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Weighted energy-dissipation functionals
for doubly nonlinear evolution

Goro Akagi* and  Ulisse Stefanellif

Abstract

This paper is concerned with the Weighted Energy-Dissipation (WED) func-
tional approach to doubly nonlinear evolutionary problems. This approach consists
in minimizing (WED) functionals defined over entire trajectories. We present the
features of the WED variational formalism and analyze the related Euler-Lagrange
problems. Moreover, we check that minimizers of the WED functionals converge
to the corresponding limiting doubly nonlinear evolution. Finally, we present a dis-
cussion on the functional convergence of sequences of WED functionals and present
some application of the abstract theory to nonlinear PDEs.

Keywords: Doubly nonlinear equations; Variational principle; I'-convergence.
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1 Introduction

This paper is concerned with the analysis of the Weighted Energy-Dissipation (WED)
functional I, : LP(0,T; V) — (—o0, o0] given by

L(u) == / Cete (ww'(m + §¢<u<t>>) dt.

Here, t € [0,T] — u(t) € V is a given trajectory in a uniformly convex Banach space V,
v’ is the time derivative, p € [2,00), ¥, ¢ : V — (—00, 0] are convex functionals, and v
has p-growth.

The WED functional arises as a new tool in order to possibly reformulate dissipative
evolution problems in a variational fashion. In particular, minimizers u. of the WED
functional I, taking a given initial value u.(0) = uy are expected to converge as € — 0 to
solutions of the doubly nonlinear Cauchy problem

oY(u'(t)) +0p(u(t)) 20, 0<t<T, u(0) = ug (1. 1)
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(here 0 is the subdifferential, see §2.1). The differential problem (1. 1) expresses a balance
between the system of conservative actions modeled by the gradient 0¢ of the energy ¢
and that of dissipative actions described by the gradient 0v of the dissipation 1. This in
particular motivates the terminology WED as the energy ¢ and dissipation ¢ appear in
I, along with the parameter 1/¢ and the exponentially decaying weight t — exp(—t/¢).

The doubly nonlinear dissipative relation (1. 1) is extremely general and stands as
a paradigm for dissipative evolution. Indeed, let us remark that the formulation (1. 1)
includes the case of gradient flows, which corresponds to the choice of a quadratic dis-
sipation . Consequently, the interest in providing a variational approach to (1. 1) is
evident, for it would pave the way to the application of general methods of the Calculus
of Variations to a variety of nonlinear dissipative evolution problems.

This perspective has recently attracted attention and, particularly, the WED formal-
ism has already been matter of consideration. At first, the WED functional approach has
been addressed by MIELKE & ORTIZ [19] in the rate-independent case, namely for a posi-
tively 1-homogeneous dissipation ¢ (p = 1). By requiring the compactness of sublevels for
¢, in [19] it is checked that the limit € — 0 can be rigorously performed and minimizers
of the WED functionals converge to suitably weak solutions of the corresponding limiting
problem. These results are then extended and combined with time-discretization in [21].

Out of the rate-independent realm, the only available results for the WED functionals
are for the gradient flow case p = 2 (particularly ¥(-) = |- |?/2). In [10] CONTI & ORTIZ
provide two concrete examples of nontrivial relaxations of WED functionals connected
with applications in Mechanics. In particular, they show the possibility of tackling via
the WED functional approach some specific micro-structure evolution problem and the
respective scaling analysis. The general gradient flow case is addressed in [22] where the
limit ¢ — 0 is checked and the analysis is combined with time-discretization. In this
case, the convexity of ¢ plays a crucial role and no compactness is assumed. Finally, the
relaxation of the WED functional related to the evolution by mean curvature of cartesian
surfaces is addressed in [27].

Our focus here is on more general cases p € [2,00) instead. By assuming p-growth and
differentiability for ¢/ and some growth restriction and the compactness of the sublevels
for ¢ we are able to prove that minimizers u. of I. converge to a solution of (1. 1) (paper
[2] contains another result in this direction under a different assumption frame).

The limit ¢ — 0 is clearly the crucial issue for the WED theory and it is usually
referred to as the causal limit. This name is suggested by the facts that the Euler-
Lagrange equation for I. turns out to be elliptic-in-time (hence non-causal) and that the
causality of the limiting problem (1. 1) is restored as ¢ — 0. More precisely, let X be a
second reflexive Banach space which is densely and compactly embedded in V. Then, we
shall prove that the Euler-Lagrange equation for /. under the constraint u.(0) = ug reads

‘%(dm(u;(t))) + Ay (u(t) + Oxox (ue() 30 in X7, 0<t<T, (L2
us(0) = wo,  (1.3)
dvip(uc(T)) =0, (1. 4)

where ¢x : X — [0, 00] is the restriction of ¢ onto X, and dy+ and dx¢x are the Gateaux

2



differential of ¢ and the subdifferential of ¢ x, respectively (see §2.1 for definitions). Hence,
the Euler-Lagrange equation (1. 2) for I. stands as an elliptic reqularization in time of
(1. 1) (note the final condition (1. 4)). In particular, by formally taking the limit in the
Euler-Lagrange equation (1. 2)—(1. 4) as ¢ — 0, the following causal problem is recovered

dy(u'(t)) + Ovp(u(t)) 20 in V¥, 0<t<T, (1. 5)
u(0) = uo. (1. 6)

Note that the existence of global solutions for (1. 5)—(1. 6) was proved by COLLI [9] in
our very functional setting and it is hence out of question here. Instead, we concentrate
on the possibility of recovering solutions to (1. 5)—(1. 6) via the minimization of the WED
functionals I. and the causal limit € — 0. To this aim, we shall start from establishing the
existence of strong solutions to the Euler-Lagrange system (1. 2)—(1. 4) which, apparently,
was never considered before.

A second issue of this paper is the discussion of the functional convergence as h — 0
of a sequence of WED functionals I, in the form

Latw) = [V (a0 + Sontute)at

with initial constraints u(0) = wy, € D(¢rn) and two sequences of convex functionals
Y, dp V. — (—00, 00] depending on the additional parameter A > 0. We shall provide
sufficient conditions under which 1., — I in the so-called Mosco sense (see Definition
6.1). In particular, our sufficient conditions consist of separate I'-liminf conditions for i,
and ¢y, as well as a suitable joint recovery sequence condition in the same spirit of [20].
The present functional-convergence results are new even in the gradient flow case p = 2.

Before closing this section let us mention that elliptic-in-time regularizations of parabo-
lic problems are classical in the linear case and some results can be found in the monograph
by LiONS & MAGENES [18]. As for the nonlinear case, one has to recall the paper by
ILMANEN [16] where the WED is used in order to prove the existence and partial regularity
of the so-called Brakke mean curvature flow of varifolds.

Apart from the WED formalism, a number of alternative contributions to other vari-
ational formulations to nonlinear evolutionary problems,; e.g., Brézis-Ekeland’s princi-
ple [7, 8], have been considered in order to characterize entire trajectories as critical
points of functionals (see also [5], [12, 13, 14], [15] for linear cases, and [24, 25], [32,
33], [11], [28, 29, 30] for nonlinear cases). The advantages of the WED formalism over
former variational approaches are that it relies on a true minimization procedure (plus
passage to the causal limit) and that it directly applies to doubly nonlinear evolution
equations.

This is the plan of the paper. Section 2 is devoted to enlist and comment assumptions
and present some preliminary facts to be used throughout. In Section 3, we prove the
existence of strong solutions of the Euler-Lagrange equation (1. 2)—(1. 4), whereas Section
4 brings to a proof of the coincidence between global minimizers for I. and strong solutions
of the Fuler-Lagrange equation. In Section 5, we check for the causal limit ¢ — 0 and
Section 6 is concerned with the functional convergence of the sequence of WED functionals



I.; as h — 0. A typical example of a doubly nonlinear PDE fitting the current analysis

1S

a(u) — V- (|Vu|"2Vu) =0

with a monotone, non-degenerate, and polynomially growing at oo. Details on the respec-
tive WED functional approach as well as its approximation by functional convergence are
presented in Section 7. Eventually, the appendix contains a proof of a technical lemma.

2 Assumptions and preliminary material

2.1 Notation, subdifferential, Gateaux differential

Let us collect in the following some preliminary material along with relevant notation.

Let ¢ be a proper (i.e., ¢ #Z c0), lower semicontinuous and convex functional from a
normed space F into (—oo, 00]. Then the subdifferential operator dgp : E — E* of ¢ is
defined by

Opp(u) :={& € E*; p(v) —p(u) > ({,v —u)p forall ve E}

with the domain D(0gp) := {u € D(¢); Opp(u) # 0} and obvious notation for the
duality pairing. It is known that dgy is maximal monotone in E' x E* ([6], [4]).

The functional ¢ is said to be Gateaux differentiable at u (resp., in E), if there exists
¢ € E* such that

o 2l he) = ()

h—0 h =({,e)p foranyee E

at u (resp., for all u € F). In this case, £ is called a Gateaux derivative of ¢ at u and
denoted by dgp(u). We can naturally define an operator dgp from E into E*. If ¢ is
Gateaux differentiable at u, then the set Ogpp(u) consists of the single element dgp(u).

Throughout this paper, we denote by A the graph of a possibly multivalued operator
A: E — E*. Hence [u,{] € A means that u € D(A) and £ € A(u).

2.2 Assumptions

Let V and V* be a uniformly convex Banach space and its dual space with norms | - |y
and |- |y«, respectively, and a duality pairing (-, ) and let X be a reflexive Banach space
with a norm | - |x and a duality pairing (-, -)x such that

X—=V and V*— X*

with densely defined compact canonical injections. Let ¢ : V' — [0,00) be a Gateaux
differentiable convex functional and let ¢ : V' — [0, 00] be a proper lower semicontinuous
convex functional.

Let p € [2,00) and m € (1, 00) be fixed, and introduce our basic assumptions:

4



(A1) there exist constants C,Cy > 0 such that Cy|ul}, < ¢(u) + Cs for all u € V;

(A2) there exist constants C3, Cy > 0 such that |dyv(u) ?,l* < Cslull, + Cy for all u € V;

(A3) there exists a non-decreasing function ¢; in R such that

lul¥ < G(July) (¢(u) +1)  for all u € D(¢);

(A4) there exists a non-decreasing function ¢ in R such that

%< bo(uly) (ulg +1)  for all [u,n] € dxox,

n

where ¢x : X — [0, 00] denotes the restriction of ¢ on X.

Note that, by (A2) and the definition of subdifferential, the continuity of ¢ in V" also
follows. Furthermore, we can also verify by (A3) and (A4) that ¢x is continuous in X
and D(0x¢x) = X. Moreover, from the definition of subdifferential and (A1), it also
holds that

(A1) Cilulf < {dy(u),u)y +Cy  forallu eV

with C} := Cy 4+ ¢(0) > 0. Let us manipulate (A2) in order to get
!/ 1 / 1 ’
(A2)" P(u) <(0) + {dvip(u), upv < (0) + Z7|dv¢(U) Vet ]—)|U|§3/ < Cy(July +1)

for all uw € V with C} :=¢(0) + Cy + C3 + 1 > 0. Similarly, by (A4), we can also obtain
o(u) < l3(|uly) (July +1)  forallu e X
with a non-decreasing function /3 in R.

Finally, let us give a precise definition of WED functionals of our main interest.

/T e7lE (1/1(1/(15)) + 1gb(u(iﬁ))) dt if weW(0,7T;V), u(0) = ug
Lw =1 ™ ) and (), d(u()) € L(0.T),
00 else
with an initial data ug € V and a parameter € > 0. Then we remark that
D(L) ={ue L™0,T; X)NnW"(0,T;V); u(0) = up},
as the above remarks imply

T/ 4 / D 1 T T
e 1/¢ C’/ u' (t)|5dt + / utmdt—CT——)
( Ly O ey Jy [ CT =

< [ et (vtattn + Lot a
< ¢ (/OT|u’(t)|{’,dt+T) + blllz=erw) (/OT\u(t)@dHT) ,

3

where [Jul| Lo(o,rv) 1= esssup,¢jo 7y [u(t)]v, for all w € L™(0,T; X) nWHP(0,T5 V).
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2.3 Coincidence between Ox¢x and Oy ¢

The following proposition shows some relationship between 0y ¢ and dx¢x.

Proposition 2.1. Let V and X be normed spaces such that X C V with a continuous
canonical injection. Let ¢ be a proper, lower semicontinuous and convex functional from
V into (—o0,00]. Moreover, let ¢px be the restriction of ¢ onto X. If D(¢) C X, then

D(0v¢) = {w € D(Oxdx); Oxpx(w)NV* #£0}, (2. 1)

and moreover,
Oyo(u) = Oxpx(u) NV*  for ue D(0yo). (2. 2)

Proof. We first note that V* C X*. Let u € D(0y¢) and f € dy¢(u) be fixed. For any
v € D(¢x) C X, noting that D(0y¢) C D(¢) C X by assumption, we find that

Px(v) = px(u) = ¢(v) — d(u)
> (fiv—u)y =(f,v—u)x,

which implies u € D(Ox¢x) and f € Oxox(u) N V™.

Conversely, let u € {w € D(Ox¢x); Oxpx(w)NV* # 0} and f € dxdx(u) N V* be
fixed. For v € D(¢) C X, it follows that

o(v) = d(u) = ox(v) — dx(u)
> <fvv_u>X:<fvv_u>V7
which gives u € D(0y¢) and f € dy¢p(u). Thus (2. 1) and (2. 2) hold. O

2.4 Representation of subdifferentials in L7(0,7;V)

We provide here a result on the possible representation of the subdifferential of an integral
functional. This representation turns out to be useful later on. We set V := LP(0,T;V)
and define the two functionals I, I? : V — [0, cc] by

g &g

T
1N e Ve (t))dt  if w e WHP(0,T; V), u(0) = uo,
IZ(u) = 0
00 else
(note that v (u'(-)) € L'(0,T) for all u € W(0,T;V) by (A2)") and

T
e Vep(u(t))dt if ue L™(0,T;X),

(‘nlr—\

0
00 else.

Then it is obvious that
I(u) = I'u) + I?(u) for w€ D(I.) = D(I})) N D(I?).
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Moreover, I! and I? are proper, (weakly) lower semicontinuous and convex in V.

Let us discuss the representation of the subdifferential operator dyI!. Define the
operator A:V — V* by

A(u)(t) = ——

3 (T (1)) for ue D(A)

with the domain
DA) = {u € DI dvb(w()) € W (0,73, dys(u(T)) =0}
We have the following result.

Proposition 2.2 (Identification of A). It holds that A = OyI}.

Proof. Tt can be easily seen that A C dyI!. Hence it remains to prove the inverse inclusion.

Set W := W'»(0,T; V). Define two functionals J, K : W — [0, oo] by

J) = /0 e~e(al () dt

o 0 if u(0) = uo,
K(u) = { oo otherwise

and denote by ]1W the restriction of I!' on W (hence ]1W J+ K). Then, J is Gateaux
differentiable in W. Indeed, let u,e € W and let h € R. Then,

J(u+he) = J(u) _ /T /e YW () + he'(t) — D(u'(t)) |

t.
h h

Since v is Gateaux differentiable in V', the integrand of the right-hand side converges to
e t/e{dyyp(u'(t)), € (t))y for almost every ¢ € (0,T) as h — 0. Now, we easily compute
that

vl (). o)y < AT ) < a0

and, by means of (A2), we obtain

P('(t) + he'(t)) = P(' (1)) ‘

s < (ldye(u(1)

ve + [dve(u/(E) + he' () v-) [/ () |v

C. 20,  C 2
< WO + =+ 2 (0 + he O + e (O € L0, T).

Hence, by dominated convergence we deduce that J is Gateaux differentiable in ¥V and

e / e 1), ()l

=: dwj( ) >>W, for all e € W,

where ((-, ) stands for the duality pairing between W and W*.
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Moreover, K is proper, lower semicontinuous, and convex in W, and we have
((f,e))w =0 forall [u,f] €K and e € W with e(0) =0.
Therefore, since D(J) = W, we find that
8W[€17W =dwJ + WK

with the domain

D(Owllyy) = {u € W; u(0) = uo}.
Now, from the fact that W C V and D(I}) C W, it follows that
Il C owllyy.
Let [u, f] € OpI} (hence u(0) = ug). Then,

/0 et (dy (' (1)), € (1)) dt = / (1), eyt

for any e € W with e(0) = 0. Hence the function ¢ +— e *dy1)(u/(t)) belongs to
W% (0,T;V*) and is such that

f(t) = 4 (e’t/gdvlp(u’(t))) for a.a. t € (0,7).

~dt
Moreover, we can also observe that dy (v (T)) = 0 from the arbitrariness of e¢(T") € V.
Thus u € D(A) and f = A(u). Consequently, A coincides with Oy 1] O

2.5 Integration by parts at Lebesgue points in vector spaces

For m,p € (1,00), let the space L™(ty,to; X) N WP (ty,t2; V) (t1,t5 € [0,T] with t; < t5)

be endowed with the norm || - || LRAWEP (t,t2) given by

el iy 2= el oy + Ml o

and, classically,

to 1/m
HUHL"‘(I‘/LM;X) = </ |u(t>’nX1dt> ) HUHWLP(tl,tQ;V) = ||U||LP(t1,t2;V) + ||u/||L”(t1,t2;V)‘
t1

Moreover, the space L™ (ty,ta; X) N LP(t1,t9; V) is analogously defined, and its dual space
can be identified with

Lm/(tl,tQ;X*> —|—L7’/(t1,t2;V*)
- {fl + f2, fl € Lm/(tth;X*) and fg < Lp/(tl,tg; V*)}

Furthermore, the duality pairing between L™(ty,ta; X) N LP(t1,19; V) and its dual space
can be written by

t1

<<fau>>L§mL{;(t1,t2):/1<f1(t>7u(t)>xdt+/ (fo(t),ult))vdt  for f=fi+ fo

to t2
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Then it follows immediately that

1 g2y < Wil + 1ol for F=fit o (23)

In case (t1,t2) = (0,7"), we omit (0,7") in the notation of the norms and the duality
pairing. We shall be needing an integration by parts formula in this functional space

setting.

Proposition 2.3 (Integration by parts). Let m,p € (1,00) and let w € L™(0,7;X) N

W2 (0,T;V) and & € LY (0,T;V*) be such that & € L™ (0,T; X*) 4+ LY (0,T;V*). Let
t1,ta € (0,T) be Lebesgue points of the function t — (£(t),u(t))y. Then it holds that

€ ) ozt (nan) = (ECE), ulta)) — (), u(t)y — / e @)vdt. (2. 4)

t1

Proof. There exist f; € L™ (0,T; X*) and f, € L” (0,T;V*) such that &' = f; + fo. Put

Fi(t) = /Ot fi(s)ds fori=1,2.

Then, Fy € W™ (0,T; X*), Fy € WH'(0,T;V*) and £(t) = Fi(t) + Fy(t) + £(0).
observe that

’

T—1 m

™0 Jg

— fi(?)

X*
and the analogue holds for Fy. Hence, we have

<<§Ia U>>ngmL1";(t1,t2)

~ bm b2 (<F1(t+7)_Fl<t)’“(t>>X+<F2(t+7)_F2(t)’“(t>>V> "

=0 J¢, T T
— lim t2<5(t+7>_5(t),u(t)> dt.
7—0 J, T v

Moreover, since ty,to are Lebesgue points of (£(+), u(+))y, it follows that

/ CEELURA

= 2 [ emaowa— 2 [ e umpvar

T to t1

_/:’ <§(t+7_)7u(t+77)_—u(t)> "

- <€(t2),U(t2)>v—<€(t1)»U(t1)>v—/2<§(t)>U'(t)>vdt

t1

as 7 — 0. Thus we obtain (2. 4).

We



3 The Euler-Lagrange equation

This section brings to a proof of the existence of strong solutions for the FEuler-Lagrange
equation (1. 2)—(1. 4) related to the WED functional I.. Hence, the value of the parameter
¢ is kept fixed throughout this section. We shall be concerned with the following precise
notion of solution.

Definition 3.1 (Strong solution). A functionu : [0,T] — V is said to be a strong solution
of (1. 2)—(1. 4) if the following conditions are satisfied:

we L™0,T; X)nWh(0,T; V), (3. 1)
() = dyyp(d () € L (0,T;V*) and € € L™ (0,T; X*) + LP (0,T; V*), (3.2)
there exists n € L™ (0,T;X*) such that

n(t) € Oxdx(u(t)), —e&'(t)+&(t)+nt)=0 in X* fora.a te (0,T), (3.3)
u(0) =ug and &(T)=0. (3. 4)

Remark 3.2. By definition, ¢ belongs to W17(0, T; X*) with ¢ := min{m’,p'} > 1. We
particularly deduce that & € C([0,T]; X*), and hence £(t) lies in X* at every t € [0, 7.

The main result of this section is the following.

Theorem 3.3 (Existence of strong solutions). Assume that (A1)—(A4) are all satisfied.
For every ug € D(¢), the Euler equation (1. 2)—(1. 4) admits a strong solution satisfying

/0 WO < 5 (6w) + CT + =0(0). (3.5)

T

Pus(t))dt < (d(uo) + C§T+6¢(0))T+€/O (€ (), ul(t))vdt, (3.6)

0

/0 (e(8), ua(t))xdt < —(e62(0), o)y — / (6. (1), (1)t

- / (E(8), uc (b)), (3.7)
/0 EO i (Ohvdt < —d(ue(T)) + dluo) + 3 (0). (3.8)

The rest of this section is devoted to a proof of Theorem 3.3. The strategy of the proof
is quite classical: we introduce suitable approximating problems by replacing ¢ with its
Yosida approximation ¢y, establish a-priori estimates independently of A\, and finally pass
to the limit as A — 0. For the sake of clarity, we split this proof in subsequent subsections.
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3.1 Approximating problem

Let us start by introducing the following approximate problems for A > 0:

—85;»\(25) + ég,A(t) + 7757)\@) =0 in V*, O<t< T, (3 9

)

Eat) = dvz/)(u’&/\(t)), Nea(t) = Ovor(uan(t)) in V¥, 0<t<T, (3.10)
u: 2 (0) = uy, (3. 11)

657)\(T) = 07 (3 12)

where Oy ¢, is the Yosida approximation of 0y ¢. Here we recall that 0y ¢, coincides with
the subdifferential operator of the Moreau-Yosida regularization ¢, of ¢ given by

veV

o) i= inf ( g5lu =} +60)) = gl — ul} + 630

where J, is the resolvent for dy¢ (see [4] for more details). We also recall by definition
that
Fy(Jyu —u) + Aoyor(u) =0  forall ueV, (3. 13)

where Fy @ V' — V* denotes the duality mapping between V' and V*. Then, a strong
solution u. of (3. 9)—(3. 12) on [0,7] will be obtained as a global minimizer for the
functional I, \ : V — [0, 00| given by

/0 e e (w(u'(t)) + é@(u(t))) dt  ifueWh(0,T;V), u(0) =ug
Ioa(u) = and ¢y (u(-)) € LY(0,T),
00 otherwise.

More precisely, we have the following.

Lemma 3.4 ( Solvability of the approximating problem). For eache, A > 0, the functional
1.\ admits a global minimizer u. on V. Moreover, u.y is a strong solution of (3. 9)-
(3. 12) and

£ EWH(0,T; V) and ney € L7 (0,T; V™). (3. 14)

Proof. We observe that I, , is proper, lower semicontinuous and convex in V. Moreover,
I, is coercive in V by (Al), i.e.,

I \(u) = oo if |ully — oc.

Hence, I, , admits a (global) minimizer u. ) for each A > 0.

We now define the functional 12, : V — [0, 00] as

2\ (u) == /0 ' get/ed)x(u(t))dt if ¢a(u(-)) € LY0,T),

00 otherwise.
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Note that, as p > 2, we have
1 (T

| oonar < g5 [ o = ofpae+ o007

< oo forall wey

with any v € D(¢). In particular, D(IZ,) = V. Thus, we can deduce that oI} + OypIZ,
is maximal monotone in V x V*, and therefore

8];]57)\ - 8];[61 + 8\;13’)\.
By Proposition 2.2, dyI! coincides with the operator A. Moreover, we can verify in a
standard way (see, e.g., [17]) that, for [u, f] € V x V*,
1
[u, f] € OpI?, if and only if [u(t), f(t)] € —e /0y ¢y for a.a. t € (0,T).
’ €

Therefore, the assertion follows from global minimality, namely 0y I \(u. ) > 0. O

Remark 3.5 (Need for the approximation). As for the Euler equation of I, the argument
of the proof of Lemma 3.4 does not apply, for it would not be clear how to check for the
coincidence between 9y I, and the sum Oy} +0y12; indeed D(9y12) might have no interior
point in V. Such a difficulty is one of reasons why we handle a weak formulation (1. 2)-
(1. 4) of the Euler equation dyI.(u) > 0 in this paper.

3.2 A priori estimates

From here on we simply write uy, &y, ny instead of u. y, & 1, 7e, respectively. Testing
relation (3. 9) on ) (¢) and integrating over (0,7"), we have

e / (E0(1), s (1)) dt + / (Ext). s (1)) dE + D (un(T)) — (o) = 0.

We now use the Neumann boundary condition (3. 12) in order to get
T T
.A<&®mﬂmv@ =-4@mx%mmfié<@wmﬂmv&

< ¥(0) = P(ur(0) = Y (uy(T)) + (u) (0))
= ¥(0) = ¥ (ur(T)) < ¥(0). (3. 15)

Note that this calculation is presently just formal, for u need not to belong to W2?(0,T; V).
This procedure can however be rigorously justified and we have collected some detail in
Lemma 7.3. Moreover, the following holds as well

t
[ 6w @vds < (@@ +v0) orall teLy (310
0
where the set £ is defined by
Ly = {t € (0,7); wuy is differentiable in V" at ¢

and ¢ is a Lebesgue point of ¢ — (f,\(t),u’)\(t)ﬁ}.
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By using relation (3. 15) we have

[ @00t + (D) < 5w + 200), 3.17)
Hence, by relation (A1)’, one obtains

c, /0 DL + éa(un(T)) < 6r(0) + CLT + c0(0) (3. 18)
and

[ ol < & ot + AT + 00, 619

/OT SO dt + s a0l + s bl < C (3. 20)

Here, we have used assumption (A2) and the fact that |Jyuly < C(july +1) forallu € V
and A > 0 (see [6], [4]). Hence, by testing equation (3. 9) on u)(¢) and integrating over
(0,t) we obtain by (3. 16)

¢ / [y (P + o (ua (1))
< Plug) + CT + (6 (t), u(t))y +e(0)  for all ¢ € L.

As the set £, has full Lebesgue measure, i.e., the measure of (0,7) \ £, is zero, by
integrating both sides over (0,7") again, we deduce that

T T
/ Pa(ur(t))dt < (d(uo) + C3T +ev(0)) T + 6/ (Ex(t), up(2))vdt. (3.21)
0 0
Finally, from the above estimates we obtain
T
/ b (ur(t))dt < C. (3. 22)
0

Since ¢(Jrua(t)) < da(ur(t)) and na(t) € Ovop(Jrur(t)) C Oxpx(Jrua(t)), it follows from
assumptions (A3) and (A4) that

m.dt < C. (3. 23)

[ imsongat [

Eventually, a comparison in equation (3. 9) yields

! ’ < O 3 24:
||€§A||L7;*+LI‘J/* =% ( )
which, in particular, implies
sup [e&\(t)|x+ < C. (3. 25)
te[0,7)
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3.3 Passage to the limit

From the a priori estimates of Subsection 3.2, we have, for some not relabelled subse-
quences,

Uy — u weakly in W'?(0,T; V),
Jyuy — v weakly in L™(0,7"; X),
&x— & weakly in LP'(0,T; V™),
m—n  weakly in L™ (0,T; X*),
&—& weakly in Lm,(O, T: X*) + Lp,(O,T; V).

w W
N DN
~N O

w
[\
Ne)

N N /N /N /N
w [\]
) 09)
~— — ~— ~— ~—

That is
—e€'+E+n=0 (3. 31)

and the estimate (3. 5) follows directly from the bound (3. 19).

Note that u, is equicontinuous in C'([0,T]; V') with respect to A from the bound (3. 19)
and put vy(t) := Jyux(t) — ux(t). By (3. 13) and the monotonicity of dy ¢, we have

<Fv(1},\<t + h)) — F\/(U)\(t», J)\U)\(t + h) - J)\U)\(t»v S O,
which, together with estimate (3. 20), implies
<Fv(U)\<t + h)) — Fv(v)\(t», U)\(t + h) — U)\(t)>v < C”M)\(t + h) - U)\(t)‘v.

Hence, the right-hand side goes to zero as h — 0 uniformly for A > 0. Since V' is uniformly
convex, thanks to [31], for each R > 0 there exists a strictly increasing function mpg on
[0, 00) such that mg(0) = 0 and

mz(lu —vly) < (Fy(u) — Fy(v),u —v)y foru,v € Bp:={u eV, |uly <R}

Namely, v,(+) is equicontinuous in C([0, T]; V) for A > 0, and so is Jyu,(+). Recalling that
X is compactly embedded in V', by Theorem 3 of [26], we deduce from estimate (3. 23)
that

Jyuy — v strongly in C([0,T]; V). (3. 32)

By the integral estimate (3. 22), we have
T T
/ s (t) — Jyua(8)[2E < m/ ox (s (£))dE < 20C' — 0.
0 0
Therefore, we have v = v and the bound in (3. 20) entails that
uy — u  strongly in L4(0,7;V) (3. 33)

with an arbitrary ¢ € [1,00). Hence, the strong convergences (3. 32) and (3. 33) yield

Jaup(t) — u(t) strongly in V' for all t € [0,7], (3. 34)
ux(t) — u(t) strongly in V' for a.a. t € (0,7). (3. 35)
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Since V* is compactly embedded in X*, estimates (3. 20) and (3. 24) entail
& — & strongly in C([0,T7; X™), (3. 36)
which also implies £(7") = 0.

Put now p(t) := liminfy o |&\(2) I";*, and note that p € L'(0,T) by Fatou’s Lemma
and (3. 20). Then p(t) < oo for a.a. t € (0,7), and for such ¢t € (0,7) we can take a
subsequence A, — 0 (possibly depending on t) such that

Ex (1) — &(t)  weakly in V™. (3. 37)

We shall now check for the almost everywhere relations

n(t) € Oxox(u(t)), &(t) = dyap(u'(t)).

Let us start from the former. Define the subset £ C (0,7") by

L= {t € (0,7); tis a Lebesgue point of the function t — (£(¢),u(t))y, and
for any sequence A, — 0, there exists a subsequence
Aw — 0 such that (&, (£), ur, (t))v — (£(2), u(t)>v}.

Note that the convergences (3. 35) and (3. 37) entail that £ has full Lebesgue measure.
For arbitrary t1,t5 € L with t; < t,, we have

/ “n(t), Tyun(£)xdt = / “at), un ()t — A / ()2t

t1 t1 t1

< [ im0 (3. 39)

t1
On the other hand, from equation (3. 9) it follows that

to

/ a(t), ua(t))ydt = / (e (1), un(£))ydt — / () un(O)vd. (3. 39)

t1 t1 t1

Moreover, since uy € W'(0,T;V) and &, € W' (0,T;V*) (hence the function t —
(€x(t), ux(t))y is differentiable-in-time for almost all ¢ € (0,7)), we note that

/ 2 (e€)\(t), un(t))ydt

t1

= €<§>\(t2)7u/\<t2)>V_‘€<£>\(t1>7u)\<t1)>‘/_/2<‘€§)\<t>7ul)\<t)>‘/dt (3. 40)

t1
(note that (3. 38)—(3. 40) also hold for any ¢;,ts € [0,T] with ¢; < t5).
By the definition of L,

(En, (), un, (t:))v — (E(t), u(ts))y fori=1,2 (3. 41)
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with a subsequence A, — 0 (possibly depending on t;,t5). By a standard argument for
monotone operators, it follows from the weak convergences (3. 26) and (3. 28) that

it [0 Ot > [0 @)t (3. 42)

A—0 t 4

(it also follows for any ty,ty € [0, T] with t; < t5).

Combining these facts and using Proposition 2.3, we deduce that

to
lim sup / O (8, T, (1)) el

An—0 t1

< e€(te), ulte))v —e(€(t1), ultr))v
- / (€(t), o (1))t — / (€(t), u(t)vd

t1 t1

= <<5€/,U>>L§LQL1“/(1§1¢2)—/2<§(t),u(t)>vdt

t1

- / ((8), u(t)) xdt

t1

By exploiting the maximal monotonicity of dx¢x in X x X* (see also Lemma 1.2 of [6] and
Proposition 1.1 of [17]), we conclude that 7(¢) belongs to dx¢x (u(t)) for a.a. t € (t,ts).
It also follows that

i [ G (0). Ty (8) et — / ® (0. u(t)) . (3. 43)

An—0 t t

Moreover, from the arbitrariness of ¢1,t; € £ and the fact that (0,7") \ £ is negligible, we
also conclude that n(t) € Ox¢x(u(t)) for a.a. t € (0,7).

Here let us prove the energy inequality (3. 7). Test 7,(¢) on uy(¢) and integrate over
(0,7). We have

/0 (), (D) vt = / (€4 (1), un (1))t — / (1), un () vt
=~y = [ B

- / (E(t), ur(B))ylt.
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Therefore, we obtain

/O (), u(t))xdt < liminf /0 (e (), T, () et

An—0
(3. 38) T
< timsup / (o (£), i, (D))t
>\7L_>O 0
T
= lim (26, (0), ug)y — liminf / (e (1), o} (1))t
n— n— 0
T
— lim [ (&, (1), w, (t))vdt
An—0 0
(3. 42)

<7 (eE(0), uo)x — / (e€(t), ' (£) vt
- / (€8, u()vt,

which leads us to estimate (3. 7).

Let us next check that £(-) = dy¢(v/(+)) almost everywhere. Let t1,t; € L be again
fixed and consider the same sequence A, as before. For notational simplicity, A, will be
denoted by A\. We have

/t (eba(t), (1)) vt

(3.40)

= cleslta) w2y — () b))y — [ O m)vdt

B0 (), un(ta))y — eEn(tr) ua(tr))y — / ) m Ot

- [ .t

(3. 38)
<

e(a(t2), un(t2))v — e(alte), ua(t))v — /t 2<§A(t)>ux(t)>vdt

_ / 2 (1), Jya (1)) xdt —: RIS,

Hence by convergences (3. 41), (3. 43), and Proposition 2.3, for A, — 0 we have
RHS  —  e(€(ta), u(t2))v — e(€(tr), ultr))v

- [t atonvan— [ oo
= (e g + | (<€(0) 2 (1)) e

- [t atonva— [“ta. o
o /t 1t2 (e€(t), 4/ ())vdt.
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Therefore

lim sup /t2 (Ex(t), u\(t)), dt < /t2 (&), U/ (1)), dt. (3. 44)

A—0 t1 t1

Thanks to the demiclosedness of the maximal monotone operator u +— dy¢(u(-)) in
LP(0,T; V) x L¥(0,T;V*) and Proposition 1.1 of [17], &(t) coincides with dy¢(v/(t)) for
a.a. t € (0,7), and moreover,

t2

lim [ (E(t),uh(8)vdt = / t2<§(t),u’(t)>vdt for all t1,t, € L. (3. 45)

A—0 t t

As in (3. 21), we can derive by (3. 32) and (3. 45) that
/t " S(u(t))dt < (B(uo) + CLT + e(0)) (t2 — 1) + ¢ / ) () vt

for all ¢1,ty € £ with ¢; <ty Letting (¢1,%5) — (0,7), we obtain (3. 6).

By the weak lower semicontinuity of ¢ in V, it follows from convergence (3. 34) that

liminf ¢ (ur(T)) = liminf o(Hrun(T)) = d(u(T)).

A—0

Hence combining (3. 17) with (3. 42), we can derive (3. 8). This completes a proof of
Theorem 3.3.

4 Minimizers of WED functionals

In this short section, we are concerned with the existence and characterization of min-
imizers of the WED functional /. in V := L?(0,7;V). Our aim is to prove that every
minimizer u. of I. coincides with a strong solution of (1. 2)—(1. 4) which is a limit of
global minimizers u. ) for I, y as A — 0, provided that either ¢ or ¢ is strictly convex.

Let us start by defining the minimizers of I, as follows.

Definition 4.1 (Minimizer). A function uw € V is said to be a minimizer of I. in V if
8vle(u) > 0.

The main result of this section is the following.

Theorem 4.2 (Existence and characterization of minimizers). Assume (A1)—(A4). For
each uy € D(¢), the strong solution of (1. 2)—(1. 4) obtained in Theorem 3.3 is a minimizer
of I. in' V. Moreover, if either 1 or ¢ is strictly convex, then the minimizer is unique.

Our proof of this theorem is divided into the following two lemmas.

Lemma 4.3 (Strong solutions are minimizers). Let u. be a strong solution of (1. 2)—(1. 4)
obtained in Theorem 3.3. Then, u. is a minimizer of I. in V.
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Proof. By Lemma 3.4, we have obtained a global minimizer u. y € V of I, , namely,
I.x(v) > I. \(u.y) forall ve D(1).
By passing to the limit as A — 0 and using dominated convergence, we get
I.\(v) = I.(v).

Moreover, by the weak lower semicontinuity of I!, I in V, we also deduce from the
convergences (3. 26) and (3. 32) that

A—0 A—0

r 1
liminf I, y(u-,) = lim inf/o e7lE (w(ulg/\(t)) + g(ﬁ,\(ua)\(t))) dt

> liminf (Ij(um) + IS(J)\UE,)\))

A—0
[sl<u€) + [52(“5) = I (ue).

\%

Therefore I.(v) > I.(u.) for all v € D(I.), namely 0 € Oy (u.). O

Lemma 4.4 (Minimizers are unique). Suppose that either v or ¢ is strictly convezx in V.
Then, for each € > 0, I. admits a unique minimizer.

Proof. In both cases the functional I, turns out to be strictly convex in V and the assertion
follows. O

5 The causal limit

In this section we ascertain the fundamental issue of the WED approach. Namely, we
prove that the minimizers u. of the WED functionals I. converge as ¢ — 0. Our main
result is the following.

Theorem 5.1 (Causal limit). Assume (A1)—(A4) and that either or ¢ is strictly convex.
Let ug € D(¢) and let u. be a minimizer of I. on'V := LP(0,T;V). Then, there ezist a
sequence €, — 0 and a limit u such that

Ue, — U strongly in C([0,T]; V),
weakly in WHP(0,T; V)N L™(0,T; X),

and u is a strong solution of (1. 5)—(1. 6).

Proof. For each £ > 0, let u. be the unique minimizer of I, on V. By Theorem 4.2, u, is
a strong solution of (1. 2)—(1. 4) satisfying estimates (3. 5)—(3. 8).

Since u.(0) = uo, it follows from estimate (3. 5) that

sup |uc(t)|y < C. (5. 1)
te[0,7)
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Furthermore, by assumption (A2),

T
| eopazc 5. 2)
0
Hence, by taking a suitable (non relabelled) sequence ¢ — 0,
u. — u  weakly in WHP(0,T; V), (5. 3)
£ — & weakly in LP (0, T; V™). (5. 4)

Combining the bounds (3. 6), (3. 5), and (5. 2), we deduce from assumption (A3) that

[ mogasc 5.9

Hence, one has
ue — u  weakly in L™(0,T; X).

Moreover, it classically follows from estimates (3. 5) and (5. 5) that
u. — u  strongly in C([0,T]; V),

which also implies

us(t) — u(t) strongly in V for all ¢ € [0,T] (5. 6)
and u(0) = wuy.
By assumption (A4) together with the bounds in (5. 1) and (5. 5), we have
T /
| mopta<c 6.7)
0
which implies
ne —mn  weakly in L™ (0,T; X*). (5. 8)
By using the equation (1. 2) along with the estimates (5. 2) and (5. 7), we find that
”552HL§;+L;‘:/’* <C. (5. 9)
Thus
g€ — 0 weakly in L™ (0,T; X*) 4+ LF'(0,T; V™). (5. 10)
Hence
E+n=0. (5. 11)

Moreover, for each v € X, it follows from the final condition (1. 4) and the latter conver-
gence that

(e&:(t),v)x = </Tt sfg(t)dt,v>X = /t<5§;(t),v>xdt — 0,

T
which leads us to

el(t) —» 0  weakly in X* for each ¢t € [0, 7. (5. 12)
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We next claim that n(t) € dx¢x(u(t)) for almost all ¢ € (0,7). Indeed, by estimate
(3. 7),

/0 (e(8), ue(t))xdt < —(e€:(0), uo)x — / (6. (1), ul (1))t
- / (2(0), ue(t) vt
o - / (E(8), u(t)) v,

Hence, we have

e—0

limsup/0 (1), ue () xdt < —/0 <€(t),U(t)>th=/0 (n(t), u(t)) xdt.

Therefore, by using the demiclosedness of the maximal monotone operator dx¢x in
L™(0,T; X) x L™ (0,T; X*) and applying Proposition 1.1 of [17], we conclude that 7(t) €
Oxdx (u(t)) for almost all t € (0,T). Furthermore, since & € LP' (0,T;V*), by Proposition
2.1, we have n(t) € dy¢p(u(t)) for almost every t € (0,7)).

Let us now check that £(t) = dy(u/(t)) for almost every t € (0,7). By passing to
the limsup as ¢ — 0 into estimate (3. 8) with the aid of the strong convergence (5. 6) and
the lower semicontinuity of ¢ in the weak topology of V', we obtain

lim sup /0 (€ (1), ut(t))vdt < —liminf é(u(T) + d(up) < —d(u(T)) + $(uo)

e—0

:/0 (—n(t). (1))t <s;1>/ 0 Ot

0

Thus, we have £(t) = dyy(u/(t)) for almost every t € (0,7"). Consequently, u solves the
limiting problem (1. 5)—(1. 6) on [0, T7. O

Remark 5.2. If one is interested in proving the convergence of strong solutions wu. of
(1. 2)—(1. 4) satisfying energy inequalities (3. 5)—(3. 8) as ¢ — 0 to a strong solution of
(1. 5)—(1. 6), the strict convexity of ¢ and 1) need not be assumed

6 Mosco-convergence of WED functionals

We shall prepare here some convergence result for sequences of WED functionals at fixed
level e. In particular, we present sufficient conditions for the convergence as h — oo of
the sequence of WED functionals I j, given by

T
/ e—”s(whw’(tm%qﬁh(u(t)))dt if we W' (0,T;V)NL™(0,T; X),
La(u)={ 7 and u(0) = g,

00 otherwise
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with initial data ug), € X, a Gateaux differentiable convex functional ¢, : V' — [0, 00)
and a proper, lower semicontinuous convex functional ¢y, : V' — [0, 00] for h € N.

Throughout this section, we assume with no further specific mention that the func-
tionals v, and ¢y, fulfill the general assumptions (A1)—(A4) with constants independent
of h. In particular, by letting

Z:=L"0,T; X)NnWh(0,T; V),

we easily check that I, are bounded from below in Z uniformly for 4 € N. Hence, the
global minimizers wy, of I.; are bounded in Z for all h € N.

Let us now make precise our notion of functional convergence in the following.

Definition 6.1 (Mosco-convergence in Z). The functional 1., is said to Mosco-converge
to I. in Z as h — oo if the following two conditions hold:

(i) (Liminf condition) Let up, — u weakly in Z as h — oo. Then

liminf 1. ,(up) > I.(u).

h—o0

(ii) (Existence of recovery sequences) For every u € Z and sequence k, — oo in N,
there ezist a subsequence (k},) of (k) and a recovery sequence (uy) in Z such that

up, —u  strongly in 2 and Iy (up) — I(u) as h— oo.

Note that Mosco-convergence is classical (see [3], [23]), and corresponds to the usual
notion of I'-convergence with respect to both the strong and the weak topology in Z.
Mosco-convergence of the driving functionals arises as the natural requirement in order to
deduce the convergence of the related differential problems (see [3, Thm. 3.74(2), p. 388]
for gradient flows and [28, Lemma 7.1] for doubly nonlinear evolutions).

Our sufficient conditions for Mosco-convergence are stated in the following.
(HO) ( Separability of spaces) V' and X are separable.

(H1) ( Liminf condition for ¢, in X) Let (uj) be a sequence in X such that u, — u
weakly in X. Then

liminf ép(un) 2> d(u).

(H2) ( Liminf condition for ¢y, in V) Let (u;) be a sequence in V such that u, — u
weakly in V. Then

lim inf 4y, (up) > ¢ (u).

(H3) (Existence of joint recovery sequences for ¢, and v, in X) Let (k) be a sequence
in N such that k, — oo. Let (uy,) be a sequence in X such that

up, — u  strongly in X and ¢y, (up) — ¢(u) as h — oo.
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Then, for every v € X, 7 > 0, there exists a sequence (v, ;) in X such that

vyp — v strongly in X,

Y, (—‘)W(_) b (0m) — D) a5 h— 0o

T

(H4) (Convergence of initial data) ug, € X, ugp — up strongly in X and ¢y (ugn) —
o(up) as h — oo.

The reader should notice that we are not requiring for the separate functional conver-
gence ¢, — ¥ and ¢ — ¢ here (I'- or Mosco-). In particular, our proof makes a crucial
use of the possibility of finding a joint recovery sequence as of assumption (H3). Let us
comment that the occurrence of such joint condition is not at all unexpected. Indeed, a
similar joint recovery condition has been proved to be necessary and sufficient for passing
to the limit in sequences of rate-independent evolution problems in an energetic form in
[20], namely for p = 1. Moreover, let us note that in case p = 2, the concrete construction
of an analogous joint recovery sequence is at the basis of the relaxation proof in [10].

The main result of this section is stated as follows.

Theorem 6.2 (Mosco-convergence of I, ,). Assume (HO)-(H4). Then, the functionals
I. 1, Mosco-converge in Z to I. as h — oo.

We shall provide a proof of this theorem in the next subsection. Still, let us first point
out a corollary, whose immediate proof is omitted.

Corollary 6.3 (Minimizers converge to a minimizer). Under the assumptions of Theorem
6.2, let uy, be a global minimizer of I, for h € N such that uy, — u weakly in Z as h — oo
along with some sequence ky — oo in N. Then u minimizes I..

6.1 Proof of Theorem 6.2

We provide here a proof of Theorem 6.2 by establishing conditions (i) and (ii) of Definition
6.1. Condition (ii) of Definition 6.1 is proved in a smooth case first and then generalized.

6.1.1 Liminf inequality

By using Corollary 4.4 of [28], we can derive from (HO)-(H2) that

T T
lim inf / e~V% dy (un (1)) dt > / e~ p(u(t))dt
0

h—o00 0

if up, — w weakly in L™(0,T; X);

T T
lim inf / e~y (udl (1)) dt > / e~ (u (¢))dt
0

h—o0 0
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if uj, — u weakly in LP(0,7;V'). Let (up) be a sequence in D(I. ) such that u, — u
weakly in Z. Then we can take a subsequence (k) of (h) such that ug, — u strongly in
C([0,T]; V) by the compact embedding X — V, and therefore, u(0) = uy by (H4). It
follows that

liminf I, j,(up) > I (u).

h—o00

Thus the Liminf condition (i) follows.

6.1.2 Recovery sequence for v € C'([0,7T]; X)

Let us next prove the existence of recovery sequences of u € D(I;) for I. ;. We first treat
the case that u € C'([0,T]; X) and u(0) = ug, which also leads us to uw € D(I.). Our
recovery sequence will be constructed from an approximation of u. Let N € N be fixed
and set 7 := T/N, v’ := u(it) and t' := 7i for i = 0,1,..., N (ie, t°* =0 and t"¥ = T).
Define the piecewise linear interpolant @, € D(I.) by

i, (t) = (t)ul + (1 — - (t))ut for t e [t ¢,

where o' (t) := (™' —t) /7, and a piecewise forward constant interpolant @, € L>(0,T; X)
by
u.(t) = utt  for t e[t t"t).
As u € CY([0,T]; X), it follows that
Uy — U strongly in W*(0, T; X), (6. 1)
Uy — U strongly in L>(0,7T; X). (6. 2)

Now, we find that
L = [ e (v + o)) a
= [ e (vt + Lot a

S
= II,T + IQ,T + IS,T-

Since ¢ is convex, letting n(t) € Ox¢x(u(t)) and 7.(t) € OxPx(u,(t)), we can exploit
(A4) and convergence (6. 2) in order to check that

T e—t/s
T < [ttt — a0}

1/m’

C T
— (/ |U<t)’ndet —+ T) HU — aTHLm(O,T;X) — 0 as T — 0
0

IN

3
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with C' = sup;¢(o 7 Co(Ju(t)|y)Y™ and

Te—t/a
L > [ 0 — )

CT 1/m’

T
> -E ([ Ok T)  u-aloars 0 a0
0

with Cr = supsep lo(|t,(t)|y)Y™, which is bounded as 7 — 0 by (6. 2). Hence
T, = o(l;7 — 0), where we wrote o(1;7 — 0) instead of o(1) in order to enforce
which parameter is supposed to be infinitesimal.

Moreover, by letting £(t) = dyw(u/(t)) and &:(t) = dyw(a.(t)), we use (A2) and
convergence (6. 1) in such a way that

T < [ el — i),

T 1/p
< (03/ |/ (t)[}-dt + C4T) v — || prorvy — 0 asT—0
0

and

I3, > / e (G (), () — (1)), dt

0
T 1/p
Z — (Cg/ ’ﬁ;(f)’l‘)/dt -+ C4T> Hu’ - a;HLf’(O,T;V) — 0 as 7 — 0.
0

Thus, we observe that 7, = o(1;7 — 0), and therefore

I.(uw) =Ty, + o(1;7 — 0). (6. 3)

For 7 > 0, let us define a difference operator 9, by

' it =y '
St i=2——= for a vector {x"}izo1..N-
T
Then Z, ; can be written as follows:

N-1
Il,T = g

=0

N-1

ti+1

)

-y ( [ et/sdt) (w16 + Lot ) (6.

1=0

o= (wlat ) + Zotan(e) ) a

Let (kp) be a sequence in N such that kj, — co. Set ug’h = ug,. Then by (H3) and
(H4), we can take a sequence (uy,) in X such that

1 1 :
Uy, — u, strongly in X,

1 _ ,0 1_,,0
Dr, (M) ew(“T “) b (1) — (ud).

T T
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Hence iterating this process (N — 1) times, we can further obtain (u,) in X for i =
2,3,..., N such that

i

ul, —ul  strongly in X, (6. 5)

i il i1 ' '
, (“—)aw(u) b (i) = d(ul). (6. 6)

T T

Define the piecewise linear interpolant @, € D(I. ;) and the piecewise forward constant
interpolant ., € L*>(0,7; X) as above and, by convergence (6. 5), we get

Gy — U,  strongly in W'°(0,7;X) as h — oo. (6. 7)
Therefore, for each 7 > 0 we can choose h, € N such that
ltrp, — fLTHL;?mWé,p <7 and h,>7'

Combining this fact with convergence (6. 1), we also deduce that

lirn, = el pgepppe + o(157 — 0)

T+o(l;7 — 0),

”aﬂhf - UHLQQW}/” <
<

which implies
Urp, — w  stronglyin Z  as7 — 0.

As for the convergence of I, (4. 4), we calculate

Laay (i) = [ e (@00 + 00, (000 )

+ /OT e—;/e <¢kh(ﬁ7,h(t)) — ¢n, (ﬂf,h(t))>dt

= (/

t/a
/ ¢k” rh(t)) = Or, (ﬂr,h<t))>dt
=1 Th+IQTh (6. 8)

ti+1

5 I

e—t/sdt> (11 G + 2o, i) )

Then, by the above-stated convergences (6. 6) and (6. 4),

N-1 $it1
Tirp — Z </ et/sdt> (w(éfu’jl) + g¢(u§+1)) =T, as h—oo. (6.9)
i=0 \/t'

Hence, it remains to handle Zs . j,.
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From the convexity of ¢,

N—
IQ,T,h = E

t’L+l 7t/€

(00 (@0l + (1 = @b (B)uiht) = o, (uh)) )t

F (0w, (ur ) + (1= ar (b)), (uhy) — qﬁkh(uiﬁll))dt

>ﬁ(mg W) = O ().

</:+1 6_;/€ai(t)dt> <¢ (vl ) = b, (u H—l))

N-1

= 0,(1sh = 00) + | (L#%zﬁﬁ@m)@ww—MMﬁ)

=0

IA
-E
i

Set nt € dxdx(ul) for i =0,1,..., N. Then, noticing that
o(uy) — op(ult') < (il —ul™) < |n;

by assumption (A4) and the strong convergence (6. 2), we obtain

z i+1
— U, |X,

X*

Jf </titi+1 e:%&(t)dt) (qﬁ(u’;) _ ¢(uzT+1)>

¥+ |u i+1|

1=~ 7
< Z P
T
< C(/ ‘ﬁq—(t)—ﬂT(t—T>|th+T|u}.—u?_|X)—>O as 7 — 0.

Along these very same lines, it is possible to deduce an analogous estimate from below
and we conclude that

Torn < o0;(1;h — 00) +0o(1;7 — 0).

Combining now the latter with the convergence (6. 9) and the decomposition (6. 8),
we deduce that

Lo, (Urp) = Tipn + Logp < I(u) + 0-(1;h — 00) +0o(1; 7 — 0).
Hence, for each 7 > 0 we can extract a sequence h, € N such that

Ly, (Grp,) < I.(uw)+7+0(1;7—0) and  hy >7 "

Thus, one has
limsup Iy, (trp,) < I(u).

T—0
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6.1.3 Recovery sequence for general u

Let us now discuss the general case u € D(I.), i.e., u € Z and u(0) = ug. Let v(t) :=
u(t) — ug for t € [0,T]. By using a standard mollification argument, we can construct
v, € CY([0,T]; X) for all n € N such that

v, — v stronglyin Z as n—oo and v,(0)=0.
Now let w,(t) := v, (t) + ug for t € [0, T]. Then w, € C*([0,T]; X) satisfies
w, —u stronglyin Z and w,(0) = up.

By virtue of assumptions (A2) and (A4), the functions u — J(u) and u +— I?(u) are
continuous in W?(0,7;V) and L™(0,T; X), respectively ( see Subsection 2.4). Hence,
by relabeling the sequence (w,) and using the continuity of ¢x and ¢ in X and V|,
respectively, we can say

1 1
Lgrwir < o and  |I(w,) — L(u)| < -

||w, —u
Now, by the above-proved existence of a recovery sequence in the smooth case, for
cach n € N, we can take a subsequence (k}') of (k) and a sequence (u}}) in Z such that
up — wy, strongly in 2 and I gr(up) — I(w,) as h— oo

at each n € N. Finally, by using a diagonal argument, we can choose a sequence (u,) in
Z and subsequence (k) of (kj) such that

u, —u strongly in Z and I (u,) — I(u) as n — oo.

Consequently, the recovery sequence condition (ii) of Definition 6.1 holds.

7 Applications

In this section, we present doubly nonlinear problems and apply the above-detailed ab-
stract theory to them. Let € be a bounded domain of RY with smooth boundary 0.
We start with the following doubly nonlinear parabolic equation (DNP):

afu)) —Alu=0 in Qx(0,7), (7. 1)
u=0 on 09 x(0,T), (7. 2)
u(-,0) =up in £, (7. 3)

where a : R — R and A¢ is the so-called m-Laplace operator with a coefficient function
a: ) — R given by

Alu=V-(a()|Vu["?*Vu), 1<m< .

Here we assume that
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(al) ug € Wy™(R), a € L®(Q) and a1 < a(z) < ay for a.e. 2 € Q with some ay, ay > 0.

(a2) « is maximal monotone in R. Moreover, there exist p € [2,00) and constants
C5, Cg > 0 such that

1 /
Cs|s|P — o < A(s) and |a(s)]P < Cs(|s]P+1) forall s € R,
5
where A(s) := [ a(o)do for s € R.

Note that « is continuous in R by (a2).

In order to recast (DNP) into an abstract Cauchy problem, we set
V=IFP(Q) and X =W;"(Q)

and define two functionals ¥, ¢ : V' — [0, oo] by

blu) = / Au(x))dz,

1 . 1

- m f m
bu) = m/ga(x)|Vu(:c)| de if we W,™(Q),

00 otherwise.

Assume
(a3) p<m*:= Nm/(N —m),.

Then, by the Rellich-Kondrachov compact embedding theorem, we observe that X — V
compactly. We find that ¢ is of class C' in V and dy4(u) = a(u). In particular, the
bounds in (Al) and (A2) immediately follow from (a2). Furthermore, ¢x is of class
C' in X, and Ox¢x(u) = —A%u equipped with the boundary condition u|sq = 0, and
conditions (A3) and (A4) hold. Thus, (DNP) is reduced into the abstract doubly nonlinear
problem (1. 5)—(1. 6). The existence of strong solutions of such a problem has been already
discussed in [9].

Our current interest lies in the elliptic regularizations (ER), of (DNP) of the form:

—cafu) +afuy) —Alu=0 in Qx(0,7), (7. 4)
u=0 on 09 x(0,T), (7.5)

u(-,0)=up in Q, (7. 6)

a(u(-,T))=0 in (7.7)

for e > 0. By applying our abstract theory, in particular, Theorems 3.3, 4.2 and 5.1, we
have

Theorem 7.1 (WED approach to (DNP)). Under (al)-(a3), (ER). admits a strong so-
lution u. € L™(0,T; Wy "™(Q)) "NWP(0,T; LP(Q)). Moreover, u. is the unique minimizer

29



of the WED functional I, : LP(0,T; LP(S2)) — [0, 00| given by

T
/ e e (/ A(uy(z,t))dx + —/ z)|Vu(x,t) |mdx) dt
0

Ie(u) = if u(-,0)=wuy inQ and u € L™0,T;Wy"™(Q)) N WHP(0,T; LP(Q)),

oo otherwise.
Furthermore, u., converges to a strong solution u of (DNP) in the following sense:

U, — U strongly in C([0,T]; LP(R2)),
weakly in L™(0,T; W, ™ (Q)) N WYP(0, T; LP(Q))

along with some sequence £, — 0.

We next consider the following sequence of doubly nonlinear problems (DNP), for
h € N:

ap(uy) —Au=0 in Qx(0,7), (7.8)
u=0 on 002 x(0,1), (7.9)
u(-,0) =wupp in Q (7. 10)

with functions ugp : Q@ — R, ap, : @ — R and oy, : R — R. A1zicovict & YAN [1] proved
the convergence theorem for (DNP), under appropriate conditions on the convergences of
o, ap and ay as h — co. As in (DNP), let us introduce elliptic regularizations (ER)_,
of (DNP), given by

—eap(ue)e + ap(ug) — Ay =0 in Qx (0,7), (7. 11)
u=0 on 002 x(0,T), (7. 12)

u(-,0) =wupp in Q, (7. 13)

ap(u(-,T))=0 in €. (7. 14)

Then, the same conclusions as in Theorem 7.1 hold also for (DNP), and (ER)_, and the
corresponding WED functionals given by

/OT ot ( /Q Ap(uy(z, 1)) da + Eim /Q ah(x)|vu(x,t)|mdx) gt

Len(u) = if u(-,0)=wupp in Q and w € L™(0,T; Wy™(Q)) N W0, T; LP(Q)),

oo otherwise

with Ay(s) = [ an(o)do for s € R.

Flnally, let us discuss the Mosco-convergence of I, ;, under the following assumptions.
(h1) Condition (al) holds with functions a and wg replaced by a;, and wgp, respectively,

and the respective constants independent of h. Moreover, a,(x) — a(x) for a.e. x €
Q and ug, — up strongly in Wolm(Q) as h — oo.
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(h2) Condition (a2) holds with « replaced by «y, and respective constants independent
of h. Moreover, A; - A as h — oo, i.e., the following (i) and (ii) hold:

(i) for every sequence s, — s as h — oo, A(s) < liminf, o Ax(sp),

(ii) for every s € R, there exists a sequence s, — s such that A, (s,) — A(s).

More precisely, we can prove

Theorem 7.2 (Mosco-convergence of I.;). Assume (al)-(a2), (hl)-(h2). Then, I.,
Mosco-converges to I. on Z := L™(0,T; X)NWH(0,T;V) as h — oo.

Let (up) be the sequence of unique global minimizers for I.j. Then, there exists a
sequence kp — oo in N such that

up, — u  weakly in Z as h — oo,

where w minimizes 1., i.e., u solves (ER)._.

Proof. Let us check (H0)-(H4) for I. 5 as h — oo. Asin [1], by using standard facts in [3],
one can check (H1), (H2) and (H4) from (hl) and (h2). So it remains to prove (H3). Let
(k) be a sequence in N such that k;, — oo. Let u € X and wj, € X be such that u, — u
strongly in X and ¢, (up) — ¢(u) as h — oco. Let v € X and 7 > 0 be fixed. Set

vp i =up, +v—u € X.

Here we claim that Ay, (s) — A(s) as h — oo for all s € R. Indeed, by (ii) of (h2), for
any s € R we can take a sequence s, — s such that Ay, (sp) — A(s) as h — oo. Hence
by (a2) for a;, with Cy independent of h, we have

A, (s) = A(s) = Ap,(s) = Ag, (sn) + Ak, (sn) — A(s)
< COls—sp| + A, (sp) —A(s) = 0 as h — oo,

and obtain a similar estimate from below as well. Thus Ay, (s) — A(s) as h — 0.
Furthermore, we can derive

Ui, (w) — Y(w) as h — oo for any w € V.

Indeed, for any w € V, it follows that Ay, (w(z)) — A(w(z)) for a.e. x € §2, and moreover,
by (a2) for a; with Cs independent of h, dominated convergence yields ¢y, (w) — ¥ (w)
as h — oo. Thus

(o (Uh;Uh> = Y, (U;u) H@D(U;u) as h — oo.

Moreover, since vy, — v strongly in X, it follows from (h1) that

bk, (V) = %/Qakh(xﬂVUh(xﬂmdx — %/Qa(xﬂvqj(xﬂmdx = ¢(v) as h — 0.

Thus, (H3) holds. Consequently, by Theorem 6.2 and Corollary 6.3, we obtain the desired.
Note that the precompactness of global minimizers (uy,) is immediate. O
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Appendix

We report here the details of a result used in Subsection 3.2. At first, let us recall some
useful properties of the Legendre-Fenchel transform ¢* of a proper, lower semicontinuous
and convex functional ¢ from a normed space F into — (—o0,00] given by ¢*(f) =

sup,er {{f.0)5 —@(v)}, for f € E* (sce, e.g., [1]):

*

(i) ¢* is proper, lower semicontinuous and convex in E*;

(i) ©*(f) = (f,u)e — ¢(u) for all [u, f] € Ipp;
(ili) u € Op-p*(f) if and only if f € Orep(u).
Moreover, we observe that, whenever ¢ : E — [0, 00|, one has ¢*(0) = —inf,ep p(v) <0
and ¢*(f) > —p(0) for all f € E*.
Now, our claim reads,

Lemma 7.3. The inequalities (3. 15) and (3. 16) can be rigorously justified within the
frame of Subsection 3.2.

Proof. Fix an arbitrary constant 7 > 0 and define a backward difference operator 6 by
. X(t) = x(t—7)
sox(n) = M2
for functions y defined on [0, 7] with values in a vector space and t > 7. Test &\(¢) by
u)\ (t) and integrate over (to,T) with an arbitrary ¢, € £y. Since uy € W'?(0,T;V) and
& € WW(0,T;V*), we have

T T
| @@ ds=lim [ (€065 m(s), ds
to to+T1

Moreover, it follows from (3. 12) that

JARGIOR e

o+T7

= (&(T), 0, uA(T))v — <€A(toﬂLT)aCST_UA(?fo*l'T»V—/t+ (€x(5),07up(s)),, ds

= @l DS ult Dy -1 [ @) - Dy ds (7. 1)

to+T1
Next, we observe that

! / (x(5), 1y (5) — wy(s — 7))y ds

T o+7

_ 1 / <£A<s>,u;<s>>vds—% / {6a(s + ) (s

T Jtg+r to

T—1 to+7
= 2 [ @@ -G — 1 [ (60 w)vds

to to

i1 / (60(5). 1y (5))vds. (7. 16)

TJr—1
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Using the fact that u)(s) € dv=1*(&x(s)), where * denotes the Legendre-Fenchel trans-
form of v, and the definition of subdifferentials, we obtain

[ a6 a6 a2 2 [T (w60 - et +n)as

to to

and, moreover,

L stz 2 [0 (i) - wo)as

TJr—r T—1

Then, going back to equation (7. 16), one has

@b — s =y as
> %/t sz*(sA(s))ds—%/to C(x(5), () )ds — $(0).

Hence, from equation (7. 15) we can compute that

/t <f;\(8),(5;u,\(8)>vds

o+7

< —(&(to+7), 0 ualto +7))v — 1/O T¢*<§A(S))d5

to

[ e ends + 070

to

= —(&(to), u\(to))v — ¥"(&(t0)) + (&x(to), u(to))v + ¥7(0)

= =" (&(t)) +¢7(0) < ¥(0).
Here we used the facts that ¢y € Ly, y* > —1(0), 1*(0) < 0 and the function ¢ — *(&x(t))
is (absolutely) continuous on [0,7] since w)(t) € Ov-y*(€\(t)), uy € LP(0,T;V) and
& € WW(0,T;V*). Consequently,

/ (E\(s),u\(s))y, ds < (0) forall tye Ly

to

and (3. 15) follows from the density of L,.

Let now t € L, be fixed. Arguing as above starting again from equation (7. 15) with
t instead of T, we can also verify that

(€0(s), 87 ua(s)),, ds

to+7

1 to+7
< {6, 57 ur () — (Exlto + 7). 87 unlto + 7))y — / 5 (€x(s))ds

to

= / " le(s) (s +670)

to

— (&), i ()v = ¥" (6 (ko)) + ¥7(0)
< (G(0), up(t )>v+¢( ) as 70,
and the inequality (3. 16) follows. O
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