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Electronic coupling calculations with transition charges, dipoles,
and quadrupoles derived from electrostatic potential fitting
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1-1, Rokkodai, Nada, Kobe 657-8501, Japan

(Received 29 August 2014; accepted 14 November 2014; published online 2 December 2014)

A transition charge, dipole, and quadrupole from electrostatic potential (TrESP-CDQ) method for
electronic coupling calculations is proposed. The TrESP method is based on the classical description
of electronic Coulomb interaction between transition densities for individual molecules. In the origi-
nal TrESP method, only the transition charge interactions were considered as the electronic coupling.
In the present study, the TrESP method is extended to include the contributions from the transition
dipoles and quadrupoles as well as the transition charges. Hence, the self-consistent transition density
is employed in the ESP fitting procedure. To check the accuracy of the present approach, several test
calculations are performed to a helium dimer, a methane dimer, and an ethylene dimer. As a result,
the TrESP-CDQ method gives a much improved description of the electronic coupling, compared
with the original TrESP method. The calculated results also show that the self-consistent treatment
to the transition densities contributes significantly to the accuracy of the electronic coupling cal-
culations. Based on the successful description of the electronic coupling, the contributions to the
electronic coupling are also analyzed. This analysis clearly shows a negligible contribution of the
transition charge interaction to the electronic coupling. Hence, the distribution of the transition den-
sity is found to strongly influence the magnitudes of the transition charges, dipoles, and quadrupoles.
The present approach is useful for analyzing and understanding the mechanism of excitation-energy
transfer. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4902758]

I. INTRODUCTION

Electronic coupling is an intermolecular interaction be-
tween different electronic states.1, 2 The magnitude of the
electronic coupling is known to strongly influence a rate con-
stant of excitation-energy transfer (EET), so that the accurate
description of the electronic coupling has a significant role in
EET studies. The rate constant of EET was first derived by
Förster.3 In this theory, the electronic coupling required for
the EET rate was reduced to the Coulomb coupling and hence
it was approximated to a dipole-dipole (dd) interaction using
transition dipole moments for individual molecules. The dd
method is easily applicable to the electronic coupling calcu-
lations because of its simplicity. Hence this method provides
an intuitive interpretation of the electronic coupling. Owing
to these features, the dd method has been widely used for
EET studies.1 However, the utility of the dd method is limited
to the case where the intermolecular separation between two
interacting molecules is larger than their molecular sizes.1, 2

Therefore, the dd method must be used with care.
To circumvent this problem, many theoretical studies

have been performed.4–25 As a pioneering study, Krueger
et al. proposed a transition density cube (TDC) method,9

in which the electronic coupling was quantum-mechanically
calculated with transition densities. A transition-density-
fragment interaction (TDFI) method26–29 was proposed as
a similar approach to the TDC method. The difference be-

a)Electronic mail: fujimoto@ruby.kobe-u.ac.jp.

tween the two methods is in the treatment of transition den-
sities. In the TDFI method, the electronic coupling is calcu-
lated with self-consistent transition densities that are obtained
from a density-fragment interaction (DFI) method.30 The DFI
method employs a mean-field treatment of interfragment in-
teractions, so that the electron density interactions between
individual molecules are iteratively calculated until the total
energy is converged. On the other hand, the TDC method em-
ploys the transition densities obtained from isolated monomer
calculations, in which intermolecular interaction is not con-
sidered. In the previous studies, the TDFI method was applied
to EET,26, 28 exciton-coupled circular dichroism spectra,27 and
crystallochromy.29 As a result, TDFI successfully reproduced
the experimental values of the electronic couplings. These
studies also showed a significant role of the self-consistent
procedure by the DFI method in the quantitative description
of the electronic coupling.

Madjet et al. proposed an alternative approach for the
electronic coupling calculations, called a transition charge
from electrostatic potential (TrESP) method.16 The basic
idea of this method comes from a transition monopole
approximation.4 In the TrESP method, the electronic cou-
pling is evaluated as classical Coulomb interactions between
transition charges and the values of the transition charges are
derived from electrostatic potential (ESP) fitting.31, 32 While
the transition dipoles in the dd method are located on the
molecular centers, the TrESP method employs the transition
charges distributed on the individual atoms in the interacting
molecules. Such multicenter interactions in TrESP led to a

0021-9606/2014/141(21)/214105/10/$30.00 © 2014 AIP Publishing LLC141, 214105-1
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much improved description of the electronic coupling, com-
pared with the dd method. However, the TrESP method is still
insufficient to achieve the TDFI accuracy. Two reasons are
considered; one is the description based only on the monopole
charge interactions, alternatively, the lack of considera-
tion of the self-consistent transition density could be also
problematic.

This study attempts to extend the TrESP method in two
ways. First, the present TrESP method includes not only the
transition monopole charge interactions but also the higher
order multipole (transition dipole and quadrupole) ones. Sec-
ond, the self-consistent transition density is employed in the
ESP fitting procedure. The present approach is called the
transition charge, dipole, and quadrupole from ESP (TrESP-
CDQ) method. For checking the accuracy of the present ap-
proach, several test calculations are performed. In this step,
the TDFI calculations are also performed to obtain the ref-
erence values. As a result of the testing, the TrESP-CDQ
method gives almost the same values as the TDFI method,
while the original TrESP method completely fails in describ-
ing the reference values. Based on the successful descrip-
tion of the reference values, the effect of the self-consistent
treatment and the contributions from the transition charges,
dipoles, and quadrupoles are also explored.

II. THEORY

A. Electronic coupling

First, let us consider the total Hamiltonian for A-B molec-
ular complex,

Ĥ = ĤA + ĤB + V̂AB, (1)

and the basis functions

|�1〉 = ∣∣�A
p · �B

0

〉
,

|�2〉 = ∣∣�A
0 · �B

q

〉
.

(2)

In Eq. (1), ĤX denotes the local Hamiltonian for the
molecule X (X = A or B) and V̂AB is the Coulomb interac-
tion between the molecules A and B. In Eq. (2), �X

0 and �X
p

represent the ground state and the pth excited state for the
molecule X, respectively. The electronic coupling between the
molecules A and B is defined by an off-diagonal element of
the Hamiltonian matrix. For a negligible overlap between the
two basis functions, this matrix element is described as33, 34

〈�1|Ĥ |�2〉 = 〈�1|V̂AB |�2〉

=
∫

dr1

∫
dr′

1

ρA∗
p0 (r1)ρB

q0(r′
1)

|r1 − r′
1|

≡ VCoul. (3)

Here, a one-electron transition density of the molecule X,
ρX

p0(r), is introduced, which is defined by

ρX
p0(r1) ≡ NX

e

∫
ds1

∫
dx2 . . .

×
∫

dxNX
e
�X

p (x1, x2,. . ., xNX
e

)�X∗
0 (x1, x2,. . ., xNX

e
),

(4)

where NX
e denotes the number of electrons in the molecule X

and xi expresses space and spin coordinates of the ith electron,
i.e., xi ≡ (ri, si). For p = 0, Eq. (4) becomes the one-electron
ground-state density. Equation (3) stands for the Coulomb in-
teraction between the two transition densities. In this paper,
this interaction is called the electronic coupling and it is rep-
resented by VCoul. Although the exchange interaction is also
included in the electronic coupling, this contribution is usu-
ally negligible.28, 35 Therefore, the present study focuses only
on the Coulomb interaction. It is noted that the basis func-
tions |�1〉 and |�2〉 in Eq. (2) correspond to local excitations
(LE) within the molecule X. Therefore, the direct coupling
between |�1〉 and |�2〉 is considered in Eq. (3). Although the
indirect coupling via intermediate charge-transfer (CT) states
is known to influence the amount of electronic coupling,35, 36

this contribution cannot be evaluated with Eq. (3) because the
CT basis functions are not considered in Eq. (2). The indirect
coupling is an interesting topic but this study does not focus
on it. It is also noted that Eq. (3) corresponds to an intermolec-
ular electrostatic energy in the case of p = q = 0. Therefore,
the electronic coupling has a similar form to the intermolecu-
lar electrostatic energy.

B. Electronic coupling calculations with transition
charges, dipoles, and quadrupoles

The intermolecular electrostatic energy between the
molecules A and B, which are separated by Rij = |rA

i − rB
j |,

is classically described as37, 38

EES
AB =

∑
l∈A

∑
l′∈B

∑
α,···,ν ′

× (−1)l

(2l − 1)!!(2l′ − 1)!!
M

(l)
α···νTij,α···να′ ···ν ′M

(l′)
α′ ···ν ′ , (5)

where M
(l)
α···ν (or M

(l′)
α′ ···ν ′ ) denotes a multipole moment for the

molecule A (or B) and l is the rank of the multipole. For ex-
ample, M

(l)
α···ν for l = 0, 1, and 2 correspond to a monopole

charge, a dipole moment, and a quadrupole moment, respec-
tively. Greek letter in Eq. (5) denotes the tensor components,
i.e., α = x, y, or z. The symbol (2l − 1)!! expresses the product
of odd integers, i.e., (2l − 1)!! ≡ 1 × 3 × 5··· × (2l − 1). The
tensor Tij, αβγ ···ν is a function of the intermolecular separation

(Tij = R−1
ij ), which is given by

Tij,αβγ ···ν = ∂

∂Rij,α

∂

∂Rij,β

∂

∂Rij,γ

· · · ∂

∂Rij,ν

Tij . (6)

In Eq. (5), the electrostatic energy is written as the sum
of the Coulomb interactions between the multipoles for the
molecules A and B. It is noted that these multipoles are lo-
cated on the molecular centers rA

i and rB
j . The expression

of Eq. (5) can be also extended to atom-centered multipole
interactions.39

According to Eq. (5), let us consider the electronic cou-
pling. As mentioned in the Introduction, the TrESP method
is developed for the electronic coupling calculations. In this
method, the electronic coupling is evaluated as the classical
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Coulomb interactions between atomic transition-charges16

V TrESP-C
Coul =

∑
i∈A

∑
j∈B

qiqj

Rij

, (7)

where qk denotes the transition charge for atom k (k = i or j) in
the molecule X. It is noted that Eq. (7) has a double summa-
tion in terms of the atom i in the molecule A and the atom
j in the molecule B, because of the atomic charge interac-
tions. As mentioned in Sec. II A, the electronic coupling has a
similar form to the intermolecular electrostatic energy. Taking
into account this similarity, the electronic coupling given by
Eq. (7) is expected to be modified by adding the higher order
multipole interactions, such as Eq. (5). If the rank of the mul-
tipole is taken to be l = 0, 1, and 2, the electronic coupling is
described as

V
TrESP-CDQ

Coul =
∑
i∈A

∑
j∈B

⎡
⎣Tij qiqj +

∑
α

Tij,α(qiμj,α − μi,αqj )

+1

3

∑
α,β

Tij,αβ(qiθj,αβ + θi,αβqj − 3μi,αμj,β)

+1

3

∑
α,β,γ

Tij,αβγ (θi,αβμj,γ − μi,αθj,βγ )

+1

9

∑
α,β,γ,δ

Tij,αβγ δθi,αβθj,γ δ

⎤
⎦ , (8)

where μk,α and θ k,αβ denote an α component of a transition
dipole for the atom k and an αβ component of a transition
quadrupole for the atom k, respectively. These moments are
defined by

μk ≡ qkrk = qk(xk, yk, zk), (9a)

θ k ≡ 1

2
qk

⎛
⎜⎜⎝

3x2
k − r2

k 3xkyk 3xkzk

3ykxk 3y2
k − r2

k 3ykzk

3zkxk 3zkyk 3z2
k − r2

k

⎞
⎟⎟⎠ , (9b)

where rk denotes a position vector of the atom k, and xk, yk,
and zk express its components. The distance of rk is given by
rk, so that r2

k corresponds to r2
k = x2

k + y2
k + z2

k . The tensors
Tij, α··· in Eq. (8) are explicitly written as

Tij,α = −Rij,αR−3
ij , (10a)

Tij,αβ = 3Rij,αRij,βR−5
ij − δαβR−3

ij , (10b)

Tij,αβγ = −15Rij,αRij,βRij,γ R−7
ij

+3
(
Rij,αδβγ + Rij,βδαγ + Rij,γ δαβ

)
R−5

ij , (10c)

Tij,αβγ δ = 105Rij,αRij,βRij,γ Rij,δR
−9
ij − 15(Rij,αRij,βδγ δ

+Rij,γ Rij,δδαβ + Rij,βRij,δδαγ + Rij,βRij,γ δαδ

+Rij,αRij,γ δβδ + Rij,αRij,δδβγ )R−7
ij

+3(δαβδγ δ + δαγ δβδ + δαδδβγ )R−5
ij , (10d)

where δαβ represents Kronecker delta. Equation (8) is the
TrESP-CDQ expression of the electronic coupling. Compared
with the original TrESP method (Eq. (7)), the TrESP-CDQ
method includes not only the charge-charge interaction
but also the charge-dipole, charge-quadrupole, dipole-
dipole, dipole-quadrupole, and quadrupole-quadrupole
interactions.

C. Determinations of the transition charges, dipoles,
and quadrupoles

The electronic coupling calculation based on Eq. (8) re-
quires the transition charges, dipoles, and quadrupoles for the
kth atom in the molecule X. In this study, these values are de-
termined from the ESP fitting procedure.31, 32

Let us consider the following function for a least square
fitting:

Z =
m∑
a

(
vCL

a − v
QM
a

)2 + λ

(
n∑
k

qk − qTot

)
, (11)

where vCL
a and v

QM
a denote classically and quantum-

mechanically calculated ESPs at point a, respectively. The
numbers of the ESP points and of the atoms in the molecule X
are expressed as m and n, respectively. Using Eqs. (10a) and
(10b), the classical ESP vCL

a is described as

vCL
a =

n∑
k

⎛
⎝Takqk −

∑
α

Tak,αμk,α + 1

3

∑
α,β

Tak,αβθk,αβ

⎞
⎠.

(12)
The first, second, and third terms in Eq. (12) correspond

to the contributions from the transition charges, dipoles, and
quadrupoles, respectively. In the original TrESP method,16

only the first term is concerned for this potential.27 In Eq. (11),
the quantum-mechanical ESP v

QM
a corresponds to the refer-

ence value for the fitting. This potential is calculated with the
transition density

v
QM
a = −

∫
dr1

ρX
p0(r1)

|ra − r1|

= −
∑

μ,ν∈X

(
P X

p0

)
νμ

∫
dr1

χμ
∗(r1)χν(r1)

|ra − r1|
, (13)

where χν(r1) denotes an atomic orbital (AO), and∫
dr1χμ

∗(r1)χν(r1)/|ra − r1| is a one-electron integral in the
AO representation. In the second line of Eq. (13), the transi-
tion density is converted to the matrix form (P X

p0)νμ, which is
defined by (

P X
p0

)
νμ

≡
∫

dr1χ
∗
ν (r1)ρX

p0(r1)χμ(r1). (14)

It is noted that the present approach employs the self-
consistent transition density matrix as (P X

p0)νμ, although the
original TrESP method uses the transition density matrix
obtained from the isolated monomer calculation. The self-
consistent transition density matrix is obtained with a density-
fragment interaction (DFI) method.30 It is also noted that
Eq. (13) is the ESP of the transition density. This potential
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is different from the ESP of the ground state density, which
is used in the standard ESP fitting procedure.31 In the case of
p = 0, Eq. (13) corresponds to the ESP of the ground state
density. In Eq. (11), qTot denotes total transition-charge of the
molecule X and λ is Lagrange multiplier for the constraint
of the transition charges. The total transition-charge must be
taken to be zero because of the orthogonality between the
ground state and the pth excited state,

qTot =
∫

dr1ρ
X
p0(r1) = 0. (15)

For p = 0, this value becomes the number of electrons for
the molecule X, NX

e . It is noted that the nuclear contributions
to the ESPs and to the total transition-charge are not included
in Eq. (11) also due to the orthogonality. This point is also
different from the standard ESP fitting.

To find the minimum of Eq. (11), we next consider gradZ
= 0, i.e.,

∂Z

∂ql

= ∂Z

∂μl,α

= ∂Z

∂θl,αβ

= 0, (16a)

and the constraint imposed on the transition charges,

n∑
k

qk − qTot = 0. (16b)

In Eq. (16a), l = 1, 2, · · · n, and the Greek letters (α and
β) represent the components of Eqs. (9a) and (9b). Then Eqs.
(16a) and (16b) yield a (13n + 1) × (13n + 1) system of
equations, which is written as⎛

⎜⎜⎜⎜⎜⎝
AI AII AIII I

AIIT AIV AV 0

AIIIT AVT AVI 0

IT 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

q

μ

θ

λ

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

BI

BII

BIII

qTot

⎞
⎟⎟⎟⎟⎟⎠ . (17)

This is the matrix equation, AM = B. The matrix A is
composed of the submatrices AI, AII, AIII, AIV, AV, AVI, 0,
and I. The superscript T denotes a transpose. These submatri-
ces are expressed as follows:

AI
kl =

m∑
a

1

RakRal

, (18a)

AII
kl,α =

m∑
a

Ral,α

RakR
3
al

, (18b)

AIII
kl,αβ =

m∑
a

Ral,αRal,β − δαβR2
al/3

RakR
5
al

, (18c)

AIV
kl,αβ =

m∑
a

Rak,αRal,β

R3
akR

3
al

, (18d)

AV
kl,αβγ =

m∑
a

Rak,α

(
Ral,βRal,γ − δβγ R2

al/3
)

R3
akR

5
al

, (18e)

AVI
kl,αβγ δ

=
m∑
a

(
Rak,αRak,β − δαβR2

ak/3
) (

Ral,γ Ral,δ − δγ δR
2
al/3

)
R5

akR
5
al

.

(18f)

The submatrices AI, AII, AIII, AIV, AV, and AVI are n × n,
n × 3n, n × 9n, 3n × 3n, 3n × 9n, and 9n × 9n matrices,
respectively. The submatrix 0 expresses the zero matrix, and
I is given by

I = (1, 1, · · · , 1)T︸ ︷︷ ︸
n

. (19)

All of n elements in this submatrix are 1. The submatrices
in B are given by

BI
l =

m∑
a

V
QM
a

Ral

, (20a)

BII
l,α =

m∑
a

V
QM
a Ral,α

R3
al

, (20b)

BIII
l,αβ =

m∑
a

V
QM
a (Ral,αRal,β − δαβR2

al/3)

R5
al

. (20c)

The submatrices BI, BII, and BIII are n × 1, 3n × 1, and
9n × 1 matrices, respectively. As shown in Eq. (15), qTot in
the matrix B is set to be zero. The submatrices q, μ, and θ

in the matrix M contain the transition charges, dipoles, and
quadrupoles for the individual atoms, so that they have n, 3n,
and 9n elements, respectively,

q = (q1, q2, · · · qn)T︸ ︷︷ ︸
n

, (21a)

μ = (μ1,x, μ1,y , · · · , μn,z)
T︸ ︷︷ ︸

3n

, (21b)

θ = (θ1,xx, θ1,xy, · · · , θn,zz)
T︸ ︷︷ ︸

9n

. (21c)

For the determinations of q, μ, and θ , Eq. (17) is
solved with the inverse matrix of A. This procedure is per-
formed with singular value decomposition (SVD).32 Finally,
the TrESP-CDQ calculation based on Eq. (8) is performed
with the obtained values of q, μ, and θ .

III. COMPUTATIONAL DETAILS

In this study, a helium dimer, a methane dimer, and an
ethylene dimer were selected as computational models. The
atomic coordinates of these models were obtained from the
geometry optimization using the coupled-cluster with sin-
gle, double, and perturbative triple excitations (CCSD(T))
method.41 For the methane dimer and the ethylene dimer, the
structures in S22 database40 were referenced. In the calcula-
tions of the helium dimer, Dunning’s augmented correlation
consistent basis set (aug-cc-pVQZ)42 was used. In the calcula-
tions of the methane dimer and the ethylene dimer, Dunning’s
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(a) (b)

(c) (d)

(e) (f)

FIG. 1. Optimized structures of (a) the methane dimer and (b) the ethylene dimer. (c) Rotated structure of the ethylene dimer. The ethylene B is rotated by 45.0◦
along the axis of the center-to-center distance. (d) The definition of x-axis coordinate for Fig. 2 and the labels of the atoms for Table III are shown. Cartesian
coordinates used for the assignments of the symmetry labels of (e) the C2v ethylene and (f) the D2h ethylene.

correlation consistent basis set (cc-pVTZ)43 was used. These
calculations were performed with the Gaussian03 program
package.44 The optimized structures of the methane dimer and
the ethylene dimer are illustrated in Fig. 1. The structures of
the methane dimer and the ethylene dimer have D3d and D2d
symmetry, respectively. The individual methane monomers
have C3v symmetry and the ethylene monomers have C2v
symmetry. The TrESP-CDQ and TDFI methods were applied
to these computational models for calculating the electronic
coupling energies.

In the excited state calculations, time-dependent density
functional theory (TD-DFT)45, 46 and the configuration inter-
action singles (CIS)47 method were employed for obtaining
the transition densities. In this process, the DFI method30

was used to satisfy the self-consistency condition between
interfragment interactions. The DFI calculations were itera-
tively performed until the change in the total energy was con-
verged below a threshold of 1 × 10−5 au. In the TD-DFT cal-
culations, the revised Coulomb-attenuating method (rCAM)
B3LYP functional48 was used. The aug-cc-pVQZ basis set
was used for the helium dimer and the cc-pVTZ basis set was
used for the methane dimer and the ethylene dimer.

The TrESP-CDQ program for the electronic coupling
calculations was implemented in Gaussian03.44 All of the
electronic coupling calculations were performed with Gaus-
sian03, in which the same global Cartesian system was used.
Therefore, the input coordinates for the molecular systems
(also for the isolated monomers and the finite-separation
dimers) were kept during the electronic coupling calculations
including the ESP fitting.

IV. RESULTS

A. Accuracy of the TrESP-CDQ method

The accuracy of the TrESP-CDQ method was tested. In
the first step, the helium dimer was used as the computational
model. To estimate the error associated with the TrESP-CDQ
method, the TDFI calculation was also performed, which
was used as a reference value. In these calculations, the TD-
rCAM-B3LYP and CIS methods were employed to check the
dependence on the electronic structure method. The electronic
coupling between the fourth excited states for both helium
atoms is concerned here because the combination of these
states provided the largest value of the electronic coupling
energy. The fourth excited state was the 1s → 2p transition
with the excitation energy of 22.65 eV for TD-rCAM-B3LYP
and of 24.86 eV for CIS, and the oscillator strength was to
be 0.272 au for TD-rCAM-B3LYP and 0.289 au for CIS. The
orientation of this excited state (2p orbital) was parallel to the
axis of the He-He separation. The calculated results are sum-
marized in Table I. The electronic coupling energies obtained
with the TrESP-CDQ method were to be 1179.6 cm−1 for TD-
rCAM-B3LYP and 1143.7 cm−1 for CIS, while the TDFI val-
ues were to be 1105.7 cm−1 and 1088.6 cm−1 for TD-rCAM-
B3LYP and CIS, respectively. These results showed that the
TrESP-CDQ calculations with TD-rCAM-B3LYP and CIS
successfully reproduced the reference values with the devia-
tions of 73.9 cm−1 and 53.3 cm−1, respectively. Hence, the
dependence on the electronic structure method was found
to be small from these calculations (37.7 cm−1 for TrESP-
CDQ and 17.1 cm−1 for TDFI). To evaluate the effects of the
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TABLE I. Electronic coupling energies of the helium dimer (cm−1).a

TrESP

CD CDQ TDFI

TD-rCAM-B3LYP 1181.8 1179.6 1105.7
CIS 1143.7 1141.9 1088.6

aCombination of the fourth excited states for both helium atoms was considered. The
fourth excited state was the 1s → 2p transition.

transition dipoles and quadrupoles, the TrESP calculations
with the transition charges and dipoles (TrESP-CD) were also
performed. As listed in Table I, the TrESP-CD values were to
be 1181.8 cm−1 for TD-rCAM-B3LYP and 1143.7 cm−1 for
CIS, which reproduced the reference values with the devia-
tions of 76.1 cm−1 and 55.1 cm−1 for TD-rCAM-B3LYP and
CIS, respectively. Hence, the TrESP-CD values became al-
most the same as the TrESP-CDQ ones. The deviations from
the TrESP-CDQ values were to be 2.2 cm−1 and 1.8 cm−1 for
TD-rCAM-B3LYP and CIS, respectively. In the case of only
one atom, the first nonzero order in the spherical harmonic
expansion in a transition density becomes a dipole. There-
fore, the transition dipole interaction mainly contributed to
the electronic coupling energy for this system.

Next, the TrESP-CDQ method was applied to the
methane dimer. These calculations were performed with TD-
rCAM-B3LYP. The first three excited states for the methane
monomer were concerned here, and the electronic coupling
energies between the same excited states for both methane
molecules were calculated. The first excited state showed the
excitation energy of 11.21 eV with the oscillator strength of
0.l66 au, and it had the symmetry of the A1 irreducible repre-
sentation. The rest two excited states were degenerate, which
showed the excitation energy of 11.27 eV with the oscilla-
tor strength of 0.186 au. Both the excited states had the sym-
metry of the E irreducible representation. These three excited
states were characterized as the σ -σ ∗ excitations. The orien-
tation of the first excited state (HOMO → LUMO transition)
was parallel to the axis of the C-C separation, while the dou-
bly degenerate excited states (HOMO–1 → LUMO transition
and HOMO–2 → LUMO transition) were oriented perpendic-

ularly to the axis of the C-C separation. The calculated elec-
tronic coupling energies are summarized in Table II. The com-
bination of the first excited states for both methane molecules
is abbreviated as (1,1) and that of the second excited states is
as (2,2). Since the second excited state was doubly degener-
ate, the calculated electronic coupling energies became the
same values. The TrESP-CDQ method gave the electronic
coupling energies of 260.3 cm−1 for (1,1) and 439.8 cm−1

for (2,2), which successfully reproduced the reference val-
ues (241.6 cm−1 and 431.0 cm−1) with the deviations of
18.7 cm−1 and 8.8 cm−1. The TrESP-CD and TrESP-C cal-
culations were also performed to the methane dimer, which
led to the electronic coupling energies of 263.2 cm−1 and
276.8 cm−1 for (1,1) and 440.7 cm−1 and 487.2 cm−1 for
(2,2). The deviations from the reference value were to be
21.6 cm−1 and 9.7 cm−1 for TrESP-CD and to be 35.2 cm−1

and 56.2 cm−1 for TrESP-C. From these results, the TrESP-
CDQ and TrESP-CD methods were found to give a quantita-
tive description of the electronic coupling energy. Although
the TrESP-C method was not applicable to the helium dimer,
it worked well for the methane dimer. Similar calculations
were performed to the ethylene dimer. These calculations
were also performed with TD-rCAM-B3LYP. The electronic
coupling between the first and second excited state transition
densities was concerned for these calculations. Figure 1(e)
shows the definition of Cartesian coordinates used for the as-
signment of the symmetry labels for the ethylene monomer.
The principal axis (C2 rotational axis) is set to the z-axis. The
first excited state (HOMO → LUMO transition) was charac-
terized as the π -π∗ excitation, which had the symmetry of the
B2 irreducible representation. On the other hand, the second
excited state (HOMO–1 → LUMO transition) was to be the
σ -π∗ excitation and it had the symmetry of the B1 irreducible
representation. The first and second excited states showed the
excitation energies of 7.80 eV and 8.18 eV, respectively. The
oscillator strength was to be 0.361 au and 0.001 au for the first
and second excited states, respectively. The ethylene dimer
shown in Fig. 1(b) has the center-to-center distance of 3.72 Å.
The torsion angle between the molecular planes of the two
etylenes is 90.0◦. The calculated electronic coupling energies
are also summarized in Table II. As found here, the TrESP-
CDQ method (251.5 cm−1) successfully reproduced the

TABLE II. Electronic coupling energies of the methane dimer and the ethylene dimer (cm−1).a

TrESP

Excited statesb C CD CDQ TDFI

Methane dimer (1,1)c 276.8 263.2 260.3 (332.1)d 241.6 (289.4)d

(2,2)e 487.2 440.7 439.8 (499.7)d 431.0 (484.0)d

Ethylene dimer (1,2)f 1.97 × 10−2 297.5 251.5 (482.4)d 251.7 (459.7)d

Ethylene dimer (45◦)g (1,2)f 12.5 167.2 139.6 (339.5)d 136.1 (315.7)d

aAll calculations were performed with TD-rCAM-B3LYP/cc-pVTZ.
bCombinations of the excited states for monomers.
cThe first excited state was the σ -σ ∗ excitation and had the A1 symmetry.
dTransition densities obtained from isolated monomer calculations were used.
eThe second excited state was the σ -σ ∗ excitation and had the E symmetry.
fThe first excited state was the π-π∗ excitation and had the B2 symmetry. The second excited state was the σ -π∗ excitation and
had the B1 symmetry.
gThe ethylene B was rotated by 45◦ along the axis of the center-to-center distance.
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reference value (251.7 cm−1) with the deviation of 0.2 cm−1.
The TrESP-CD method (297.5 cm−1) also reproduced the ref-
erence value with the deviation of 45.8 cm−1. In contrast, the
TrESP-C method (1.97 × 10−2 cm−1) completely failed in
describing the reference value. The electronic coupling cal-
culations were performed to a different geometry shown in
Fig. 1(c). This geometry was obtained by rotating the ethy-
lene B by 45.0◦ along the axis of the center-to-center dis-
tance. The combination of the first and second excited states
was considered for the electronic coupling calculations. The
first excited state showed the excitation energy of 7.81 eV
with the oscillator strength of 0.361 au. The second excited
state showed the excitation energy of 8.17 eV with the oscil-
lator strength of 0.001 au. The characters of the individual ex-
cited states were the same as those of the optimized geometry.
The calculated electronic coupling energies are also listed in
Table II. The TrESP-CDQ method (139.6 cm−1) successfully
reproduced the reference value (136.1 cm−1) with the de-
viation of 3.5 cm−1. The TrESP-CD method (167.2 cm−1)
also reproduced the reference value with the deviation of
31.1 cm−1. The TrESP-C method gave the electronic coupling
energy of 12.5 cm−1, which completely failed in describ-
ing the reference value. These results clearly showed that the
TrESP-CDQ and TrESP-CD methods gave a much improved
description of the electronic coupling energy, compared with
the TrESP-C method.

As mentioned in Sec. II C, the self-consistent transition
density was employed in the present ESP fitting. To exam-
ine this effect, the electronic coupling calculations were per-
formed with transition densities obtained from the isolated
monomer calculations. It is noted that the effect of the in-
terfragment interactions is not included in these monomer
calculations. This electronic coupling calculation is abbrevi-
ated as TrESP0-CDQ. The calculated values are also listed in
Table II. In the case of the methane dimer, the electronic
coupling energies for TrESP0-CDQ were to be 332.1 cm−1

for (1,1) and 499.7 cm−1 for (2,2), which were larger by
71.8 cm−1 and 59.9 cm−1 than the values with the self-
consistent densities (260.3 cm−1 and 439.8 cm−1). In the
case of the ethylene dimer, the TrESP0-CDQ values became
482.4 cm−1 for the optimized geometry and 339.5 cm−1 for
the rotated geometry, which resulted in overestimations of
230.9 cm−1 and 199.9 cm−1 from the values with the self-
consistent densities (251.5 cm−1 and 139.6 cm−1). Such a
significant difference in the electronic coupling energy was
obtained also from the reference values (47.8 cm−1 and
53.0 cm−1 for the methane dimer and 208.0 cm−1 and
179.6 cm−1 for the ethylene dimer). These results revealed
that the self-consistent transition densities obtained with the
DFI method played a significant role in the accurate descrip-
tion of the electronic coupling.

As mentioned in Sec. II A, the overlap between the ba-
sis functions is assumed to be small in the present study. To
examine this assumption, the overlap between |�1〉 and |�2〉
(i.e., 〈�1|�2〉) was also calculated. As a result, the values of
〈�1|�2〉 were calculated to be 4.54 × 10−5 and 1.17 × 10−5

for the methane dimer and the ethylene dimer, respectively.
These small overlaps indicated that the present assumption
was valid for these systems.

(a)

(b)

FIG. 2. Electronic coupling energies between two ethylene molecules as a
function of intermolecular distance. (a) TDFI, TrESP-CDQ, and TrESP-CD
values and (b) TrESP-C values. All calculations are performed with TD-
rCAM-B3LYP/cc-pVTZ.

To gain further insight into the accuracy of the TrESP-
CDQ method, the dependence on the intermolecular separa-
tion was investigated. Figure 2 shows the evolutions of the
electronic coupling energies as a function of the intermolec-
ular distance of the ethylene dimer. The definition of the
x-axis coordinate is shown in Fig. 1(d). The optimized struc-
ture corresponds to the intermolecular distance of 3.72 Å. The
TrESP-CDQ method gave the electronic coupling energy of
519.5 cm−1 at 3.00 Å. This energy gradually became
small with the increase in the intermolecular distance. Con-
sequently, the electronic coupling energies obtained with
TrESP-CDQ became almost the same as the reference val-
ues. The deviations from the reference values were to be
∼9.0 cm−1. Figure 2 also shows the electronic coupling en-
ergies obtained with the TrESP-CD and TrESP-C methods.
As found here, the TrESP-CD values were larger than the
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reference values. At 3.00 Å, the TrESP-CD value was to be
675.7 cm−1, which gave an overestimation of 165.2 cm−1

from the reference value. However, the energy curve of
TrESP-CD showed a similar shape to the reference values. It
gradually became small with the increase in the intermolecu-
lar distance. On the other hand, the TrESP-C values were to be
almost zero (∼0.05 cm−1) in all the regions calculated. From
these results, it was confirmed that the TrESP-CDQ method
could quantitatively describe the reference values without re-
spect to the intermolecular separation. These calculations also
revealed that the TrESP-C method could not describe the elec-
tronic coupling for this system. The overlap 〈�1|�2〉 was also
evaluated. As a result, the values of 〈�1|�2〉 were calculated
to be 1.07 × 10−4 (3.00 Å) ∼ 2.99 × 10−7 (4.40 Å). Although
the overlap became large with the decrease in the intermolec-
ular distance, the magnitudes were not large. In the case of
large overlap, the indirect coupling is known to give a signif-
icant contribution to the amount of electronic coupling.35, 36

However, the present study does not focus on this effect be-
cause the TrESP-CDQ method cannot describe the indirect
coupling.

B. Analysis of the electronic coupling energy

Based on the successful descriptions of the reference
values, the contributions to the electronic coupling ener-
gies were analyzed. Table III summarizes the transition
charges, dipoles, and quadrupoles for the individual atoms
of the optimized ethylene dimer. The labels of the atoms are
shown in Fig. 1(d). The magnitudes of the transition dipoles

and quadrupoles were given by |μk| =
√∑

α μ2
k,α and |θ k|

=
√∑

α,β θ2
k,αβ , respectively. As mentioned in Sec. II C, the

values of the transition charges, dipoles, and quadrupoles
were determined so as to reproduce the quantum-mechanical
ESP. Therefore, the constraints to the transition dipoles and
quadrupoles were not considered in the present method.

TABLE III. Transition charges, dipoles, and quadrupoles of the ethylene
dimer (au).

Statea Atomb Chargec Dipoled Quadrupolee

1 C1 2.166 (0.829) 0.718 3.730
C2 − 2.269 (−0.824) 0.670 3.876
H1 − 0.695 (−0.086) 0.517 0.249
H2 0.768 (0.083) 0.586 0.295
H3 − 0.747 (−0.072) 0.539 0.270
H4 0.777 (0.069) 0.573 0.292

2 C1′ 0.027 (0.004) 0.479 1.551
C2′ − 0.005 (0.003) 0.362 2.211
H1′ − 0.185 (−0.004) 0.136 0.213
H2′ 0.168 (−0.002) 0.151 0.335
H3′ 0.030 (0.000) 0.176 0.247
H4′ − 0.034 (−0.002) 0.231 0.336

aData of the 1st and 2nd excited states are shown.
bThe labels of the atoms are shown in Fig. 1(d).
cData in parentheses were obtained with the ESP fitting only for the transition charges.
dThe magnitudes of the transition dipoles are shown.
eThe magnitudes of the transition quadrupoles are shown.

Although the electronic coupling energies were successfully
described with the present method, the lack of the con-
straints may include some symmetry breaking. As found from
Table III, the magnitudes of the transition charges of the ethy-
lene B were to be quite small, compared with those of the
ethylene A. While the ethylene A had the transition charges of
2.166 au for the C1 atom and −2.269 au for the C2 atom, the
transition charges for the atoms C1′ and C2′ of the ethylene
B were to be 0.027 au and −0.005 au, respectively. These
results indicated a negligible contribution of the transition
charge interactions to the electronic coupling. Table III also
lists the transition charges used in the TrESP-C method. These
values were determined from the ESP fitting only for the tran-
sition charges. In this case, the transition charges of the ethy-
lene B became almost zero (−0.004 to 0.004 au). As men-
tioned in Sec. IV A, the electronic coupling obtained with the
TrESP-C method became almost zero. It was caused by al-
most zero values of the transition charges for the ethylene B.
On the other hand, the magnitudes of the transition dipoles
and quadrupoles for the ethylene B were to be 0.136–0.479
au and 0.213–2.211 au, respectively. For the atoms C1′ and
C2′, the transition dipoles were to be 0.479 au and 0.362 au,
and the transition quadurupoles were to be 1.551 au and 2.211
au. These transition dipoles had more than half of the values
for the ethylene A (0.718 au for C1 and 0.670 au for C2).
From these results, the transition dipoles and quadrupoles
for the ethylene B were found to be large, compared with
the transition charges. Owing to these transition dipoles and
quadrupoles, the TrESP-CDQ method could quantitatively
describe the electronic coupling energy.

The magnitudes of the transition charges, dipoles, and
quadrupoles are strongly related to the characters of the ex-
cited states. As mentioned in Sec. IV A, the first and sec-
ond excited states of the ethylene monomer had the oscil-
lator strength of 0.361 au and 0.001 au, respectively. This
means an allowed transition for the first excited state and
almost a forbidden transition for the second excited state.
These characters are understood from the transition densities.
Figure 3(a) illustrates the transition densities of the optimized
ethylene dimer. The positive and negative phases of the tran-
sition densities are represented by red and blue colors, respec-
tively. Since the first (B2 symmetry) and second (B1 symme-
try) excited states were considered in the present system, the
transition densities of the individual ethylenes formed differ-
ent shapes. For example, the transition density of the ethylene
A (the first excited state) was to be anti-symmetric between
the atoms C1 and C2, while that of the ethylene B (the sec-
ond excited state) was to be symmetric between the atoms
C1′ and C2′. Alternatively, the transition density of the ethy-
lene A was to be symmetric to the mirror plane correspond-
ing to the molecular plane for the ethylene A, while that of
the ethylene B was to be anti-symmetric to the corresponding
mirror plane. Although each ethylene molecule in this sys-
tem has the C2v symmetry, this molecular structure is similar
to the D2h symmetry. In the case of the D2h symmetry, the
similar characters to the first and second excited states were
obtained from the B1u and B1g states, respectively. These sym-
metry labels were assigned from Cartesian coordinates illus-
trated in Fig. 1(f) where the principal axis is set to the z-axis.
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(a)

(b)

(c)

FIG. 3. (a) Transition density distributions, (b) molecular transition dipole
moments, and (c) atomic transition dipole moments. In (a), the isovalues of
0.01 electrons/Å3 and −0.01 electrons/Å3 are represented by red and blue
colors, respectively. The ethylene A shows the first excited state (the π -π∗
excitation) and it had the B2 symmetry. The ethylene B shows the second
excited state (the σ -π∗ excitation) and it had the B1 symmetry.

According to the selection rule, the B1u and B1g states corre-
spond to the allowed and forbidden transitions, respectively.
Therefore, these transition densities made a significant differ-
ence in the molecular transition dipole moment. Figure 3(b)
shows the molecular transition dipoles for the two ethylenes.
Each dipole is represented by a point vector located on the
molecular center defined by the center of mass. The dipole-
dipole orientation factor was to be 1.00. The molecular tran-
sition dipole of the ethylene B became quite small (0.048 au),
compared with that of the ethylene A (1.375 au). In this way,
the forbidden transition density cannot be represented by the
molecular transition dipole. Similarly, the transition charges
cannot represent the distribution of the forbidden transition
density, so that the magnitudes of the transition charges for the
ethylene B became quite small. In other words, the TrESP-C
method gives small transition charges for the forbidden tran-
sition. On the other hand, the magnitudes of the atomic tran-
sition dipoles for the ethylene B were to be 0.136–0.479 au,

which were much larger than the molecular transition dipole
for the ethylene B (0.048 au). The atomic transition dipoles
for the ethylene dimer were also illustrated in Fig. 3(c). As
found here, the individual directions of the atomic transition
dipoles provided detailed information on the transition den-
sity distributions. In this way, the atomic transition dipoles
can represent the distribution of the transition density without
respect to the character of the excited state, which can give a
contribution to the electronic coupling energy.

V. CONCLUSIONS

In this paper, the TrESP-CDQ approach for the electronic
coupling calculations was proposed. The TrESP method is
based on the classical description of the electronic Coulomb
coupling between interacting molecules. Although only the
transition charge interactions were considered in the origi-
nal TrESP method, the present approach included the contri-
butions from the transition dipoles and quadrupoles as well
as the transition charges. Hence, the self-consistent transi-
tion density was employed in the ESP fitting procedure. The
TrESP-CDQ method was applied to the helium dimer, the
methane dimer, and the ethylene dimer. As a result, it suc-
ceeded in quantitatively estimating the reference values ob-
tained with the TDFI method. These calculations also showed
that the TrESP-CDQ method gave a much improved descrip-
tion of the electronic coupling, compared with the TrESP-C
method.

In this study, the effect of the self-consistent transition
densities was examined. For this purpose, the electronic
coupling calculations were performed with the transition
densities that were obtained from the isolated monomer
calculations (TrESP0-CDQ). The calculated electronic
coupling energies considerably overestimated the values with
the self-consistent transition densities. In the TrESP-CDQ
method, the self-consistency condition between the interact-
ing molecules was satisfied by the DFI method. Therefore,
the DFI method was found to play a significant role in the
accuracy of the electronic coupling calculations.

The analysis of the electronic coupling energy was also
performed. The TrESP-C method could not describe the elec-
tronic coupling energy of the ethylene dimer, which was
caused by the almost zero values of the transition charges for
the ethylene B. On the other hand, the transition dipoles and
quadrupoles for the ethylene B showed much larger values
than the transition charges. Owing to these values, the TrESP-
CDQ method successfully described the electronic coupling
energy. The present analysis also clarified that the transition
density distribution strongly influenced the magnitudes of the
transition charges, dipoles, and quadrupoles.

The TrESP-CDQ method can give quantitative descrip-
tions of the electronic Coulomb coupling. This accuracy is
almost the same as the TDFI method. In addition, TrESP-
CDQ can reduce the computational cost compared with TDFI,
so that it is expected to be applied to large molecules.
The TrESP-CDQ calculation can be combined with other
electronic structure methods, even though only the TD-
rCAM-B3LYP and CIS methods were adopted in the present
study. Hence, the present approach allows us to estimate the
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contributions to the electronic coupling in terms of the transi-
tion charges, dipoles, and quadrupoles. Such estimations can-
not be performed with the TDFI method. These advantages
of TrESP-CDQ are expected to be useful for analyzing and
understanding the mechanism of EET.
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