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Abstract

The existence of strong solutions of Cauchy problem for the following evolution equation
du(t)/dt + 0ot (u(t)) — 0p?(u(t)) > f(t) is considered in a real reflexive Banach space V,
where dp! and d¢? are subdifferential operators from V into its dual V*. The study for
this type of problems has been done by several authors in the Hilbert space setting.

The scope of our study is extended to the V-V* setting. The main tool employed here
is a certain approximation argument in a Hilbert space and for this purpose we need to
assume that there exists a Hilbert space H such that V C H = H* C V* with densely
defined continuous injections.

The applicability of our abstract framework will be exemplified in discussing the ex-
istence of solutions for the nonlinear heat equation: wu;(x,t) — Apu(z,t) — |u|92u(x,t) =
f(z,t), £ €Q, t >0, ulpg = 0, where Q is a bounded domain in R". In particular, the
existence of local (in time) weak solution is shown under the subcritical growth condition
¢ < p* (Sobolev’s critical exponent) for all initial data ug € W, (§2). This fact has been
conjectured but left as an open problem through many years.

Keywords. Evolution equation, subdifferential, reflexive Banach space, p-Laplacian,
subcritical, local existence, degenerate parabolic equation.



1 Introduction

Let V be a real reflexive Banach space and let V* be its dual. The main purpose of this
paper is to investigate the solvability of the following Cauchy problem in the V-V* setting,
i.e., to find a solution u(t) in V satisfying the equation in V*:

d—“(t) + 0 (u(t)) — 0% (u(t)) 3 f(t) m V¥, 0<t<T,
(CP) dt
u(0) = uo,

where dp!, d¢? : V — V* are the subdifferential operators of proper lower semicontinuous
convex functions !, ¢?:V — (—o0,+00].

The existence and the asymptotic behavior of strong solutions are already studied by
Koi-Watanabe [1], Ishii [2] and Otani [3, 4, 5] in the Hilbert space framework. In particular,
the following initial-boundary value problem falls within the scope of the nonmonotone
perturbation theory developed in [3, 4]:

88::(:1;,75) — Apu(z,t) — lu|92u(z,t) = f(x,t), (z,t) € Q@ x(0,T),
(NHE) ¢ w(z,t) =0, (z,t) € 9 x (0,T),
u(z,0) = ug(x), x € Q,

where Apu(z) := div(|Vu(z)[P~2Vu(z)) and Q is a bounded domain in RY with smooth
boundary 0f2.

On the other hand, Faedo-Galerkin’s method gives another useful tool to study (NHE)
such as in J. L. Lions [6] and M. Tsutsumi [7].

The theory of perturbation for subdifferential operators in the Hilbert space setting
has an advantage over Faedo-Galerkin’s method in that it can assure a better regularity of
solutions such as u;, A,u € L2(0,T; L?(Q)).

For the quasilinear case where p # 2, however, it requires a strong restriction on the
growth order ¢ of the perturbed term |u|?~2u, which is caused by the loss of the elliptic
estimate for A,,.

As is well known, the theory of elliptic equations bears close relations with the theory
of evolution equations, and in the theory of elliptic equations, the Fréchet derivative d¢
of a C'-function ¢ from V into R is usually regarded as the operator from V into V*.
We also recall that the statement of “Palais-Smale” condition or Mountain Pass lemmas
is formulated in the V-V* setting; this setting plays a natural and essential role to derive
the well-known fact that the equation —Apu(z) = |u|72u(z), z € Q, ulsg = 0 admits a
nontrivial positive solution if and only if ¢ is subcritical, i.e., 1 < ¢ < p*, where p* denotes
the so-called Sobolev’s critical exponent, provided that €2 is a bounded star-shaped domain.
From this point of view, it would be very natural and important to investigate the solvability
of (CP) in the V-V* setting. However the study in this direction is not fully pursued yet
even for the non-perturbed case where dp? = 0, except in [8] and [9].



Moreover it is readily suggested from the study of nonlinear elliptic equations that the
perturbation theory for subdifferentials in the V-V* setting should remedy the deficiency
in the Hilbert space setting mentioned above. In fact, as an application of our abstract
results, it is shown that (NHE) admits a local (in time) weak solution under the subcritical
growth condition g < p* for all ug € W& (). This fact is already known for the semilinear
case p = 2. For the general case, however, this fact has been conjectured but left as an open
problem through many years.

The content of this paper is as follows. In the next section, our main results on the
existence of local or global (in time) solutions are formulated and some related materials
to be used later are prepared. The proofs for main results are given in Section 3, and the
applicability of our abstract results are exemplified in Section 4.

2 Main Results

Let V be a real reflexive Banach space and let V* be its dual. Throughout this paper, we
assume that there exists a real Hilbert space H whose dual space H* is identified with H
such that

(1) VCcCH=H" CV*",

where the natural injection from V into H as well as that from H* into V* are densely
defined and continuous.

To formulate our results, we need the notion of subdifferential operators from a Ba-
nach space X into its dual X* defined below. Let ®(X) be the set of all proper lower
semicontinuous convex functions from X into (—oo, 400, where “proper” means that the
effective domain D(yp) of ¢ defined by D(p) := {u € X;¢(u) < +o0} is not empty. The
subdifferential Ox¢ of ¢ at u in X is defined by

Ixp(u) :={f € X759(v) = p(u) > x~(f,v - u)x for all v € D(p)}

with domain D(0x¢) := {u € D(p);0x¢(u) # 0}, where x+(-,-)x denotes the duality
pairing between X and X*. For simplicity of notation, we write d¢ and (-,-) instead of
Ox¢ and (-,-)x respectively if no confusion arises.

In particular, when X is a Hilbert space H and ¢ € ®(H), then

Iep(u) = {f € Hyp(v) = p(u) > (f,v —u)p for all v € D(p)},

where (-,-)g denotes the inner product of H. It is well known that the subdifferential
operator Jx¢ becomes a (possibly multi-valued) maximal monotone operator from X into
X* (see [10, 11, 12]). Especially, in the Hilbert space setting, various nice properties are
known. We summarize some of them without their proofs for later use.

Let ¢ € ®(H). Then the Yosida approximation (0g¢)y of dm¢ coincides with the
subdifferential of the Moreau- Yosida regularization ¢y of ¢ given by

More precisely, the following lemma holds.



Proposition 1 Let ¢ € ®(H). Then @y becomes a Fréchet differentiable convex function
from H into R and is characterized by

2
2

1
ox(u) = ﬁ\u — Dl + o(Jw) = Z[(0re)a(u) |3 + e(Jau),

where (Og)x and Jy are the Yosida approzimation and the resolvent of Oy respectively,
i.e., Jy = (I + Xpy)~t and (Opp)x = (I — J))/A. Moreover Oy (py) = (Oup)r, where
O (px) denotes the subdifferential (Fréchet derivative) of @y, ¢(Jyu) < pa(u) < p(u) for
allue H, A >0 and px(u) — ¢(u) as A — 0 for allu e H.

The following proposition yields an information on the chain rule for (.

Proposition 2 Let p € ®(H) and suppose that u € WH2(0,T; H), u(t) € D(Oyp) for a.e.
t € (0,T) and that there exists g € L*(0,T; H) such that g(t) € Ogp(u(t)) for a.e. t € (0,T).
Then the function t — (u(t)) is absolutely continuous on [0,T] and the following holds:

%gp(u(t)) = <h(t), Cj;;(t))}{ V h(t) € Ogp(u(t)) for a.e. t € (0,T).

In the present paper, we are concerned with strong solutions of (CP) in the following
sense.

Definition 1 A function u € C([0,T]; V*) is said to be a strong solution of (CP) on [0,T],
if the following conditions are satisfied:

(i) w(t) is a V*-valued absolutely continuous function on [0,T).
(ii) wu(t) — up strongly in H as t — +0.
(iii) w(t) € D(O¢') N D(8¢?) for a.e. t € (0,T)
and there exist sections g'(t) € dp'(u(t)) (i = 1,2) satisfying:
du

(2) E(t) + gt (t) — ¢*(t) = f(t) in V* for a.e. t € (0,T).

Throughout the present paper, we denote by C or C; (i = 1,2,...) positive constants
which do not depend on the elements of the corresponding space or set. Moreover let us
denote by L the set of all monotone non-decreasing functions from [0, +00) into itself. For
p € (1,+00), p’ designates the Holder conjugate of p, i.e., p’ =p/(p — 1).

Our basic assumptions are the following.

(A1) Julf, — Ci|ul?}; — C2 < C39'(u)  Vu € D(p'), 1 < p < +o0.

(A2) D(p') C D(09?). Furthermore if {u,} is a sequence such that
supte[O’T]{gol(un(t)) + |lun ()| g} + fOT |dun, (t)/dt|%dt is bounded,
then for every g,(-) € 9p?(un(+)), {gn} forms a precompact subset in
([0, T]; V™).

(A3) There exists an extension ¢ € ®(H) of p?, i.e., *(u) = ©*(u) Yu €'V,
such that ¢! (Jyu) <11 (o' (u) + lo(Julg)) VA € (0,1], Yu € D(p"),
where I; € £ (i = 1,2) and Jy denotes the resolvent of dy@?, that is,
=1+ )\3[{(,52)_1.

(A4) ©*(u) < k' (u) + Calul?, + Cs Yu e D(p'), 0 <k < 1.



Remark 1 The condition (A3) is weaker than the well-known sufficient condition for the
maximality of dppl; + Op@™:

oh(Jyu) < @h(u)+CX VA e (0,1], Yu € D(pk),

where (1}, denotes the extension of ¢! onto H which will be given in the proof of Theorem
1.

We note that (A2) assures the continuity of ©? in the following sense.

Proposition 3 Assume that (A2) is satisfied. Let {u,} be a sequence in D(p') such that
Up — u weakly in V and o' (uy,) is bounded. Then it follows that p?(uy,) — @*(u).

Proof of Proposition 3. Let {u,} be a sequence in D(¢') such that u, — u weakly in
V as n — 400 and ¢*(uy,) is bounded. Then from the fact that p? € ®(V), it follows that

(3) *(u) < Timinf o*(uy).

On the other hand, for each n € N, let g,, € 9¢*(u,) and set vy, (t) = u, and h,(t) = g,
for all ¢ € [0,7]. Then we see that supte[O’T]{gol(vn(t)) + o) e} = o' (un) + |unlyg is
bounded, dv,/dt = 0 and h,(-) € 9p?(v,(+)). By (A2), we can extract a subsequence {n'}
of {n} such that h,, — h strongly in C([0,T]; V*), which implies {g,s } becomes a strongly
convergent sequence in V*.

Hence since p?(un) < ¢ (1) + (gns, uns — u), we get
(1) limsup () < G2(u)+ L (gurt — 1) = ¢ (0)

n’——+o0

n’—+oo
Therefore it follows from (3) and (4) that ¢?(u,) — ©?(u). Since the limit is unique, we
find that o2 (u,) — ¢*(u). 1
Now our main results are stated as follows.

Theorem 1 Assume that (A1), (A2), (A3) and (A4) hold. Then for all ug € D(¢') and
f e Wb (0,T;V*), (CP) has a strong solution u on [0, T] satisfying:

u e Cy([0,T]; V)N W2(0,T; H),

u(t) € D(0p*) N D(0¢?)  for a.e. t € (0,T),

(5) g' € L2(0.7:V7), ¢* € O(0.T): V"),
e, P (u(t) < +o0,  @*(u(-) € C([0,T)),

where g' (i = 1,2) are the sections of O¢' satisfying (2) and Cy([0,T); V) denotes the set
of all V-valued weakly continuous functions on [0,T].
Moreover the following energy estimate holds true.

tl du 2
© [ G0 )+ )
< M)+ 2 u0) + @) - 10w - [ (L) )ar

H
for allt € [0,T7].




As for the existence of local (in time) strong solutions, we do not need to assume (A4),
which might be somewhat restrictive from the view point of applications to P.D.E.

Theorem 2 Assume that (A1), (A2) and (A3) hold. Then for all ug € D(p') and f €
Wl’pl(O, T;V*), there exists a number Ty € (0,T] such that (CP) has a strong solution u on
[0, To] satisfying (5) with T replaced by Ty.

As for the global (in time) existence, we introduce the following assumption:

(A5)  ap'(u) < (€ —nu) +13(0% (W) - ' (u) Vu,€] € pt, V[u,m] € Dp?,

where o > 0 and I3 denotes a non-decreasing continuous function from [0, +00) to R satis-
fying 13(0) = 0.
The following theorem ensures the existence of small global solutions.

Theorem 3 In addition to all the assumptions in Theorem 2, assume that C1 = Co = 0
in (A1), ©?> > 0 and (A5) is satisfied. Let &y be a positive number such that 13(5y) < a.
Then, for all R > 0, there exists a positive number dr such that for all T > 0 and (uo, f)
belonging to

His = {(uo’f) € D(¢") x W' (0, T; V*);
. T / g
@ (uo)+/ | /() {"/*dr+/ Yl dr<n,
0 0 dT V*
902(“0) < dp,
1 o 1/p
o+ {mo (1 2) LW |, } <.
where
T /
/ / | f(T)|}dr ifT <1,
gor. = L
H 1,7 sup / |[f(D)dr if T >1,
te[1,T] Jt—1

(CP) has a strong solution u on [0,T] satisfying (5).

Remark 2 All results described above hold true even if supte[O,T]{npl (un(t)) +|un(t)|m} in
(A2) and @!(Jyu) in (A3) are replaced by supyepo,r] [un(t)|v and [Jyuly respectively.



3 Proof of Main Results

3.1 Proof of Theorem 1

The first step of our proof is to introduce suitable approximation problems for (CP) in the
Hilbert space H. To this end, we first define the extension @}{ to p! on H by

. ot(u) ifueV,
(u) = .
+oo  ifue H/V.

Then, by virtue of (A1), we can easily verify that ¢l, € ®(H) (see [8]).
Now our approximation problems for (CP) are given by

o) B 1) + Dol (0 (1)) — O (r(0) > 1lt) i H, 0<t<T,
A
ux(0) = wo,

where fy belongs to C1([0,T]; H) such that fy — f strongly in W' (0, T;V*) as A — +0,
@? is the extension of ¢? on H given in (A3) and @Hgé?\ denotes the Yosida approximation
of Og@®. We note by Proposition 1 that BHgéi = 8H(g5§).

Since 8H<,5?\ is Lipschitz continuous in H, it is well known (see e.g. Proposition 3.12
and Theorem 3.6 of [11]) that there exits a unique strong solution uy of (CP), on [0,T]
satisfying:

uy € WH2(0,T; H), ux(t) € D(Ouyl;) for ae. t € (0,T),
t— o) (ua(t)), @3 (ua(t)) are absolutely continuous on [0, T7.

Here we can assume that o' > 0 without any loss of generality. Indeed, since go}{ €
®(H), there exist vg € H and po € R such that

o) > (vo,u)g +po YueH

(see [10]). Now set p!(u) := ¢'(u) — (vo,u)yr — po. Then since ¢k (u) — (vo,u) — pg > 0
for all u € H and ¢'(u) = ¢k (u) for all u € V, it follows that ¢!(u) > 0 for all u € V.
Moreover we can easily get

D(@') = D(¢"), D(9¢") = D(9p'), 0 (u) = 0p'(u) —vo Vu € D(9p).
Hence (CP) is equivalent to Cauchy problem for the following evolution equation with an
initial condition u(0) = ug.
du

E(t) +0¢ (u(t)) — 0% (u(t)) 3 f(t) —vo I V*, 0<t<T.

Moreover it is easy to see that if (A1), (A2), (A3) and (A4) hold, then (Al), (A2), (A3)
and (A4) with ¢! replaced by ¢! also hold.
We are going to establish a priori estimates in the following Lemmas 1-3.



Lemma 1 There exists a constant My such that

(7) sup |uA(t)lg < My,
t€[0,T]

(8) sup o' (ux(t)) < My,
t€[0,T]
T 2

) [ |52 a <
o | dt g

(10) sup |ux(t)]y, < M.
te[0,T

Proof of Lemma 1. Multiply (CP), by duy(t)/dt. Then, by Lemma 2, we obtain

duy d dux

2 1 d
(1) 20|+ felin0) - G = (h0. 52 0)

Hence, integrating (11) over (0,t), we have
duy 2
—=(7)

t
(12) /0 i .
= @' (uo) + @*(ur(t)) + (fa(t), ur(t)) = (f2(0), uo)

—/Ot<(g;‘(7'),u,\(7)>d¢.

By (Al) and (A4), it follows that
t 2
/ dr + (1= k)p (ur (1))
0 H
< @' (uo) — @3 (uo) + Calur(t)|F + Cs
HA® v {Cs0 (ur(t) + Crlua(®)|F + C2 1P + [ £(0) v+ uolv

t
d
+/ 7f>\ {ngDl(U)\(T))+01‘U)\(T)|%_]+Cg}l/pd7'.
0 Vo

dr (7)
Then, by Young’s inequality, there exists a constant C' depending only on k,p,Cy and Cj
such that

(13) A

< C{!UOW/+<P1(U0)+|<ﬁ§(uo)|+c2+05+ sup |fA(T)|{’//*

/
0

Jr/ {rA(uar(r)) + lua(r)|3 } dr.
0

dr + " (ur(1)) + @3 (uo)

duy,
a7

dux

2
20| a5 )

H

p/

dfx dT} + (Ca+ D]ur®)[H
e

dr (7)

8



Here using the fact that %|u,\(t)|H < ]le‘—tA(tﬂH, we get

d d
(14) M%\UA(W%{ = 2M|UA(75)\H£|U/\@)|H
duy,
< 2ol |50
a |,
2 2 duy 2
< @l + | (1) Vi > 0.
H

Hence, putting u = C4+2 and combining (13) with (14), we obtain by Gronwall’s inequality,
lux ()77 + ¢" (ua(t))
< C{Wo\%{ + @' (uo) + |83 (uo)| + |uolf + Ca + Cs

, T g4 v
+ sup [fa(7) :g/*+/ A(T) dT},
0 d7' %

7€[0,T) %

where C depends on k, p, C1, Cs3, Cy and T. Therefore since fy is bounded in W1+’ (0,T5V*)
and @3 (up) is bounded, it follows that (7) and (8) hold. Moreover, (7) and (13) imply (9).
Furthermore, by (Al), we get

(O} < Cilua(®)[f + Ca + Cap' (ua(t)).
Hence, (7) and (8) imply (10). g

Lemma 2 There exists a constant My such that

(15) sup [Lua(t)ly < Ma,
t€[0,T]

(16) sup cpl(J)\uA(t)) < My,
te[0,7)

(17) sup |[Nua(t)ly, < Mo,
te[0,7
T d 2

(18) / 4| @ < .
o |dt u

Proof of Lemma 2. Since J) is non-expansive in H (see [12, p102]), we can derive (15)
from (7). By (A3), (7) and (8) yield (16), which together with (Al) and (15) imply (17).
Moreover since |Jyux(t + h) — Jhyua(t)|g/h < |ur(t + h) — ur(t)|g/h for all h € R with

t+h e 0,T], we have
T 2 T
/ d dtg/ du)y,
0 H 0

—(t dt
20| at,

@ ¢
g uat) "

which together with (9) implies (18). g



Lemma 3 There exists a constant Mz such that

(19) sup [0p @3 (ua(t))
t€[0,T

T
(20) / l0L(t)

where g}(t) = fi(t) — dux(t)/dt + O3 (ua(t)) € Iy (ua(t)).

Proof of Lemma 3. Since Jyuy(t) € D(Oy@*)NV forallt € [0, T], we get Og@?(Jyux(t)) C
0% (Jyux(t)) for all t € [0,7T]. Furthermore, since dp@3(ux(-)) € Ou@*(Jrua(-)) (see [12,
pl04]), it follows from (A2), (15), (16) and (18) that

V* S M37

2

v dt S M37

(21) {0 @3 (ur(-))} forms a precompact subset of C([0,T]; V*),

which yields (19).

Since fy is bounded in W' (0, T;V*) and gl (t) = fa(t) — dux(t)/dt + Ogp3 (ux(t)) for
a.e. t € (0,7), (9) and (19) imply (20). g

From Lemmas 1-3, we can extract a sequence {\,} such that A\, — 0 and the following
Lemmas 4-6 hold.

Lemma 4 There exists u € Cy,([0,T); V) N WH2(0,T; H) such that

(22) uy, — u weakly in WH2(0,T; H),
(23) uy, (t) — wu(t) weakly in H for allt € [0,T],
(24) Iuy, — u weakly in L*(0,T; V)N WY2(0,T; H).

Moreover u(t) — ug strongly in H as t — +0.

Proof of Lemma 4. Since H and V are reflexive, (7) and (9) imply (22), which also
yields u € C([0,T]; H). Moreover, let g € [1,+00) be fixed. Then by (7), we can extract a
subsequence { i} of {\,} depending on ¢ such that uys —uy — u—wug weakly in L9(0,T; H).
Hence it is obvious that uye —ug — u—ug weakly in L?(0,t¢; H) for any t € [0, T]. Therefore
since uya (0) = uo, it follows from (9) that

lu—wollpaoey < lminf[luye — wollLagosm)
A —0

¢ T |duya 2 /2 Ve
< liminf / / ”(5)' ds 79%dr
A —0 0 0 ds H
1/q
<l (25) e,
q+2
Thus we have
lu(t) —uolw < sup |u(r) —uolm

T€[0,t]

= lim |lu—wuollpeom) < M11/2t1/2 for all ¢ € 0,77,

g—+oo

10



which implies u(t) — ug strongly in H as t — +0.
Now let t € [0,T] be fixed. Since uy, (0) = u(0) = ug, (22) shows that

duy,  ,  du

(un, () — u(t), )y = /0 ( W (7) dT(T),gz))HdT
0 YeeH, Ve,

which yields (23).
By (10) and (23), for any ¢ € [0, T], we can take a subsequence {\} of {)\,} depending
on t such that

(25) uye (t) — u(t) weakly in V.

It then follows from (10) that [u(t)|v < liminfy: o |uxe (¢)|v < M, where M is indepen-
dent of t. Therefore we conclude that u(t) € V for all ¢ € [0,T] and sup;ejo 7] [u(t)|lv <
M; < 4o00. Hence, for all ¢t € [0,7] and {t,} with ¢, — ¢ as n — 400, there exist a
subsequence {t,, } of {t,} and w € V such that u(t,,) — w weakly in V" as nj — +o00. On
the other hand, u(t,, ) — u(t) strongly in H as ny — 400, since u € C([0,T]; H). Then, by
virtue of (1), we find w = u(t), whence follows u € C,([0,T]; V).

By (17) and (18), there exists v € L?(0,T;V) N WH2(0,T; H) such that Jy, uy, —
v weakly in L?(0,T;V)NWY2(0,T; H). Here, by (19), we notice that

un, () = In,un, (8) v = AnlOu@3, (U, (8)v+ < AnMs

for all ¢ € [0, T], which implies uy,, — Jx, uy, — 0 strongly in C([0,T]; V*) as A,, — 0. Hence
it follows from (22) that v = u. g

Lemma 5 There exists g> € C([0,T]; V*) such that

(26) 8Hg5§\n (ux, (-) — g% strongly in c([0,T]; V™)
and  g*(t) € 0p*(u(t)) for a.e. t € (0,T).

Proof of Lemma 5. By (21), there exists g? € C([0,T]; V*) such that 9y @3 (un,(-)) —
g* strongly in C([0, T]; V*). Hence since 9y 33 (un, (t)) € Op@*(Jx,un, (1) C &pré(J,\nu,\n (t)),
by the demiclosedness of maximal monotone operators (see e.g. [10, Chap.II]) and Propo-
sition 1.1 of [9], it follows from (24) that g?(t) € dp?(u(t)) for a.e. t € (0,T). y

Lemma 6 There exists g* € L%(0,T;V*) such that
(27) g/l\n — g% weakly in L*(0,T; V™)

and (1) = £(t) + g*(t) — 2

= (t) € Op' (u(t)) for a.e. t € (0,T).

Proof of Lemma 6. By (20), it is obvious that there exists g* € L?(0,T;V*) such that

(28) g/l\n — g' weakly in L*(0,T; V™).

11



Moreover, by (CP), , it follows from (22) and (26) that gt = f+g*—du/dt.
Hence it remains to prove that f(t) + ¢g2(t) — du(t)/dt € dp'(u(t)) for a.e. t € (0,7).
To do this, integrating the product of g}\n (t) and wy,, (t) over (0,T), we get by (CP), ,

T T T
/ (g (8), un, (D))t = / U (8), 10, (8)) it + / O @3 (ux, (1)) ux, (1)) dt
0 0 0

~glua (D) + sluol

Since fy, — f strongly in W' (0,T;V*), it follows from (22), (23) and (26) that

T
29 tmsup [ (g}, (0.0, ()
An—0 0
T T
= dim [ () (Ot Tim [ (053 (s, (1)), un, (£
An—0 Jo An—0 Jo

1 1
—5 liminffuy, (T)|7 + 5 luol

IN

T T
|ty [ 0. 5+ gl

- /OT <f(t) + ¢%(t) - CZ(t),U(t)> dt.

By Lemma 1.3 of [10, Chap.II] and Proposition 1.1 of [9], it follows from (22) and (28) that
gt(t) = f(t) + ¢*(t) — du(t)/dt € O (u(t)) for ae. t € (0,T). g

Now, let ¢ € [0,T] be arbitrarily fixed. Then since ¢! € ®(V), (8) and (25) imply
@' (u(t)) <liminfye o @' (uye (t)) < My, where M is independent of ¢. Hence we conclude
that u(t) € D(p!) for all t € [0,7] and SUPye(o,7] oH(u(t)) < My < +oo. Moreover let
{t,} be a sequence in [0,T] such that t,, — ¢. From the fact that u € C,([0,T];V), it
follows that u(t,) — u(t) weakly in V. Since p!(u(t,)) < SUPye(o,7] ot (u(t)) < My, where
M is independent of n, Proposition 3 assures that ¢?(u(t,)) — ¢?(u(t)), whence follows
©*(u(-)) € C([0,T]).

Finally we provide an energy estimate for the strong solution w. To this end, we claim
that

P?(uxi (1) — @*(u(t)) Vte[0,T].

Indeed, let ¢ € [0,T] be fixed. Then, by (8), (25) and the fact that uy (t) € D(p'),
Proposition 3 assures the assertion above. Hence putting A = X!, in (12) and noting that
@3¢ (uo) — ¢*(uo) as AL, — 0, we obtain

2

t U
[ dr+ ot + o)
0 H
t
< M)+ o) + {0 0) ~ (1O~ [ (L) ar

This completes the proof. g
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3.2 Proof of Theorem 2
To prove Theorem 2, we need another type of auxiliary problem:

du
(CP)" "
u(0) = up.

+ 0V (u(t)) — 0% (u(t)) 3 f(t) InV*, 0<t<T,

Here r € R is chosen so that r > ?(ug) and o' denotes the cut-off function of ! given

by
{ﬁw)ﬁﬁwén

400 otherwise.

P (u) =

Then it is easy to see that o' € ®(V) and D(p'™) = D(eY) N{u € V;¢%(u) < r}
and that (A1) and (A2) are satisfied with ¢! replaced by ¢!". Since (A3) assures that
JzD(p') € D(¢'), we find by Proposition 1 that ¢?(Jyu) = @?(Jyu) < @*(u) = ¢*(u) < r
for all u € D(¢""), which implies Jyu € D(o>") and @7 (Jyu) = @*(Jyu). Hence (A3)
is satisfied with ¢! replaced by ¢!". Furthermore, since ¢?(u) < r for all u € D(p'"),
(A4) is satisfied with k = 0, Cy = 0, C5 = r and ' = ¢!". Noting that ¢?(ug) < r and
ug € D(pt) yield ug € D(o"), we observe that Theorem 1 assures the existence of strong
solution of (CP)" on [0, 7] as follows:

Lemma 7 Assume that (A1), (A2) and (A3) are satisfied. Then for all ug € D(p'),
f e Wh'(0,T;V*) and r € R with r > ¢*(ug), (CP)" has a strong solution u on [0,T)]
satisfying (5) with o' replaced by @' and the following inequality:

w [
i

< )+ u(0) + (@)~ 10w~ [ (Fio)utn))ar

W) dr 0 () + ¢ (wo)

H

for allt € [0,T7].

Now we are going to show that u(t) becomes a strong solution of (CP) on [0,7p] for
some Ty > 0. To do this, it is sufficient to prove that there exists a number Ty € (0,7
such that 9ol (u(t)) = d¢t(u(t)) for a.e. t € (0,Tp). To this end, we prepare a couple of
lemmas.

Lemma 8 If u € D(0¢"") and ©*(u) < 7, then u € D(0p') and 9" (u) = dp'(u).

Proof of Lemma 8. Let [u,&] € dp'" be such that p?(u) < r and take an arbitrary
element v € D(p'). Then since us := (1—s)u+sv € D(p'), o' (us) < (1—5)p' (u)+sp!(v) <
|t (u)| + @t (v)] for all s € [0,1] and us — u strongly in V as s — 0, Proposition 3 assures
that ¢?(us) — ©?(u) as s — 0. Hence from the fact that ¢?(u) < r, there exists a
number sy € (0,1) such that p?(us) < r. Since us, € D(>"), we get @' (us,) — ©*(u) =

13



o8 (usy) — b (1) > (€, ug, —u). Hence, by the convexity of ¢!, we have so(p!(v)—p!(u)) >
(¢, 50(v — u)). By dividing both sides by sg > 0, we deduce ¢!(v) — p'(u) > (&,v — u) for
all v € D(p'), whence follows u € D(9¢') and & € Ao (u).

On the other hand, it is obvious that dp!(u) C dp'"(u) for all u € D(9p'") with

©*(u) < r, which completes the proof. g
Lemma 9 There exists a number Ty € (0, T such that ©*(u(t)) < r for all t € [0,Tp).

Proof of Lemma 9. For the case where maxcjo ) ©*(u(t)) < r, we can take Ty = T
For the case where max;cpo 7 ¢ (u(t)) > r, since ¢*(u(-)) € C([0,T]) and ¢*(ug) < r, there
exists a number Ty € (0, 7] such that ©?(u(t)) attains r at ¢ = Ty for the first time. g

By Lemmas 8 and 9, there exists a number Ty € (0,T] such that u(t) € D(d¢') and
Ol (u(t)) = Op'(u(t)) for a.e. t € (0,Tp). Consequently we deduce that u becomes a
strong solution of (CP) on [0,7p]. Thus the proof of Theorem 2 is completed. g

3.3 Proof of Theorem 3

We first note that ¢* > 0 (i = 1,2) by assumptions of Theorem 3. Moreover from the
assumption on I3 in (A5), we can take a number d; > o such that max,cp s, l3(z) <
(@ + ap)/2 € (o, ), where ag := max,¢[ 5, l3(7) < a. Hence, by (A5), it follows that

a—

2

(31) ! (u) < (€~ n,u)

for all [u,£] € dp' and [u,7] € dp* satistying u € D := {u € D(¢?); p*(u) < 01},
Put r = §; and recall the auxiliary problem (CP)". Moreover define

Xip = {(U()af) € D(¢") x W0, T; V*);
T , T df o’
o)+ [N+ [ L] ar<r
0 0 dT Vo
2 1 I v
©*(ug) < do, ]u0|H+{maX <1,T> H\f() Ve 1,T} <4
for all 9, R, T' > 0, where
T /
/ / |f(T) [ dr it T <1,
o, = 0 R
’ sup |f(T)[edr T >1
te[1,1) -1

and Sg:R = {u € Cu([0,T);V) N WY2(0,T; H);u is a strong solution of (CP)" on [0,7]
satisfying (30) and ©?(u(-)) € C([0,T]) with (ug, f) € XER}. Here, by Lemma 7, we note
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that ST, # 0 when X!, # 0. We then define T).(u) := sup{Ty € (0,T];p*(u(t)) <
r for all ¢ € [0, Tp]} for all u € 57 .
Now by Lemma 8, to complete the proof, it suffices to show that

(32) VR >0, 36g > 0; VT >0, Yu € S5 ., Tr(u) =T,

where we note that dr is independent of T. Suppose that the above claim were false, i.e.,
IRy > 0; V6 > 0 3T5 > 0, Jus € Sy 5 Tr(us) < T,

which implies ©?(us(Tr(us))) = r and ¢*(us(t)) < r for all t < T (us).

. . Ty /n
In particular, by taking 6 = 1/n for each n € N, we put v, = uy, € Sl/ly/l Ro and

Ty n = T(u1/,). We then find that v, becomes a strong solution of the following Cauchy
problem (CP), on [0,T},] :

do, .
U ) 4+ 0 (0n (1)) — D2 (0n(t)) 3 fult) In VF, 0<t< Ty,
dt ’
(CP),
vn(0) = uopn,
Tl/n
where (ugn, fn) € Xl/anO.
Multiplying (CP),, by vy(t) and using (31), we obtain
1d a— o
33) g+ S0 n0) < Salt)valt) for ae £ € (0.T,)
since v, (t) € Dgl for all t € [0,7}.,,). Hence, by (Al) and (1), it follows that
1d

o (D)% + @lva ), < Clfa)F.  for ace. t € (0, Tn),

2 dt

where & and C' denote positive constants independent of n. Then, by Lemma 4.3 of [8], we

have
1
2 <t(0):
1LTn n

where /() is a monotone increasing function independent of n satisfying lim, .o l(x) = 0.
Therefore we find

Tl < sup [ont)r <1 (Juoala + IO

t€[0,Tr,n]

(34) Un(Trn) — 0 strongly in H as n — +o0.

On the other hand, integrating (33) over (0,7} ,) and using (A1), we get

1 o — Qg Tr.n
(35) (T 1 + / o (vn(r))dr
2 i),
1 9 Tr,n ’
< a4 C [ i -ar
0
< + CR07

2n?2
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whence follows

Trn
(36) /0 P(on(r)dr < M,

where M, denotes a constant independent of n.

. Tl/n
Since (uon, fn) € Xl/n,Ro’ we can show

(37) sup | fu(t)D. < Ms,
te[0,T1 y,]

where M5 denotes a constant independent of n. Indeed, we first note that the Sobolev-type
embedding theorem assures that f, € Wl’p,(O,TI/n;V*) C C([0,T},); V*). Hence there
exists ¢, € [0,Ty] such that

t * = i t *
| fn(t0) v teﬁl%?/n] | fn(t)vs,

SO

p/ Tl/" p/
Tyl fultn)l < / Fnl() Bl

For the case where T}/, > 1, it then follows that

1\7//* = ’fn(tn)

[ fn(t)

t
, d ,
p*—l—/fnTp*dT

1 /Tl/n , Ty/n r_1 | dfn
< fnTp*dT-f-p// fa(D PP 22 (T dr
o ARG e )
Tl/n ,
< [Inear
0

dfn
dr (1)

P’ l/p’
dr
V*

where C' denotes a constant independent of n. For the case where T}/, < 1, noticing

/ T/ , 1/p Ty /n,
p ( / Ifn(T)!?/*dT) /

< CRy Vte [O,Tl/n],

/Ty, Ti/m n(T Y odr < (1/n P we can verify the same assertion above.
/n) Jo %
Therefore, by (A1), it follows from (30), (36) and (37) that

T’r,n
QOI(Un(Tr,n)) < C{Wl(UO,n) +r +/ 901(7%(7'))‘17
0

dfu

Trn
HEO + T+ [ |20

< C{R0+T+M4+M5}.

p/
dr
V*
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Hence, by (A1), we find
(38) {vn(T}n)} is bounded in V.

Therefore, by (34) and (38), we can extract a subsequence {n’} of {n} such that v,/ (T} ,/) —
0 weakly in V. Moreover, by (A2), it follows from (38) that there exists a subsequence {n’}
of {n'} and g%, € 0p*(vp(T;. 1)) such that g2, — g2 strongly in V* as n” — +o0.

Since ug,,» — 0 weakly in V, we find that <gz,,, Opr (Ty ) — o) — 0. Hence there
exists a number Ny € N such that |<g]2VO,UNO (T, ny) — o Ny )| < 61 — 0p. From the fact that
©*(uo,N,) < do, it follows that

SDZ(UNO (TT,NO)) < 902(UO,N0) + <g]2\/07UN0 (TT,NO) - UO,N0> <oy =,

which contradicts the definition of T} n, = T, (vn,). Therefore we conclude that (32) holds
true. g

4 Application

In this section, we exemplify the applicability of our abstract results obtained in the present
paper by discussing the existence of local or global (in time) solutions of (NHE). Here
solutions of (NHE) mean:

Definition 2 A function u € C([0,T]; W5 (Q)) is said to be a weak solution of (NHE)
on [0,T] if the following conditions are satisfied.

() wu(t) is a WP (Q)-valued absolutely continuous function on [0,T].
(ii) u(t) — uo strongly in L*(Q) as t — +0.
(iii) —Apu(t), |ul?u(t) e W (Q) for a.e. t € (0,T)

and the following holds true.

ou _9
(5 00:0), 1 P ute0) ot

- <|u’(I*2u(" t)v ¢>W01’p(ﬂ) = <f(7 t)’ ¢>W01’p(ﬂ)
for a.e. t € (0,T) and for all ¢ € Wol’p(Q).

The existence of local or global solutions of (NHE) is already studied by [7] for the
case f(z,t) = 0 and by [3, 4] for the case f € L?*(0,T;L?(2)). The argument in [7] is
based on Faedo-Galerkin’s method and requires the growth condition ¢ < 2p/(N + p) for
the existence of local solutions, and ¢ < p* for the existence of small global solutions,
where p* = Np/(N —p) if p < N; p* = +o0 if p > N. On the other hand, the method
in [3, 4] is based on a nonmonotone perturbation theory for subdifferential operators in a
real Hilbert space and [3] requires the growth condition ¢ < p*/2 + 1 for the existence of
local and small global solutions. As for the semilinear case p = 2, however, it is shown in [4]
that (NHE) admits local solution and small global solution under the subcritical growth
condition ¢ < 2*.
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Since the abstract setting in [4] as well as in [3] is chosen in the Hilbert space and the
knowledge of elliptic estimate for A, in L*(Q) is insufficient, [3, 4] could not assure the
existence of local solutions of (NHE) under the subcritical growth condition ¢ < p*.

Nevertheless, it is quite natural to conjecture that (NHE) should admit local solutions
in a suitable space (larger than L?(Q)) under the subcritical growth condition ¢ < p*, which
has been left as an open problem for long time. It would be noteworthy that our abstract
framework enables us to give an affirmative answer to this open problem (see Theorem 4
below).

In order to reduce (NHE) to (CP), we choose V = W, ? () and H = L*(Q) with norms
| lv=I|V @) and | - [g:=] - [12(q) respectively. We further put

! p —1 w(x)|?dx Yu
sop<u>=p/ﬂw<x>\ dr, wq<u>—q/9|<>|d Vuev.

Here we assume that
Np

2N if N
(€) —— <p<+4+o0 and 1<g<p*=<¢ N-p ! > D
N + if N <
00 if N <p.

Then it is easy to see that (1) is satisfied and V' is compactly embedded in L?(2) (see [13]).
Hence ¢, and 1, belong to ®(V), dp,(u) and dp,(u) coincide with —Ayu and |u|?"2u in
the distribution sense, where D(p,) = D(d¢p) = D(¢q) = D(0¢y) = V. Thus (NHE) is
reduced to (CP) with p! = ¢, and ¢? = ¢,. Moreover (A1), (A2) and (A3) are all assured
by the following lemma.

Lemma 10 Assume (CP), . then (Al), (A2) and (A3) hold true with ol = @p, 2 =Y,
and 01 = 02 =0.

Proof of Lemma 10. Since ¢,(u) = |uf{,/p, (Al) with C; = Co = 0 and C5 = p
follows at once. To check (A2), take any sequence {uy,} satisfying sup;cior1{ep(un(t)) +
lun(t)| ) + fOT |dun(t)/dt|3;dt < C. Then, since V is compactly embedded in L?(Q2) and
|un (t) — un(8)|a < [|dun/dt|| L2 o,7;m)lt — s|1/2, {uy(t)} forms a precompact set in L?(€) for
all ¢ € [0, 7] and an equi-continuous set in C([0, T]; H). Moreover, by virtue of Gagliardo-
Nirenberg’s inequality: |u|peq) < C|u|§{|u\%79, 0 € (0,1), Yu € V, we observe that {u,(t)}
is also equi-continuous in C([0,77]; L4(2)). Therefore by Ascoli’s lemma, there exists a
subsequence {n'} of {n} such that w,, — wu strongly in C([0,T]; L9(2)), whence easily
follows

|t |7 2 (1) — |u|?2u(-)  strongly in C(]0, T]; LY (2)).

Hence 04 (un/ (+)) — 0vq(u(-)) strongly in C([0,T]; V*).

As for (A3), we put p?(u) = p?(u) if u € V; ¢*(u) = 400 if u € H\ V. Then it is
easily seen that ¢? € ®(H) and $?|y = ¢%. Furthermore, since the mapping r € R
(I + N0 @*)r = Jyr becomes non-expansive on R, we find that |VJyu(z)| < |Vu(x)| holds
for a.e. z € Q. Hence p!'(Jyu) < o' (u) which implies (A3) (see the proof for Corollary 16
of [12]). g
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4.1 The case where p < ¢ and uy € W, 7(Q).

By applying Theorems 2 and 3, we obtain the following Theorems 4 and 5.

Theorem 4 (Local ezistence) Assume (C), . and p < q. Then, for all ug € Wol’p(Q) and

fe W (0, T; W=4'(Q)), there exists a number Ty € (0,T] such that (NHE) has a weak
solution u on [0, Ty satisfying:

(39) u € Cyu ([0, To); Wy () N C([0, To]; L9(Q)) N WH2(0, Tp; L*(2)).

Proof of Theorem 4. By Lemma 10 and Theorem 2, there exists a number Ty € (0,7
such that (NHE) has a solution u on [0,7p]. Moreover since 14(u(-)) € C([0,Tp]), the
uniformly convexity of LI(€2) ensures u € C([0,Tp]; L1(2)). »

Theorem 5 (Global existence) Assume (C), ,

number, and let § be a positive number such that § < C(p,q) ?/(4=P) where C(p,q) denotes
the best possible constant for the Sobolev-Poincaré-type inequality: |ulreq) < C(p, q)lulv.
Then there exists a positive number dg independent of T such that if ug and f satisfy

dr < R,

1 T , T
\uo|%+/ £(r) pv*dw/
D 0 0 v

1 /
”U,()|Lq(Q) < 0, ‘uo’L2(Q) + {max <1, T> H’f() i)/*

and p < q. Let R be an arbitrary positive

ar,
%(7’)

1/p
} < 5R7
LT

then (NHE) has a weak solution u on [0,T] satisfying (39) with Ty replaced by T

Proof of Theorem 5 By the Sobolev-Poincaré-type inequality, it follows that |u|q.q) <
C(p,q)|uly for all uw € V. Hence we find that

(Opp(u) — 0vg(u),u) = ‘UK’/ - ’u‘%q(g)
> Julf, - Clo P lulf Jul%h

= pep(u) [1 = Cp. g {avy ()}
which implies
pep(u) < (Bpp(u) — Opg(u), u) + pC(p, q)F {qibg(w) ™9 oy (u)

for all u € V. Therefore (A5) holds with o = p, I3(r) = pC(p, q)P(qr)\ P9 and 6y = 69/q <
C(p,q)~P4/(@=P) /q. Thus Theorem 3 ensures the existence of weak solutions on [0, 7] for
(NHE) when ug and f satisfy the suitable conditions above. g
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4.2 The case where p > ¢ and uy, € W, 7(Q).

The case where p > ¢ can be covered by Theorem 1.

Theorem 6 (Global existence) Assume (C),, and p > q. Then, for all ug € Wol’p(Q) and
fe Wt (0, T; W=7 (Q)), (NHE) has a weak solution u on [0,T)] satisfying (39) with Ty
replaced by T.

Proof of Theorem 6. Conditions (Al), (A2) and (A3) are already assured by Lemma
10. Moreover, since p > ¢, we find

1. 1 g 1
= §|U’Lq(9) < 50(177 )fuly < Sep(u) +C Vu eV,

which implies (A4) with & = 1/2. Therefore, by Theorem 1, (NHE) has a global weak
solution on [0,T7]. g

Yg(u)
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