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Semistationary and stationary reflection

Hiroshi Sakai
Graduate School of Information Science,
Nagoya University

Abstract

We study the relationship between the semistationary reflection prin-
ciple and stationary reflection principles. We show that for all regular
cardinals A > w> the semistationary reflection principle in the space [A]*
implies that every stationary subset of E) := {a € \ | ¢f(a) = w} reflects.
We also show that for all cardinals A > w3 the semistationary reflection
principle in [A]“ does not imply the stationary reflection principle in [A]*.

1 Introduction

In this paper we compare the semistationary reflection principle with stationary
reflection principles. The notion of semistationary sets and the semistationary
reflection principle were introduced by Shelah [10](Ch.XIIT §1). They are closely
related to the semiproperness of posets. We review this:

Notation 1.1. For countable sets x and y, we write x C y if x C y and
rNwy =yNuws.

Definition 1.2 (Shelah [10] Ch.XIII, §1, 1.1.Def.). Let W be a set with W 2D wy .
A subset S C [W1¥ is called semistationary if the set {y € [W]* | Bz € S) z C
y} is stationary in [W]¥.

Definition 1.3 (Shelah [10] Ch.XIII, §1, 1.5.Def.). For a cardinal A > wo,
SSR([\]¥), the semistationary reflection principle in [N]“, is the following:

SSR([\]¥) = For every semistationary S C [\|“, there exists W C X such
that |W| =wy CW and SN [W]¥ is semistationary in [W]“.

In [10](Ch.XIII, §1, 1.4.Claim) Shelah shows that a poset P is semiproper
if and only if P preserves w; and preserves semistationary subsets of [W]“ for
every W. He also shows that () holds if and only if SSR([A]*) holds for every
A > wy. Here (1) is the principle, introduced in Foreman-Magidor-Shelah [3],
that every poset preserving stationary subset of w; is semiproper. This is known
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to have interesting consequences. Shelah [10](Ch.XII, §2) shows that if Namba
forcing is semiproper then (a strong form of) Chang’s conjecture holds. Hence
(f) implies Chang’s conjecture. Also, Foreman-Magidor-Shelah [3] shows that
(f) implies precipitousness of the nonstationary ideal over wy.

In this paper we compare the semistationary reflection principle with the
stationary reflection principles defined below. For a regular cardinal \, E}
denotes the set {a € A | cf(a) = w}.

Definition 1.4. For a reqular cardinal A > ws, let SR(A) denote the following
stationary reflection principle:

SR(\) = For every stationary B C E2, there exists v < X such that
B N~ is stationary.

For a cardinal A > wo, let SR([A]¥) denote the stationary reflection principle in
[}\]w

SR([\]”) = For every stationary S C [\, there exists W C X such that
[W| =w; CW and SN [W]¥ is stationary in [W]“.

It is easy to see that SR([A]*) implies SSR([A]*). (See Section 2.2.)
Our main results are as follows:

Theorem 1.5. Let A be a regular cardinal > wo. Then SSR([A]*) implies SR(A).

Theorem 1.6. If k is a supercompact cardinal, then there exists a generic
extension in which SSR([A]¥) holds for every A > wq but SR([A]*) does not hold
for any A > ws.

Foreman-Magidor-Shelah [3] shows that if SR([A]*) holds for every A > wo
then (t) holds. Theorem 1.6 claims that the converse is not true. Also, as we
prove in Section 5, SSR([w2]¥) implies SR([w2]*). Theorem 1.6 is optimal in
this sense.

This paper is organized as follows: In Section 2 we discuss some preliminaries
for this paper. In Section 3 we present a certain type of stationary subset of
[A] which was first introduced by Shelah. This type of stationary set plays a
central role in the proofs of both Theorems 1.5 and 1.6. In Section 4 we prove
Theorem 1.5. In Section 5 we compare SSR([A\]*) and SR([A\]*). Among other
things, we prove Theorem 1.6.

2 Preliminaries

2.1 Notations

We follow the notations of Jech [4]. Here we present those which may not be
general.

For a regular cardinal v and an inaccessible cardinal &, let Col(~y, < k) denote
the Lévy collapse which forces k to be yT.



For a regular cardinal v and a limit ordinal § > ~, let Eff denote the set
{a € 4| cf(a) = ~}. Note that if ¢f(§) > v then Eg is stationary in 4.
For a set z of ordinals let

sipz = sup{a+1|acx}.

In this paper we use sup rather than sup. We are mainly interested in sets of
ordinals which do not have a greatest element. For such x, suipx = supx. The
merit of using sup is that sup x is a limit ordinal if and only if x does not have
a greatest element. This makes our definitions and arguments slightly simpler.

2.2 Basics on stationary sets and semistationary sets

For basics on the notion of club or stationary subsets of P,W consult Jech [4].
When k = wq, we prefer to use [W]* rather than P, W. A subset of [W]“ is
said to be club (stationary) if it is club (stationary) in P,,, W. This paper uses
the following two facts without any reference:

Fact 2.1 (Kueker [6]). Let k be a reqular uncountable cardinal, W be a set with
k CW, and let C C P.W be a club. Then there erists a function f: [W]<¥ —
W such that {x € P,W | f“[2]<* Cx AxzNk €k} CC. If Kk =w; then there
exists a function f : [W]|<¥ — W such that {x € P,W | f “[z]<¥ Cx} C C.

Fact 2.2 (Menas [9]). Let k be a regular uncountable cardinal, and let W and
W be sets with k CW C W.

(1) If C C P.W is a club then the set {T € PW |zNW €C}isa club in
P.W. Hence if S C P,W is stationary then the set {zNW |z € S} is
stationary in P, W.

(2) IfC CP.W is a club then the set {zNW | T € C} contains a club in P, W .
Hence if S C P W is stationary then the set {x € P,W [z NW € S} is
stationary in P, W.

Basics on semistationary subsets of [W]“ was studied in Shelah [10] (Ch.XTII,
81). The following lemma is an analogy of Fact 2.2 for semistationary sets. In
the case of (2), a stronger result holds. Part (2) of the following lemma illustrates
a unique property of semistationary sets:

Lemma 2.3. Let W and W be sets with wy C W C W.

(1) If S C [W]* is semistationary then the set {T NW | x € S} is semista-
tionary.

w

(2) If S C [W1¥ is semistationary then S is also semistationary in [W]“.

Proof. (1) is clear from Fact 2.2 (1). We prove (2).

Suppose that S C [W]¥ is semistationary. Let T := {y € [W]|¥ | (3z €
Sz Cyland T := {y € [W]* | (3z € S) 2 C y}. Then T is stationary
in (W], and T = {y € [W]* | yn W € T}. Hence T is stationary in [W]®.
Therefore S is semistationary in [IW]“. O



2.3 Basics on reflection principles

In this paper we use the following reflection principles which are generalizations

of SR([A\]) and SSR([A]“):

Definition 2.4. For a cardinal A > wy and a regular cardinal k with we < Kk <
A, let SSR([A]“, < k) and SR([A]“, <k) be the following reflection principles:

SR([N]“,<k) = For every stationary S C [\]“, there exists W € P\ such
that vy CW Nk €k and SN [WI¥ is stationary.

SSR([A]“, < k) = For every semistationary S C [\, there exists W € P\
such that w1 C W Nk € k and SN[W]“ is semistationary.

Here we review basics about the above reflection principles. First we observe
that these are generalizations of SR([A\]*) and SSR([\]“):

Lemma 2.5. Let )\ be a cardinal > ws.

(1) SR([A]¥) is equivalent to SR([A]“, <ws2).
(2) SSR([A]“) is equivalent to SSR([A]Y, <wa).

Proof. (1). It suffices to show that SR([A]*) implies SR([A]*, < w2). Before
starting, take a surjection 7, : w1 — «a for each a < ws and let f : wo X w1 — wo
be the function defined by f(a,§) = 74 (&) for each (a, &) € wa X wy.

Assume that SR([A]“) holds. To show that SR([A]“, < ws) holds, take an
arbitrary stationary S C [A]“. We may assume that every element of S is closed
under f. By SR([A]“), we may choose a W C A such that |W| = w; C W and
SN [W] is stationary. Note that W is closed under f because stationary many
elements of [W]¥ are closed under f. Because w3 C W, if @ € W Nwy then
a C W. Hence W Nwy € wy. Therefore W witnesses that SR([A\]“, <ws3) holds
for S.

(2). It suffices to show that SSR([A]¥) implies SSR([A]¥, < wg). Assume
that SSR([A]“) holds. Take an arbitrary semistationary S C [A]“. Let W C A
be a witness of SSR([A]*) for S and let W’ := W U sap(W Nws). Then wy C
W' Nws € wy. Moreover S N [W]“ is semistationary in [W']“ by Lemma 2.3.
Hence S N [W']“ is semistationary. Therefore W’ witnesses SSR([A\]*, <ws) for
S. O

Next we observe that SR([A]“, <) implies SSR([A]“, <k).

Lemma 2.6. Let A\ be a cardinal > wo and k be a regular cardinal with ws <
k < X. Then SSR([\¥, <k) is equivalent to the following principle:

SSR/([\]¥, <k) = For every stationary S C [\, there exists W € P\ such
that vy CW Nk € Kk and SN [WI¥ is semistationary.

Therefore SR([A]Y, <k) implies SSR([A]Y, <k).



Proof. Tt suffices to show that SSR’ implies SSR. Assume that SSR’([\]“, < k)
holds. Take an arbitrary semistationary S C [A]“. Then T := {y € [\]* | (3z €
S) x C y} is stationary. Let W C X be a witness of SSR’([A\]“, <k) for T. Here
note that

{yeWl|GeeTnW*)2Cy} = {ye W]*[BeeSNW]*)zEy}.

Hence {y € [W]¥ | (3z € SN [W]¥) z C y} is stationary and thus S N [W]“ is
semistationary. Therefore W witnesses SSR([A]¥, <k) for S. O

The following is very easy:

Lemma 2.7. Let A\ and X' be cardinals and let k and k' be regular cardinals
such that wo < k < K < XN <\,

(1) SR([A]¥, <k) implies SR([N']*, <k).

(2) SSR([N\]“, <k) implies SSR([N]“, <K').
Proof. (1) Assume that SR([A\]“, <k) holds. Take an arbitrary stationary S’ C
[M]“. Then S := {x € [A]“ | N XN € S’} is stationary. Hence there exists
W € P Asuch that w; € WnNk € k and SN[W]¥ is stationary. Let W' := Wn\'.
Then W’ € P, X and wy € W/ Nk € k. Moreover S"N[W'¥ ={znW' |x €
SN[W]“}. Thus S'N[W’]¢ is stationary. Therefore W’ witnesses SSR([N]“, <k)
for 5.

(2) Assume that SSR([A]¥, <) holds. Take an arbitrary semistationary S’ C
[M]“. Let S, W and W’ be as in (1). Then, using Lemma 2.3, the same argument
as (1) shows that S’ N [W’]¢ is semistationary. Let W' := W’ Usuap(W’' N «').
Then W € P X and w1 € W”Nk' € k'. Moreover S’ N[W']* is semistationary
in [W”]* by Lemma 2.3. Hence S’ N [W"]“ is semistationary. Therefore W
witnesses SSR([N']¥, <&’) for S’ O

We end this section with the following:

Lemma 2.8. Let A\ be a cardinal > ws and k be a regular cardinal with ws <
k<.

(1) (Feng-Jech [2]) Assume that SR([A\]¥, <k) holds. If S C [\ is stationary
then the set {W € P.A | SN[W]¥ is stationary} is stationary in PeA.

(2) Assume that SSR([A]“, <k) holds. If S C [A]“ is semistationary then the
set {W € P | SN [WI¥ is semistationary } is co-bounded, that is, there
exists W* € Py such that SN[W]¥ is semistationary for every W € P\
with W* D W.

Proof. (2) is clear from Lemma 2.3 (2). We prove (1).

Take an arbitrary stationary S C [A\]* and an arbitrary function f : [A]<¥ —
A. It suffices to find a W € P, A such that W Nk € k and W is closed under
f. Let S’ be the set of all x € S closed under f. Then S’ is stationary. Hence
there exists W € P, such that w; C W Nk € k and S’ N [W]¥ is stationary.
Note that W is closed under f because stationary many elements of [WW]* are
closed under f. Moreover S N[W]¥ is stationary because S’ C S. Therefore W
is a desired one. O



3 Sup depending stationary sets

Here we present a type of stationary set which plays a central role in the proofs
of both Theorems 1.5 and 1.6:

Lemma 3.1 (The case when n = 1 is due to Shelah). Suppose that 0 < n < w
and that py < p1 < --- < py, are reqular uncountable cardinals. Moreover,
suppose that A C EMo s stationary and that, for each m with 1 < m < n,
(AT | @ € pm—1) is a sequence of stationary subsets of EFm. Let S be the set
of all x € Pyypin such that

(1) zNpo € A,

(2) sap(zNpm) € A:‘”ﬁp(mumil) for each m with 1 < m < n.

Then S is stationary in P, tin.

This type of stationary set was considered by Shelah, and in Shelah-Shioya
[12] and Shelah [11], such sets are used to obtain consequences of the stationary
reflection principle. The proof of the above lemma for the case when n =
1 can be found in Shelah-Shioya [12]. Although there are no difficulties in
generalization, we give the complete proof of Lemma 3.1.

We use the following game oO:

Definition 3.2. Suppose that 0 < n < w and that puy < p1 < -+ < pn are
reqular uncountable cardinals. For an a € pg and a function f : [un]<% — pn
let O({phoys i1y - - - fin), @y ) be the following two players game of length w:

In the k-th stage, first Player I plays a (B7* | 1 < m <n) and then Player
II plays a (v7* | 1 <m < n) so that B <" < pm for each m.

1) B | B | L |

1
1
1
1>

HH A ‘ Vs ‘ ~~~~~~ ‘ Vs TR ‘ """

Player I wins ifcly(aU{y" |1 <m <nAk€w})Np =a, where cly(z)
denotes the closure of x under f. Otherwise Player I wins.

Note that O({uo, 1, - - -, fin), @, f) is an open game for Player I. Hence it is
determined. The following is a key lemma:

Lemma 3.3. Suppose that 0 < n < w and that o < p1 < -+ < Wy are
reqular uncountable cardinals. Then for every function f : [pn]<Y — pn,
there are club many o € pog such that Player II has a winning strategy in

D(<,U0,,U1, ce ,,Un>aa; f)

Proof. Take an arbitrary function f : [u,]<“ — u, and let A be the set of all
a € po such that Player I has a winning strategy in O({uo, ft1, - - -, fin), @, f). It
suffices to show that A is nonstationary.

Assume that A is stationary. For each a € A, take a winning strategy o, for
Player Tin O ({10, i1, - -5 fin), @, f). Let 8 be a sufficiently large regular cardinal.



Then we can take an elementary submodel M of (Hy, €, (0, | & € A)) such that
o =M Ny € A

By induction on k, we construct a sequence of moves (581, ..., B, Y, .-, V2 |
k € w) in O({po, 1, - fin), ", f) so that yi,...,y¢ € M for each k € w.
Suppose that k € w and that (6117 ..., B0") and <7117 ...,7[") have been chosen for
each [ < k. Let

<ﬁ,§,..., HONRES aa*(<fyll,...,71"|l<k>),

and for each m with 1 < m <n, let

o= sﬁp{wmoaa(<'yll,...,'yf|l<k)) |a € A},

where 7, © 1 X ++ X — [ty is the m-th projection. Clearly 5;* < i for
each m. Note that v;* < u,, since p,, is regular and A C pg < fty,. Note also
that v € M because (v},...,v" |l < k) € M. This completes the induction.
First note that (G},...,8%, 7k, ...,72 | k € w) is a sequence of moves in
O((1oy pi1s -+ -y pin), a*, f) in which Player I has played according to winning
strategy oq+. Hence Player I wins. On the other hand, a* U{y" | 1 < m <
nAk € w} C M, and M is closed under f. Thus clf(a*U{7" |1 <m <nAk €
wh)Npo € MNpy = a*. Therefore clf(a*U{y* |1 <m <nAkew})=a*
so that Player IT wins with this sequence of moves. This is a contradiction. [

Now we prove Lemma 3.1:

Proof of Lemma 3.1. We prove Lemma 3.1 by induction on n. Suppose that
n =1 or that n > 1 and that the lemma holds for n — 1. We prove the lemma
for n. Take an arbitrary function f : [u,]<“ — p,. It suffices to find z* € S
such that x* is closed under f and z* N pg € po-

By Lemma 3.3, there exists a* € A such that Player I has a winning strategy
o* in O((io, 1, - - -5 pin), @*, f). Let S’ be the set of all y € P, p,, such that

(2) sup(y N pm) € Ay, o) for each m with 2 <m < n.

Then S’ is stationary in Py, ptn,. If n =1 then this is clear. ((2) claims nothing.)
If n > 1 then this follows from the lemma for n — 1.

Choose y* € S’ such that o* C y* and such that y* is closed under o* and
f. For each m with 1 < m < n, take a cofinal sequence (5" | k € w) in y* N fiy,.
Moreover let

<7]17~-~77]?> = O—*(<ﬂl17aﬂln | 1<k))

for each k € w. Note that (77" | k € w) is a cofinal sequence in y* N p,, for
each m with 1 < m < n. This is because y* is closed under ¢*. Finally let
¥ = clp(a*U{y" |1 <m <nAk € w}) We show that 2* € S and
x* N po € Wo-

First note that 2* C y* because «* U {7" | 1 < m < nAk € w} C y*
and y* is closed under f. Then, because (v;* | k € w) is cofinal in y* N f,,
sup(z* N p,) = sap(y* N ) for each m with 1 < m < n. Hence, by (2) above,



(i) suap(z* N pm) € A;’ép(wmmnil) for each m with 2 < m < n.

Moreover x* Ny = o*. This is because ¢* is a winning strategy for Player II in
O((Hoy f1y - - - pin), @, f). Also recall that sup(z* N py) = sup(y* N uy) € Al..
Thus

(ii) sup(z* Npo) € A,

(iii) sap(z* Nu1) € A;ﬁp(m*ﬂpl)'
Now it follows from (i), (ii) and (iii) that * € S and z* N py € po.
This completes the proof. O

4 SSR([\J*) and SR())

In this section, we prove Theorem 1.5. In fact, we prove the following more
general theorem:

Theorem 4.1. Let A and k be regular cardinals such that we < kK < X. Then
SSR([A]“, < k) implies SR(A).

By Lemma 2.5 and 2.7, Theorem 1.5 follows from Theorem 4.1. Theorem
4.1 can be easily obtained from Lemma 3.1 and the following lemma:

Lemma 4.2. Let A be a cardinal and s be a reqular cardinal such that wo
k < A. Assume that S C [\]¥ and that there exists W € P\ such that wq
W Nk €k and SN[WI¥ is semistationary. Let W* € P\ be such that
(1) w1 CW* Nk €k and SN [W*¥ is semistationary,
(2) for every W € P, ifwr CW Nk €E kK and SN [WI¥ is semistationary
then suip W* <supW.

Then

<
-

So = {y € V") | G € SO W) 2 Ty A sipa = sipy}
is stationary in [W*]“.

Proof. Assume that Sp is not stationary. Then S; := {y € [W*]¥ | (3x €
SN[W*¥) 2 C y A sipz < siupy} is stationary. For each y € Sp, choose
xy € S with zy C y and supx, < sipy and choose o, € y with sipz, < ay.
Then there exists o' € W* such that 5" := {y € S; | oy = ¢’} is stationary.
Let W' := W*Nnda'. Clearly W € P, A and w; € W/ Nk € k. Moreover
sup W’ < stip W*. Hence if we show that S N [W’]¥ is semistationary then this
contradicts property (2) of W*.
First note that if y € S” then z, € [W']* and z, C y N W’. Thus

{ynW'|ye S}t C {ze[W¥|(FzeSNW|*) zCz}.

Now the left side is stationary in [W']¥ because S’ is stationary in [W*]“.
Therefore the right side is stationary, that is, S N [W']¥ is semistationary.
This completes the proof. O



Proof of Theorem 4.1. Assume that SSR([A]“, < k) holds. Take an arbitrary
stationary B C E2. We show that B reflects.

Take a pairwise disjoint sequence (B, | a € w1) of stationary subsets of B.
Let S be the set of all € [\]“ such that x Nw; € wy and supz € Byn,,. Then
S is stationary by Lemma 3.1. By Lemma 4.2, there exists W € P, A such that
w CWneerand Sy:={ye[W]¥|(FxeSN[W]¥)x CyAsipx =sipy}
is stationary in [W]“. Here note that Sy C S. Hence S N [W]“ is stationary.
We claim that cf(sup W) > w.

Clearly sup W is a limit ordinal. Assume that cf(sip W) = w. Then C :=
{y € [W]¥ | sipy = supW} is club in [W]“. But if y1,y2 € SN C then
stip(y; Nwy) = siap(y2 Nwi) by the construction of S. Hence [{y Nw; | y €
SoNC}| < 1. This contradicts w; C W and SN [W]¥ is stationary.

Now cf(sip W) > w and SN[W]“ is stationary. Hence {supy | y € SN[W]“}
is stationary in sup W. Recall that sipy € B for every y € S. Therefore
B Nsap W is stationary. This completes the proof. O

5 SSR([A\]“) and SR([\)

As we mentioned in Section 1, first we prove that SSR([ws2]*) implies SR(Jw2]*)
and thus that they are equivalent. This is essentially proved in Todorcevié [13].
After that, we prove Theorem 1.6.

Theorem 5.1. SSR([w2]*) implies SR([w2]¥).

Proof. Assume that SSR(Jwz]*) holds. To show that SR([wz]“) holds, take an
arbitrary stationary S C [ws]“. Fix a bijection 7, : w3 — « for each @ € [wy,w2).
We may assume that if # € S then w; < siupx and z is closed under 7,7, ! for
each o € z\ wy.

By Lemma 2.5 let a* be the least o € wy such that SN[«]“ is semistationary.
Then let Sy be the set of all y € [a*]“ such that

(1) for some z € SN [a*]¥, z C y and supx = supy,

(2) vy is closed under m,, 7, ! for each a € y \ wy.

By Lemma 4.2, Sj is stationary in [a*]“.

S N [a*]¥ witnessing (1).
Note that if y € Sy then

For each y € Sy, choose an z, €

yNa = m“(yNwr) = m“(@yNwi) = zyNa

for each a € z, \ wi. Then, because sipy = supz,, y = x, for every y € S.
Hence Sy C S N [a*]“. Therefore S N [a*]“ is stationary. This completes the
proof. O

Now we turn our attention to Theorem 1.6. It is well-known that if a A-
supercompact cardinal is Lévy collapsed to ws then SR([A]“) holds. It was
shown by Shelah [10] that collapsing a A-strongly compact cardinal suffices to
obtain a model of SSR([A\]¥). First we review this:



Lemma 5.2 (Shelah [10] Ch.XIII, §1, 1.6.Claim, 1.10.Claim). Suppose that x is
a A-strongly compact cardinal, where X is a cardinal > k. Then SSR([A\]*, < k)
holds. Moreover if v is a regular uncountable cardinal < r then IFcoi(y,<x)

“SR(IN“, <) ”.

Proof. Both statements can be proved by similar arguments, but the latter is
slightly harder than the former. We will prove only the latter.

We discuss some preliminaries in V. Take a fine ultrafilter U over P.A.
Let M be the transitive collapse of Ult(V,U), and let j : V — M be the
ultrapower map. Moreover, let f : PoA — P, be a function such that f(W) =
W Usiap(W N k) for each W € P, A and let W* := [f]y € M. Then j“X C W*,
and in M, W* € Pj(,yj(A) and w; € W* N j(k) € j(K).

Suppose that v is a regular uncountable cardinal < k and that G is a Col(y, <
k)-generic filter over V. In V[G], take an arbitrary stationary S C [A]“. We
must show that, in V]G], there exists W € P, such that wy C W Nk € k and
SN [W]“ is semistationary.

Let G be a Col(v, < j(k))-generic filter over V with G N Col(y, < k) = G.
We work in V[G]. Define a map j : V[G] — M[G] by j(ag) = j(a)g for each
Col(v, < k)-name @ € V. Then j is well-defined, and j : V[G] — M][G] is an
elementary embedding which extends j. For simplicity of notation, we let j
denote j.

Note that S remains stationary because V[G] is a y-closed forcing extension
of V[G]. Hence {j“z | x € S} is stationary in [j“\]*. Moreover, for each
x €S, j“x = j(x) because x is countable in V[G]. Thus {j“z | x € S} C j(5),
and therefore j(S) N [j“ A is stationary. Then j(S) N [W*]* is semistationary
by Lemma 2.3 (2). This is also true in M[G]. Hence W* witnesses that the

following holds in M[G]:

There exists W € Pj(,)j(A) such that w; € W N j(k) € j(k) and
J(S) N [W]“ is semistationary.

Therefore, by the elementarity of j, it holds in V[G] that there exists W € P, A
such that wy C W Nk € k and SN [W]¥ is semistationary. This completes the
proof. O

We will prove that collapsing a A-strongly compact cardinal does not suffice
to obtain a model of SR([A\]*). The core of Theorem 1.6 is the following theorem.
As we see later, Theorem 1.6 will be obtained by further Lévy collapsing x to
w2.

Theorem 5.3. If k is a supercompact cardinal, then there exists a generic
extension in which k is a strongly compact cardinal and SR([xT]¥, <k) does not
hold.

First we prove Theorem 5.3. Krueger [7] constructed a model in which &
is strongly compact but S(k,x") := {z € P.r™ | o.t.(x) = (x N k)T} is not
stationary. (Note that S(x,xT) is stationary if x is xkT-supercompact.) We
show that SR([s1]“, <k) does not hold in this model.

10



We start with a review of Krueger’s model. Krueger’s model was obtained
from a model with x supercompact by two step forcing extension. The first
step forces a partial square principle at x with preserving supercompactness of
k. This type of partial square principle was first introduced by Baumgertner
in his unpublished note, and Apter-Cummings [1] showed that it can hold at a
supercompact cardinal. In fact, the first step of Krueger’s construction is due
to Apter-Cummings [1]. The second step is the iteration of Prikry forcing below
k which was developed by Magidor [8]. We summarize basic properties of these
forcings below.

Definition 5.4. For an uncountable cardinal k and an E C Lim(kt), let OF
be the following principle:

OF = There exists a sequence (cs | B € E) such that

(1) cp is a club in (.
(2) if cf(B) < K then o.t.(cg) < K,
(3) if g’ € Lim(cﬂ) then cgr = cg N &,

for each 3,3' € E.
We call a sequence {(cg | 8 € E) satisfying (1)-(3) above a OF-sequence.
The proof of the following fact can be also found in Krueger [7]:

Fact 5.5 (Apter-Cummings [1]). Assume that k is a supercompact cardinal.
Then there exists a poset P with the following properties:

(1) P preserves supercompactness of k.

(2) IFp “OF holds for

E =Lim(x™)\ U{Egi | @ is @ measurable cardinal < K} 7.
Fact 5.6 (Magidor [8]). Assume that k is a supercompact cardinal. Then there
exists a poset Q with the following properties:
(1)
2)
3)
(4) For every measurable cardinal a < k, Q can be factored as Q< * Q>a S0
that Q< has the ot -c.c. and kg, “Qsq does not add subsets of at 7.

Q has the kT -c.c.
lFq “K is strongly compact”.

For every measurable cardinal a < k, lFg “cf(a) =w 7.

Before starting the proof of Theorem 5.3, we give a technical lemma:

Lemma 5.7. Suppose that k and 6 are regular cardinals with wy < k < 0. Let
M be an elementary submodel of (Hg, €) such that M Nk € k and such that
both cf(M Nk) and cf(sup(M NkT)) are uncountable. Then M Nk™ is w-closed,
that is, sipb € M for every countable b C M N k™.
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Proof. We prove this by contradiction. Assume that b C MNk™ is countable and
that siipb ¢ MN«k™. Then b does not have a greatest element. Also, b is bounded
in M Nkt because cf(sup(M NkT)) is uncountable. Let 3* be the least element
of (MNk™)\supb. Note that 5* is a limit ordinal and sup(MNS*) = supb < [*.
Take an increasing continuous cofinal map o : cf(8*) — [*.

First assume that cf(8*) < k. Then cf(8*) C M because cf(5*) € M Nk €
k. Hence ranoc C M and thus M N B* is cofinal in #*. This contradicts
sup(M N g*) < B*.

Next assume that cf(6*) = . Then it is easy to see that sap(M N %) =
sup(c“ (M N k)). Hence cf(sap(M N (%)) is uncountable because cf(M N k) is
uncountable. But this contradicts sip(M N *) = sip b and b is countable.

This completes the proof. O

Now we prove Theorem 5.3:

Proof of Theorem 5.3. Assume that k is supercompact in V. Let Vj be a forcing
extension of V' by the poset P of Fact 5.5, and let V; be a forcing extension of
Vo by the poset Q of Fact 5.6. It suffices to show that SR([x1]“, <k) does not
hold in V;. Before starting, we summarize properties of Vg and V.

In Vp, let E := Lim(x™) \ U{Egi | a is a measurable cardinal < k}. Then
OF holds in Vp. Let (¢, | v € E) be a OF-sequence. Note that, in V;, there are
unboundedly many measurable cardinals below «.

V1 is a kt-c.c. forcing extension of V. Moreover, in V7, the following hold:

(*1) If @ < k is a measurable cardinal in Vj the cf(a) = w.

(*2) Suppose that a < & is measurable in V5. Let v := (a™)". Then
(EY)"°is a stationary subset of E.

(*3) Er CE.

(*2) and (*3) hold by Fact 5.6 (4).

Now we show that SR([xT]¥, < k) does not hold in V3. We work in V;. We
show that there exists a stationary S C [kT]¥ such that {W € Pyxt | SN [W]*
is stationary } is nonstationary in P,x*. By Lemma 2.8 this suffices. S will be
constructed using Lemma 3.1.

First take a pairwise disjoint partition (A¢ | £ < wi) of Ef into stationary
sets. Next take an injection o : E — & such that, for every a € k, o(a) > «
and o(«) is measurable in V. Then let B, := (Egzra))v() for each o € Ef;. Note
the following:

e (B, | a € EF) is a pairwise disjoint sequence of stationary subsets of Eo’f.
e For each a € Ef and each § € B,, ch“(ﬁ) > a.
Now let S be the set of all z € [kT]“ such that

(1) sap(z N &) € Asap(arn)s

(2) sup(z) € Bsap(ari)-
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Then S is stationary by Lemma 3.1. We show that {W € P.x™ | SN [W]“ is
stationary} is nonstationary. Take a sufficiently large regular cardinal 6 and let
Q be the set of all M € P, Hg such that M Nk € k and M < (Hg, €, Hy°, &, (¢ |
v € E)). Tt suffices to show that if M € Q then SN[M NrxT]* is nonstationary.
The proof of this splits into two cases:

Case 1: c¢f(M Nk) =w or cf(sup(M NkT)) = w.

First suppose that cf (M Nk) = w. Then C := {x € [MNkxT]* | sup(zNk) =
M Nk} is club in [M N xT]¥. Note that if 2,y € SN C then sup(z Nw;y) =
sup(yNwi) by (1) of the construction of S. Thus |{sip(zNw1) | z € SNC}| < 1.
But wy € M Nk*. Hence SN C is nonstationary in [M N x*]“. Therefore
SN [M N kT] is nonstationary.

The case when cf(sip(M N k7)) = w is similar. Suppose that cf(sip(M N
k7)) = w. Then C := {z € [M NkT]¥ | sup(z) = sup(M N k*)} is club in
[MNkt)“. If 2,y € SNC then sup(xNk) = siup(yNk) by (2) of the construction
of S and thus sip(zNw;) = sap(yNwi) by (1). Hence [{zxNwy | 2 € SNC} < 1.
Therefore S N [M N xT]“ is nonstationary. B(Case 1)

Case 2: Both cf(M N k) and cf(sup(M N k™)) are uncountable.
First we claim the following:
Claim . cf"(sip(M N k1)) < M N k.

F o Let §:=sap(M Nk™T).

First suppose that 6 € E. Note that M N k™ is w-closed by Lemma 5.7.
Hence, by (*3), Lim(cs) N M N E is unbounded in §. Moreover if 8 € Lim(cs) N
M N E then o.t.(cs N B) = o.t.(cg) € M Nk. Thus ot.(cs) < M Nk. But
cfY0(8) < 0.t.(cs) because ¢5 € Vy. Therefore cf**(5) < M N k.

Next suppose that 6 ¢ E. Then there exists « < k such that, in Vj, « is
a measurable cardinal and cf(6) = a. Then, by (*2), (E2)" is a stationary
subset of £°. On the other hand, M N k% is w-closed unbounded in §. Thus
there exists 5 € M Nk such that cf' (8) = a. Then, by the elementarity of
M, ()Y € M N k. Therefore cfV°(§) = (a™)V < M N k.

This completes the proof of the claim. B

Take an increasing continuous sequence (3, | y < c¢f"*(sap(M N x1))) € V,
which is cofinal in sup(M Nk™). Let C be the set of all z € [M NkT]* such that,
for some limit vy < cf"* (sap(M N k1)), sipz = 3, and v < sap(z N k). Then
C is club in [M N k*]¥ by the claim above. Moreover if € C and supz = 3,
then

fV(sipr) = cf"(3,) < v < sap(zNk)

That is, cf"° (supz) < sup(xz N k) for every € C. On the other hand, if z € S
then cf " (siip ) > sip(x N k) by (2) of the construction of S. Thus SN C = §.
Therefore SN [M N x1]“ is nonstationary. H(Case 2)

This completes the proof of Theorem 5.3. O
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Now we turn our attention to Theorem 1.6. As we mentioned before, the
forcing of Theorem 1.6 followed by Lévy collapsing x to ws gives Theorem 1.6.

Let Vg, V1 and E be as in the proof of Theorem 1.6. Let V5 be an extension of
V1 by Col(wy, <&). Then, by Lemma 5.2, SSR([A]“) holds in V5 for every A > ws.
So, by Lemma 2.5 (1) and 2.7 (1), it suffices to show that SR([ws]¥, < ws) does
not hold in V5.

Here note that V3 is a kT-c.c. forcing extension of Vg and that (*1), (*2) and
(*3) all hold in V5. (*2) holds because Col(wy, < k) preserves stationary subsets
of EY. (*3) holds because Col(wy, < k) preserves ordinals having uncountable
cofinalities. Hence the same argument shows that SR([x*]¥, < k) does not hold
in Vo. But k = wy in V4. Therefore SR([w3]*, < wz) does not hold in V5.
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