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Abstract

This paper is devoted to providing a sufficient condition for the
maximality of the sum of subdifferential operators defined on reflexive
Banach spaces and proving the maximal monotonicity in LP(2) x
LP' () of the nonlinear elliptic operator u — —A,u + f(u(-)) with a
maximal monotone graph [.
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1 Introduction

Let F and E* be a real reflexive Banach space and its dual space, respectively,
and let ¢q, ¢y : E — (—o00, 00| be proper (i.e., ¢1, 2 Z 00) lower semicontin-
uous convex functionals with the effective domains D(¢;) := {u € E; ¢;(u) <
oo} for i = 1,2. Then the subdifferential operator dp¢; : E — 2F" of ¢; is
defined by

Opdi(u) = 1{§ € E*; ¢i(v) — ¢i(u) > (§,v —u)p forall ve D(g:)},
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where (-, -) g denotes the duality pairing between E and E*, with the domain
D(0r¢;) = {u € D(¢;); dppi(u) # 0} for i = 1,2. This paper provides a new
sufficient condition for the maximal monotonicity of the sum 0g¢; + Or¢ps in
E x E* and an application to nonlinear elliptic operators in LP-spaces.

This paper is motivated by the question of whether the following operator
M is maximal monotone in LP(2) x L” () with p € [2,00), p' = p/(p — 1)
and a bounded domain Q of R¥:

M :D(M) C LP(Q) — L7 (Q); u — —Apu+ B(u(-)), (1.1)

where (3 is a maximal monotone graph in R such that 3(0) 3 0, and A,, is a
modified Laplacian given by

Apu=V-(|Vu["?Vu), 1<m<oo

equipped with the homogeneous Dirichlet boundary condition, i.e., u|sq = 0.
The operator M can be divided into two parts: u — —A,,u and u — F(u(+)),
and they are maximal monotone in LP(Q) x LP' (). Indeed, set E = LP(Q)
and put

1
E/Q|Vu(x)|md$ if ueW,™(Q),

b1 (u) (1.2)
o0 otherwise,

s | [t it ) e o), s
o0 otherwise,

where j : R — (—o00,00] is a proper lower semicontinuous convex function
such that 97 = 3. Then ¢, and ¢, are lower semicontinuous and convex in
E, and moreover, Op¢;(u) and Oggs(u) coincide with —A,,u equipped with
uloq = 0 and F(u(+)), respectively. Although every subdifferential operator
is maximal monotone, the sum of two subdifferential operators might not
be maximal monotone. Hence it is not obvious whether the operator M =
Op®1 + Op¢y is maximal monotone in £ X E* or not.

The maximality for the sum of two maximal monotone operators was
well studied in Hilbert space settings (see [6] and [7]). These results were
combined with nonlinear semigroup theory founded by Yukio Komura [10]
in 1967 and developed later by Brézis and many people for the study of
nonlinear evolution equations. As for Banach space settings, a couple of suf-
ficient conditions are proposed by Brézis, Crandall and Pazy [8] (see also [9]
and [13]). Let A and B be maximal monotone operators from E into E*.
Their results ensure the maximal monotonicity of A+ B in E x E* if one of
the following conditions is at least satisfied:
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() D(A) N (IntD(B)) 0.

(ii) B is dominated by A, i.e., D(A) C D(B) and ||B(u)| g+ < k|| A(u)]|| g+
((|u|g) for all w € D(A) with k£ € (0,1) and a non-decreasing function
¢ in R.

Here we write ||C| g+ := inf{|c|g+; ¢ € C} for each non-empty subset C
of E*. Furthermore, in case B is a subdifferential operator, the following
condition (iii) also ensures the maximal monotonicity of A+ B, and this fact
is proved in [7] when E = E* = H is a Hilbert space; however, it can be
naturally extended to a Banach space setting.

(iii) B = Og¢ with a proper, lower semicontinuous convex function ¢ : £ —
(—00, +00], and

o(Jyu) < d(u) + CA  for u e D(¢) and A > 0, (1.4)

where J, denotes the resolvent of A in E.

Here the resolvent J, : E — D(A) is given such that u, := Jyu is a unique
solution of Fg(uy —u)+ A(uy) 3 0, where Fg stands for the duality mapping
between E and E*, for each u € E.

However, these results could not be applicable directly to our setting for
(1.1). As for (i), neither D(0g¢;) nor D(Og¢s) might have any interior points
in E (= LP(Q2)). Condition (ii) cannot be checked unless an appropriate
growth condition is imposed on 3. Condition (iii) is available for the case
that p = 2, because the duality mapping Fg of E = L?(Q) is the identity
and the resolvent J, for Og¢, has a simple representation formula,

(Jyu)(z) = (1 4+ A3) Hu(x)) for ae. x€Q, (1.5)

which enables us to check (1.4). However, it is somewhat difficult to check
(1.4) for the case that p # 2. Actually, the relation between the resolvents
of Ogpo and 3 is unclear, since the duality mapping Fg is severely nonlinear
whenever p # 2 (see (3.2) below).

In this paper we propose a new sufficient condition for the maximality of
Opd1 + Opg in E x E* such that the representation formula (1.5) in L*(Q)
can be effectively used in applications to nonlinear elliptic operators such as
(1.1). More precisely, we introduce a Hilbert space H as a pivot space of the
triplet £ — H = H* — E* and an extension ¢4 of ¢, to H, and moreover,
we give a sufficient condition for the maximality in terms of the resolvent
and the Yosida approximation for dy¢Z.



The treatment of the operator M in LP(§2) with p # 2 is required from
recent studies on severely nonlinear problems such as generalized Allen-Cahn
equations of the form

lwe P2y — Apu+ B(u) + g(u) > f  in Qx (0,00), (1.6)
u=0 on 00 x (0,00), (1.7)
u(-,0) =ug in Q (1.8)

with a non-monotone function g : R — R. The main difficulty of treating
(1.6) arises from the nonlinearity in w;. To avoid this, one often chooses
E = L*(Q) as a base space of analysis, since the mapping u — |u[P~2u from
E into E* has fine properties. Moreover, (1.6)—(1.8) can be reduced into the
Cauchy problem for the following evolution equation in E* = L (Q):

Ot (1)) + Dpd(u(t)) + glu(-£)) > f(t) n B,
by putting X
vl = / ju(z) Pz

and by setting ¢ = ¢ + ¢o with @1, ¢o defined by (1.2), (1.3), provided that
Op®1 + Ogpo is maximal monotone in £ x E*. The existence and the large-
time behavior of global solutions for this abstract evolution equation have
been studied by the author (see [1]).

Let us briefly discuss several related works. Condition (i), which had
been proposed by Rockafellar [13], was generalized by Attouch, Riahi and
Théra [3] (see, e.g., [14] for recent developments). Condition (ii) was gen-
eralized by [16]. Moreover, these problems have been also studied in gen-
eral Banach space settings (see, e.g., Borwein [5], Voisei [15] and references
therein). Furthermore, Attouch, Baillon and Théra [2] proposed the notion
of wariational sum of maximal monotone operators in Hilbert spaces. On
the other hand, perturbation problems were also studied in the theory of
m-accretive operators in Banach spaces (see [11, 12] and references therein).

In §2, we first propose an abstract framework on the maximality for the
sum of two subdifferential operators in Banach spaces. Moreover, in §3, we
also establish an estimate for the nonlinear elliptic operator M in L"(2) with
r € (1,00) to check a sufficient condition presented in §2. The final section
is devoted to an application to the nonlinear elliptic operator M.



2 Maximality for the sum of subdifferential
operators

This section is devoted to our sufficient condition for the maximality of the
sum of two subdifferential operators in an abstract form.

Let us first briefly recall a couple of notion associated with maximal mono-
tone operators and subdifferential operators in Hilbert spaces (see, e.g., [6, 7]
for more details).

Let A : H — H be a maximal monotone operator with the domain
D(A) :={u € H; A(u) # (0}. The resolvent Jy : H — D(A) of A is defined
by Jy := (I + AA)~! with the identity mapping I : H — H, and moreover,
the Yosida approzimation Ay : H — H of A is given by Ay := (I — Jy)/\.
Then Ay(u) € A(Jyu) for all u € H.

Let ¢ : H — (—00,00] be a proper lower semicontinuous convex func-
tional. The Moreau-Yosida reqularization of ¢ is defined by

veH

. 1 1
oa(u) := inf {ﬁ]u — vl + gp(v)} = ﬁ]u — Jyuly + o(Jyu)  foru € H,

where J, denotes the resolvent for dyp. We note that the subdifferential
operator of ¢, coincides with the Yosida approximation of Jyy, that is,
O (r) = (Omp)a, so we simply write dgpy. Moreover, o(Jyu) < p(u) <
o(u) for all u € H.

Now, our result reads,

THEOREM 2.1. Let E be a strictly convexr reflexive Banach space with a
strictly convex dual space E* and let H be a Hilbert space whose dual space
1s identified with itself such that

E— H=H"— E* (2.1)

with continuous and densely defined canonical injections. Let ¢1 and ¢o be

proper, lower semicontinuous and convex functions from E into (—oo, 0]
such that D(¢1) N D(¢2) # 0. Assume that

(A1) there exists an extension ¢t of ¢ to H such that ¢i! is lower semicon-
tinuous and conver in H.

Let JI stand for the resolvent of dgpit, and let gbg{)\ denote the Moreau-
Yosida regularization of ¢¥ and ALl the Yosida approzimation of Opdi.
Suppose that



(A2) let [ux, &5 € Opdr be such that |Ex + Af (un)| g+, ¢1(un), ¢4\ (un) and
|ur|g are bounded as X — +0. Then JHuy € E, and moreover, |Juy|g
and |Al(uy)|g- are also bounded.

Then 0Py + Opds is maximal monotone in & X E*.

Proof. Since E* is strictly convex, the duality mapping Fr between E and
E* is single-valued and demicontinuous (i.e., strongly-weakly continuous).
Moreover, we can assume ¢, ¢ > 0 without any loss of generality (see
Proposition 2.1 of [4, Chap. II]). The monotonicity of dg¢1 + Or¢ps follows
immediately. To prove the maximality in F x E*, it suffices to show that the
range of Fg + Op¢1 + Opgy coincides with E* (see, e.g., Theorem 1.2 of [4,
Chap. IIJ).

We note that AY is Lipschitz continuous in H, in particular, bounded
and hemicontinuous from E into E*. Hence Orp¢, + Af\{ becomes maximal
monotone in £ x E* (see Corollary 1.1 of [4, Chap. II]), and therefore, for
each f € E*, there exists uy € D(Og¢;) such that

Fp(uy) + &+ A (wy) = f and &, € Opd:(uy). (2.2)
Let us take v € D(¢1) N D(¢3). Multiply (2.2) by u) — v and note that
Al = 0y (¢4). Tt then follows that
1 1
Sl = 3ol + 61(0) — 01(0) + () — OEA(0) < (Foun — ). (2)
Since @3 (v) < ¢§ (v) = P2(v), we have
|Fe(un)|p = [uale < C, o1(un) <O and gyl (wn) <O, (24)

and hence,

&+ A (wy)|p- < C.

Furthermore, by (A2),

|JHuylp < C and  |A¥(uy)

E* §C7

which also implies
|Ex|e < C.

Therefore since £ and E* are reflexive, we can take a sequence A\, — +0
such that

Uy, — U weakly in F, (2.5)
Fg(uy,) — u* weakly in £, (2.6)
Ty, — weakly in F, (2.7)
Al (up,) —n  weakly in B, (2.8)
Ex, — €& weakly in £* (2.9)



with some u, @ € E and u*,n, & € E*. Hence u* + £ +n = f. Moreover,

|’U,)\—J)\HU)\ E*S)\C—>O

Thus we obtain u = 4. By (2.4) and the (weak) lower semicontinuity of ¢,
and ¢q, we observe u € D(¢1) N D(¢a).

Multiply (2.2) with A = A, by u,, — u and pass to the limit as A\, — 0.
Then

lim sup(Fi (uy, ), s, ) + Hminf ¢y (uy, ) + lim inf ¢ (I ux,)
An—0 n— n—
< (u', u) + ¢1(u) + g2 (u).

Hence by the weak lower semicontinuity of ¢; and ¢, in F, it follows from
(2.5) and (2.7) that

An—0

Therefore, since F is maximal monotone in E X E* by Lemma 1.2 of [8] it
also follows that

u'=Fg(u) and (Fp(u,),u,) — (U5 u).
Furthermore, we can similarly obtain

§€0ppi(u) and (6, un,) — (&, u).

Now it remains to prove n € Og¢s(u). Note that

(AN, (), Thun,) < (AR () un,)
= <f7 u>\n> - <FE(U/\n)7 u>\n> - <§>\n7 u)\n>
— (f—u" =&u) = nu).
Recalling by (A1) that AY (uy,) € Oudf (J{ un,) C Opda(Ji uy,) and em-
ploying Lemma 1.2 of [8], we conclude by (2.7) and (2.8) that n € Jg¢a(u).

Consequently, Fg(u) 4+ Opd1(u) + Oppa(u) > f, and therefore Opdy + Opds is
maximal monotone in £ X E*. OJ

REMARK 2.2. (i) One can replace (A2) of Theorem 2.1 by

(A2)" Let f € E* and let uy be solutions of approximate problems
(2.2). Then J{u, € E, and moreover, |Juy|p and |A¥ (uy)
are bounded as A — 0.

E*



(ii) Brézis, Crandall and Pazy [8] also presented a sufficient and necessary
condition for the maximality of the sum A + B of two maximal mono-
tone operators in £ x E* with D(A) N D(B) # (. More precisely, let

uy be a solution of
Fp(uy) + 6+ Ba(uy) = f and & € A(uy), (2.10)

where Jy : E — D(A) and B, : E — E* are the resolvent and the
Yosida approximation, i.e., By(u) = Fg(u — Jyu)/\, respectively, of
B : E — E*. Then A+ B is maximal monotone if and only if for each
f € E*, |Bx(uy)|g~ is bounded as A — 0 (it also yields the sufficient
conditions (i)—(iii) in Section 1). Here we also note that the bounded-
ness of |Jyuy|g automatically follows from that of |uy|g as A — 0, since

Jy: E — D(A) is bounded.

(iii) The extension of Theorem 2.1 to the sum of maximal monotone oper-
ators A, B : E — E* is still open and seems to be not obvious. Indeed,
the derivations of u* = Fg(u), £ € Og¢1(u) and n € Jgpo(u) in our
proof essentially rely on the structure of subdifferential operators, and
moreover, a technique used in [8], where the maximality of A + B is
treated, could not be applied directly to our approximation (2.2).

3 An estimate for maximal monotone graphs
in L"(Q2)

In order to check (A2) of Theorem 2.1 for the case that £ = LP(Q2) and ¢1, ¢
are given by (1.2), (1.3) respectively, we shall establish an estimate in L"(£2)
for the nonlinear elliptic operator

u— —Apu+ Bu(+))

with a maximal monotone graph [ in R. It will be used to derive the bound-
edness for | A (uy)|g- as A — 0 for solutions uy of (2.2).

THEOREM 3.1. Let Q be a domain in RY and let m,r € (1,00). Let : R —
2% be a mazimal monotone operator in R such that 3(0) > 0, and let 3°(s)
denote the minimal section of B(s), i.e., |5°(s)| = min{|{|; € € B(s)}. Let
uw e Wy™Q) and n € L' (Q) be such that Apu € L7(Q) and n(zx) € Bu(z))
for a.e. x € Q. Then it follows that

13°(u()zr@) < | = Anu+nlLr(g). (3.1)



In case r = 2, Estimate (3.1) has already been established in an abstract
formulation (see, e.g., [7]), and its proof relies on a structure intrinsic to
Hilbert spaces. However, for r # 2, it seems to be unknown. We prove (3.1)
for general r € (1,00) by finding a necessary and sufficient condition for the
maximal monotonicity of the composition of two monotone operators in R
and by exploiting an explicit formula of a duality mapping between L"(£2)

and L™ ().
Let us define a mapping F, : L"(Q2) — L" (Q) by
o0 ()
— if veL"(Q)\{0},
F.(v) := |?J|LT(QQ) (3.2)
0 it v=0.

Then F, satisfies

|F(v)

@) = [v]r) and (Fr(v),v)rr @) = |v|%r(m for all v e L"(Q).

Hence F, works as a duality mapping between L"(Q) and L™ ().
We next discuss a necessary and sufficient condition for the maximal
monotonicity of the composition of two monotone operators in R.

LEMMA 3.2. Let a, 3 : R — 2% be monotone operators in R and define a
mapping v : R — 28 by

V(s) = aof(s):={nealf); € ps)ND(a)}

with the domain D(v) = {s € D(B); B(s) N D(«) # 0}. Then v is maximal
monotone in R if and only if 37 + « is surjective in R.

Proof. We first prove the monotonicity of 7. Let s1,s9 € D(7) be such that
51 < s9. For all 1 € vy(s1) and 1y € y(s2), by the definition of ~, there exist
&1, € D(a) such that n; € «(;) and & € ((s;) for i = 1,2. Since 51 < s9
and 3 is monotone, we have & < &, which together with the monotonicity
of o implies 71 < 15. Thus 7 is monotone in R.

Assume that 37!+« is surjective in R. To prove the maximality, for each
f € R, it suffices to find s € D() such that s +~(s) > f. From assumption,
we can take £ € D(a) N D(B7!) such that 371(¢) + a(¢) > f. Then we can
take s € D(f) such that £ € ((s) and s + «(§) > f, that is, s +v(s) > f.
Thus 7 is maximal monotone in R.

Conversely, assume that v is maximal monotone, that is, for any f € R,
there is [s,n] € v such that s + 7 = f. From the definition of v, we can take
¢ € D(a) such that n € () and € € S(s). Hence since s € 571(€), we have
B7LHE) + a(€) > f, which implies the surjectivity of 37! + a. H

9



We further prepare the following lemma.

LEMMA 3.3. Let m,r € (1,00) and let v : R — 2% be a maximal monotone
operator in R such that v(0) 3 0. Then it follows that

/Q—Amu(ac)yo(u(x))dx >0

for all w € Wy'™(Q) satisfying Apu € L7(Q) and v°(u(-)) € L™ ().

Proof. Let 7, and p) be the Yosida approximation and the resolvent of v
respectively. Let u € Wy"™(Q) be such that A,u € L"() and ~°(u(-)) €
L™(Q). Then we find that |px(u(z + h)) — pa(u(2))| < |u(z + h) — u(z)| for
r € Qand h € RY satisfying 2+ h € €, since py, is non-expansive. Moreover,
we see p(0) = 0, because v(0) 5 0. Hence we have

IVor(u(x))| < |Vu(z)| for ae. z € (3.3)

and py(u(-)) € Wy™(Q). Furthermore, we can deduce that v, (u(:)) € L™ (Q)
from the fact that |y, (u(z))| < |7°(u(z))] and °(u(:)) € L™ ().
Multiplying —A,,u by v (u(-)) and integrating this over {2, we obtain

J R e

¢1(u) — d1(palu(-)))
)\ :

where ¢1(u) = (1/m) [, |Vu(z)|™dz. Therefore since (3.3) yields ¢;(u) >
o1(pa(u(+))), we deduce that

>

/ —Apu(x)ya(u(z))dx > 0.
Q
Letting A — +0 and noting that

(u(@)) = ¥ (u(z)), |n(u(@)] <[y (u(z))| forae ze

and °(u(-)) € L (), we infer that vy(u(-)) — 7°(u(-)) strongly in L™ ().
Thus we conclude that

/Q—Amu(x)yo(u(x))dx > 0.

This completes our proof. O]
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Now, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let u € W, ™ () and n € L"(Q) be such that A,,u €
L7(Q) and n(z) € PB(u(x)) for a.e. x € Q. Then [°(u(-)) also belongs to
L7(©2). Put v = °(u(-)) and multiply —A,,u +n by F.(v). Here we note
that

1 .
(B0 =Bty = e | =Bl o)
L (Q)
Put a(s) := |s|""2s. Then « is continuous and coercive in R. Moreover, since

B~! is maximal monotone, 37! + a becomes surjective. Hence by Lemma
3.2, the composite mapping v = «a o 3 is maximal monotone in R. Therefore
Lemma 3.3 yields

/Q—Amu(x)vo(u(x))dx > 0.

Here the minimal section ~°(s) of v(s) coincides with «(3°(s)) for all s €
D(). Thus by Lemma 3.3 it follows that (F}(v), —Apu)rr@) > 0. Further-
more, we observe

(o) = [ 1o o 2 ol

because v(z)n(x) > |v(x)|2 for a.e. x € Q. Hence we have

(F(v), —Apu + n>LT(Q) 2 |U|%T(Q)v
which implies (3.1). O

4 Application to nonlinear elliptic operators

In this section, we apply the preceding results to investigate the maximality
of the operator M defined by (1.1).

THEOREM 4.1. Let Q be a bounded domain of RN with smooth boundary 05).
Let 3 : R — 2% be a maximal monotone graph satisfying 3(0) > 0 and let
Jj: R — (—o00,00| be a primitive function of (3, i.e., B = Jj. Suppose that

l<m<oo and 2<p<oo. (4.1)

Let E = L*(Q) and let ¢1,¢9 : E — (—00,00] be defined by (1.2), (1.3)
respectively. Then M = Og¢1 + Opdo is maximal monotone in £ x E*. In
addition, if (B is single-valued, then it holds that

|0pd2(u)| g < |0p(P1 + ¢2)(u)|p«  for all uw € D(Ogp1) N D(Ords).

11



REMARK 4.2. By this theorem, M = 0g¢$1 + g, coincides with Og¢, where
¢ = ¢1 + ¢o. Indeed, one can easily check that Ogpdy + Oppe C Ip(d1 + ¢2) in
terms of their graphs. Hence if 0g¢; + Or ¢ is maximal monotone in E x E*,

then Op¢1 + Opdsr = Op(P1 + ¢2).

REMARK 4.3. Before proceeding to a proof of Theorem 4.1, let us check
the convexity and the lower semicontinuity of ¢1,¢s in E. The convexity
is obvious, so let us prove the lower semicontinuity. Since ¢; is convex and
continuous in Wy ™ (), ¢, is weakly lower semicontinuous in W, (). The
lower semicontinuity in F of ¢, is equivalent to the closedness in F of sublevel
sets [¢1 < A :={u € E; ¢1(u) < A} for any A € R. Let (u,) be a sequence
in [¢; < A] with an arbitrary A\ € R such that u, — u strongly in E. Then
from the definition of ¢, u, is bounded in W, (Q). Hence one can take a
subsequence (n') of (n) such that u, — u weakly in W, ™(€). Then since
¢1 is weakly lower semicontinuous in W, (€2), we have

61 (u) < liminf 6, () < A,

n’—oo

which implies u € [¢; < A]. Hence ¢, is lower semicontinuous in E. The
lower semicontinuity of ¢o in E can be proved by Fatou’s lemma as in the
case of p = 2 (see Example 3, p. 61 of [4]).

Proof of Theorem 4.1. Put H = L?*(2) and notice by (4.1) that (2.1) holds.

Define an extension ¢& : H — (—o0, 00] of ¢y by

s | [Nt it ) € o),

00 otherwise

for u € H.

Then ¢ = ¢y on E and ¢4 is convex and lower semicontinuous in H by
the convexity and the lower semicontinuity of j in R (see Example 3, p. 61
of [4]), so (A1) holds.

We next check (A2). Let [uy,&] € dp¢1 be such that [€y + A (uy)|p-,
d1(un), @5\ (ur) and |uy|g are bounded as A — 40, where A denotes the
Yosida approximation of 9y ¢, Then we notice by (1.5) that

[u, f] € A if and only if  f(z) = B\(u(x)) forae. z€Q

for all u, f € L*(Q2), where 3, stands for the Yosida approximation of f3.
Since f3) is maximal monotone in R and ,(0) = 0, Theorem 3.1 ensures that

A ()] g+ < 1061 (u) + Ay (u)

g+ forall uwe D(Ogg).

12



Thus |A¥ (uy)|g+ is bounded as A — +0.
As for the boundedness of J{u, in E, we note that

(JEu)(z) = 14+ X3)(u(z)) for ae. z € Q,

where J{ is the resolvent for dg¢¥, ie., JI = (I + \ox¢)~'. Since
(1 + AB)~! is non-expansive in R and (1 + A\3)~*(0) = 0, it follows that
|(JHu) ()] < |u(z)] for a.e. z € Q. Hence

JIue E and |Jfulp <|u|lp forall ue E.

Therefore Juy belongs to E and JHu, is bounded in E if |u, |z is bounded
as A — 0. Thus (A2) holds true. Consequently, by Theorem 2.1, we assure
that Ogp¢1 + Op@o is maximal monotone in £ x E*.

In case [ is single-valued, i.e., 8 = ()°, Theorem 3.1 also implies

|Op¢a(u)

We have completed our proof. n

g < |0p(d1 + ¢2)(u)

g+ forall u€ D(Ord1) N D(Opps).

References

[1] G. Akagi, Global attractors for doubly nonlinear evolution equations
with non-monotone perturbations, submitted to J. Differential Equa-
tions.

[2] H. Attouch, J.-B. Baillon and M. Théra, Variational sum of monotone
operators, J. Conver Anal., 1 (1994), 1-29.

[3] H. Attouch, H. Riahi and M. Théra, Somme ponctuelle d’opérateurs
maximaux monotones. Serdica Math. J., 22 (1996), 165-190.

[4] V. Barbu, Nonlinear Semigroups and Differential Equations in Banach
spaces, Noordhoff, Leiden, 1976.

[5] J.M. Borwein, Maximality of sums of two maximal monotone operators
in general Banach space, Proc. Amer. Math. Soc., 135 (2007), 3917—
3924.

[6] H. Brézis, Operateurs mazimaux monotones et semi-groupes de contrac-
tions dans les espaces de Hilbert, Math Studies, Vol.5 North-Holland,
Amsterdam/New York, 1973.

13



[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

H. Brézis, Monotonicity methods in Hilbert spaces and some applica-
tions to non-linear partial differential equations, Contributions to Non-
linear Functional Analysis, ed. Zarantonello, E., Academic Press, New
York-London, 1971, pp.101-156.

H. Brézis, M.G. Crandall, and A. Pazy, Perturbations of nonlinear
maximal monotone sets in Banach space, Comm. Pure. Appl. Math. 23
(1970), 123-144.

F.E. Browder, Nonlinear maximal monotone operators in Banach space,
Math. Ann., 175 (1968), 89—113.

Y. Komura, Nonlinear semi-groups in  Hilbert space,
J. Math. Soc. Japan, 19 (1967), 493-507.

Y. Konishi, A remark on perturbation of m-accretive operators in Ba-
nach space, Proc. Japan Acad., 47 (1971), 452—455.

Y. Konishi, Note on potential operators on LP, Proc. Japan Acad., 49
(1973), 486—491.

R.T. Rockafellar, On the maximality of sums of nonlinear monotone
operators, Trans. Amer. Math. Soc., 149 (1970), 75-88.

S. Simons, Sum theorems for monotone operators and convex functions,

Trans. Amer. Math. Soc., 350 (1998), 2953-2972.

M.D. Voisei, Calculus rules for maximal monotone operators in general
Banach spaces, J. Convex Anal., 15 (2008), 73-85.

J.R.L. Webb and W. Zhao, On the maximal monotonicity and the range
of the sum of nonlinear maximal monotone operators, Proc. Edinburgh
Math. Soc. (2), 34 (1991), 143-153.

14



