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College of Humanities and Sciences,
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4 - 4 - 8, Sakurajosui, Setagaya-ku, Tokyo, 156-8550 Japan

1 Introduction

Many authors proposed various types of doubly nonlinear evolution equations and tried
to prove the existence of their solutions. In particular, some of these results are developed
for applications to PDEs, which describes complex nonlinear phenomena, e.g., phase
transition, dynamics of non-Newtonian fluid and so on.

In this paper, we study the existence of solutions of Cauchy problem for doubly
nonlinear evolution equations governed by time-dependent subdifferential operator; more
precisely, let V and V* be a real reflexive Banach space and its dual space, and let H be
a Hilbert space whose dual space H* is identified itself such that

Ve—asH=H—V*

continuously and densely; let ¢' : V' — (—o0,+00] be a proper lower semicontinuous
convex function depending on a time variable ¢ and let ¢ : H — (—o00,+00] be also
proper lower semicontinuous and convex; then we consider

dv
—(t) + Oy’ (u(t t t) e o t 0<t<T
op | GO+ ) 3 50, o) € duiute) ,
v(0) = vy,
where f: (0,F) — V* and vo € H are given.
V. Barbu [4] proved the existence of solutions of (CP) with ¢’ replaced by ¢ inde-
pendent of ¢ for every initial data

vy € OpY(D(0v)) == {v € Ogp(u); u € D(Oyy) N D(Ove)}.

He also applied his results on abstract evolution equation to the initial-boundary value
problem for the doubly nonlinear parabolic equation of the form
v

E(x,t) — Apu(z,t) = fx,t), v(x,t) € afu(z,t)), (x,t)eQx(0,T),



:init-data

where 0 C R" and f is a given function and A, is the so-called p-Laplacian given by
Apu(z) = V- ([Vu(@)*Vu(z)), 1<p<+oo,

for an arbitrary (possibly multi-valued) maximal monotone graph « in R?.
In this paper, we prove the existence of solutions for (CP) for each

(1) vy € R(Ouv) := {v € Ogp(u); u € D(0u1))}

by supposing a t-smoothness condition for ¢! in addition to the coercivity and the bound-
edness conditions for dy¢' : V — 2V and an condition known as a sufficient one for the
maximality of the sum of dgv and Oyl in H, where %, stands for an extension of ¢*
onto H.

Our problem has two significant features; one is the -C{Eniﬁlcl—acicaéaat depends of time-
varia l_edt, and the other can be find in the assumption () on initial data. Compared

with ,nwe remark that 0g(D(p)) C R(Ouv).

The method of our proof relies on a suitable approximation of initial data vy for the
multi-valued operator dgv and approximate problems for (CP) by using resolvent and
Yosida approximation of maximal monotone operator. Moreo T, we a 3employ chain
rule for time-dependent subdifferential operators developed inﬁfﬂ] and [1] to establish a
priori estimates.

The following type of initial-boundary value problem falls within the scope of appli-
cations of our abstract framework.

g::(a:,t) —div a(z,t, Vu(z,t)) = f(z,1), (x,t) € Q2 x (0,7T),
v(x,t) € au(z,t)), (x,t) € 0Q x (0,T),

@ u(z,t) =0, (x,t) € Q2 x (0,7T),
v(z,0) = vo(z), x €,

where (2 is a bounded domain in R with smooth boundary 99, and a : Q x (0,7) x
RY — RY and f: Q x (0,7) — IR are given, for an arbitrary (possibly multi-valued)
maximal monotone graph « in IR?.

In the next section, we arrange a couple of preliminary results, and in Section 3 is
devoted to state our main result on existence of solutions for (CP). In Section 4, we
construct an approximate sequences of initial data vy, and by using the approximate
sequence, we introduce approximate problems for (CP) and verify the existence of their
solutions and establish a priori estimates for them. Moreover, in Section 5, we derive
the convergences of thos a%roximate solutions from the a priori estimates. Finally, in
Section 6, we deal with (E)'—Lasa typical example of our abstract framework.

2 Preliminaries

We first recall the definition of subdifferential operators. Let ®(X) be the set of all
proper lower-semicontinuous convex functionals ¢ from a topological linear space X into



(—o0, +00], where “proper” means ¢ # +oo. Then, the subdifferential Ox x+¢(u) of
¢ € (X) at u is given by

Oxx-9(u) = {§€X%o() —d(u) = (§v—u)x YveD(@)},

where (-, -) x denotes the duality pairing between X and X* and D(¢) := {u € X;¢(u) <
+00}. Hence we can define the subdifferential operator dx x«¢ : X — 2% ;u —
Ox x+¢(u) with the domain D(0x x+¢) := {u € D(¢);0x x-¢(u) # 0}. For simplic-
ity of notation, we shall write dx¢ and (-, -) instead of Ox x~¢ and (-, -) x, respectively, if
no confusion can arise. It is well known that the graph of every subdifferential operator
Ox ¢ becomes maximal monotone in X x X*.

In particular, if X is a Hilbert space H whose dual space is identified with itself, i.e.,
H = H*, then the subdifferential 0g¢(u) of ¢ € ®(H) at u can be written by

Op¢(u) = {§€ H;o(v) —o(u) = (§,v—u)n Vv e D)},

since (-, -) g coincides with the inner product (-, )y of H; moreover, the graph of 0y ¢ is
maximal monotone in H X H.

Now we recall a couple of useful properties of the Legendre-Fenchel transform ¢* of
¢ € ®(X) defined by

¢"(u) = sup{(u,v) —@(v)} Vue X

veX
in the following:
P:phi*:1sc| (3) o" € D(XT);
6 w€dx-6'(f) Vlu, 1] € Ox.

3 Main Result

Let V be a real reflexive Banach space and let V* be its dual space. Moreover, let H be
a real Hilbert space whose dual space H* is identified with itself such that

V—osH=H"V*

with continuous and densely defined canonical injections.
Now let ¢f : V' — [0,400] and ¢ : H — [0,+00] be such that ¢' € ®(V) and
Y € ®(H) for every t € [0,7T] and consider the Cauchy problem:

op) { Wit) + ovet(u(t) > 7)., o(t) € duwlult)), 0<t<T,
v(0) = v,

where Oy ¢! and 951 denote subdifferential operators of ¢! and v, respectively, for every
te[0,7].
We are concerned with strong solutions of (CP) defined below.
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:D:str-sol| DEFINITION 3.1 A pair of functions (u,v) : [0,T] — V x H is said to be a strong solution
of (CP) on [0,T] if the following (i)-(iii) hold true:

(1) v is a V*-valued absolutely continuous function on [0,T];
(i) w(t) € D(Og) N D(dy¢') for a.a. t € (0,T), and there exists a section g(t) €
Ove'(u(t)) such that

Eq] (6)

(iii) wv(t) — vo strongly in V* and weakly in H as t — +0.

M:R:psi>0

Dy gt) = F(8) in V', o(t) € duib(u(t)) for a.a. t e (0,T):

Before describing our main result, we introduce the following assumptions for some
p € (1,400) and 19 > 0.

(A¢?) There exist functions a € W'?(0,T), b € W'(0,T) and a constant

(A4)

§ > 0 such that for every ¢y € [0,T] and xg € D(™), we can take a
function x : I5(to) := [to — 0,t0 + 6] N [0,T] — V satistying:
{M@%—%W < Ja(t) — a(to)| {" (o) +ro}"",

Aa(t) = 9(z0) + Ib(t) — blto)] {9(x0) + 70} Vi € Iy(to).
There exists a constant 'y such that
lult, < Ci{o'(u) + 1o} Yu e D(p"), Vt €[0,T).
There exists a constant Cy such that
€. < Cof'(w) + 1o} Vu,&] € dvet, Wt € [0,T).
There exists a constant C5 such that
o' (Jou) < o' (u) +eCy Ve >0, Yu € D(¢"), Vt € [0,T],
where J. and dy1. denote the resolvent and the Yosida approximation
of Oy, respectively, with the identity I of H.
V' is compactly embedded in H.

Our main result reads:

THEOREM 3.2 Let p € (1,400) and r9 > 0 be ﬁxedland assume that (Ae'), (A1), (A2),
(A3) and (A4) are all satisfied. Then for all f € L (0,T;V*)N L*(0,T; H) and vy € H
satisfying that t(df /dt) € LY (0, T;V*) and

vy € R(Opv) := {v € O0g(u); u € D(Oxv)},

(CP) admits a strong solution (u,v) on [0,T] such that

we LP0,T; V)N LE((0,T]; V), v e Cyu([0,T]; H)n W (0,T; V).

REMARK 3.3 Our result is valid also for ¢' : V' — (—o00, +o0] and ¢ : H — (—00, +00].
By (A1), we can always assume that ¢' > 0 without any loss of generality. On the other
hand, since there exist £ € H and Cj € R such that

V) =z —(uy—Co YueH
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(see Proposition 2.1 of EB]), we can define the non-negative function t(u) = 1 (u) +
(&, u)g + Cy > 0. It then follows that D(y)) = D(+)), D(dyth) = D(duvp), duip(u) =
Opp(u) + & for all u € D(Oyt)). Therefore, in order to prove the existence of solutions
for (CP), it suffices to do so for (CP) with v replaced by v. Indeed, let (u,w) be a
strong solution of (CP) with ¢ and v, replaced by v and vy + &, respectively, on [0, 77,
and put v(t) := w(t) + £. Then, observing that

v(t) =w(t) — & € Oyp(u(t)), fora.a.te (0,7),
do(t)/dt = dw(t)/dt € f(t) — Ove'(u(t)), foraa. te (0,T),
v(t) =w(t) — & — vy strongly in V* ast — 40,

we can deduce that (u,v) becomes a strong solution of (CP) on [0,T].

In order to construct a stro%)[g) solution of (CP), we approximate initial data vy in
.1nl_a roX

an appropriate way (see Sectio A) and copstruct solutions of the following approximate
problems of (CP) (see Section %): B

(CP). { \/Ed;; (t) + ;taH@De(ug(t)) +g.(t) = f-(t), g-(t) € Oy (us(t)), 0 <t < T,

\/EUE(—FO) + ans(us(—i_O)) = \/EUO,E + ans(uO,€>7

where dy1p. stands for the Yosida approximation of 9zt and %, denotes the extension
of ' on H given by

t .
' o OHu) if uev,
pulu) = { +00 otherwise

and f. denotes a smooth approximation of f such as f. € C'([0,T]; V) satisfying f. — f
strongly in L¥(0,T;V*) N L?(0,T; H) and df./dt — df /dt strongly in L” (0,T;V*) as
e — 40. Further, by establishing a priori estimates for (u., gv.(u.(+)), we shall T B
strong solution (u,v) of (CP) as a limit of (u., Ogte(uc(-)) as e — 40 (see Section%.ﬁ

4 Approximation of Initial Data

ini_approx

In this section, we propose an approximation of initial data v, suitable for the construc-
tion of solutions for (CP)._.
Since vy € R(Oy1)), there exists ug € D(0y1)) such that vy € Iy (ug). Since ).

is maximal monotone in H, we can obtain a unique solution uy. € H of the equation

(7) \/gu(),s + 8H77Z)€(U0,6) = \/EUO + vo.

Moreover, the following lemma provides information on the convergence of uy. as ¢ —
+0.



0 -
LEMMA 4.1 Let up. € H be a unique solution of (u7 I Then it follows that

Upe — Up  Strongly in H,

Jeup . — uy  strongly in H,
Ope(ug:) — vo  strongly in H,
Y (Onve(uoe)) — ¥ (vo),
Y(Jeuge) — Y(uo),

where J. and Oy, denote the resolvent and the Yosida approximation of Oxyt, respec-
tively, as € — +0.

L:uQe Oe-
PROOF OF LEMMA h.l Multiplying both sides of (u7 ie5§ Upe — Ug, We get
\/§|U0,a - Uoﬁ{ + (ana(UO,s) — Vo, Up,e — uo)u = 0.
Then note that

(3H¢a(uo,a) — Vo, Up,e — Uo)
= (3H¢e(uo,e) — o, JeUpe — UO)H + (@H%(Uo,a) — Vo, Upe — JaUO,E)H

€|3H¢5(U0,s)|%{ - E<UO> an&(UO,E))H

19 19
iyana(UO,E)‘lzLI - §|UO\12LI-

AV,

Thus we find that
o — ol + 0o iy < 7 Pl
Hence letting ¢ — +0, we can deduce that
Upe — Up strongly in H.
Furthermore, since
10u e (vo,e)r < |volm,
it follows that
Joup e — strongly in H.
On the other hand, (%s
Ot (upe) — vo strongly in H.
Now, noting that dgt.(uo ) € Optp(J:up ) and recalling the identity (%%,ee that

(8) 1/1*(311105(“0,6)) - (8H¢e<u0,a>’ JsUO,E)H - ¢(Jsu0,e)-
Hence
limsup ¢* (Opv:(uo.)) = Um (Opte(uore), Jowoe)m — iminf ¢ (Jouo,)
e—+0 e—+0 e—+0

< (vo,u0)m — P(uo) = ¥ (vo),
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which together with the lower semi-continuity of ¥* yields
lim o (D (n.) = ¥ (vo).
Qe-FM
Moreover, recalling (%u)eagain, we can also derive that

EETow(JEUO’E) = ¢(Uo) 1

5 Construction of Approximate Solutions

const_asol

In this section, we construct a strong solution u. of (CP)_ on [0, 7] such that

ue € LP(0,T5V) N L¥(0,T; H) N Cy((0,7]; V) N Wy ((0,7; H),

Ot (us(+)) € L(0, T H) N W,2((0, T; H),

VEue + Ot (uc () € Cu ([0, TT; H) N W (0,T5V*) N W,,2((0,TT; H),
g- € LP(0,T; V*) N Lys.((0, T); V*) N L, ((0, TT; H)

and wu,. satisfies the following inequalities:

) sup [ (ue(0)

t€[0,T]

S C’T (\/g%(uo,a) + ‘ana(UO,E)‘%{ + /OT |f5<t)ﬁ{dt + Cd) )

(10)  sup (Ve + 10" @bt} + [ oot

t€[0,T]

< CT,TO <\/E|u0,5‘121] + w*<ana(u0,5)) + ‘anE(UU,E)’%—[ + /T ’fa(t)ﬁ{dt
+/ () dt+/ dt+/ ot ypdt+1>

du,

(t)| dt+ sup to'(uc(t))

T
ay o vE[
0 H t€[0,T]

S CT,ro (ﬁ’uo,e‘%[ + w*(ans(uO,s)) + ’an5<u0,a)ﬁL_{

+/ t{ea™ ja(e)| + 1b(1) dt+/ () Byt
+ [N 180 Wt [ o] %
+/ dt+/ ot ]”dt+1>
X exp (/OT {Ca/at)| + b(t)] + 1} dt) ,

7

p/

vodt + sup tf(t dt




where @ = da/dt, b = db/dt, and w : [0,T] — V is a function given by (Ag') such that
w € L*(0,T;V) and the mapping t — ¢'(w(t)) belongs to L'(0,T), and Cr (resp. Cr,,)
denotes a constant depending on 7' (resp. 7" and ry) but not on e.

To this end, we introduce the following approximate problems for (CP)_:

du, d . |
(CP)_, { Ve Ztv\ (t) + %@H%(ug,,\(t)) + Onopa(uep(t)) = fo(t) in H, 0<t<T,

\/EUE,)\(—H)) + quvbs(u&)\(—i_O)) = \/EUO,s + 8Hwe(u0,s>>

where dpf; , denotes the Yosida approximation of ¢y, In the rest of this section,
for abbreviation, we write u, instead of u. .
Put z,(t) := Veux(t) + Outp-(ux(t)). Then we can find that (CP)_, is equivalent to

/ { %(t) + 0@ 0 (Vel +0ytbe) H(aa(t) = fo(t) in H, 0<t<T,
(CP)., dt ’
-TA(+O) == \/EUO,E + anE(UO,E)7
where [ denotes the identity mapping in H. Since the mapping ¢t +— ’}”\(u) is
continuous on [0,7] with values in H for all u € H (see Lemma 2.9 of and the
mapping (v/I + dyv.)~' : H — H is Lipschitz continuous, (CP);/\ possesses a unique
strong solution zy € C'([0,T]; H) of (CP);}/\ on [0,7] (see Theorem 1.4 of [6]). More-

over, it follows immediately that uy, Oyt (ur(-)) € WhH=(0,T; H), ux(+0) = ug. and
8H¢E(UA(+O)) = 8H¢E(u0,€)‘

Now, we shall establish a couple of a priori estimates to imply the convergences of
uy as A — +0. First, by multiplying (CP), , by Ou¢.(ua(t)), we obtain

VESUHr (1) + 5 10 r O + (Puly (a0, Durbin (1),

1 1
= (Jo(0), 0= (un())m < 1O + 510mto=(ur ()1
Bl
Just as in F@Theorem 4.4], we find that
(Oretn(ua(®), Ot (ua(®))) > —Cs.
Therefore, integrating this over (0,t), we give
1
Ved(ua(t) + 510ute(ua(®))
1 1
< Vb (uos) + 5 l0nve (o)l + Cat + 5 [ 1 (mldr

1 rt
5 | 10m-(un(7)

Hence, Gronwall’s inequality yields
-ieq-1-lam| (12) sup [0 (ux(7))|3
T€[0,7T
T
< Cr {\/51/)5(“0,5) + [0r e (o .2) 31 +/0 | f(7) [irdr + 03}7

8



where Cr denotes a constant depending on 7" but not on €, \.
Next, we also multiply (CP), , by ux(t) to get

@+ (o)) @) 1x), = (00
for a.a. € (0,7). Since Opve(ux(t)) € Out(Joun(t)), it follows that Juy(t) €

op* (8H¢5(u,\(t))) which implies

(Gomtin@)n®) = Fowvtn)san®) 5 Llomno

H

= @) + L e (a0

On the other hand, by virtue of (Ag"), we can construct a function w : [0, 7] — V such
that

w(t) € D(") Vte[0,T], [t o' (w(t))]e L 0,T), weL0,T;V).

Hence, since 0@y \(ua(t)) € Ouply(Jiua(t)) C v’ (Jiua(t)), where J§ denotes the
resolvent of dy¢t;, we can obtain, by (A2),

(Pl (ur(1), ur (1))

= (Ol (un(®), ur(t) —w(®))  + (Oulya(un(t), wit))
hia(ua(t)) = @l (w(t) = [0l (@) lv-[w(®)lv
Bnalnn (1)) — @ w(t) — C ()l + 7o)

Moreover, by (Al) and (A2),

(13) (fa(t>v U’)\(t))H = (fa(t)a ‘];\u/\(t))H + )‘(fa(t)> aHSO'}I,)\(uA(t)))H
LU+ MEDF + 70} + Jolalen(t)).

v

v

IA

Thus we have

\fim(t)ﬁ{ + C‘;W(awa(m( t))) + 5%@1{%(%( )i + isDE,A(UA(t))

< @' (w(t) + C {Jw@)} +ro} + CLULOR- + AL + o).

Integrating this over (0,¢), we have

Y a0+ 0 Duroln(0)) + S0 ln ) + T [ a(un(r)i

@u%ﬁ] 4 Dbl ) + 510w o)

40 [ {7 @) + [ + LR + AL, + 70} dr

<

9



-ieq-2-lam

Here we notice that

U Ore(ur?)) 2 —C{[0e(urt))|m + 1}
(see Proposition 2.1 of %3, Chap. II]). Thus

(14) sup {VElu(MlE + 1 @I} + [ 7 (un(r))dr

T7€[0,T

< O < sup [9p e (un (7)) + Veluoslfr + " (On(uo,))

7€[0,T

el Db (uo.) |H+/ d7+/ NEdr

+/0 o

where Cr,, denotes a constant depending on 7" and r but not on ¢ and A.
Furthermore, multiply (CP), , by duy(t)/dt. Then we have

Ehdr + A/O () [Bdr + 1),

dU)\

Ve[| (Sowetnen 20) + (oncamon ) = (0. %0) |

We here note the following facts: since dg). is monotone in H,

dU)\

(ot 520) > o

3
and moreover, by Lemma 2.12 of hqﬁf the t-smoothness condition (A¢") implies

(ouhatinen. 2o - i)

< a0 (un(D)v+ {9 (un(t)) + 7o}

which together with (A2) yields

1/p

+ 1000 {hra(a() + 7o}

dU)\

(onetuatin ). G20) = SGetuatin(0)

< G a0 + O} {eha(a®) + o)

Thus we can deduce that

2

d

VS0 (i)

< {1+ O {etaatn0) 4} + (20, 5200)

10



eate] (9 V2 [

Moreover, multiplying both sides by ¢, we get

VL 0]+ g (i)}~ pluamn)

< {&” |a< )+ 1B {tpha (ua(t)) + tro }
4 LU0} = (0 ) = ()00

Furthermore, integrate this over (0,¢). It then follows that

Ve[
< |/ P (na(r)dr + / P ()] + 601} {rialun(r) + 710} dr
#1000 = [ G Ddr = [ () ar
Here, as in (135 e get, by (A1) and (A2),
(0 [ () e = [ () ar

= L0, Srua(t))r + XU8), Dy a (r (D)
— [, Fun@dr =3 [ (o), Oy loa (7)) edr

_/0 (Tflf;f ; ,JAuA(7)> dT—/\/O ({flf; T),aHgoH,A(uA(T))) dr

H

/ ' . t t |d
< C{t\fg(t)y”*+>\t\fe(t)\%+ [ VR [+ [

du

—=(7)

dr + tej (ua(t))
H

H
p/

dr
V*

d ( 1 ¢ -
+)\/ f (1) d7'+ (T +T%)r } 2t<p§{7k(u,\(t))+/0 (1 +7)oga(ur(r))dr.
e—ieq-2-lam
Now, applying Gronwall’s inequality, we can derive from ( a

dr + sup 7" (up(T))
T€[0,T7]

< Crn, (ﬁmaﬁq O (O (u0.)) + 1m0

+/ {ea"a(r)| + 1b(r) d7+/ folr \HdT—l—/ o(r)dr
+>\/ \f(r |Vdr+/ d7+/ ()2 dr

p/
dr

+ sup 7 (D + A sup 7L+ [
T€[0,7T 0 V*

T€[0,T

r|Yer)

11



T \df
A r|5E
* o | |dr (7)
T / _
X exp (/0 {C’Ql/p la()] + |b(T)| + 1} dT) :
Now it follows from (el _ZU? i_ﬁr 1 %a;lnd (A2) that

T
le:Jtu-V:p| (16) / | Jiun(t)[7dt < C,
0

P
dT+1>
v

/

T
dphi-Veip’] (17) | oueamy.at < c.

Moreover, recalling the equation in (CP)_,, we have

/

p

C‘;{ﬁm(t) + 0o (ua(t) }

T
+psi-V*:p’ | (18) / a < C.
0 *

\%

From these a priori estimates, we can take a sequence )\, such that the following
convergences hold true as A\, — +0:

19 Ontbe(uy, (+) = v weakly in L4(0,7T; H),
20 Uy, — U weakly in LY(0,7; H),

c:dpsi-H:i| (19)
(20)

lc:u-V:p| (21) [t = Jﬁnu,\n(t)} —u  weakly in LP(0,T;V),
(22)
(23)

lc:u-H:i

]

dphi-V*:p’ | (22 [t — O, (U, (t))} —g  weakly in L” (0, T; V"),

23 Veuy, + 0ge(uy, (+) — Veu+wv weakly in W (0,T;V*)

for enough large number ¢ > 1. Here we used the fact that (%ﬁ\g—s‘%ﬁat the function
t = (ur(t) — Jiux(t)) converges to 0 strongly in L¥ (0, T;V*) as A — +0.

Since (A4) ensures that H is compactly embedded in V*, it follows that {\/cu,(t) +
Qﬂlpaggiégl&,;%)l” forms a precompact subset in V* for every ¢t € [0,7]. Further, by
(18], the function t +— /euy(t) + Outb-(ux(t)) is equi-continuous in C([0,T]; V*) for all
A € (0, 1]. Therefore, by Ascoli’s compactness lemma,

u+psi-V*:C| (24) Veuy, + 0o (uy, (+) — Veu+wv strongly in C([0, T]; V™).
1c:dpsi-H:i
Moreover, by (ICQ), vié Carll obtain

||U||Lq(0,T;H) < liminf |0 (un, ()l Lo,y < sup  sup |8H¢E(UA(75))|HT1/(17
An——+0 /\6(0,1} tE[O,T]

:

which together with (Fﬁrﬁl}%} ||| a7y < C, where C' denotes a constant indepen-
dent of ¢. From the arbitrariness of ¢, we can deduce that v € L*>°(0,T; H). Just as in
the same way, we can also derive u € L>(0,T; H).

Moreover, since \/zu + Ogte(u(-)) € L®(0,T; H) N W' (0,T;V*) C C,([0,T]; H),
it follows that

Veu(t) + 0p® (u(t)) — Veuge + 0g®(ug.)  strongly in V* and weakly in H

12



e:detT-ieq

:dphi-V*:1i

as t — +0.

-ieq-3-1
On the other hand, let 6 > 0 be fixed. Then, it follows from (615 ieéﬁaf =

d
U)\t

> Q

(25) NG /

which together with (A2) yields

dt+ sup {| s} + @h(ua(t)} <
te[s,T]

/ C
<

(26) sup PO <
te(s,T)
Further, since Oy, is Lipschitz continuous in H with the Lipschitz constant 2/e, we
can also verify that
2
T\d C
/ dt < o,
s |dt - §eb/2

76Hwa (U)\ (t)>

which together with (CP) gives

ope! *a o< cof [ dt+ !
| g, et < o [ IR@kd+ 5+ 555 )

3
Moreover, by Lemma 2.9 of %Pﬁ the function ¢ — Jiu,(t) becomes equicontinuous in
C([6,T]; H) for all . Thus, by (A4), we can take a subsequence X2 of ), such that

{t = Jf\%ukg (t))} —u strongly in C([6,T]; H),
Oute(urs (1)) — v  weakly in WH(5,T; H),

{t > 0Hg0§q x (Ung (t))] —g weakly in L*(0,T; H).

e:detT-i hi-Vx:
Moreover, by (25) an , We can Falso verify that uw € L>®(6,T;V)and g € L™ (15 T;V*).

The demiclosedness of maxunal monotone operators and Proposmon 2.1 of HSH ensure
that g(t) € Oyl (u(t)) for a.a. t € (5,T).
Furthermore, noting that

sup [Jua(t) —ua(®)ff; < 2X sup @y, (ua(t))
te[8,T) te(6,T)

< 20C/0— 0  as A — +0,

we deduce that
(27) Uys — U strongly in C([0,T]; H).

Then, since dy1). is Lipschitz continuous, it follows that dyt.(uys () — v strongly in
C([6,T); H) as X2 — +0 and v(t) = dgtb.(u(t)) for all t € [6,T].
From the arbitrariness of §, we conclude that
u € L ((0,T):V) N Wil ((0,T]; H) € Cu((0,T; V),
v e WRA(O. T H), g€ L ((0,T): V*) N L2,.((0,T]; H),
v(t) = O (u(t)) Vte (0,T], g(t) € Ouply(ut)) for a.a. t € (0,T).

13



e-iem—lieq-2 |e-ieg-3 e-ie i 2-lam
Furthermore, we can derive (bi, ( |Ui and (IIT) l%y passing to the limit in (12}, an

(Hﬁﬁ—gé_m 0.

Finally, we prepare an inequality to derive the convergence of solutions for (CP)_ as
e — 40. To do so, we define the functional ¢¢ : H — [0, 400) by

W) = Ll 4w Vue H

Then, it can be easily seen that dg¢°® = /eI + dy1b.. We see that

/OT <3H80§{,,\(U>\(t)), Jf\u,\(t))H dt
- /OT (Ol (un(1), ur (1)), dt — A /OT dston(O)]

< [ womeya- [ Gonrwonnn) @

H

= [ 0, 00— (6" O (un(T) + (6°)" (O (w0 ).
Then, noting that

liminf(¢°)*(Op ™ (urs (T)) > ()" (Oue®(u(T))),

A8 —0

we can deduce that

T
lim sup <8Hg0tH so (s (1), Jys uys (t)> dt
A0 /0 e v

= /oT (f=(t), u(t)) g dt = (6°)" (Ou ¢ (w(T))) + (6°)"(Fud" (uo,))-

Here we claim that

() Ous D)~ (6 O (0) > [ Gousru(e).ulo))ar
Indeed, for an arbitrary 7 € (0,77, since dg¢®(u(-)) € WL2((0,T); H), u € L*(0,T; H)
and u(t) € 0 (¢°)*(Oud°(u(t))) for a.a. t € (7, T)Hﬂét%'ne function ¢t — (¢°)* (O (u(t)))

becomes absolutely continuous on [7,T] (see, e.g., Therefore

-sbcontiil] (28)  (6°)(Ouo™(u(D)) — (67 (Oue"(u(r)) = [

T

(Gons pat) an

H

for every 7 > 0. Noting that

Ou¢®(u(1)) — Op¢(uo.) weakly in H as 7 — +0,
One*(u() € WH'(0,T; V), we LP(0,T; V),

14



-abconti:2

U

lc:gu-ieq

S:PrTH

c:dpsi-H:1

ec:u-V:p
dphi-Vx*:p’
psi-Vx*:Wp’

ec:eu-H:C

u+tpsi-Vx*:C

L

we can derive that

(29) (6°)* (6" (u(T))) — (6°)" (O (un..))
> () (06" (u(T)))  lim inf(6°)" (D (u(7))

~ lm T<iaH¢€(u(t)>,u(t)>dt

T—=+0 J7
T /d
= [ (oo atonate) ),
0o \dt
which implies our claim, and therefore

T
limsup | (Dnph s (ung (1), Jhsug (1)) dt
A —o JO e v

< [ (10 = fowertuonain) = [ ao.uw)y

By using the monotonicity of dy ¢!, we have

. T . . T
limsup [ (Dl s (g (1)), Thgung (1)) d = /0 ((t), u(t)), dt.

X§—0 0

Thus we obtain
B0 [ o)y
< [ 0,000t = (6°) (O (ulT)) + () (Ou o).

T:abst-ex
6 Proof of Theorem 3.2
~icg-1eq-2 fe-ieq-3
Now, we shall derive from (be i,l (T0) and (el ) the convergences of solutions (ue, Oyt (uc(+)))

of (CP), as ¢ — +0. By taking a sequence ¢,, by (Al) and (A2), we can easily obtain

(31) Onte, (ue, (+)) — v weakly star in L>(0,7; H),
(32) Ue, — U weakly in LP(0,7;V),
(33) ge, — g  weakly in LF (0,T;V*),
(34) Vente, + Oz, (e, (1) — v weakly in W' (0,T; V™).
-1 _2
On the other hand, it also follows from (e “that
(35) Vente, (t) — 0 strongly in H uniformly for all ¢ € [0, T7,

. . [lc:deutpsi-V*:C
and furthermore, by repeating the same argument as in the proof of (24), we can deduce

that

(36) VEnue, + Onte, (ue,(+)) — v strongly in C([0, T]; V*),

15



:dpsi-Vx*:C

c:dcl:dpsi

which implies

(37) Ote, (ue, (t)) — v(t) strongly in V* uniformly for all ¢ € [0, T].

Let t € (0,7T] be fixed. By (b)ﬂeflcan take a subsequence ¢;,, of €, such that
One, , (Ue,, (t) — v(t) weakly in H.

On the other hand, observing that

v (t)
< @) = {VEnue, (t) + Oue, (ue, (1)) }Hy-
+[veEnue, (t) + Outbe, (ue, (1) — {Ventoe, + Outbe, (o, )
+ [Ventoe, + Ore, (Uoe,) — Voly
< sup |v(7r) — {VeEnue., (1) + 0., (ue, (7))}

T7€[0,T]

+Ct1/p + |\/au075n + anan (U/O,&‘n) — Yo

V*

ve = CtY? as e, — +0,

*

we can conclude that v(t) — vy strongly dn Y and weakly in H as t — +0.
0), w

Furthermore, by (A1), (A3) and ( e find that
T
(38) /O (W)} dt < C.
Thus
(39) e, Us, — U weakly in LP(0,7;V).

Therefore, it follows that

(10) [ O ey (), oy, (0)
< [ VR () + Ot (e, (1), e, (1)

T
B sup e, (i | e, (Ol

te[0,T
. / Ldt = /OT (0(t), u(t)),, dt,

which ensures that v(t) € dgtp(u(t)) for a.a. t € (0,7). Lo gumi
Now, we shall prove that ¢(t) € dv¢'(u(t)) for a.a. t € (0,7). By (bc()'i7%véesee that

/OT <ga(t)a uf(t)>\/ dt
< [ U0 00y e — () (O (1)) + (67 O ).

16



We here notice that

(¢€) (O " (ue(T)))

= (00" (ue(T)), ue(T)) fy — ¢ (ue(T))

Y e (D)l + Orte(0=(1), (T — (1))
\égws(T)ﬁ{ + (Oue(ue(T)), Jeue(T)) m + g |8H¢6(UE(T))|§{ — P(Jeu(T))

L:ule
Further, by Lemma .1, we see

(%) (Om ¢ (uoe,))

9
Y e+ (a0, ). Jetoz, s+ 5 10wl )y — (e,

—  (vo,u0)r — P (uo) = ¥*(vo).

Therefore we can derive

) T
i sp [ (g, (0) e, (1)),

5T,n_’0

T
< [, ult))y dt = (0(T) + v (vo).
Now, from the definition of subdifferentials, for an arbitrary 7 > 0, we notice that
T—h ,
[+ b)) = v @)l at
. [T—h
< sup [u(®F [ folt+h) = o)

vt
te[r,T)

< sup [u(t)[FCRY,

te[r,T)
and therefore ¢*(v(+)) is absolutely continuous on [r,T]. Moreover, we prepare the
following proposition (see the end of this section for their proofs).

:LFt-chain| PROPOSITION 6.1 Let ¢ € ®(H) and let u be a V*-valued absolutely continuous function
on [0, T] such that u(t) € D(Oy¢@) for a.a. t € (0,T) and ¢(u(-)) is differentiable for a.a.
€ (0,T). Then, for any g € L*(0,T;V) satisfying g(t) € dgd(u(t)) for a.a. t € (0,T),

it follows that

d d
(a1) o) = (G wa)  foras e @)
v
[1c:phix-ghcophi*tabconti:2
Hence repeating the same argument as in ({28) and (2Y), we obtain
_ T
limsup | (Gern (0), ey, (1)) dt

< [ {10 -G0.u0) &= [Mo0.um),

17



1
which together with Proposition 2.1 of Hil“l] ensures that g(t) € dyp'(u(t)) for a.a. t €
(0,7). This completes our proof. g P LFt-chai
We end this section Wi‘j};; azpropf.of Proposition %f o

PROOF OF PROPOSITION 6.1 e can take
I == {te€[0,T]; ¢(u(-)) and u are differentiable at ¢, and u(t) € D(Ogo)}

such that |[0,7]\ I| = 0. Now let ¢y € I be fixed and let A} be a sequence in (0, +00)
such that ty + h € [0,7] and u(ty + ) € D(0gp). Moreover, let g(to) € Ouod(u(to)).
Then we have:

d(ulto + hy)) — d(ulto)) = (g9(to), ulto + hy) — ulto))m
Dividing both sides by h! > 0, we see that

P(ullo + hy)) — ¢(ulte))  (g(to), ulto + hyy) — ulto))y
hit = hi '

Further letting h — +0, we obtain

ottt = (steo. Grw))

Repeating the same argument with a sequence h, € (—o00,0), we can also deduce that
d du
_ < - )
o) < (ot Ge))

LFt-chain
Therefore, for every t € I, (hl ) holds true. g

7 Applications

In this section, we give a typical example of PDEs to which our abstract theory can be
applied.

Let Q be a bounded domain in RY with compact smooth boundary 99 and let o
be a (possible multi-valued) maximal monotone mapping in IR. Now, we consider the
equation:

(42) ot

{ @(x,t) —div a(z,t, Vu(x,t)) = f(z,t), (z,t) € Qx(0,T),
v(z,t) € a(u(z, t)), (x,t) € Q2 x (0,7),

where f : 2x(0,T) — IR is a given function and a(-, -, -) is a function from Qx [0, T] x RY
into RY satisfying
(HO) There exists a function A : Q x [0,7] x RY — IR such that A(z,¢,-) is
convex and Fréchet differentiable in R™ and, a(z,t,-) coincides with the
Fréchet derivative 0A(x,t,-) of A(z,t,-) for a.e. x € Q and all ¢t € [0,T];
(H1) The function a(-,t,p) is measurable in Q for all (¢, p) € [0,T] x R”,

and a(x,t,-) is continuous in R” for a.e. = € Q and all ¢ € [0,7]].

18



A: A3 A:pd
Moreover, we impose the boundary condition (hS icand the initial condition (hﬁon (h? ) 5
A:bc| (43) u(z,t) =0, (z,t) €0 x(0,T),
A:ic| (44) v(z,0) =vo(z), x €l

Here we are concerned with weak solutions defined below.

DEFINITION 7.1 A pair of functions ( — R2 is said to be a weak 59 g 01 of-3
of the initial-boundary value problem { on [0, T] if the following (

are all satisfied.

(45) v(z,t) € a(u(z,t))  for ae (x,t) € Qx(0,7T),

) (Ge00) [ e Vuwn) Vowds = [ fl 0o

0

for a.a. t € (0,T) and all ¢ € Wy (),
(47) v(-t) = vy strongly in WP (Q) and weakly in L*(Q) as t — 40.
Now, we introduce the following assumptions for some p € (1,+00) and m € L'().

(H2) There exist b € W"'(0,T) and & > 0 such that
Az, t,p) — Az, s,p) < |b(t) — b(s)|{A(x,s,p) + m(x)} for ae. z €
and all p € RY and ¢, s € [0, 7] satisfying [t — s| < J;
(H3) There exists a constant Cy such that
Ip|P” < CyA(z,t,p) +m(x) for a.e. € Qand all (t,p) € [0,T] x RY;
(H4) There exists a constant C5 such that
]a(x,t,p)|pl < CsA(z,t,p) + m(z) for a.e. 2 € Qand all (¢,p) € [0,T] x RY;
(H5) If |p| < |q|, then A(z,t,p) < A(z,t,q) for a.e. z € Q and all ¢ € [0,T].

REMARK 7.2 Set A(z,t,p) = k(x,t)|p|? for a given function k(z, t) € WH(0,T; L>(Q)).
Then a(z,t,p) = k(z,t)p|p|P~>p, and we can easily verify that (HO), (H1) and (H3)-(H5)
are all satisfied; moreover, we can also infer (H3) from the fact that

A(m,t,p) - A(:L‘,S,p) < |]€(:L‘,t) - k(xv S)HP’p
< [b(t) = b(s)l|pl”,

where b(t) = |dk(-,t)/dt|r~(q). In particular, if & = 1/p, then div a(z,t, Vu(x)) coincides
with Aju(z), where A, stands for the well-known p-Laplace operator.

delA
A To verify the existence of solutions for the initial-boundary value problem {(hZi ei &IS b,
(44)F, we set V = W, ?(Q) and H = L*(Q) with the norms

\uly := |Vu|p) and  |ulg = |u|r2q)
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A:def-phi
A:def-psi

A:T:pde-ex

and put
(48) ot (u) = /Q Az, t, Vu(z))de

(49) b(u) = { /QA(U(Z‘))dJC if A(u(-) € LY(Q),

400 otherwise,
where A denotes a primary function of «, i.e., « = Jr.A. Here we note the fact that every

maximal monotone mapping in R becomes cyclic monotone, so there exists a function
A such that OrA = «.

It then follows that @' € ®( VR aglg %4; (see H%% We can then rewrite the
hzﬂi to t

initial-boundary value problem {( he abstract Cauchy problem A P
Indeed, dy¢'(u) coincides with —div a(-, ¢, Vu(-)) with the boundary condition (4 in
the sense of distribution, and 9y (u) coincides with a(u(-)) in L*(Q).

REMARK 7.3 Since A € ®(IR), we can take &y, Cy € R such that fl(s) = A(s) t8es ks

Co > 0. Hence, if ¢ is unbounded below, we then re lac&e U W E given as in (&[9: with
E? In order to show the existence of solutions for {(%2 i,(%S ;,( , by virtue of Remark
, 1t suffices to prove the existence of solutions for (CP) with replaced by 1.
Now, we check (Ap'), (A1) - (A4) to apply the preceding abstract theory to the

initial-boundary value problem. Let ¢, € [0,7] and zy € D(¢™) be fixed. Then, by
(H3), we take a function z = x to get

P(0) = () < 18(0) = A { [ Al to.wo(a))de + mlus .

which implies (A¢"). Furthermore, by (H2) and (H3), it is obvious that (Ap’) and (A1)
hold true. Let [u,g] € dy¢'. Then we see, by (H4),

(g,2)y = /Qa(az,t,Vu(a:))-Vz(az)daz
< la(t, Vu())|w [Vzee

</Q {C5A(z,t, Vu(z,t)) + m(z)} da;>l/pl v, VieV

IN

which yields (A2). Furthermore, since jy := (1 4+ Aa)™! : R — R is non—expansive

we get |V u(z)] < |Vu(z)|, so (A3) follows immediately from (H5). eqver, Vs
embedded compactly in H if 2N/(N + 2) < p. Consequently, by Theorem % 2, we fave:

THEOREM 7.4 Let p € (2N/(N + 2),+00) and suppose that (HO)-(H5) hold. Then
for all f € LY (0, T; W=7 (Q)) N L*(0,T; L*(Q)) and uy € L*(Q) satisfying t(df /dt) €
LY (0, T; W= (Q)) and

vy € {w € L*(Q); there exists ug € L*(2) such that w(x) € alug(x)) for a.e. x € Q} :

A:pdeA: A:j
the initial-boundary value problem {(hZi,eihB% (hﬁﬁ admits at least one weak solution
(u,v) satisfying
w € LP(0,T; Wy () N L. ((0, T Wy (%),
v € Cyu([0,T]; L*(Q)) N W' (0, T; W~ i (€2)).
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