .acJp 

II. X·RAY REFLECTIVITY CACULATIONS 

The renectance of an N-Iayer multilayer system can be cal­
culated usi ng the recursive fonnali sm given by Parratt (1 954). 
In the following. we show in detail the process of obtaining 
Parrott' s ex pression alld. further. show that thi s expression 
requ ires conservation of energy at the interface. We go on to 
show that the dispersion of energy by interface roughness can­
not be correctly accounted for Parratt 's expression. 

A. X-ray reflectivity from a flat surface of a multilayer 
with flat interfaces 

First. we consider the reflection from a flat sulface of a 
multilayer with flat interfaces. We take the vertical direction 
to the sulface as the .o-ax is. with the positive direction poiming 
towards the bulk. The scattering plane is made the x-z plane. 
Following that approach. let IIi be the refmctive index ofthejth 
layer. The wave vector kj of thejth layer is related to the refrac· 
tive index II) of thejth layer by 

( I) 

as this necessitates that. the x.y-direction components of the 
wave vector are constant. then the ::-direction componenl of 
the wave vector of the jth layer is 

I.. ~ J,,2 1.2 - k' 
" P- ~ ) " 0 ... · (2) 

The electric fi elds E), E') below the interface between the 
j ~ I th laye r and jth layer are expressed as 

E)(::)_I,,-) = Aj exp[i(kj ... x + kj.y), - WI)]. 

E;(<:)_I,,-) = A j exp[i(k)_Tx + k j.y)' - WI )] . 
(3) 
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The amplitudes Aj and A'j III thejth layer ,H'C derived from 
the equlItions for the interface between the j - I and j layers 
and the electric field variation within the jth layer with 
depth lij as expressed by the following matrix: 

where 'f' j-lj and (/J j - IJ are the Fresnel coefficient tensors for 
reflection and refraction at the interface between thej - I and j 
layers. For s-polarization. the Fresnel coefficient s are 

k j _ l .::. - k).: 

k j _ l .::. + k).: ' 

(5) 

TIle reflection coefficient is defined as the ratio Ro .1 of the 
reflected electric field to the incident electric field at the sur­
face of the material and is given by 

A'o = R O.I A o. (6) 

TIle reflection coefficien t Hj _ 1 J of the electric field £ 'j_ 1 

to the electric field £ j _ 1 at the interface of j - Ith layer andjth 
layer is 

(7) 

and the ratio Hj _ l j is related to the ratio Rjj ... 1 as follows: 

Here. from the relat ion between the Fresnel coefficient for 
reflection and the Fresnel coefficient for refraction. 

we can fonn ulate the following relationship: 

Wj - 1J + Rjj+ 1 ". 
R ) _ lj = I ... R exp(_ lk j _ L )I)_I). + 'Y j _ lj jj+l 

(9) 

( 10) 

( 11) 

It is reasonable to assume that no wave wi ll be reflected 
back from the substrate. so that. 

Thus. we obtain Parratt' s expression. 

B. Previous calculations of X-ray reflectivity when 
roughness exists at the surface and interface 

When the surface and interface have roughness. the 
Fres nel coefficie nt fO!' reflection is reduced (Vidal and 
Vincent. 1984; Sinha /'1 {II .. 1988; Holy CI {II .. 1993. 1999; 
Boer. 1995: DaiHant and Giballd, 1999; Fuji i el (II .. 2004. 
2005: Sakurai. 2009; Flljii, 2010, 2011 ). The effect of rough­
ness was previously put into calcu lation based on the theory of 
Nevot and Croce ( 1980). The effect of such roughness was 
taken into ~Iceollnt onl)' through the effect of changes in den­
sity of the medium in a vertical direction to the surface and 
interface. With the use of relevant roughness parameters 
such as the root-mean·square (nns) roughness Gj _ l j of the 
jth layer. the reduced Fresnel reOection coefficient 'I' for 
s-polarization is transformed as shown below: 

Ifl jJ_l = lfFi';_ lexp(- 2kj .::.kj - 1'::'o]J_ I) ( 14) 

and the X-ray reflecti\'ity is calculated using the following 
equation: 

( 15) 

Figure I shows the reflectivity from a tungsten-covered 
silicon wafer calculated by the theol)' in use prior to this work. 

The rJtio of the oscillation ampl itude to the value of the 
reflectivity from a surface with an rms surface roughness of 
0.3 nm (dashed line) does not decrease but increases near 
the angle of incidence of 1.8°. We now consider the :Lbove 
stmnge result of X-ray reflectivity, which was based on 
PaTTaIl formali sm (Parmtt . 1954) with the use of the Nevot 
and Croce approach to account for roughness (Nevot and 
Croce, 1980). In that calculation. the X-ray reflectivity is 
derived using the relation of reflection coefficient Rj _ l j and 
Rj';+l as Eq. (15). However, the relationship between the 
reflection coefficients Rj _ IJ and RjJ+1 was originally derived 

u£·o r--=~--------------' 
_. __ . ___ 0,' - 0 .... 

Wlw:: '-- OJ= 
_. __ ._-- 0; ' 0= 

• 

" :! 
~ 1.([. ' L _______ ~ _____ ....;'---~_..J 

1.0 2.0 
R N.N+I = O. ( 12) 9{de&) 

TIlen. the X-ray reflectivity is simply. 
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(13) 

Figure I. X-rdy rcflccli\'ily from a si licon wllfer eo\'ered wilh a Ihin (I 0 nm) 
lunG'len film C'~lculal~-d by Ihe IheOry in usc prior 10 this work. Solid line 
shows Ihe cal'<: of a fbi surl'ace. Da~hcd line shows Ihe case of a surface 
wi lh an nns sUlfocc roughne.s of 0.3 11111. 
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as the following equation: 

1/1. 1 .+(41. 
R

j
_ Ij = J J J I/" }j 1 - 'IIj-IJ lP'jj 

I/I'U_IR jj+1 

x t:xp(2ikj_k hj_ I). 

I)R jj+1 

( 16) 

Here. the following condi tional relat ions betwccn the 
Fresnel coefficient for reflection and refmction are relevant 
to the above equation. 

then. 

CPJ-IJ4JJj - 1 - 1JI'j_ l j l/~j_1 = I , 

Vij _ ,j = - lJI'jJ _ I' 
( 17) 

( 18) 

TIle Fresnel coefficients for refraction at the rough inter­
face are deri ved using the Fresnel reflection coefficient 'P as 
follows: 

eli j _ I / " Jj_1 - 4'j _ l j ePjJ _1 = ~j_ 1 

X (I - exp(- 2kj_:ki_ 1.~0j_I)) > 0 

cI1_ 1/'~j_ 1 = CI'j_ lj4'jJ_1 + (I - CPj_1j4'.ij_l ) 

x (I - exp( - 2kj.;kj _l. :.oJj _ I»)' 

( 19) 

(20) 

Therefore. the Fresnel coefficients for refraction at the 
rough interface are necessarily larger than the Fresnel coeffi­
cient for refraction at the Oat intenace. The resulting increase 
in transmission coefficient completely overpowers any decrease 
in the value of reOection coefficient. These coefficients for 
refraction obviously contain an error as the penetTalion of 
X-rays should decrease at a rough interface because of diffuse 
scanering. We propose that the unnatuml results in the previous 
calcu lation of X-ray reOectivity originatc from thc fact that di f­
fusc scattering was not considered. In fact. Eq. (15) contllins the 
X-ray energy conservalion rule at the interface as the following 
identity equation for the Fresnel coefficient: 

, 
(/)j_ I//)jj_ 1 - Wj_I / I' jJ_ 1 = (/Jj_I./ JJjj_1 + Wi - IJ = I. 

(2 1) 

When the Fresnel coefficients at the rough interface obey 
the following equations: 

dlj_lj4JJj_ 1 - I/Ij_l j l/lj j _l = I. 1/~- I J = - I/~J-I' 

(22) 

these coefficients fulfill X-ray encrgy flow conservation at the 
interface. and so diffuse scattering was not considered at the 
rough interface. 

This conservation expression should not apply any longer 
when the Fresnel reOection coefficient is replaced by the 
reduced coefficient 'I' when there is roughening at the inter­
face. Therefore. calculating the reOectivity using this reduced 
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Fresncl reAection coefiiciem 'f' in Eq. ( 15) will incorrectly 
increase the Fresnel transmission coeffic ient $ ', i.e., rp < qi. 

The penetration of X-rays should decrease at the rough 
interface because of diffuse scattering. Therefore. the identity 
equations for the Fresnel coefficients become. 

<llj_ I/I~J- 1 - I/l j _1/ /I'jJ_l = dl j _IJcJif J_ 1 

+ 1/1_1 J = I - 0 2 < I. 

(23) 

where D2 is a decrease because of diffuse scattcring. Then. in 
the calculation of X-ray reflectivity when there is roughening 
at the surface or the interface. the Fresnel transmission coeni­
cient !II should be used for the reduced coefficient. Several 
theories ex ist to desCl'ibe the infl uence of TOughness on 
X-ray scatteri ng (Sinha el al .. 1988: l'loly et aI., 1993, 1999: 
Daillant and Gibaud. 1999). When the surface and interface 
are both rough. the Fresnel coefficient for refraction has 
been derived in several theories (Vidal and Vincent. 1984; 
Sinha et 01 .• 1988; Holy el 01 .. 1993. 1999: Boer. 1995). 

C. A new formula for reflectivity of rough multilayer 
surface 

When the z position of the interface of Dth layer and 1st 
layer Zo.1 fluctuates venically a~ a function of the lateral pos· 
ition because of interface roughness. the relations betwccn 
the amplitudes Ao. A' 0. A" and A' l are derived by use of the 
Fresnel coefficient tensor (/) for refraction and the Fresnel 
coeffi cient tensor 1JI for reOection as follows: 

( 

1JI", ex p(i(kl.:+ko.JZO.tl 
o.l exp(i( 1.:o.~+ kl ..:)zo. I)· 

(Po. 1 exp(i( - kl..: + kO,~) Z{I. I). 

(24) 

We therefore consider the derivation of the average value 
of the following matrix. 

We take the average value of this matrix. For Gaussian 
slatislics of standard deviation value a. the Fresnel reflection 
coefficient 'P' is as follows: 

!P: I/f. (ex p{i(kl..: + koJ::O.I» 
0.1 = 0. 1 (exp(i( ko..: + kl.,,)ZO. tl) 

exp(- «1.:0.: + k 1..:)2 ifo I) 
1/10.1 i ? ? 

exp( ¥ko. :: kl.::b'o.l) 

1/FQ1 exp(- 2ko..:k l.l oi.,). (25) 

These reduced re tlection coefficients accord with the 
result in prior works (Vidal and Vincent. 1984: Sinha el (I/.. 
1988: Holy et al.. 1993. 1999: Boer. 1995 : Daillant and 
Gibaud, 1999: Sakurai. 2009). SillceX-rays penetrating an 
interface rcOect fro m the interface below. and penetrate former 
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interface again without fail, it is nccessary to treat the refrac­
tion coefficie nts $ '0,1 and tfJ'1.0 collcctivcl y. 

= (4''0.1 exp(i(- k1.~ + kO .. .)~.1 )d J 1.0 exp(i(ko.~ - k1.JZO.l» 

= (1)0.1 (1'1.o(exp(i(- k1.~ + kO.,)ZO.1 )exp(i(ko.~ - k1.JZO. l )} 

= 4'0.1 (/) Lo(exp(i(2ko.~ - 2k l,.:)zo.I )} 

(26) 

Then the Fresnel coefficients 'f' and (/I arc reduced as fo l­
lows: 

The Fresnel refraction coefficients rJI derived by this 
method are reduced. and ean be used to calculate the reflectiv­
ity from rough surface and interface. Therefore, we calculate 
the reflectivity using these newly derived Fresnel coeffic ien ts 
in an accurate reflectivity equation of Rj - l J and Rjj+1 as fol­
lows: 

R 
1JI'j_lj + (4J~'_ I/'ijJ_l - 1/1' j- lj 1I"jj_l)R U+ 1 

j-I j = • • " 
I '*' jJ_ I R j j + 1 

X exp(2ik j_ l.~hj_I) ' (28) 

Based on the above consideralions. we again calculalCd 
the X-ray reflecti vi ty of the \VISi system, but now considered 
the effect of nllenuation in the refrac ted X-rays by diffu se scat­
tering resulti ng from surface roughness. However. the reduced 
refraction coefficient in prior work varies (Vidal and Vincel1t. 

\.C[ ·O r--=,,-----------------l 

l.ct·l 

I.ct·: 

€' 
~ l.ct·] 

::< l.ct-l 

-.= _. __ ._-- :t, ' ... . OJ= 
W 1(r.", 

-'--'---"; ·0= 
• 

l.tr.' L _________________ -' 

'" 1.0 
9(dfg) 

2.0 

Figure 2. X·ray rcnectivil~ from a silicon wafercovcrcd with a thin ( 10 nm) 
lungSten film calculated by the new calculation Ih~1 con~idcl\.'(1 diffuse 
scallcring. Solid linc shows lhc ca.'<C of a nal s~rfacc. I)a.~hcd linc shows lhe 
case of a surface with an nns surface roughnc...s of 0.3 nm. 

1984; Sinha el al .. 1988; Holy elal .. 1993. 1999; Boer, 1995 : 
Dailkl11t and Gib:lud. 1999 ; Fujii el al .. 2004 . 2005 ; Sakurai. 
2009: Fuj ii. 2010. 2011 ). Then. about the reduced refraction 
coefficient. reduction is the same [l', the refl ection coefficient 
applied. 

In the reflectivity curve from a surface with an rms surface 
roughness of 0.3 nm (dashed linc). the amplitude of oscillation 
in Figure 1 has reduced in Figure 2. These results are now 
physically reasonable. The strange results seen in Figure I 
have di s..1ppeare<i in Figure 2. 11 seems natural that the effect 
of interfercnce does decrease at a rough surface and interface. 
because the amount of coherent X-rays should reduce because 
of diffuse scattering. 

Ill. CONCLUSION 

We have investigated the fact that the calculated results of 
X-ray reflectivity based on Parm.11 formal ism with the effeet of 
the roughness incorporated by the theory of Nevot-Croce 
show a st,.lllge phenomenon in which the amplitude of the 
osci llation because of the interference effects increase in the 
case of the rougher surface. We found that the strange results 
originate in the currently used equation where the Fresnel 
refmction coefficient in the reflectivity equation is increased 
at a rough interface. The increase in the transmission coeffi­
cient completely overpowers any decrease in the value of 
the reflection coefficient because of the lack of consideration 
of diffuse scattering. Then. we have developed a ncw fonnal ­
ism that corrects this error. producing more accurate estimates 
of the X- ray reflectivity for systems having surface and 
interfacial roughness. taking into account the effect of 
roughness-induced diffuse scattering. The new. accurate fo nn­
alism is completely described in detail. The X-ray refl ectivity 
R is derived by use of accurate reflectivity equations for Rj _ l.j 

and RN+I as the fo llowing: 

_qc~t-"'''J_+'-'(C~cj,t=:,~J-'I"~~,,,-",--"'cfllj=-C''Lq-'lj'''·c'c)cR"J!J+::.' Rj - 1J = 
IJ.I

U
_ 1 R j j+1 

x exp(2jkj_1.~"j_I)' 

where the Fresnel coefficients 'f' for re flection and l/I for 
refraction ~Ire reduced. The reflectivity calculated with this 
new. accurate fonnali sm. gives a physically reasonable result. 
Here. the reduced Fresnel coefficients If" and 4i in the reflec· 
tivity equation need further research lind we will continue to 
refine Ihis theory. The use of thi s equation resolves the strange 
numcric"1 results that occurreo in the previous calculations 
that neglected di ffuse scanering and is expected that the buried 
interface structure can now be analyzed more accumte1y. 
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