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ABSTRACT: It is old folklore that the violation of Leibniz rule on a lattice is an obstruction
for constructing a lattice supersymmetric model. While it is still true for full supersymme-
try, we show that a slightly modified form of the Leibniz rule, which we call cyclic Leibniz
rule (CLR), is actually a criterion for the existence of partial lattice supersymmetry. In
one dimension, we find sets of lattice difference operator and field multiplication smeared
over lattice which satisfy the CLR under some natural assumptions such as translational
invariance and locality. Thereby we construct a model of supersymmetric lattice quantum
mechanics without spoiling locality. The CLR relation is coincident with the condition
that the vanishing of the so-called surface term in the construction by lattice Nicolai map.
We can construct superfield formalism with arbitrary superpotential. This also enables
us to apply safely a localization technique to our model, because the kinetic term and
the interaction terms of our model are independently invariant under the supersymmetry
transformation. A preliminary attempt in finding a solution for the higher dimensional
case is also discussed.
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1. Introduction

Supersymmetry (SUSY) is not only a candidate for physics beyond the standard model
but also a possible framework (or a part of it) with definite ultraviolet behaviors in
quantum field theories. If we can construct supersymmetric theories nonperturbatively,
we shall obtain deeper understandings of vacuum property and other nonperturbative
behaviors(f], B, f]. Although the SUSY algebra is generally incompatible with a discrete
lattice space, there is no obstruction to formulate a free SUSY theory on lattice, if we
replace an infinitesimal translation with a lattice translation.

Our real difficulty to overcome is Leibniz rule (LR) on lattice in interacting SUSY
theories. Unfortunately, the no-go theorem for the rule on lattice has been proved in
our previous papers[, E] The essential point of the proof is the incompatibility of the
translational invariance, the locality and the LR on lattice. Under a certain circumstances,
SLAC type difference operator satisfies the LR on lattice[d, Jg] but it is non-local.

As another approach, we could utilize a Nicolai map for constructing a lattice SUSY
theory[ff]. For supersymmetric quantum mechanics, a lattice model with a Nicolai map
was proposed in Ref.[f],

Sn=>)_ % <(A¢)n - Wn(¢)>2 +) ity <Amn + %ﬁ) s (1.1)

n



where A, is a difference operator and W,,(¢) is an arbitrary function of ¢,,. The lattice
action ([L.1]) possesses an exact supersymmetry[d, [[q] but contains the unconventional term

It should be noticed that the above term is absent from the action of supersymmetric
quantum mechanics and would vanish in the continuum as a surface term. It cannot be,
however, written into the form of total divergences due to the lack of the Leibniz rule on
lattice. The author[[[]]] has discussed, in a topological point of view, an off-shell action

Sp=>_ %(Bn)2 + ) iBn ((A¢)n - Wn(¢)> +Y " ithm (Amn - ng)ﬁ’)) ny  (1.3)
n n m,n
which reduces to ([.) after eliminating the auxiliary field B,,. The above lattice action
was rederived in a superfield formulation[[[Z]. Although the lattice action has an exact
fermionic symmetry, it may be regarded as a lattice version of the stochastic action[[L3]
rather than the standard supersymmetric quantum mechanics,

Sson = /dt {% <fl—f>2 4 %F2 VW (¢) + it <% 4 8‘2/5’)) 1/1} (1.4)

with a Euclidean time ¢t. Hence, it will be worth looking for a lattice formulation which
leads to a lattice version of Ssqum and also does not rely on the existence of local Nicolai
maps without unwanted terms like ([.9).

In this paper, we propose a novel criterion for the lattice SUSY realization which we
call cyclic Leibniz rule (CLR), that is not a genuine LR on lattice but still a natural lattice
analog of the Leibniz rule in the continuum theories in the sense that it is reduced to the
corresponding relation in the continuum limit. We construct sets of the lattice difference
operator and the associated symmetric field product which satisfy the CLR. With these set
of difference operator and field product, we formulate the concrete example of lattice SUSY
quantum mechanics. Although only a part of SUSY could be realized exactly, yet they have
several advantages over the existing approaches. One of the advantages is that our lattice
model is free from the “surface”term ([.J) and is just a lattice analog of the standard
supersymmetric action ([.4). This property with CLR allows us to construct a superfield
formulation, whose realization is different from that given in Ref.[[J). In the action of
our model the kinetic term and the interaction terms are separately invariant under SUSY
transformation. Because of this property we can apply a localization technique to obtain
some exact results in our model. Since our lattice formulation mimics the continuum
supersymmetric quantum mechanics and does not rely on the existence of local Nicolai
maps, it may shed a new light on the construction of higher-dimensional supersymmetric
lattice models.

In section 2, we propose the cyclic Leibniz rule (CLR) as a criterion for the SUSY by
using a concrete example, for definiteness, of D = 1 N’ = 2 Wess-Zumino model on lattice.
The lattice difference opertors and associated symmetric product is found as a solution



to the CLR. Based on these, in section 3, we construct exactly (half-)supersymmetric
quantum mechanics on lattice with arbitrary interactions. The Witten index is exactly
calculated by the Nicolai map and the localization technique. Multicomponent cases are
discussed in section 4 and we find a local solution which is a natural generalization of
one-component case. In section 5, we give an attempt to a higher-dimensional case letting
spinor index aside, while we so far could not find any suitable solution of the CLR for
euclidean field theories. Section 6 is devoted to conclusion and discussions. In appendies,
we find the general solution of CLR with locality, the properties of the associated product,
and explicit multi-field product examples based on CLR.

2. A criterion for lattice supersymmetry

In this section, we begin by recapitulating the difficulty in constructing interacting super-
symmetric theories on lattice where the important key concept is the Leibniz rule. Our
proposal to avoid the difficulty will appear subsequently in this section.

For concreteness, we consider D = 1 model, i.e. supersymmetric quantum mechanics,
which consists of a multiplet

<¢m7men) (2.1)

where ¢ is a real scalar, F' is a real auxiliary field and 1 is a complex fermion. Index n
stands for a lattice site. na is a coordinate but hereafter we set lattice constant a = 1 for
simplicity. The N/ =2 SUSY transformation is described as

0n = €y — €y,

51/}71 = E(Z(A(b)n + Fn)y

57/;71 = E(_i(A(b)n + Fn)a

§F, = —€i(Av), — &@(AY)n, (2.2)
where a difference operator A is defined as

(AA)TL = Z AnmAmy ZAnm = 07 (23)

for arbitray lattice field A,. The second relation states that the difference of a constant
field vanishes. The algebra follows from the above definition:

01,62) (s s Fu ) = 2i(Erez = @061) (A0 (A0, (AF) ). (24)
The kinetic terms Sy and the mass term S, of the free action
1 - 1
SO = Z (§(A¢)EL + Z¢n(A¢)n + _Frg)’ (2'5)



are invariant under (R.) provided
Apm = —App (2.7)

which is a generalized symmetric difference operator.
The obstruction for SUSY realization on lattice appears in the interaction parts. For
an illustration we consider here cubic interaction such as

Sint = Zg Z (MZmnFé¢m¢n + 2N£mn¢€&m¢n)7 (2'8)

Imn

where ¢ is a coupling constant, and Mp,,, and Ny, are coefficients for fields products.
We can impose My, = Mgy, without the loss of generality. Under (@), the interaction
terms are transformed as follows,

0Sint = Zg Z < - ZENZmnwﬂz)mwn + 2€N€mn&€&m¢n

fmn

_2€(M£mn - Nmfn)FZwm(bn + 26(Mfmn - Nan)Fﬂzm(ﬁn
_Z.E(Mémn(Aw)ZQSmgbn + 2N€mn¢é(A¢)m¢n)
—ie( Momn(AG) e + 2Nt (B0)n) ) (2.9)

In order to accomplish the invariance under (.2), we must require

NZmn = IVmtn;
Mfmn = nmé
> (DkeMimn + NogrDgm + NonerAgn) = 0. (2.10)
k
for € invariance and
Nﬁmn = nmis
Mﬁmn = {Vmtn;
Z(Akszmn + NottDkm + Nk Agn) = 0, (2.11)
k

for € invariance. These conditions can be combined into a simpler form

Mfmn = Mﬁnm = Mnmf = Nﬁmn = Nan = Nnm@a (212)
Z(AkZMkmn + Mg A + Mppp D) = 0. (2.13)
k

With (R.7), the relation (R.13) implies a Leibniz rule on lattice

D AR Mypndmtn = > Mon(Ad)kthn + Y Moy (D), (2.14)
k

m,n k,n m,k

where ¢, 1) are any lattice fields.



Before going into the further analysis, we describe the translational invariant and local
difference operator and product-coefficients as holomorphic functions[f]]. From transla-
tional invariance, these objects depend only on the difference of site indices, so we denote

conveniently
Ak) = Apm—ky, M(E0) = My m—k m—e- (2.15)
By transforming them to the momentum representation (w—expression), the complex func-
tions
0o 00
A(w) = Z w'A(n), M(w,z) = Z w™z" M (m,n) = M(z,w) (2.16)
n=—oc m,n=—oc

Al

are defined. Substituting w = exp(ipa), z = exp(iga), the expression (R.16) exactly corre-
sponds to its Fourier expansion and p,q become momentum variables when p, g are real.
The locality of the difference operator is exactly equivalent to the holomorphism of the
w-expression, and the holomorphic domain D is an annulus in the complex w-plane which
includes a unit circle around the origin. For the product M (w, z), the domain is D ® D as
a two-variables function. Namely, we proved that the locality, i.e. long distance behaviors

|Apn| < Cexp(—Kolm —n|), |Mpnn| < Crexp(—Ki|l —m| — Kol —nl) (2.17)

with C, C1, Ky, K1, Ko > 0 are equivalent to the holomorphism of A(w) and M(w, 2)[H).
From the second relation of (R.3), the correspondence A has the property,

A(1) = 0. (2.18)

Turning the relation (R.13) into the w-expression, we can find

~ ~

NI (w, z)A(i) + N (w, 2)A(w) + M(w, 2)A () = 0. (2.19)
The only holomorphic solution around w = z = 1 of (B:19) is A(w) ~ logw i.e. a SLAC-
type difference operator besides a trivial solution with M (w,z) = 0. The SLAC-type
operator is, however, not holomorphic in the annulus D. Thus there is no set of A and
M (# 0) with translational invariance and locality that satisfies (.13). This is an essence
of the no-go theorem for the Leibniz rule on lattice proved in our previous work[l]. So the
lack of lattice Leibniz rule is an obstruction for lattice supersymmetry with interaction.
To overcome the above problem, we demand only a subset of supersymmetry. For
example, if we impose the invariance only for € in (R.J), then we have the half of the

condition, i.e. (.10) without (R.11)). Thus, instead of (R.13) and (P.1J), we obtain

Mﬁmn = anm = VNopme = Nmnfa (220)

> (Dt M + Mine A + Mg Ap) = 0. (2.21)
k

We call (R.21)) as cyclic Leibniz rule (CLR). This relation cannot be factorized, like (R.19),
into a separate condition for a difference operator, but must be solved by the combination



of a difference operator and a product. It is worth noting that the symmetry in the product
My, of (R.13) is different from that of (R.20); the former is totally-symmetric for the three
indices and the latter is only symmetric for the second and the third indices. Although the
conventional LR (R.1J) seems equivalent to the CLR (R.2]) in the naive continuum limit
because the limit implies My, — Oredgm, they clearly have different property for the finite
lattice constant. In contrast to (R.14), the CLR can be expressed as

D AW Myun®mtn = > Mine(AG)ktbn + Y Mpomdm (A, (2:22)
k

m,n n,k k,m

whose indices are indeed summed in a different way from (R.14). Although the CLR is
found in constructing a specific model with cubic interaction, it will turn out to be very
useful for the analysis of more general supersymmetric theories in later sections. Instead
of the usual Leibniz rule (R.13), we can adopt the CLR as the key rule for the exact lattice
supersymmetry. As seen later, we can construct a superfield formalism and find a Nicolai
map with vanishing surface terms in interacting cases. This framework with the exact
symmetry are a real advantage of our approach .
In w-represenation, the cyclic Leibniz rule (R:21)) can be expressed as

N (w, z)A(i) + V(s i)A(w) + M(i, w)A(2) = 0, (2.23)

We give here an example solution for (R.23) keeping translational invariance and locality

- 1 1 1 1 A w—w!
M(w, z) = 6(210,2 +wz 42w+ 2(wz)” ), Aw) = — (2.24)

This corresponds to a real space expression

1
Mﬁmn = 6(256,771—15(,71—1 + 5Z,n—15€,m+1 + 5Z,n+15&m—1 + 25Z,m+15&n+1)7

1
Amn = 5(5m,n—1 - 5m,n+1)- (225)

This simple example has doublers which can be resolved by a supersymmetric Wilson
term or a supersymmetric overlap-type mass. We shall see these terms explicitly in the
subsection B.1. More generic other solutions to (B.23) are given in Appendix [l.

3. Analysis of supersymmetric lattice quantum mechanics

In the previous section, we have found the important relation, the CLR. Its solution con-
sists of a local difference operator and a symmetric field product smeared over the lattice
sites keeping locality. In this section, we explicitly construct general supersymmetric quan-
tum mechanics using the CLR as a guiding principle. And we will analyze the model by
localization technique.



3.1 Construction of supersymmetric action

We saw in the previous section that a cubic action can be half-supersymmetric if the prod-
uct satisfies the CLR. This can be immediately extended to other order terms including
quadratic, quartic or higher. An important point is that the CLR for each order guarantees
the invariance of each order term independently. In other words, the coupling constant for
each order term can be taken independently. This naturally leads us to the superfield
formalism with half-supersymmetry to construct generic action. Also we are able to uti-
lize this property to make an exact calculation with localization technique which will be
discussed in the next subsection.
Let us first define a 2-body product of lattice fields using the coefficient My,

{60} =D Mynmtbn = (=1) {1, ¢ }e, (3.1)

where €4 and €, are the Grassmann-parity for ¢ and 1. We refer this product as a smeared
symmetric product, because this is a symmetric product smeared over lattice sites. The
locality of the product is guaranteed by the holomorphic property of its w-expression

M (z,w). We also define an inner product of two lattice fields

(6,%) = nthn- (3.2)
Then a simple 3-body summed product of lattice fields is expressed as
(¢7 {T,Z), X}) = Z Mprnn®etm Xn- (3.3)
Imn

With these notations, as well as (R.7), (R.21)), the CLR can be rewritten into a compact
form

(A, {v.x}) + (AY, {x, 0}) + (Ax, {$,¥}) = 0. (3.4)
In the case of three same fields, (B.4) is reduced to
(A, {¢,0}) =0. (3.5)

The expression (B.J) is equivalent to (B.4) if we take the symmetry of the product M into
account. These simple expressions are useful in further SUSY analysis.

Now we construct various terms in the action using superfield formalism. As stated
before, the kinetic term is fully supersymmetric with € and €, while the interaction term is
half-supersymmetric with, say €. Therefore we can use N = 2 superspace for the former,
but must use N’ =1 for the latter.

An N =2 supermultiplet for a superspace (n,6,0)

En(979) = q>n(0) - H\I’n(e) (3'6)
is decomposed into two A/ =1 multiplets,



which is Grassmann even and
v, (0) =, + 0F, (3.8)

which is Grassmann odd.
A kinetic term of the action can be written as

So = % / d9d0(D=(0, ), DE(6,9)), (3.9)

where supercovariant difference operators are defined as

) . _ 0

To formulate mass term and Wilson term supersymmetrically, we consider a generic
bilinear form

(6,GY) =D orGratde, (3.11)
)

where Gy, is a certain operator on a lattice. The translational invariance implies that G
is a function of the difference of its indices G,y = G(m —n), and satisfies AG = GA with
translationally-invariant difference operator A. Thus we have

with AT = —A. Then
S, = i/d@(\P(Q),G@(G)) (3.13)

gives a supersymmetric quadratic action invariant under e-transformation. For example, a
simple mass term with Wilson term is given by choosing

2—w—wt

5 (3.14)

Gw) = E w"G(n) = im +ir
n
where m is a bare mass and r is a standard Wilson term parameter. For more generic
doubler-suppressing term, we can write

A~

G(w) = im + iH (w, M), (3.15)

where H(w, M) is a holomorphic function in D with a parameter M > 0 and corre-
sponds to w-expression of a translationally invariant operator Hy,, (M), i.e. H(w, M) =
S W™ Hyppm(M). We further impose that H is symmetric, i.e. HT = H or ﬁ(w) =
H (1/w), throughout this paper. If we need an overlap-type action, we choose H to have
the poles at w = 0, 0o and the branch points at w = —1/M, —M with M > 1, as well as the
property H (w=1,M) = 0. The explicit form for the overlap-type term[[[4, [[]] is given as

A~

H(w M) | (M + 25 oy
M1 Vo g (0 )2 VO +w)(M +wT)

. (3.16)



Note that, together with an explicit solution for the CLR

. B (M +1)(w —w™)
A = e T ) (8.17)
M(w,z) = m\/(M + w)(M + w—1)<2wz +wz 2wt 4 2(wz)_1>, (3.18)

the above H satisfies an analog of the Ginsparg-Wilson relation (I, [[7],

Aw)A(w™) + H(w, M)A (w™", M) = (M + 1) (ﬁ(w, M) + H(w™, M)), (3.19)

where the Dirac operator is given by Dpirec(w) = iA(w) + iH (w, M).
The quadratic terms including mass and doubler-suppressing term and the cubic in-
teraction term of the supersymmetric action are now obtained as

Sa+ S =i [ d8((0(6).GBO)) + (¥ (0). (2(6),2(0)))) (320)

with a coupling constant go (here subscript 2 stands for 2-body product). The action (B.2(])
is clearly invariant under SUSY transformation

O = €tn,

0pn = €(i(AP)n + Fn),

Sy = 0,

§F, = —ie(A),. (3.21)

This transformation can be realized on the superfield as follows,

L ey R
62, (0,0) = ;e(%@m + 08 ) (0, 0) = € 550n(6) + 050 (6) +iB(A), (6))
(3.22)
or equivalently on the A/ = 1 superfields
0, (0) = qu) (0)
n - 69 n b
ov,(0) = e%llln(e) + ie(AD),(0). (3.23)

Thus the total action
Sy = So + S2 + Sint
= 2(86,80) +i(d, M) + (. F)
4 (Fy im -+ H)0) + (8, i+ LH)) +ig2(F, {6, 6)) — 2ign(w {6,0)) (3:29
is also invariant under (§:29) or (B23),
5S; = 0, (3.25)



due to the relation (B.13) and the CLR (B.5). It is worth emphasizing here that our for-
mulation keeps locality; the holomorphic property of the w-expression of various operators
and product guarantees the locality.

To extend to multi-body supersymmetric interactions, we define the smeared N-body
products for a bosonic superfield

(B, 0} = > Muymyomy @y Oy (3.26)
M., N
where my, .., my are totally symmetric indices (we have been omitting semicolon for N = 2,
i.€. Mp:mymo = Mpmims-)
If this product satisfies the N-body CLR

(AD, {D,...,®}) =0, (3.27)
then the action

l/}wigN(w,{¢,”.,¢}) (3.28)

is invariant under the supersymmetry transformations () in exactly same way as the
2-body case. It should be noticed that the R-symmetry

0 — €9,

d — P,

T — e, (3.29)
allows only the type of interaction terms (B.2§), which consists of ® and ¥ and is necessary
for constructing supersymmetric 2/N-body interactions for scalar fields with a coupling
constant gyn. Also note that N-body product satisfying the CLR can be constructed in
terms of 2-body products which will be discussed in Appendix B.

Before closing this subsection, it may be helpful to understand the exact SUSY invari-

ance in an alternative way. We write the total action S} as a sum of kinetic term Sy, bare
mass term S,,, doubler-suppressing term Sy and interaction term Sjut

Sy = So + S + Sas + Sint.- (3.30)
Then each term can be expressed as a supersymmetric transform of something
So = 30, (~ido+ F))
Sp = imd' (¢, ¢),
Sas = 10’ (¢, Ho),
Sint = S3 + Sa + -+ = ig26" (1, {8, 8}) +ig30' (¥, {d, b, 0}) + -+, (3.31)

with coupling constants gs, g3, --. Here we denote the transformation without parameter
by &', i.e. 6 = €d’, or explicitly

' bn = n,

§pn = i(AP)p + F,

8"t = 0,

§F, = —i(AY),. (3.32)

— 10 —



Due to the nilpotencey of the transformation 6> = 0, the invariance of each term is
manifest,

'Sy = 0'Spm = 0'Sgs = &' St = 0. (3.33)

3.2 Localization technique and calculation of Witten index

With the action (B.30), we can find a Nicolai map for our system, and apply the localiza-
tion technique[ld, [[J] to calculate the Witten index (the partition function with periodic
boundary condition for all variables).

Before going into the detail, it would be useful to compare with the previous attempts
in the existing literature. In the references [[, [[J] the partition function has been calculated
in the ultra local limit, where the N-site partition function Zy reduces to IV copies of the
one-site one, i.e. Zy = (Z1)N. This result indicates that every degrees of freedom may
contribute to the Witten index that is quite different from the usual understanding of its
topological nature. Also it depends on whether the number of lattice sites is even or odd
for Z1 = —1 case of which we could not understand the validity. On the other hand, our
lattice formulation is suitable to use the localization technique as will be seen below. It
will turn out that the Witten index is determined by only zero modes and all fluctuation
modes are irrelevant in it.

Now let us begin by defining the Nicolai map

§n = —(A@)n +mon + (Ho)n + g2{9, d}n + g3{d, &, P}n + -+ (3.34)

With this, the Witten index can be calculated as

7 = / Dé¢DYDYDF e~ = / DEDYDY| det | ~* e~ T 2énn—i Ky Vrmk

= /D§| det |~  detn e~ Xn %5"5”, (3.35)

where all variables follow a periodic boundary condition and

0 0 0
= 5ok = Dot b () + 9075 (6,6 + {96 0ht o (330)
The prefactor of (B.3H)

| det |t det 7, (3.37)

is not generally a constant but detn can vanish for certain cases. Also the path of the
integral (B.35) is not definite. Therefore we must carry out more detailed analysis.

In order to control the infrared behavior, we restrict a size of the system to finite V.
Also we assume the highest power of the potential in (B.34) is p, for definiteness. We rescale
our kinetic and doubler-suppressing term with parameters ¢ and t45 respectively,

So — tSo, Sdas — tdsSds- (3.38)

— 11 —



Note that t4s looks like a Wilson term parameter for Wilson fermion case. Then we integrate
out F,, and obtain a t-scaled partition function,

Z(t,tas) = /D¢D&D¢DF6—S(t,tdS)
= /D(ZsD’l/}D’l/}DFe_tSO_tdSSds—Sm_Sint

= N2 / D¢ DD

t58+tgist7 ! Sgs+t71 Sflr)n+int +td5t71 Sgross ) - (ts({ +tdssc{s+siz+int) (339)

X e_(

Here we denote Sg, sh Sgs and Sibmt as bosonic (without fermion) parts of kinetic, mass,
doubler-suppressing and interaction terms, respectively. Sg , S{;, S({S and Si’;t are fermionic
(with fermion) counterparts. We summarize each part of our action in Table [ In addition,

Table 1: Bosonic and fermionic parts of the action after integrating of F,

b b b
SO Sds Sm—i—int

S(J; S(J;S Srj;—l—int ‘
i, M) ]i(d, HO)|im(d, ) = i(Y, 202{0. 0} + )|

the cross terms S?._.. for doubler-suppressing term and mass plus interaction terms are

Cross
defined as

Sgross = (H¢7 mqb + g2{¢7 ¢} + - ) (340)

It is clear that this Z(t,tqs) is t-independent, because before F,,-integration one can

show

2Z(t7 tdS) - _/D(b.D/l/}D’l/}DF SO e_tSO_S"”_tdSSds_Sint

ot
- —/D¢D1ZD¢DF 5/(Xe_t50_Sm_tdssds_sint) — 0, (341)
g 7 —tS0—Sm —td4sSds—S;
ot Z(t,tds) = — D(ZsD’l/}D’l/JDF Sds e 0—Om —tdsOds —Oint
ds

= — / D¢DYDYDF §' (Y e t50=5mtasSas=5int) = (), (3.42)

where X = %(1/), —iA¢ + F), Y = <¢, Hgb). Here we used the invariance of the path-

integral measure under & and §'(S(t,tgs)) = 0.

— 12 —



In the following calculations of the Witten index, we take two typical limiting cases.
One is analogous to the continuum theory in which important modes are only zero-modes.
The second case is peculiar to lattice theories, which has doubling modes in addition to

1 Although the two cases are physically and mathematically different, after

zero-modes.
using localization technique, we can obtain the exactly same results. We first decompose

each field into zero mode (script 0), doubler mode (script d) and the other modes:

¢n: j0—+(?/—)n¢d+am
wn: wo +(_ ) 1/’d+Xn7
W
AL B i S (3.43)

VN VN

Then we rescale each part with ¢ or tg4s in such a way that the only important mode survives
in the infinitely scaling limit.

Case (i) We make the scaling of each field as

by = ¢0 (—1)" + 1,
SV NG YR
" ¢0 (—1)" LX
"TUN \/—\/E \f .
— 1/10 (—1)

then we take ¢,tqs — oo with a fixed t/tqs. This case is similar to the continuum theory,
because the real zero mode (not doubler) is only t,tgs-unscaled. A scalar zero mode ¢
contributes to t~15° mint T s/ maint and a scalar doubler mode ¢4 contributes to

2
= i 2 (X H( "0a) = (1), (3.45)

t

where H(w) = Y, w"H(n) for translational invariant H,,, = H(m — n). On the other

hand, the fermion zero modes contribute to sf

rmint» and a fermion doubler mode contributes

to

tasS, ds Z m&den(_l)nwd = iﬁ(_l)lgdwd- (3.46)

Any non-zero modes can be integrated out in the limit ¢,tqs — 00 with fixed t/tqs, and
the ¢ factor of the partition function (B:39) is exactly canceled. (tgs/t)S®
action vanish in the limit.

oross terms in the

!Hereafter we assume the number of sites N is even for simplicity. There is no doubler mode for odd N,
so that it gives the same result as Case (i) below.
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Therefore

Z(t tas) = ids /d¢od¢dd¢od¢od¢dd¢d e~ (Bt S5 AT 8] )~ (las ST, i)

V tds
t

- 2 4—1gb f — _i—1ab of
/ dpaharpg e tast FdstasSa; / dbodiodipy e Smtine™Smpint

_ Vias t - I
ot Vg (H(-1)? H( 1)\/Z/d§’?70’ Mo : (3.47)

where

_ 1 92 v 93 v 9
§(00) = 7 <m¢0 + MG+ ML LG5+ + WZ_1M<1,---,1)¢€> ,
393

m0(d0) = m + %MO, Do+ 7 M(L LG+ + gi_lM (L 1)of (348)

with w-expression of translaionally invariant multi-body product

M(wla C L Wpo1) = Z wgnl . 'wzlfflMg;g_,_mh..Hg_i_mnfl. (3.49)

mi,Mn—1

The final expression (B.47) results in Z(t,tqs) = 0 for p =even and Z(t,tqs) = +1 for
p =odd (its sign depends on the asymptotic behavior of the potential).

Case (ii) An alternative way of rescaling of fields is given by

IR C LN
Cbn - N¢0 + \/N (st + \/Eaﬂn
RPN
B = —tho+ S+ L (3.50)

Then we take the limit ¢ — oo with a fixed tqs. In this case not only zero mode but also
doubler mode are t-unscaled. A ¢ contributes to

—1gb
t Sm+int7 SgH_inty (351)
and a ¢4 contributes to
2 ,—1¢gb —1gb —1¢gb
lgst Sds? t Sm—i—int? last Scross? ng,-i-int' (352)
Fermion zero modes v, ¥y contribute to
S int (3.53)
and fermion doubler modes )4, 14 contribute to

tdsS(];Sa an—l—int' (354)
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Any non-zero modes can be integrated out similarly to the case (i) in the limit t — oo.
Therefore Z is evaluated as

Zltsta) = 7 [ dondbuddodindiady

X e_(t71t?{ssgs+t71tdssgross+t 1S721+1nt) (tdssgj;s-"_s'r{z«kint)

- / déodeq) det 1(¢o(€), da(€))| 7" det n(o(€), da(€))e 287284, (3.55)

where
§e(do, da) = (tds > Hp(—1)"¢a + 1sz5m(¢o+(—1)"¢d)
o \/_P Z My o, oimy (G0 + (= )"1¢d)"'(¢0+(—1)"”¢d)>
= — (60(60.00) + (~1'éuln.00)) . (356)
and

9o (o, pa) 9o (do, Pa)
do Oba
98a(Po, ¢a) 98a(¢o, ¢a)
Do Oba
The final expression (B.5) results in Z(t,t4s) = 0 for p =even and Z(t,tqs) = +1 for

p =odd.

n(¢o, ¢a) = (3.57)

In summary, these two limiting procedures give exactly the same result, although the
doubler mode survives in the expression (B.53) of the limit (ii). The final results reproduce
known results for the supersymmetric quantum mechanics in the continuum. Also there is
no subtle dependence on the number of lattice sites.

4. Multicomponent case

In order to consider a higher-dimensional extension with spinorial index or a multi-flavor
extension, we need a framework for multi-component fields. A Wilson term or an overlap-
type term can be made more realistic in the model with multi-component indices. The
CLR for the multi-component case, however, is slightly modified and should be treated
with care. In this section we will explain this in a simple situation where each field has a
single index which we do not specify with either spinor or flavor at the beginning.

For the fields (42,2, 1%, F2) with single index a, we consider the following supersym-
metry transformation

52 = el =ed ¢?,

5z/jg = e(i(A¢D)% + F2) = ed'y2, (1)
2 =0 = ed'y2,

SF% = —ie(AyI)2 = 'Y,
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where T' is a certain constant matrix on the index with property I' = I'", T2 = 1. We can
easily obtain a free action including mass and doubler-suppressing terms invariant under
the above transformation,

S = (A6", AG) + (P, (D)) + 1 (F, F*)

= LP W (AGT)") + %5’(1/;&,1?@), (4.2)
S = im (%, F) + im(i*, 92) = imd (6%, 47), (4.3)
Sds - i(¢a7 Habe) + Z‘(rl/;a7Habwb) - ié/(gbaa Habwb)7

where H,, is a multi-component extension of H in the previous sections and satisfies

Zm(Hab)mn = Zm Hab(m — n) = Hab(l) = 0 and ((HFA)ab)mn = _((HFA)ba)nm- The
interaction term

St = ig2 ((F*,{0,6}%) — 20", {6, B}")) = ig2 8/ (4", {6, 6}"), (45)

is also invariant under (1)) where we used {¢,v}{ = Z M@ b ¢ and

b,c,m,n

> ((AgD)*, {¢,4}") =0. (4.6)

a

The translational invariance implies that the A and M only depend on the difference
of site indices, as before,

Apn = Alm —n), M = MYk —m,k—n). (4.7)

kmn

Their w—expressions are

Aw) =D w™A(m), M™(w,z) =Y w™z"M™(m,n). (4.8)

mn

Using the combined quantity
P (w, 2) = A1/ (wz))T M (w, ), (4.9)
the multicomponent CLR is expressed as
P (w, 2) 4+ P"%(2,1/(wz)) + P*(1/(wz),w) = 0, (4.10)
Pe(w, 1/w) =0, Pe(w, 2) = P (z,w).

Although solutions for the relation (J.1()) are complicated in general, a simple and special

solution is given by
P®e(w, z) = fPP(w, 2), (4.11)

where fo¢ is a totally symmetric constant and P(w, z) = A(1/(wz))M (w, z) is a solution
of single component CLR (£:23). This means

M (w, z) = T f%e N (w, 2). (4.12)
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We comment here that when the above indices a, b, ¢ are somehow interpreted as spino-
rial indices (like dimensional reduction to 1-dim.), the Wilson and overlap-type[[4, [L]
fermions appear in analogous way with higher dimension. The Wilson fermion case is
realized by a doubler-suppressing term 1 H1v where

2 —0mmn-1—20 - 2—w—w"
Hip, = §%ip = SR fw)® = gt (413)
The Wilson-Dirac operator is written as
N _ a1 92— w—wL
iDwp (w) = 2 2w T+r “’2 iy (4.14)
and the bosonic inverse propagator with the doubler-suppressing term is
- w—w 2 0 /2 —w—w 2 ~ ~
Dp(w) = <T> - <f) = =5 Dwp (w)ys Dwp (w), (4.15)
where 75 is a matrix satisfying {75,'} = 0 and 72 = 1.
For the overlap-type fermion, we take
N w—w!
A(w) = TKOD(U)), (4.16)
b fobe 1 1 1
M»(w, z) = <2wz+wz_ +zw "+ 2 wz‘), 4.17
(1.2) = G () (117)
where Mol
+
Kop(w) = —. (4.18)
VM +w) (M +wT)
The overlap-Dirac operator is written as
iDop = TA(w) + H(w). (4.19)
The Ginsparg-Wilson relation[[[q, [7] is written as
Dops + 75 Dop = Dopys Dop. (4.20)
This relation leads us to
Aw)A(w™) + A (w) = 2iH (w). (4.21)

Then, the bosonic inverse propagator with the doubler-suppressing term is expressed as

- _<(1 — w?)Kop(w)

Dp(w) = - ) + B (w) = 20l (w). (4.22)

It is a remarkable fact that the inverse propagator of a bosonic variable is determind by
the fermion doubler’s mass term due to the supersymmetry.
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5. Higher-dimensional case

In the previous section we consider a multi-component extension which will give a starting
point for higher dimensional case. In this section, we consider a contrary case, namely two
dimensional extension of the CLR without spinor index. Although it is not a real higher
dimensional extension, we can readily see the difficulty which may exist in the real case.
Real higher dimensional extension will be discussed elsewhere.

Let us denote a two dimensional lattice sites by m = (mj, m2) and complex coordinates
for two-variables w-expression by w = (wj,ws). Then we use the following simplified
notations:

wz = (wy21,wez9) for w=(wy,wy) and 2z = (z1,22), (5.1)

also we write
1=(1,1) and w™'=(wilwyh). (5.2)

Now we consider the following CLR for any bosonic fields
(A®,{W,Z}) + (AU, {Z,0}) + (AZ, {8, 0}) =0, (5.3)
where the two-dimensional difference operator and the symmetric product are defined by

A=(ALNy),  {U.E} =) My Imen. (5.4)
mn

Here Ay and Aj operate the first and second site index (mq, msg) of the field respectively.
By imposing the translational invariance,

Amn =A(m —n), Mpmn = M(k —m,k —n), (5.5)

two holomorphic functions can be defined as two-variables w-expression

Aw)=> w"A(n), A1) =0, (5.6)
n
M(w,z) = Z w2 M(m,n) = M(z,w), (5.7)
mmn
where simplified notation w" = w"wy'? is used. Then, the w—expression of the CLR
can be obtained as
Aw 2z HYM(w, z) + A(w)M(z,w 271 + A(z)M (w27 w) = 0. (5.8)
Setting z = 1, we obtain
. M, w™) .
Afw ) = ML) A (), (5.9)
M(1,w)
and
A M(1 . A . -
Alwz) = — (1, wz) (M(z, (wz) YA (w) + M (w, ('wz)_l)A(z)>. (5.10)

M(w,z)M (1, (wz)"1)
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From eq.(p.10), we have

Aw?) =2— M(lﬂw% M(w, (w)"2)A(w). 5.11
() = 2 e e . () ) Aw) G.)

By the use of the Weierstrass preparation theorem[R0] on multi-variable analytic functions,
the above difference operator can be parametrized as

A(w) = K(w)<w1 1 (wo — 1)u(w2)>, (5.12)

where K and u are nonzero and holomorphic near w ~ 1.

In the following, we shall prove the CLR. (5-§) has only a solution A(w) oc wyjwy — 1
with the local difference operator A and the local product coefficient M. Since also in
this two-dimensional case, the holomorphism is equivalent to the locality, we discuss the
relation (F.§) based on a theory of multi-variable holomorphic functions.

Using eqgs. (B.10),(b.11)) repeatedly, we obtain the following recursion formula,

A~ A~

A(w") =nF(w,n)A(w), (5.13)

where F' is a holomorphic function of w and becomes unity in the naive continuum limit,
w — 1. From the parametrization (f.19), the recursion formula is rewritten by

Wl =1+ (wh — Du(ug) = 25 ("I‘;(Z)g ) (1~ 1+ (a2 — D)
= (wl — w® (w2”)>, (5.14)
k=1
where . |
w® (wh) = wﬁ(l — (wy — 1)u(w§)> " wn = e (5.15)

From the uniquness of the factorization near the naive continuum limit 1,
wy — w™ (wh) = wy — 1+ (wy — 1)u(w) (5.16)

because any considered function is holomorphic around the limit. The equation (H.16) can

be exactly solved as
1 — ;@

2

= . 5.17
u(ws) w1 (5.17)
Imposing the single-valued condition on u(ws), (1) must be an integer, £. The resulting

expression is
. 1 K(w
w = %(wlwg —1). (5.18)
Wy Wy
Instead of w;, we can argue the same thing about wsy of A(w) Since both cases hold, ¢
must be unity and we can obtain a general form of two-dimensional difference operator,

A 1 K (w)
w _
w2 w2

(wiwy —1). (5.19)

— 19 —



This general form (p.19) is a trivial extension of one-dimensional difference operators and
the general solution of CLR can be found easily by substitution: w — wiws, z — 2129
in one-dimensional case. This solution is, however, unsuitable for euclidean field theory
because, with this, the kinetic term is always written as a form of wqws or, in the momentum
representation, p; + po.

6. Conclusion and discussion

When we naively tried to realize the full supersymmetry on lattice, we were required to
realize a Leibniz rule (LR) on lattice. The no-go theorem, however, prevented us from
proceeding further. In this sense, the theorem is indeed an origin of the difficulty in lattice
supersymmetry [[l, BT, BJ). On the contrary, realizing exact half-supersymmetry leads us
a new criterion, i.e. the cyclic Leibniz rule (CLR). The important thing is that the CLR
actually has solutions which are realized by the set of local difference operator and local
symmetric field products. Unlike the LR, the CLR do not contradict with the locality and
the translational invariance on lattice. Yet in the naive continuum limit, CLR cannot be
distinguished with LR. Because of these features we consider the CLR may be an important
key ingredient for further constructing supersymmetric lattice models beyond the quantum
mechanics model discussed in this paper.

Using a difference operator and field products which satisfy the CLR, we can easily
construct exact half-supersymmetric action with superfield formalism. We can also find
the Nicolai map without “surface term”. Since each term of our superspace action is
independently invariant under supersymmetry, we can introduce deformation parameters
with no difficulty. This enable us to utilize a localization technique to compute, for instance,
the Witten index of our supersymmetric quantum mechanics models, which reproduces the
known results in the continuum.

In order to construct supersymmetric field theoretical model, we have to adapt spinor
index for higher dimensional CLR. In this paper, as a first step, we consider two-dimensional
CLR without spinor index, in which we find a difficulty that the difference operator has a
particular form unsuitable for the kinetic term. We hope to report a further analysis which
properly includes spinor index elsewhere.
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A. General solution of the CLR and the properties of smeared symmetric
product

A general difference operator is written as a function of the difference of site index
Apn = A(m —n), (A1)

by the translational invariance. The momentum representation (w-expression) is written

as a holomorphic function,
o0

Aw)= > w'An), (A.2)

n=—oo

where w = exp(ipa) in terms of the momentum p dual to the coordinate na. This is
holomorphic in the domain D which is an annulus including a unit circle around the origin.
From (R.3), the constraint

A(1)=0 (A.3)
is imposed on the difference operator. For the product coefficient between lattice fields, we
can also write in the translational invariant form

Mypn = M (£ —m, 0 —n). (A.4)
The momentum representation is written as a two-variables holomorphic function,

M(w,z) = Z wmZ"M(m,n) = M(z,w), (A.5)

m,n=—00

where w = exp(ipa), z = exp(iga) and the holomorphic domain is D® D. Then, our cyclic
Leibniz rule (B-2])) can be expressed as

N (w, 2)A(—=) + NI (, i)A(w) + M(i, w)A(z) = 0. (A.6)

wz

The general solution for this equation is

Vi, A () = flw,2) + £ 1)+ Fwz, ) + (o) + f(w, 1)+ f(ws, =)
1 1 1 1 1 1
- f(%@)_f(E’l)_f(avw)_f(w7w)_f(wvl)_f(gvz)7

where f(w,z) is an arbitrary two-variable holomorphic function. By taking f(w,z) =
F(w) + F(z), the special solution is found

- 1 1 1 1

M (w, Z)A(E) = F(w) — F(E) + F(z) — F(;) - 2F(wz) + 2F (wz). (A7)
If we choose F(w) = 1{’—22, then
~ A wz + 27w + wzt wz) twz — (wz) 7!
Wi, )AL = 2R v uE v we) W as)
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This corresponds to the momentum representation of (2.25).
Note that we cannot impose an associative law on our symmetric product. Namely,
the product ([A-4) cannot satisfy the associative law

{0, {v.x}} = {{o, ¥}, x}- (A.9)
If we imposed ([A.9), then
Z My Mo = Z Mo Meng (A.10)
¢ ¢
or in w-expression,
M(w, 2) M (wz, z) = M(z,2)M (22, w) (A.11)

would hold which implied M (w, z) = 1 after local field redefinition[ff], while the constant
M was excluded from our general solution (A7) .

Another property of the symmetric product ([A.4) may come out for a case where there
exists a unit element I which satisfies

{0, 1} ={1,¢9} = ¢. (A.12)

Since I,, can be taken as a unit constant by a local field redefinition, combining with the
translational invariance, the above implies

~

M(w,1) = M(1,w) =1 (A.13)

for any w. Using the solution (JA.7), we can find an example satisfying (JA.13),

~

M(w,z) =1+

T (w—1)(z=1)(w+ 2z —2—2wz). (A.14)

B. Multi-body products and the CLR

In this appendix we describe how multi-body smeared symmetric products satisfying CLR
can be constructed from 2-body ones.
B.1 Construction
N-body smeared symmetric product {¢M, ¢3) ... ¢(N)} is defined as
{¢(1)7 ¢(2)7 e 7¢(N)}n = Z Mn;nr“nN(bSLll)(bSi) T ¢£z]1\\[7)7 (Bl)
nimN

with the coefficient M,.p,,...n, whose last N indices are totally symmetric. The CLR relation
for this can be expressed as

for a single field ¢, or

> (Ag<D, {62, N DY) = 0 (B:3)

{c(@) : cyclic perm.}
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for N + 1 fields ¢* (i = 1,2,---, N + 1), where the sum is taken over all possible cyclic
permutations {c(i)|i =1,---, N + 1}.

N-body symmetric product can be constructed from 2-body product by the following
steps:

1. Write down a tree diagram (without loops) with NV + 1 external lines consists only of
trivalent vertices. (See Fig. [l for an N = 4 example.)

Figure 1: Example of a tree diagram from which one can construct 4-body product

2. Choose one of the external lines and assign it “0”. Then number the rest of external
lines from 1 to IV in arbitrary order. (See Fig. fl for counter-clockwise order examples)

3. For each vertex mark a dot on a line, among three lines attached to the vertex,
which is connected to the portion containing “0”-line. (See Fig. f]) Now this dia-
gram expresses one of 4-body products composed of three 2-body products. Each
vertex corresponds to 2-body product coefficient M,,,,; and a dot distinguishes first
index. Indices of internal lines (lines connecting vertices) are summed. Thus, for
example, Fig. PJ(a) corresponds to Zk’l Mk Myt Mingn, which gives a product of
fields {6V, {6, {p®), 6} }}.

0 4 4 3 3 2 : 1 j 0
1: [ :3 d\ 1 :2 4: l; :1 4 0 4
@ (b) © (d) C)

Figure 2: Constructing 4-body product made of 2-body products

4. For all possible choices of “0”-line and any permutatios of “1” through “N”, repeat
the steps 2 and 3. Then sum up all combined products corresponding to these
diagrams with normalization factor 1/(N 4+ 1)!. For N = 4 case, all possible choices
of “0”-line obtained from Fig. [] are shown in Fig. [}, and the final expression is

1
Mn§"1"2"3"4 - 5 Z Z (M"”p(l)kMknp(2)lMl”p(3)"p(4) + Mknp(l)lMl”p(Z)”p(fi)Mnknp(@
perm. k|
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+ My Mpy, My, + Min, )k Min M

p(1)"p(2) p(3)Mp(4) p(2)"p(3) p(4)

+ Miny1ynya) Miin, s, Mnk"p<4>> : (B.4)

This gives 4-body field product as

Z ({Qg(p(l))’ {<Z5(p(2))= {¢(p(3))7 ¢(p(4))}}}

perm.

+{{¢(p(1)), {¢(p(2)) 7 ¢(p(3)) 1, ¢(p(4))} + {{¢(p(1)) 7 ¢(p(2)) I3 {¢(p(3)) 7 ¢(p(4)) I3

+{pPW) {{pP2) pPBNY PN 4 {{{gb(:v(l))’¢(p(2))}7¢(p(3))}7¢(p(4))}) .(B.5)

_ 1

{(b(l)u ¢(2)7 ¢(3)7 ¢(4)} - 5|

Thus we obtain one of possible definitions of multi-body symmetric product for each tree
diagram we start from. Although tree diagram for N = 3 or 4 case is unique, there are
a finite number of independent tree diagrams for higher N. Each of these diagrams gives
independent product on a lattice, while they may have the same continuum limit.

Note that a class of multi-body symmetric products can be alternatively obtained by
a simple equation

N
(6.6,,6) = 55 D Pn(9) Pu(o)}- (.6)
k=0

Here the field P,(¢) is defined in a recursive way using 2-body product
Po(9) = {Pn-1(9), ¢}, Pi(gp)=0¢, PR(o)=1 (B.7)
where [ is an identity field with respect to the 2-body product (¢ = {I, ¢}).

B.2 Proof of multi-body CLR

Here we show that the above constructed products satisfy the multi-body CLR. A graphical
representation is convenient for this purpose. As in the previous subsection, coefficient of
2-body product M,,,; is expressed by the trivalent vertex with a dot on the first index.
Difference operator A, is now expressed by a line segment with an arrow:

l

My n Apm n—<—m (B.8)

m

Anti-symmetry of A (= —AT) is represented as a graphical relation:

n—<—m = — n——m (B.9)

Then CLR for 2-body product chclic (A(bc(l),{(;ﬁc(z),(bc(g)}) = 0 is graphically repre-
sented by Fig. f.
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Figure 3: CLR for 2-body products

Let us begin by looking at N = 4 example. What we want to show is the relation

S (A0 (g, 6, g D)) 0, (B-10)

¢:cyclic perms.

Substituting the definition of 4-body product (B.§) into the left-hand side of (B.10), we
have 600 terms in total (5! kinds of terms times 5 cyclic permutations). These can be
rearranged into 5! groups, one of which made of five graphs shown in Fig. [l and the others
are its permutations with respect to external lines. Therefor it is enough to argue the
cancellations of graphs in one group. Actually contributions of five graphs in Fig. f| add up
to zero by the CLR for 2-body product (Fig. B)) and the anti-symmetry of A. For example,

: 5 j 5 j 5 j 5 j 5
4 4 4 4 4
@ (b) © (d) C)

Figure 4: Vanishing set of graphs in CLR for 4-body products

: 5 j 5 j 5 j 5
4 4 4 4
@ (b) © (d)

Figure 5: Canceling graphs: (a)+(c)=0 and (b)+(d)=0 due to A + AT =0

first two graphs in Fig. [l add up to become the graph Fig. f(a) with minus sign by the 2-
body CLR, while last two graphs in Fig. f] do become the graph Fig. f(b) again with minus
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sign. Remaining Fig. fi(c), however, can be rewritten into a sum of the graphs Fig. fl(c)
and (d) with minus signs. Therefor they cancel out altogether due to anti-symmetry of A.

We can generalize the above arguments to arbitrary N case by induction. Suppose we
already have the M-body CLR for M less than N. Consider a tree graph with N+1 = K+L
external lines (See left hand side of Fig. [f). We can find an internal line which separates
the graph into two parts each of which has K and L external lines respectively (See right
hand side of Fig. []), where 1 < K < N and 1 < L < N. To examine the CLR, we attach

K+L

K+1

Figure 6: Factorization into products with smaller numbers

A at one of external lines and sum up each contributions. Then the contributions of the
graphs attached A at an external line with number 1 though K are turned out to be that
of Fig. [](a) with minus sign by the K-body CLR, while those with number K + 1 through
K + L be that of Fig. fj(b) with minus sign by the L-body CLR. As was the case of N = 4,
Fig. fi(a) and (b) cancel each other by the anti-symmetry of A. Thus N-body CLR is
satisfied.

Figure 7: Canceling graphs: (a)+(b)=0 due to A + AT =0
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