<RNE,

;f Kobe University Repository : Kernel

R
4ope

PDF issue: 2024-05-06

Existence and uniqueness of viscosity solutions
for a degenerate parabolic equation associated
with the infinity-Laplacian

Akagi, Goro
Suzuki, Kazumasa

(Citation)
Calculus of Variations and Partial Differential Equations, 31(4):457-471

(Issue Date)
2008-04-01

(Resource Type)
journal article

(Version)
Accepted Manuscript

(URL)
https://hdl. handle.net/20.500. 14094/90001961

KOBE
\j].\]\'l:lihl Y
J

%)



Existence and uniqueness of viscosity solutions for a
fully nonlinear parabolic equation associated with the
infinity-Laplacian
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307, Fukasaku, Minuma-ku, Saitama-shi, Saitama 337-8570, Japan

and

KAZUMASA SUZUKI

Department of Science and Engineering, Waseda University
3-4-1 Okubo, Shinjuku-ku, Tokyo 169-8555 Japan

Abstract. The existence, uniqueness and regularity of viscosity solutions to the Cauchy-
Dirichlet problem are proved for a fully nonlinear parabolic equation of the form u; = Ayu,
where A, denotes the so-called infinity-Laplacian given by A u = nyj:l Ug; Uy Ug iz~ 1O
do so, a coercive regularization of the equation is introduced and barrier function arguments
are also employed to verify the equi-continuity of approximate solutions. Furthermore, the
Cauchy problem is also studied for (possibly) unbounded initial data satisfying a linear growth
condition by using Perron’s method.

1 Introduction

Let Q be a bounded domain in RY with boundary 9. In this paper, we study the
existence, uniqueness and regularity of viscosity solutions u = u(z,t) in Q@ = Q x (0,7
for the following Cauchy-Dirichlet problem:

(].) Uy = Aoou in Q7
) u=¢ on PQ

where u; denotes the time-derivative of u, P(Q) denotes the parabolic boundary of ) and
A stands for the so-called infinity-Laplacian given by

86 . 9

N a¢

(3) D) = >

,j=1




The infinity-Laplacian is first introduced by Aronsson [2] to investigate the existence
of absolutely minimizing Lipschitz extensions (AMLE’s for short) of functions ¢ defined
only on the boundary 02 into Q. According to Jensen’s formulation [7], the AMLE of
g into Q means a function v € W1°(Q) satisfying that v = g on 9Q and that for every
open subset U of Q and ¢ € Wh(U), if u — ¢ € Wy ™(U), then

|DU|L°°(U) S |D¢|L°°(U)

In [2], the following elliptic problem is also proposed as an Euler equation for smooth
AMLE’s.

(4) Asu=0 inQ, wuw=g on 0.

In Jensen’s celebrated work [7], the existence and uniqueness of AMLE’s are rigor-
ously demonstrated under somewhat general assumptions, and moreover, it is also shown
that w is a viscosity solution of (4) if and only if u is the AMLE of ¢g. Furthermore, var-
ious problems related to the infinity Laplacian, e.g., limiting problems associated with
p-Laplacian as p — 400, Harnack’s inequality, eigenvalue problem, have been studied
by many authors. The exciting developments in this field are summarized in Aronsson,
Crandall and Juutinen [3].

To the best of the authors’ knowledge, parabolic problems associated with the infinity-
Laplacian such as (1) have not been studied yet except in [5], [12] and [8]. In Crandall
and Wang [5], a characterization of subsolutions to (1) is proposed in terms of the
comparison properties with the functions: ®"(z,t) := b*(8/9)% + b(|lz — 2| + d)*/?
(b,d € R, z € RY), which also become subsolutions of (1). More precisely, they prove
that an upper semicontinuous function u :  — R is a viscosity subsolution in @ of (1)
if and only if u — ®%¥* satisfies the parabolic maximum principle in Q, i.e.,

mQ@X (u — d)bdz) = Ig%?{ (u — @bdz) for any Q' cC Q N dom(d"*),

for all b,d € R and z € RY. In [12], Otani proposes a new method of establishing gra-
dient estimates of the form sup;c( 7y [Du(-,t)| gy < C for solutions u to the Cauchy
problem (1)-(2) with @ = RY, provided that ¢ = p(z) € W'<(IRY), by using the
L*>-energy method he developed, which is not used in this paper.

Another type of parabolic equation associated with the infinity-Laplacian is also
studied by Juutinen and Kawohl in [8], where they treat the following:

Ao

5) — T
(5) b | Dul?

in Q.

They investigate the existence and uniqueness of solutions of the Cauchy-Dirichlet prob-
lem for (5) with initial-boundary data ¢, and moreover, they deal with the Cauchy
problem for the case Q@ = R" as well. To prove the existence, they introduce ap-
proximate problems of the form (u.s); = eAu. s + Asues/(|Ducs|? + ), and establish
boundary Holder estimates of their solutions by constructing barrier functions such as
w(z,t) = @(xo,to) + Ch]|z — x0|* + Co(ty — t) with constants C,Cy and o € (0,1) for



each point (zg,ty) € 92 x (0,T"). Their barrier function argument partially relies on the
form:

Asou s Du Du
=(DU——,— ).
| Du|? |Du|” | Dul|

The main purpose of this paper is to investigate the comparison, uniqueness, ex-
istence and regularity of viscosity solutions of the Cauchy-Dirichlet problem (1)-(2).
Particularly, to prove the existence, we introduce the following approximate problems:

(6) (us)r =¢ (|Du€|2 + 5) Aue + Aju.  in Q.

As in [8], we employ barrier function arguments to establish a priori estimates for solu-
tions of the Cauchy-Dirichlet problems for (6) with initial-boundary data . Our proof
of the existence is inspired by [8]. Moreover, we also prove the Lipschitz regularity of
solutions, provided that ¢ is Lipschitz continuous in (). Furthermore, the existence of so-
lutions to the Cauchy problem for (1) with Q = R is also studied for unbounded initial
data satisfying boundedness conditions of Dy and D?p by using Perron’s method.

This paper is composed of five sections. In the next section, we state our main results
on the comparison, uniqueness, existence and Lipschitz regularity of viscosity solutions
of the Cauchy-Dirichlet problem (1)-(2). Sections 3 and 4 are devoted to proofs of the
existence and regularity results, respectively. Moreover, Section 5 is concerned with the
Cauchy problem for (1) with Q = RY.

Notation: Throughout of this paper, we use the following notation: @ =  x (0,7,
SQ =00 x(0,T), BQ =Q x {0}, CQ =092 x {0}, PQ =SQ UBQUCQ,

9o ) , &
=—, Di=—, D= (Dy,Dy,...,D D;. =
¢t at? 1 axl7 ( 17 2) ) N)? 1] axlaxj7

and D? denotes the N x N matrix whose (i, j)-th element is D7. Furthermore, we
also use the Einstein summation convention, where we sum over repeated Greek indices.
As for the definitions of function spaces such as C>!, H* and H%%/? and (semi-)norms,
we refer the reader to [10, pp. 7-8]. Moreover, we denote by Lip(Q) the class of Lip-
schitz continuous functions in @, and we simply denote by | - | the sup-norm in the
corresponding space if no confusion arises.

2 Main Results

Priori to state our main results, we give a couple of definitions to be used. First, we
define

P(s,p, X) = pipjXi; — s, (5,0, X) € Rx RY x S,

where SV denotes the set of all symmetric N x N matrices. We are then concerned with
viscosity solutions of (1) given in the following.



DEFINITION 2.1 Let Q be a domain in RY and let Q = Q x (0,T). A function u €
USC(Q) is said to be a viscosity subsolution in Q of (1) if

P(th(:%?i)aD(b(i'vg)vDZ(b(i.vf)) >0

for all (#,t) € Q and ¢ € C*Y(Q) satisfying u — ¢ attains its local mazimum at (Z,1).
A function uw € LSC(Q) is said to be a viscosity supersolution in Q of (1) if

P(¢t(j7£)7D¢(£7£)7D2¢(‘%7i)) <0

for all (&,1) € Q and ¢ € C*>(Q) satisfying u — ¢ attains its local minimum at (Z,1).
Moreover, u € C(Q) is said to be a viscosity solution in Q of (1) if it is both a
viscosity subsolution and a viscosity supersolution in @ of (1).

Furthermore, viscosity solutions of the Cauchy-Dirichlet problem (1)-(2) are defined
as follows:

DEFINITION 2.2 A function v € USC(Q) (resp., LSC(Q)) is said to be a viscosity
subsolution (resp., supersolution) in Q of (1)-(2) if u is a viscosity subsolution (resp.,
supersolution) in Q of (1), u < ¢ (resp., u > ¢) on PQ. Furthermore, u € C(Q) is
a viscosity solution in Q of (1)-(2) if it is both a wviscosity subsolution and a viscosity

supersolution in Q) of (1)-(2).

Applying Theorem 8.2 of [4], we can derive immediately the comparison principle for
(1)-(2), and moreover, it also provides the continuous dependence on initial-boundary
data and the uniqueness of solution.

THEOREM 2.3 (Comparison and uniqueness) Let Q be a bounded domain in RN with
boundary O and let u € USC(Q) and v € LSC(Q) be a viscosity sub- and supersolution
in @ =Qx(0,T) of (1), respectively, such that u < v on PQ. Then u < v in Q.

In particular, let 1, pa € C(Q) and let uy and uy be viscosity solutions in Q of (1)-(2)

with the initial-boundary data @1 and s, respectively. Then it follows that

(7) sup [ui(z,t) —ug(x,t)[ < sup |pi(z,1) — po(x, 1)l
(z,t)eQ (z,t)ePQ

which also implies the uniqueness of solution.

PrROOF OF THEOREM 2.3 Due to Theorem 8.2 of [4], the comparison part follows
immediately. Now, let u; and us be viscosity solutions of (1)-(2) with initial-boundary
data @1 and s, respectively, and put w*(z, t) := up(z, t) £5Up(, nepg [01(2, 1) —@a(x, 1)].
Then the functions w™ and w™ become a viscosity sub- and supersolution of (1)-(2) with
@ replaced by (1, respectively. Thus we have

w” <u <w' in Q,

which implies (7). In particular, if o3 = @9 on PQ, then the uniqueness of solution
follows. |



As for the existence of solution, we first introduce a uniform exterior sphere condition
defined in the following.

(8) For all zy € 09, there exists yo € RY such that |zo — yo| = R and
{z € RY; |z — 5| < R} N Q = 0 for some positive constant R independent of (.

This condition is employed only for the construction of approximate solutions in classical
sense. Now, our result reads:

THEOREM 2.4 (Existence) Let Q be a bounded domain in RY with boundary 0Q and

let @ = Q x (0,T). Suppose that (8) is satisfied. Then, for every ¢ € C(Q), the

Cauchy-Dirichlet problem (1)-(2) admits a viscosity solution u € C(Q) in @ such that

(9) sup |u(z,t)] < sup [p(z,1)].
(z,t)eQ (z,t)EPQ

In particular, if ¢ is Lipschitz continuous on @, then we can also prove the Lipschitz
continuity of the solution u in @) for the Cauchy-Dirichlet problem (1)-(2).

THEOREM 2.5 (Lipschitz regularity) Let Q be a bounded domain in RY with boundary
0. Let u be a wviscosity solution of the Cauchy-Dirichlet problem (1)-(2) with ¢ €

Lip(Q). Then there exists a constant L depending only on |¢|s, |D¢|so;s |¢t]oo, diam(€2)
such that

(10) lu(z,t) —u(y,t)| < Llx —y| forallz,y € Q andt € (0,7T),
where diam(Q2) stands for the diameter of €2, i.e., diam(§)) = sup,cq Sup,cq |7 — y|.

In Section 4, we also provide a couple of variants of the above regularity result.

3 Existence (Proof of Theorem 2.4)

In this section, we give a proof of Theorem 2.4, which is concerned with the existence of
viscosity solutions of the Cauchy-Dirichlet problem (1)-(2). First, we deal with the case
@ € H*>1+e/2(Q) for some a € (0,1). We then introduce the following approximation
of (1)-(2) for all € € (0, 1).

(11) (ue)y =¢ (!Du5\2 + 8) Au. + Aju. in @,

(12) u. =@ on PQ.

Define af; € C*°(R™) and P. € C(R x R" x ) by

@f](p) = €(|p|2+5)61] +pzp]; 7'7]:17277]\77 pGIRN

and

PE(S7p7X) = q; (p)Xz_Sa (S7p7X)€]RX]RNXSN.

ij



Then, (11) is rewritten into

P.((uo)i(,t), Duc(x,t), D*u.(z,t)) =0, (2,t) € Q.
Moreover, we observe that

e(lp? + 2)I€l* < a5 (p)&gy < {=(Ipl* +2) + pI*} 1€
for all ¢ € RY, and furthermore,

oas;
‘ S+ p)P < C+ )Y, igk=1,2,...,N.
3pk

Thus, since €2 satisfies (8), Theorem 4.4 of [10, Chap. VI, p. 560] ensures that the Cauchy-
Dirichlet problems (11)-(12) admits a classical solution u, € C(Q) N H2+1+/2(Q).
We now establish a priori estimates for solutions u. of the Cauchy-Dirichlet problems
(11)-(12) for each € € (0,1). To derive the convergence of u. as ¢ — +0, by grace of the
stability of viscosity solutions, it suffices to obtain a Hélder estimate for u. on @, which

implies the precompactness of u. in C(Q). The following lemma is concerned with an
L*>-estimate for wu,.

LEMMA 3.1 (L™-estimate) Let Q be a bounded domain in RY with boundary 09 and
let u e C(Q)NC*YQ) be a classical solution in Q = Q x (0,T) of the Cauchy-Dirichlet

problem (11)-(12) with ¢ € C(Q). Then we have

PROOF OF LEMMA 3.1 The function w'(z,t) = |p|e (resp., w (x,t) = —|p|s) be-
comes a classical supersolution (resp., subsolution) in @ of (11)-(12), so the classical
comparison principle (see, e.g., Theorem 9.1 of [11, p. 213]) implies that |u|s < [@]co- 1

We have several steps to establish Holder estimates for u. in Q. The first step is
concerned with a Lipschitz estimate for u.(x,-) at ¢ = 0 (see Lemma 3.2), and the
second step yields a Lipschitz estimate at any t € (0,7") (see Lemma 3.3). In the third
step, we estimate a Holder constant of u.(-,t) on 02 (see Lemma 3.4). Hence these three
steps imply a boundary Holder estimate on PQ (see Lemma 3.5). Finally, we derive a
global Hélder estimate for u. in @ from the boundary Holder estimate (see Lemma 3.6).
Our derivations of these estimates are due to the well-known barrier function argument,
and we also employ the translation invariance of the equation (11) to extend Lipschitz
and Holder estimates established only on the boundary, e.g., t = 0, 99, PQ, as in [9)].

LeEMMA 3.2 (Lipschitz estimate for u.(z,-) at t = 0) Let Q be a bounded domain in RY
with boundary 0Q and let u € C(Q) N C*1(Q) be a classical solution in Q = Q x (0,T)
of the Cauchy-Dirichlet problem (11)-(12) with € C*Y(Q). Then it follows that

(13) lu(z,t) — p(z,0)] < Myt forallt € (0,T) and x € Q,

where My := 2(|Dg|?% + 1)|D?*0|o + |04 0o-



PROOF OF LEMMA 3.2 Put w®(z,t) = ¢(z,0) & Mt and observe that
P(wf (z,t), Dw* (w,t), D*w* (x,1))

_Ml + a’ (Dg&(ﬂf 0))DU§0(JJ7 O)

< M+ 6(|D90|§o +2)| D%l + [Del3 | D*¢loe <0

for all (z,t) € Q. Moreover, if (z,t) € PQ, then

’LU+(£U,t) = ¢(z,0) + Myt
= ¢(z,1) — p(z,1) + o(x,0) + Mt
> 90( 7t) |90t’oot+M1t > <,0(.T t)

We can also deduce that P(w; (z,t), Dw™(z,t), D*w™(x,t)) > 0 for all (z,t) € Q and
w~ < ¢ on PQ. Therefore, the classical comparison principle ensures that w™ < u < w*
in Q. Hence we obtain (13). |

By using the translation invariance of the equations (11) and the above lemma, we
can derive a Lipschitz estimate for u.(z,-) in (0,7)).

LeEMMA 3.3 (Lipschitz estimate for u.(z,-) in (0,T)) Let Q be a bounded domain in RY
with boundary 0Q and let u € C(Q) N 02 1(Q) be a classical solution in Q = Q x (0,T)
of the Cauchy-Dirichlet problem (11)-(12) with ¢ € C*Y(Q). Then it follows that

(14) |u(z,t) — u(z,s)| < My|t —s|  forallt,s € (0,T) and x € Q,
where My = 2(|Dl%, + 1)| D%l + [t |oo-

PROOF OF LEMMA 3.3 Let h € (=T, T) be fixed and set @, = Q x (h, T+ h). Putting
v(z,t) = u(x,t — h), we see that v remains to be a solution in @, of (11)-(12) with ¢
replaced by ¢(-,- — h). Hence, by Lemma 3.2, we infer that

lv(x,t) —u(x,t)| < Mylh| for all (z,t) € B(QNQ4).

Here we used the fact that ¢ = max{0,h} if (z,t) € B(Q N Q). Thus we can derive
u < v+M;|h| on B(QNQ}). Moreover, if (z,t) € S(QNQ4), then we see that (z,t) € SQ,
which implies that

v(z,t) + Milh| = wu(x,t —h)+ Mh|
o(z,t — h) + M |h|
> oz, t) = u(z,t).

Therefore, since u(z,t) < v(x,t) + M|h| for all (z,t) € P(Q N Q) and v + M;|h| also
becomes a supersolution in @ N @, of (11), it follows that u < v 4+ M;|h| in Q N Q.
Repeating the above argument with v+ M |h| replaced by v — M |h|, we can deduce that
v—M|h| <u < v+ M|h| in QN Qp, which also gives |u(z,t) —u(z,t — h)| < M;|h| for
all (z,t) € Q@ N Q. Furthermore, using the arbitrariness of h, we can verify (14). il

We next proceed to the third step, where a Holder estimate is derived for u.(-,t) on

012.



LEMMA 3.4 (Hélder estimate for u.(-,t) on Q) Let Q be a bounded domain in RY with
boundary OS2 and let a € (0,1) and R > 0 be fized. Let u € C(Q)NC*H(Q) be a classical

solution in @ = Q x (0,T) of the Cauchy-Dirichlet problem (3.1)-(3.2) with ¢ € C(Q)
satisfying

t) — t
[Utloo < 00 and (p)5q = sup{‘gp(w’| ) (’T(y’ H;m,y e x#yte [O,T]} < 00.
El x_ya

Then there exists a number My depending only on |¢leo, [Ptloo; ()5, N, @ and R such
that

lu(z,t) — p(zo, to)| < Ma(|lz — mo|™ +to — t)
for all (xg,ty) € SQ, = € QN Br(xo) and t € (max{0,ty — 1}, o),
where Br(xo) = {x € RY; |z — 29| < R}.

In particular, the same conclusion also follows with QN Bgr(xo) replaced by 2 by choosing
R > 0 enough large.

PROOF OF LEMMA 3.4 Let (z9,%) € SQ and a € (0,1) be fixed and define
w' (w,t) = (0, o) + Kl — xo|™ + p(to — 1)

for all z € Bgr(zg) := {x € R"; |z — 29| < R} and all t < ¢, with positive constants &
and p which will be determined later. Observing that

wi(z,t) = —p, Daw™(z,1) = ka|r — z0|* (2 — 20);,
D%w*(z, t) = koo — 2) |z — 20| (2 — 20)i(x — 20); + KT — 20| * 2534,
we then see that
AwT(z,t) = (ka)*(a— 1)z — 2o>* 2.
Thus, it follows that
—w; (z,t) + afj(Der(x, t))D?juﬁ(x, t)

= p+ (ka)* {e(a =24+ N)+a— 1} |z — o[>
+e*ka(a — 2+ N)|x — 0|2

Here taking ¢ enough small such that
1
ela—24+N)+a—-1< 5(04—1),

we have

_w:r(x’ t) + CL%(D’U]JF(SL’, t))ijw+<x7 t)

(k) _ . 3a—4 | _2 _ o ja=2
< p+ 5 (v — 1)|x — x| +e“ka(a— 24 N)|z — o
2
— p+f£a|x—x0]a2{(ﬁg) (a—l)]a:—x0|2a2+82(a—2+N)}
2
< p+ﬁa|x—x0|a_2{(f€g) (a—l)RQa_z—i-aZ(oz—Z—l—N)},

8



where we used the fact that |z — 2| < R. Hence

(K;)2(Oé— 1)R2a—2+82(a_2+N) S (K’Oé)2

provided that k > 1 and ¢ is enough small such that

2
az(oz —1)R*™?+&*(a—2+N) <O0.

Thus,
—w;t (z,t) + aj;(Dw* (x, 1)) D w™ (x, t)

3
p+ (KJO&) (O& _ 1)R2a_2|l' —$0|a_2

<
- 4
3
S p+ (K“Zé) (Cl/ _ 1)R3a—4'

Therefore, taking x enough large such that 4p < (ka)*(1 — a)R3*™*, we conclude that
—w; (z,t) + afj(Dw+(x,t))ijw+(m,t) <0

for all x € Br(xo) NQ and all t < ¢,.
We next prove that w* > w on P((Br(xo) N Q) X (tg — 1,ty)) for the case that ¢y > 1.
To do so, we divide our proof to the following three cases:

(i) Let z € (0Bgr(z0)) N and t < ¢y be fixed. From the fact that |x — 2| = R, we then
see that

wh(z,t) = o(x0,t0) + KR™ + p(to — t) > p(xg, to) + KR* > |p|ee > ulx,t),

provided that x > 2|p|s /R

(ii) Let = € Bgr(xo) N0 and t < ty be fixed. Since ¢(z,t) = u(x,t), it follows that

wh(z,t) = u(z,t) + (o, to) — u(z,t) + K|z — 20|* + plto — t) > u(x,t),

provided that £ > (p)g o and p > |¢¢|co-

(iii) Let = € Bgr(zo) N and let ¢ =ty — 1 be fixed. Then

w(z,t) = o(x0, to) + K|z — 20| + p > ©(z0,t0) + p > |Plee > ul(z, 1),

provided that p > 2|p|s.

Now as for the case where ¢y < 1, we employ (Bgr(z¢)N2) x (0,ty) instead of the cylinder
used in the last case. Then it is easily seen that, for x € Bg(zo) N Q and t = 0,

w+(1:,0) = @<x07t0) + KJ’JI - xola + ,Ot() > @(%,0) = U($70)7

provided that x> (©)§ o and p > |¢¢]c-



Therefore the comparison principle ensures that
u<w" on Bp(zry) NQ x [max{0,t — 1}, ]

Repeating the same argument with the function w=(z,t) := p(z0, to) — K|z — 2o|* —
p(to —t), we can also obtain w~ < w on Br(xg) N Q x [max{0,ty— 1}, ty]. Consequently,
we can deduce that

uz, ) — @(0, to)| < Klw — 0| + p(to — 1)

for all (zg,t9) € SQ and x € Bg(xo) NQ and ¢ € [max{0,to — 1}, o). I
Thus, Lemmas 3.3 and 3.4 imply the following:

LEMMA 3.5 (Hélder estimate on PQ) Let Q be a bounded domain in RY with boundary
9Q and let o € (0,1). Suppose that (8) is satisfied. Let u € C(Q)NC*Y(Q) be a classical
solution in Q = Q x (0,T) of the Cauchy-Dirichlet problem (11)-(12) with p € C*1(Q).
Then it follows that

(15) |u(x,t) — p(zo, to)| < M3 (Jx — x0|* + |t — to]) for all (xg,ty) € PQ and (z,t) € Q,
where My = My + My + <gp)fca22
PROOF OF LEMMA 3.5 For the case: (zg,%y) € SQ, by virtue of Lemmas 3.3 and 3.4,

|u(xo, to) — u(z,t)] lu(zo, to) — u(z, to)| + |u(z, to) — u(z,t)]

<
S M2|[E0 — ili'|a + Mﬂto — t|

For the case: (zo,t9) € BQ, that is, ty = 0, by Lemma 3.2, we also have

|u(o,0) — u(z,1)| |o(0,0) = (2, 0)] + [(x, 0) — u(, )]

<
< (D)% xg — 2| + Myt.

Hence (15) follows. I

Now, we extend the above Hélder estimate on the parabolic boundary P(@) into the
parabolic domain @ in the following lemma, which is derived from Theorem 6 of [9], but
for the completeness, we give a proof.

LEMMA 3.6 (Global Hélder estimate) Let Q be a bounded domain in RY with boundary
O and let o € (0,1). Suppose that (8) is satisfied. Let u € C(Q) N C*HQ) be a
classical solution in Q@ = x (0,T) of the Cauchy-Dirichlet problem (11) and (12) with
o € C*Y(Q). Then it follows that

(16) u(w,t) = uly, s)] < M (Jz —y|* + [t = s]) for all (z,1),(y,s) € Q,

where My = My + Ms + (@%

10



PROOF OF LEMMA 3.6 Let h := (hg, h;) € RY xR be fixed and let Q4+ h := {(z,t) €
RN (2 — hy,t — hy) € Q}. Moreover, put v(x,t) = u(x — hy,t — h;). We then find
that v still remains to be a solution in  + h of (11) and (12) with ¢ replaced by
©(+ — hg,- — ht). Then, by Lemma 3.5, we can assure that, for (z,t) € P{Q N (Q + h)},
[v(z,t) — u(z,t)| < Ms|h|a1, where |hlo1 = |hy|® + |he]; hence, v — Mj|hlo1 < u <
v+ Mj|hlo1 on P{Q N (Q + h)}. Furthermore, since v £ M;|h|,1 also become a super-
and subsolution in @ N (Q + h) of (11), the classical comparison theorem ensures that
v — Mslhlag < u < v+ Ms|h|a1 in @ N (Q + k). Using the arbitrariness of h, we can
verify (16). i

By virtue of the global Holder estimate for u. in Lemma 3.6 and Ascoli-Arzela’s
compactness theorem, taking a sequence &, — 40, we can deduce that

(17) u., — u  uniformly on Q

n

as ¢, — +0. We also note that
P.(s,p,X) — P(s,p,X) ase — +0, forall (s,p,X) € R x R x S,

Therefore, the stability of viscosity solution (see, e.g., Section 6 of [4]) ensures that the
limit u becomes a viscosity solution of (1)-(2).

Now we proceed to the case ¢ € C(Q). By virtue of Weierstrass’s approximation
theorem (see, e.g., 1.29 Corollary of [1, p. 10]), we can take an approximate sequence
on € H?F1H2/2(Q)) such that ¢, — ¢ uniformly on Q. Hence, due to the last case, there
exists a viscosity solution w,, of (1)-(2) with ¢ replaced by ¢,. Moreover, by Theorem

2.3,

Sup [y (2, ) — (2, )| < sup (@, t) — g, )] — 0
(z,0)eQ (z,t)ePQ

as n,m — +oo. Thus (u,) forms a Cauchy sequence in C(Q), so u,, — u uniformly on
Q. Therefore, from the stability of viscosity solution, u also becomes a viscosity solution

of (1)-(2) with the initial data ¢ € C(Q). Furthermore, as in Lemma 3.1, (9) follows
immediately. This completes our proof of Theorem 2.4. |

4 Lipschitz Regularity

In this section, a couple of regularity results are established for solutions of the Cauchy-
Dirichlet problem (1)-(2); particularly, we give a proof of Theorem 2.5, which ensures
the Lipschitz regularity of solutions of (1)-(2) with ¢ € Lip(Q). For this purpose, in the
following lemma, we first verify a boundary estimate with a bound L by constructing a
barrier function. It is noteworthy that the barrier function used in our proof can not be

applied to the approximate problems (11)-(12) in the last section.
LEMMA 4.1 Let Q be a bounded domain in RY with boundary 0Q. Let u € C(Q) be

a viscosity solution of (1)-(2) with ¢ € C(Q) and let r > 0. Suppose that there exist a
constant Ny and a function w € C?((0,7]) such that w(+0) =0, W'(s) > 0 and W"(s) <0

for all s >0, wy 1= sup,¢(, ' (s)s < +oo and

lp(z,t) — p(z0,t0)| < w(|z — T0]) + Ao(to — 1)
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for all (z,t) € Q, (xo,ty) € SQ satisfying t < to and |x — xo| < r. Then there exists a
constant C1 = C1(r, |@]oos Ao, wo, W' (1), w(r)) > 1 such that

(18) u(z, t) = (20, to)| < Crw(|z — 2o|) + Ao(to — 1)
for all (zo,ty) € SQ and (z,t) € Q satisfying |x — xo| < r and t < to.

PROOF OF LEMMA 4.1 Let (w0,t) € SQ be fixed and let N := {(x,t) € R"™; |z —
xo| < r,t < to}. Moreover, define w*(x,t) 1= p(xg,ty) £ {Crw(|z — 20|) + No(to — 1) —
|z — x0]?}, where C will be determined later. Then we see that

P(w/ (z,t), Dw" (z,t), D*w* (x,t))

|z —zo) L\
< )\0—2<Cl—2> |I'—.§C0|2

|z — x|
< Ao —20%(W'(r)* +8Cwy  for all (z,t) € QN N.

Hence, P(w; (x,t), DwT(z,t), D*w*(x,t)) < 0, provided that A\g—2CZ(w'(1))*+8C wp <
0. Moreover, if (z,t) € PQ N N, then since w(s) = [Jw'(T)dT > &'(r)s, we see that
wh(z,t) > ¢(z, 1) =z, 1)+ (2o, to) +{C1—r(w'(r)) " }w(|z—z0]) + Mo (o —1) = (. 1)+
{C) —r(W(r)™r = 1w(lz — zo]) > @(z,t) = u(z,t), provided that C; > r(w'(r))~' + 1.
Furthermore, if (z,t) € SN, then w'(x,t) = ©(xg, to) +Crw(r) +Xo(to—1) =72 > |p|oe >
u(x,t), provided that Ciw(r) > r? + 2|p] .

Thus taking C; = C1(7, |¢|so, Ao, wo, W' (1), w(r)) enough large such that

r 2 4+ 2|00
Ao — 2012(@(7»))2 4+ 8Ciwy <0 and (7 > max (w’(r) +1, w(i;ﬁ’ ) 7

we observe that P(w;", Dw™, D?>w") < 0in QNN and w™ > u on P(Q N N). Moreover,
repeating the same argument for w~, we have P(w; , Dw™,D?*w~) > 0 in @ N N and
w™ < uwon P(Q N N). Hence Theorem 2.3 ensures that w~ < v < w' in N N Q.
Therefore, we obtain (18). i

Now, we prove the global Lipschitz estimate in Theorem 2.5 by using the boundary
Lipschitz estimate and the comparison principle obtained in Lemma 4.1 and Theorem
2.3, respectively.
PROOF OF THEOREM 2.5 Let h € RY be fixed. We then notice that v(z,t) := u(z —
h,t) remains to be a viscosity solution in Q, := {(z,t) e R" ;2 —h € Q,t € (0,T)} of
(1)-(2) with ¢ replaced by (- — h,-). Moreover, if (z,t) € S(Q N Qy), we then deduce
that |v(z,t) —u(z,t)| < L|h|, where L = C1|Dy|« and C' is a constant appeared in (18),
by using Lemma 4.1 with r = diam(Q) := sup,cqsup,cq [z — y|, w(s) = [Dy|ws and
Ao = |@¢|oo, S0 v — LIh| < u < v+ L|k| on S(QNQy). Further, if (z,t) € B(QNQy), ie.,
t =0, then v(z,0) + L|h| = ¢(x — h,0) + L|h| > ¢(x,0) = u(x,0) and v(z,0) — L|h| <
u(x,0). Thus, since v — L|h| < u < v+ L|h| on P(Q N Qy) and v £ L|h| also become
viscosity solutions of (1), the Theorem 2.3 implies that v — L|h| < u < v+ L|h| in QNQ.
Therefore we have

lu(x — h,t) —u(z,t)| < LIh|  for all (z,t) € QN Qp.

From the arbitrariness of h, we can obtain (10). i
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REMARK 4.2 As for the case ¢ € C*1(Q), one can also verify the Lipschitz regularity
in time of viscosity solutions in @ of (1)-(2), that is,

(19) lu(z,t) —u(z,s)| < My|t —s| forallz e, t,se (0,T)

with My = |Dp|% |D?*¢|e + |¢t]oo, Dy repeating the similar argument as in proofs of
Lemmas 3.2 and 3.3.

Furthermore, we give another type of regularity result in the following.

COROLLARY 4.3 Let Q be a bounded domain in R™ with boundary 5. Let u € C(Q)

be a viscosity solution of the Cauchy-Dirichlet problem (1)-(2) with ¢ € C(Q). Suppose
that

[p(z,t) — (y,1)]
[z —y|*

<s0>¥f2g = sup Sup{ T,y €8, o F# y} <400, [P0 < +00

t€[0,T]

for some e € (0,1). Then there exists a constant L depending only on «, |¢|so, <<p):(ta22,

|0t]0o, diam(Q2) such that
(20) lu(z,t) —u(y,t)| < Llx —y|* forallz,y € Q andt € (0,T).

PrRoOOF OF LEMMA 4.3 Apply Lemma 4.1 with

r = diam(Q), Ao = |¢t|eo, w(s) = <90>g,1223a'

We then observe that w'(s) = <g0>g(:“220450‘_1 > 0 and w"(s) = <g0>§f22a(a —1)s*2 <0 for
all s > 0. Thus repeating the same argument as in the proof of Theorem 2.5, we can
derive (20). i

In particular, if ¢ = ¢(z) is independent of ¢, we can then establish a sharper estimate.

The following lemma will be also employed in §5.

COROLLARY 4.4 Let Q be a bounded domain in RY with boundary 0Q. Let u € C(Q)

be a viscosity solution of the Cauchy-Dirichlet problem (1)-(2) with ¢ € H*(Q) (resp.,

Lip(Y)) and o € (0,1) (resp., a« = 1). Then it follows that

(21) lu(z,t) — u(y,t)| < Llz —y|*  forallz,y € Q and t € (0,T)

with L = () = sup{|o(x) — o)|/|z — y|* 2,y € Dz # y} (resp., L =|Dp|r=(a)-
PROOF OF COROLLARY 4.4 Let xp € 9Q and put w*(z,t) = @(xo) £ Ljz — x0|®

with o € (0,1) (resp., = 1) and L = (cp)g)‘) (resp., L = |Dg|r=(q)). It then follows
immediately that

+P(wi (z,t), Dw* (x,t), D*w*(x,t)) <0 for all (z,1) € Q.

Moreover, we can also derive that wt(z,t) = p(z) — @(x) + @(x0) + Ll — 20|* > () =
u(z,t) for all (z,t) € PQ and that w™ < w on PQ. Therefore, w™ < u < w™ on PQ.
Hence, Theorem 2.3 implies w™ < v < w™ in Q. Thus it follows that |u(z,t) —u(zo, t)| <
Llx—xo|* for all (z,t) € @ and zp € J9. Moreover, we can extend this boundary estimate
into €2, by repeating the same argument as in the proof of Theorem 2.5. |}
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5 Cauchy Problem

This section concerns the existence and uniqueness of solutions of the Cauchy problem
for (1) with Q = RY and ¢ = ¢(x) € C*(IR"). Suppose that ¢ € C?(IRY) satisfies

(22) sup {|Dg0(x)| + |D2g0(x)|} < +4-00.
zeR
Thus there exists a constant K independent of x such that |o(x)] < K (|| 4+ 1) for all
z € RY. Therefore, Theorem 2.1 of [6] ensures the comparison principle for solutions of
the Cauchy problem with an initial data ¢.
Moreover, let w*(z,t) := ¢(z) £ Mt and obtain

P(w;r,Dw+,D2w+) = Ml - DZQO(Z')D]QO(QT)DZ(,O(ZB)
> M, — |Del% | D¢l > 0,

by taking My = |Dp|? | D?*p|s. We can also deduce that w~ becomes a classical subso-
lution of (1) in RY x (0, 7). Furthermore, w*(-,0) = ¢.
Now, define

W(x,t) := sup {U(:E,t); w(z,t) <wv(z,t) <wt(z,t), ve S} :

where S denotes the set of all viscosity subsolutions of (1) in RY x (0,7'). Then,
by virtue of the comparison principle and Perron’s method, the restriction of W on
Qr = {(z,t) € RY x (0,T);|z] < R} becomes a viscosity solution of (1) in Qg for
any R > 0. Thus, we can deduce that W becomes a viscosity solution of P = 0
in RY x (0,7) from the arbitrariness of R. Furthermore, since w~ < W < w* and
w™(z,0) = wt(z,0) = ¢(x), it follows that W (x,0) = ¢(x). Therefore, W is a viscosity
solution of the Cauchy problem in R™ x (0, 7).
Consequently, we have:

THEOREM 5.1 Let Q = RY x(0,T) and let ¢ € C*(RY). Suppose that (22) holds. Then

there exists a unique viscosity solution u € C(Q) in Q of the Cauchy problem (1)-(2).
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