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LOCAL SOLVABILITY OF A FULLY NONLINEAR PARABOLIC EQUATION
GORO AKAGI

ABSTRACT. This paper is concerned with the existence of local (in time) positive solutions to
the Cauchy-Neumann problem in a smooth bounded domain of RY for some fully nonlinear
parabolic equation involving the positive part function r € R — (r)y := r vV 0. To show
the local solvability, the equation is reformulated as a mixed form of two different sorts of
doubly nonlinear evolution equations in order to apply an energy method. Some approximated
problems are also introduced and the global (in time) solvability is proved for them with an
aid of convex analysis, an energy method and some properties peculiar to the nonlinearity of
the equation. Moreover, two types of comparison principles are also established, and based
on these, the local existence and the finite time blow-up of positive solutions to the original
equation are concluded as the main results of this paper.

1. INTRODUCTION

Let © be a bounded domain in RY with smooth boundary 0. In this paper, we discuss the
local (in time) existence and the finite time blow-up of positive solutions of the Cauchy-Neumann
problem for a fully nonlinear parabolic equation,

dru = g(u) (/\QAu+u)+, ze, t>0, (1.1)
dyu =0, eI, t>0,
U:¢, IGQ,tZO,

where 0; = 0/0t, g(u) is a positive continuous function in (0, +00), (s)+ := sV 0 stands for the
positive part of s € R, A > 0 is a fixed constant, A is the standard Laplacian, and 0, denotes the
normal derivative. The one dimensional version (i.e., N = 1 and 2 = (0,1)) of Equation (1.1)
was originally proposed by Barenblatt and Prostokishin in the context of Damage Mechanics as
a model of damage accumulation processes taking account of microstructural effects in [2] (see
also [3, §2]), where a typical choice of g(u) is given by a power function,

g(u) =u®, a>0. (1.4)

One of peculiarities of the problem is found in the unidirectional evolution of solutions; more
precisely, u = u(z,t) is non-decreasing in time due to the non-negativity of the right-hand side
of (1.1). This feature plays a crucial role in the model of damage accumulation as a natural
hypothesis on the unidirectional evolution of an internal variable called a damage factor. 1t is
also worth mentioning that solutions of (1.1)—(1.3) may blow up in finite time. Indeed, one can
obtain a spatially uniform explicit solution that blows up in finite time for the case (1.4) with
a > 0 (see also the proof of Lemma 5.1 below).

The main purpose of this paper is to prove the local (in time) existence and the finite time
blow-up of positive solutions to (1.1)—(1.3) in an L?(2) framework.
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For the one-dimensional case, Bertsch and Bisegna [3] proved the local existence and the finite
time blow-up of classical solutions under the assumptions that

¢>6 in[0,1], ¢ € CY([0,1]), ¢’ is Lipschitz continuous in [0,1], }
¢'(0) = ¢'(1) =0, (N¢"+¢)+ € C([0,1])

for some § > 0 and some structural conditions on g(u). Moreover, they also investigated qualita-
tive properties of blow-up phenomena; in particular, regional blow-up phenomena may occur, that
is, the blow-up set is an interval of nonzero measure (but not the whole of 2) under a suitable
initial configuration. In order to take account of chemical aggression, Natalini et al [9] extended
the one-dimensional model as a system of nonlinear parabolic equations and also studied it in
view of numerical analysis. Furthermore, Nitsch [10] proved the local well-posedness of the system
and investigated blow-up properties of solutions (see also [11]).

(1.5)

In this paper, we shall treat Equation (1.1) on the basis of an energy method, that is a
totally different way from the previous studies. Generally speaking, energy methods are not so
effective for fully nonlinear equations, and therefore, such a severe nonlinearity often prevents us
to construct solutions in a suitable energy class. We shall reformulate (1.1) as a mixed form of
two different sorts of doubly nonlinear evolution equations, for which energy methods are more
effective, with an aid of convex analysis. In the next section, we actually reformulate Equation
(1.1) and state a main result of the paper. Moreover, an outline of a proof is also exhibited.
Sections 3-5 are devoted to a proof of the main result. In Appendix §A, we give a brief exposition
of the relevant material on convex analysis for the convenience of the reader.

2. REFORMULATION OF THE EQUATION AND MAIN RESULT

Define a strictly increasing function 8 € CL((0,+00)) by

* do

B(s) = / —+Cy fors>0 (2.1)
s0 9(0)

for some constants sg, Co € R (the following reformulation will not depend on the choice of s,

Co, because we shall treat the derivative of 8 only, i.e., 5’ or 9;6(u) for u = u(x,t)). Particularly,

in the case of (1.4), the function 8 can be given as

81704

if 1
Bs)={1-a "7
log s if a=1

for s > 0. (2.2)

Then since 9;8(u) = 8'(u)Ou = dyu/g(u), Equation (1.1) is equivalently rewritten as
OB(u) = (N*Au + u) e, t>0. (2.3)

Moreover, let us define the indicator function I}y 4o : R — [0, +o00] over the set [0, 4+-00) by

+ )

0 if s>0,

. (2.4)
+o00  otherwise

1[0, +00)(8) := {

and let Oljp 4 o0) : R — 2% be the subdifferential operator of Ijp, 4 o) given by
010, 400)(8) :={E € R: I[g 400)(0) = [jp,400)(8) =2 (0 —5) forall o € R} for se R (2.5)
with domain D(0I}y 4c)) = [0, +00) (see also § Appendix A). One can observe that
{0} if $>0,
01 s) =
[0,+oo)( ) {(_0070] £ os—0.

Hence s + 0l 1) (s) is the (multivalued) inverse function of (s); = sV 0. Therefore (2.3) is
transformed into the inclusion,

0 B(u) + 0o 100y (OeB(w) 2 NPAu+u, x€Q, t>0.
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Since S is a strictly increasing function, so we observe that 9;8(u) > 0 if and only if d;u > 0;
therefore, we have

o, +00) (0eB(u)) = Ol [0 1.00) (Oru). (2.6)
Thus (1.1)—(1.3) has been reformulated as the Cauchy-Neumann problem (denoted by (P) below)
for
6,55(“) + 8I[O,+OO) ((‘)tu) > A Au +u, e, t>0, (27)
equipped with the Neumann boundary condition (1.2) and the initial condition (1.3).

Equation (2.7) now falls within the scope of an energy method and it can be regarded as a
mized form of two sorts of doubly nonlinear problems; one is a sort of nonlinear diffusion equations
(e.g., porous medium/fast diffusion equation) in the form

hf(u) =Au, €, t>0, (2.8)
and the other one is a sort of generalized gradient flows, e.g., the unidirectional heat flow (see [1]),
3[[07_;,_00) (Ou) = Au, z€Q, t>0. (2.9)

The former one has been vigorously studied so far; however, to the best of the author’s knowledge,
the mixed form such as (2.7) has not yet been fully pursued.

Prior to stating the main result of this paper, let us introduce the following assumptions (3);
for general 8 and a constant § > 0: There exists a constant Cs > 0 such that

B e CH[s,+0)) and 0< fB(s)<Cs forall s>, 3)
B’ is non-increasing on [4, +00), J

which implies
1B(s)] < Css+|B(0)| forall s>46 (2.10)

and the strict increase of 5 on [4, 00). We note that (8); holds true in the case of (1.4) for any
a > 0.

Here and henceforth, C\,.([0, T]; L°°(€2)) denotes the set of all L>°(2)-valued weakly star con-
tinuous functions on [0,7]. Moreover, we refer the reader to Definition 2.3 below for the precise
definition of strong solutions of (P).

Now, our main result reads,

THEOREM 2.1 (Local solvability of (P) and finite time blow-up of positive solutions). Assume
that

pe H*(Q)NLX(Q), 9p=0 ondQ, (NAd+¢)_ € L>(Q), } (2.11)

¢ >0 a.e in ), for some constant § > 0,

where (s)— := s N0 < 0 is the negative part of s € R. Moreover, suppose that (), is satisfied.
Then the Cauchy-Neumann problem (P) = {(2.7),(1.2), (1.3)} admits at least one strong solution
w on [0,Tp] for some Ty > 0 such that u € Cy. ([0, To]; L>(R2)) and

(A2 Au + u) - || L= (@x (0.10)) < I(AV2A¢ + &)~ || L= (- (2.12)

Moreover, let u € Cyuy([0,S]; L=°(Q)) be a strong solution of (P) on some interval [0,S] for
some data ¢ € L>®(Q) satisfying ¢ > 0 a.e. in Q. Let Tinax > 0 be the supremum of 7 > S > 0
for which w can be extended onto [0, 7] such that u € Cy.([0,7]; L>=(2)). In addition, define

. +oo 1
T(s) ::/ 'BEC) d¢ € (0,400]  for s> 0.
Then it follows that R
Tnax < T'(9).
Moreover, if Thmax < +00, then it holds that

i [u(t) <o) = +o0. (2.13)
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REMARK 2.2. (i) The function t — [[u(t)|| 1 (o) is left-continuous on [0,T]. Indeed, since
u € Cyux([0,T]; L>(Q)) and u(z,t) is non-decreasing in (0,7T), we observe that

)=o) <l () < i sup ()l oy < (8o

for each t € [0, 7.
(ii) The local existence time Ty can be represented as follows:

To = L[|l (o) + (AN Ad + ¢)_ || (o) + Cs + 1),

where £(-) is a positive strictly decreasing function depending only on S’ (see Remark
5.2 below for more details).

(iii) In case g(u) = u® for o > 0 (see also (2.2)), one can check T'(§) < +oo for any & > 0.
Hence Ty,ax is always finite. As for the case o = 0, we shall further exhibit a global (in
time) existence result under weaker assumptions on initial data ¢ (see Theorem 3.8 and
Remark 3.9 below for details).

(iv) This result is still new even for the case N = 1. Indeed, the assumption (2.11) is slightly
weaker than (1.5) assumed in [3]. Assumption (1.5) requires ¢’ to be Lipschitz continuous
on [0,1], and hence, we particularly have ¢ € W2°°(Q2) C H?(2), since every Lipschitz
continuous function belongs to W1°°(2). On the other hand, the non-increase of 3’ is
assumed in Theorem 2.1 (cf. [3]), and the uniqueness of (general) solutions (cf. Corollary
4.6) and qualitative properties of blow-up solutions are not discussed in this paper.

An outline of a proof is as follows: We first construct global (in time) solutions to the Cauchy-
Neumann problem (P) ur B >0, for the following approximated equations,

poyu + 0y B(u) + 01, 400y (Opu) > NAu+u, z€Q, t>0 (2.14)

along with (1.2) and (1.3) under milder assumptions. Thanks to the additional time derivative
of u in the left-hand side, one may expect the existence of global (in time) solutions. Indeed,
we construct a global solution u, = w,(z,t), which is unbounded in time, by using a time-
discretization technique and an energy method (see Section 3).

Before going on to the limiting procedure as p — 0, we establish an L*(2) estimate for
u, (-, t) uniform in ¢ on some interval and p € (0,1). To this end, we prove a comparison principle
for strictly increasing subsolutions and general supersolutions of (P) u (see Section 4). However,
one cannot directly apply the principle to u, due to the assumption of the strict increase of
subsolutions, which is more restrictive than those of usual comparison principles and arising from
a peculiar nonlinearity of (P) - To overcome this defect, we introduce an auxiliary subsolution
of (P) u which is greater than u, and strictly increasing. Constructing an appropriate spatially
uniform supersolution of (P),,, we derive a uniform estimate for [lu,(¢)||L=(q) locally in time (see
Section 5).

Furthermore, we establish uniform estimates and pass to the limit as ¢ — 0 in order to prove
the local (in time) existence of solutions for the original problem (P). The finite time blow-up of
solutions for (P) is also verified by using a comparison principle for (P) (see Theorem 4.5) and a
strictly increasing explicit subsolution (see Section 5).

Let us close this section by giving a definition of strong solutions for (P) and (P), and some

remarks. From now on, C,,([0,77]; H(€)) stands for the space of all weakly continuous functions
on [0, 7] with values in H().

DEFINITION 2.3 (Strong solutions of (P) and (P),). For T > 0 and p > 0, a positive function
u € WH2(0,T; L*(9)) is called a strong solution (or a solution for short) of (P),, (= (P) if u = 0)
on [0,T), if the following (1)—(iil) hold true:

(i) ue Cu([0,T); H(2), B(u) € WH2(0,T5L*(Q)), Aue L*(0,T3L*(9)),
(i) Oyu =0 on 9Q and u(-,t) € H*(Q) for a.e. t € (0,T),
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(iii) Qyu(z,t) >0 for a.e. (z,t) € Q x (0,T), and there exists £ € L*(0,T; L*(2)) such that
popu + 9 B(u) + & = NAu+u, £ € 0l 4o0)(Ou) (2.15)
for a.e. (x,t) € Q2 x (0,T).

Solutions of (P),, (or (P)) are also denoted by (u,§) in order to specify the section & of 9l yoo)(Iru)
as in (2.15).

Furthermore, a solution u of (P),, (or (P)) on [0, T] is said to be strictly increasing if Opu(,t) >
0 for a.e. (z,t) € Q x (0,T).

REMARK 2.4. Let (u,{) be a strong solution of (P), (or (P)) on [0,7]. One may obtain a
representation of &,

¢=(NAu+u)_  forae (z,t)€Qx(0,T). (2.16)
Indeed, let (x,t) € Q x (0,T) be such that (2.15) holds there. In case when &(x,t) = 0, one has
0 < pdpu+ 0 B(u) = N2Au+u at (z,t). Hence (A\2Au + u)_(x,t) = 0. In case when &(x,t) < 0,
noting by (2.6) that dyu(x,t) = 9;8(u)(x,t) = 0, we deduce that 0 > £ = N2Au + u at (z,1).
Therefore in both cases, (2.16) follows.

Here and henceforth, for simplicity, we use the same notation I}y | ) for the indicator function
over [0, +00) defined on R as well as for that over the set {u € L*(Q): u > 0 a.e. in Q} defined
on L?(Q), unless any confusion may arise. Moreover, the subdifferential operators (in L?(Q))
of the both indicator functions are also denoted by 0|y 4) (see also Proposition A.2 for their
equivalence).

3. SOLVABILITY OF THE APPROXIMATED PROBLEMS (P),

In this section, we construct strong solutions for the approximate problems (P) u for p > 0
under a milder assumption,

b€ H?(Q), 0,0=0 ondQ, ¢>6 ae. in, for some constant § > 0 (3.1)

without assuming (2.11). Then one can remove the singularity of 5(s) at s = 0 (e.g., see (2.2))
by replacing 3 with a proper non-decreasing smooth function which coincides with 3 on [§, +00)
without any loss of generality, since solutions u of (P) . are always supposed to be not less than
§ under (3.1). Throughout this section, we always assume that 3 € C*([0, 00)).

We start with a time-discretization. Let N € N, 7 = 7y := T'/N > 0 and consider the following
discretized problems:

Mun+1T_ Unp, n 5(Un+1) - 5(%)

+ §n+1 = )\2Aun+1 + Un 41 in LQ(Q), (32)

Un — Up .
ny1 € aI[O,-‘,—oo) (+1T> , Ug=¢ in Lz(Q) (33)
forn=20,1,...,N — 1. We then claim

LEMMA 3.1. For eacht € (0, 1), the discretized problems (3.2), (3.3) admit solutions (un+1,E&n+1) €
H2(Q) x L*(Q) forn=0,1,...,N — 1.

Proof. Let n € {0,1,...,N — 1} and let u,, € D(—A) := {v € H*(Q): ,v =0 on 90} be such
that u,, > 6 a.e. in Q. Define functionals J,, 11 : H1(2) — (—o0, +00] by

U — Up

I 1 A2
I 0) = el + 2000) + Ty () 4 IVl

1
~ gl = (2 4 2 ) for u € H'(0),
2 T T Q)
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where 1 is a functional of class C! defined on H*(2) by
(u) = / B(u) dz for uwe H'(Q) with B(s) := / (o) do
Q 0

B
and (-,-)1(q) stands for the duality pairing between H'(Q) and (H'(2))*. Then Jy 41 is well
defined on H'(Q), since we see that S(u,) € L*(Q) by (8); along with the assumptions of
tn. For 7 € (0, 1), each functional J, 41 is coercive, strictly convex and lower semicontinuous in
H' (). Hence employing the Direct Method, one can verify that .J,, 1 admits a unique minimizer
Uny1 € HY(Q), and then, u, 1 solves the Euler-Lagrange equation,

Unp — Up Unp - Unp . *
L +1T + B( +1)T 6( ) +€'n,+1 _ A2Aun+1 + Upy1 in (HI(Q)) , (34)
Unp, — Up, . *
Ent1 € Oy, +00) (HT ) in (H'(€))", (3.5)

where Op1(0)l[0,+00) denotes the subdifferential operator from HY(Q) to 2(H ()" of the functional
I{0,+00) Testricted onto H*(Q) (see (A.1) of § Appendix A below).

Note that
U — Uy,

01 () 110,400) ( ) = 01} >u,(u),

where dp1 ()| . >y, stands for the subdifferential of the indicator function Ij. >, over the set
[« >u,] i={ue H (Q): u(z) > uy(x) for a.e. x € Q}. Then one can rewrite (3.4), (3.5) as the
variational inequality of obstacle type,

T

B(un+1) - ﬁ(un)

- in (H'(Q))*. (3.6)

(é — 1) Up+1 _>\2Aun+1 +8H1(Q)I[ . Zun](un+1) ) gun —

Here we shall exploit a regularity theory for variational inequalities of obstacle type. Let
K:={ue HY(Q): u>1 ae.in Q} for some ¢ € L*(Q) and let A: H(Q) — (H'(2))* be the
homeomorphism defined by

(Au, @) 1) Z’V/uqﬁ dx+)\2/Vu~V¢dx for u,¢ € H'(Q)
Q Q

for some vy > 0 (i.e., Au = yu—A?Au). Concerning the variational inequality with f € (H(Q))*,
ue K, (Au,v—u)pgiq) > (f,v—u)piq) forallve K, (3.7)
which can be equivalently rewritten as
Au+ 0oy Ik (u) 3 f in (H'(Q)*

(here Ix stands for the indicator function over the set K), we recall the following proposition
(see [1] or [7] with a proper modification):

PROPOSITION 3.2 ([1], [7]). Suppose that 1 € W*P(Q), 8,1 =0 on 0Q and f € LP(Q) for some
p > 2. Then the unique weak solution u of (3.7) belongs to W?P(Q), d,u =0 a.e. on 99, and

f<Au< fVAY a.e in
where A = 1) — A2 Aq).
Due to the fact that u, € D(—A), by applying Proposition 3.2 to (3.6), one can verify that
Un41 € D(—A) and

HUn _ Blnt1) = Blun) < (H - 1) Unt1 — N AU i1
T T T

< ('uun — Bluns1) = B(Un)) \Y ((H — 1) Uy — )\ZAun) for a.e. = € Q,

T T T
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which implies
Un+1 — Un + ﬂ(un-&-l) - 6(“‘")

T T

<oV (—)\QAun — o, + Bunt1) — Blun)

T

0< - >\2Aun+1 — Unp+1

) for a.e. z € Q.

Since u,, € H%(Q) and B(uy,), B(un+1) € L*(Q) (by (2.10)), we can verify from (3.4) that &,41 €
L*(Q) and &nq1 € OIjg 400)((Unt1 — upn)/T). Moreover, from the fact that &,41(x) # 0 only if
Unt1(x) = un(z), we also deduce that

0< —&ni1 < — (NAuy, +uy,)_ forae zeq, (3.8)

where (s)- =sA0<0.
By virtue of (3.1), starting from n = 0 and uy = ¢, one can iteratively obtain solutions
Unt1 € D(=A) and &,41 € L2(Q) of (3.2), (3.3) forn =0,1,..., N — 1. O

We next establish a priori estimates for u,, and &,.

LEMMA 3.3. There exists a constant C' > 0 depending on p, A and ¢ such that

N-1 2
Unp — Up
max (JJunl3eo) + IVunlfae)) + 3 7| === <c, (3.9)
n=0 L (Q)
ma | B(un) |20y < C; (3.10)
N-1 2
n=0 T L2(9)

Proof. Test (3.2) by (upt+1 — up)/7 to get
Un+4+1 — Un

2 + (B(UnJrl) - B(Un) Un+1 — un) + (f i Un+1 — un)
T L2(Q) T T L2(Q) T L2(Q)

A2 A2
+ ;HV%HH%%Q) -

Va2

27
2
Un — Un Un+4+1 — Un
S <un+17 +1> S % ol + CHun+1||%2(Q)7 (312)
T L2(Q) T L2(Q)
where (-, )20 stands for the inner product in L?(€2), for n = 0,1,..., N —1. Moreover, we note
that ) ,
||“n+1||L2(Q) - ||Un||L2(Q) < 1||u e + Ll uny1 — un
27 = o inAtiLz(@) T 9 T L2@)

and

Upt1 — Up
(an, +1> _o.
T L2(Q)

Hence exploiting the monotonicity of 5 and summing both sides of (3.12) for n = 0,1,...,k €
{2,3,...,N — 1}, we derive

k1
[ A? f A’ [
ElhuriaFy + 5 1Vuki 2oy < S16l320) + S 1V6 2@ + (5 +C) D7z,
§=0

Exploiting the discrete Gronwall inequality, one has

max (unl3z(e) + [ Vinllfz)) < € (I1813200) + IVl )
which together with (2.10) also yields (3.10). Furthermore, recalling (3.12), we obtain (3.9).
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By (8)s and the Mean-Value Theorem, we observe that

Un — Unp, 1 Un, — Up
6( +1)7_ 6( ) = ;‘6/((1 - eﬂ)un+1 + enun)||un+1 - unl S C(S L
for some 0, = 0,,(z) € (0,1), a.e. € Q. Thus (3.11) follows from (3.9). O

We further prove:
LEMMA 3.4. If (\2A¢ + @) € LP(Q) for some p € [2, 4], it follows that
€nt1llze) < 1&nllr@) < I(ANPAG+ @) _|lpoy for n=1,2,...,N —1. (3.13)

In particular, (3.13) follows with p = 2 from the fact that ¢ € H*(Q) by (3.1).

Moreover, there exists a constant C' > 0 depending on p, A and ¢ such that
N-1
D Tl AU 1] Fe gy < C. (3.14)

n=0

Proof. By subtraction of equations, we have

i <Un+1 —Un  Up — Un—l) o Blunsr) = Blun) _ B(un) = Blun—1)

T T T T

+nt1 — €n = NA(Upt1 — Un) + Unt1 — Un (3.15)

forn=1,2,...,N —1. Assume that (\?A¢ + ¢)_ € LP(2) for some p € [2,+00). Let R > 0 and
let vg € C'(R) be a smooth monotone function satisfying

(u) = |uP~2u if |u] <R,
TR = sgu(u)(R+1)P1 it Jul > R+ 2,

where sgn(-) denotes the sign function. Test (3.15) by np+1 = Yr(§nt1) € L(2). Here we note
that 7,41 also belongs to 0ljg 4oc)((Uny1 — un)/7) and that

(—Au,n)p2q) =0 forall n€ 0l o0)(u) and u € D(—A) satisfying u >0

by (iii) of Proposition A.2 in Appendix. Furthermore, by definitions of the indicator function
Ijp, o0y and its subdifferential, we observe that

Uil — Up Uy — Up_ Unt1 — U, Uy, — Up—
( + - 1777n+1> > T10, 4 00) (H) — 10,4 0) <1> =0,
T T L2(Q) T T

since {u,(z)} is non-decreasing in n a.e. € Q. Noting that

MNn+1 € 61[07-1-00) (UHHUH) — aI[O,-‘roo) <ﬂ(un+1) - 6(71”)) ’

T T

one can similarly derive

(ﬁ(un+l) - ﬁ(un) _ ﬁ(un) - 6(“71—1) n +1) > 0.
T T T e

Moreover, we also note that
(Un—H — Unp, 77n+1)L2(Q) =0,
since npy1(z) # 0 only if uyy1(2) = uy(x). Combining all these facts, we have

[l do < [ An(6) do forn=12. N -1
Q Q

where 4 stands for the primitive function of v satisfying 9z (0) = 0. Moreover, letting R — +00
and recalling (3.8) with n = 0, we find by iteration that

1€nllze) < lillze@) < [(A2A¢+ @) _|lpo) for n=2,3,...,N.
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As for the case (\2A¢+¢)_ € L>°(£2), passing to the limit as p — +oc in both sides, we conclude
that (3.13) holds true for p = oc.

Finally, (3.14) follows by comparison of both sides in (3.2). O

Now, let us move on to the limiting procedure. To this end, we first introduce the piecewise
forward constant interpolants U, (t) := upy1 and £, (t) := &,41 for t € [t,,, ty4+1) and the piecewise
linear interpolants

ur(t) := 2 B t”un+1 if t€[tn,tni1),
T T
0r(6) == L B ) £ T Blungr) € [t )
forn=0,1,...,N — 1. Then (3.2) is rewritten as
oy 4+ vy + & = N2 Aty + 1y, & € 010, 400) (Orur). (3.16)

From the preceding a priori estimates, we can derive the following convergences by taking a
(non-relabeled) subsequence of 7 — 0 (equivalently, N — +00):

LEMMA 3.5. It holds, up to a subsequence, that
Ur — U weakly star in L0, T; H'(Q)), (
strongly in C([0,T]; L*()), (
Ur — U weakly star in L>(0,T; H'(Q)), (
strongly in L>(0,T; L*()), (
Ovur — Oyu  weakly in L*(0,T; L*(Q)), (3.21
vy =V weakly star in L°°(0,T; L*(Q)), (
Blur;) — v weakly star in L>=(0,T; L*(Q)), (
Oy — O weakly in L*(0,T; L*(Q)), (
& ¢ weakly star in L>=(0,T; L*(Q)), (
At, — Au  weakly in L*(0,T; L*()) (3.26
for somew € WH2(0,T; L2(Q))NL>(0,T; HY(Q)), u € L*(0,T; H (Q)) andv € WH2(0,T; L*(Q))
and v, & € L>(0,T;L*(Q)). In particular, it follows that u(-,0) = ¢. Moreover, it holds that

u=1u,v="0=fF(u) and

poyu + 0 B(u) + € = N2 Au + w. (3.27)

Proof. By Lemmas 3.3 and 3.4, we immediately obtain (3.17)—(3.26) except for (3.18) and (3.20).
Moreover, (3.18) follows from Ascoli’s compactness lemma (see, e.g., [12]) along with (3.9) and
Rellich’s compact embedding H!(Q) < L?(2). Then we also observe u(-,0) = ¢. By (3.9), we
find that, for ¢ € [t,, tnt1),

2
_ tnt1 — ¢ 2 (3.9)
i) = 8@y = () s =l < 70,
which gives u = 4 and (3.20). One can similarly derive by (3.11) that v = v. Since the operator
u +— B(u) is maximal monotone in L?(f2), thanks to the demiclosedness of maximal monotone
operators (see Proposition A.1), one can verify that v = S(u). Finally, (3.27) follows from these
facts along with (3.2). O

REMARK 3.6. Due to (8);, i.e., B is Lipschitz continuous in R, and (3.20), one can also directly
derive the strong convergence of (i, ) to 5(u) in L°(0,T; L*(12)).
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By virtue of the relation C([0,T]; L?(Q)) N L>°(0,T; HY(Q)) C Cy ([0, T]; H(2)) (see [8]), we
obtain u € Cy, ([0, T]; H(Q)).

The next lemma identifies the limit & as a section of 01y o) (Fru).

LEMMA 3.7. It follows that Osu > 0 a.e. in Q x (0,T) and & € 0ljy 4o0)(Oru).

Proof. The proof given below basically relies on Minty’s trick. However, compared to usual
doubly nonlinear evolution equations such as (2.8) and (2.9), some additional difficulty may
arise from the coexistence of two sorts of nonlinearities, 9;3(u) and 9Ijy 4)(0;u). Noting that
£ € 01(0,4+00)(O¢ur), by Lemma 3.5, we first derive

T T
lim sup/ (ET, BtuT)Lz(Q) dt (3.16) lim sup/ (’ﬁq— + N2Al, — pdyu, — Oy, &guT)LQ(Q) de¢
0 0

7—0 T—0
Y A2 ) A2 )
S lim (UT, 6tUT)L2(Q)dt — ? hg_n*)l(I)lf ||V’U,-,-(T)||L2(Q) + ? ||V¢>||L2(Q)

T7—0 0

T T
g » R S
< [ w0t = FIVUD) ) + 5 IVl

T T
_ M/o 10|72yt — lign_jglf/o (Drvr, Oty ) 2 At (3.28)

Here the last inequality follows from the weak lower semicontinuity of norms and the fact that
ur(T) = uw(T) weakly in H'(Q).

Moreover, we emphasize that the last term of (3.28) arises from the mixed double nonlinearity of
Equation (2.7).
We claim that
T—0

T T
lim inf / (Or0r, Optr) o gy It > / (OuB(w), Op) (g . (3.29)
0 0

To prove this, by using the Mean-Value Theorem, we observe that

T N-1 . .
/ (Orvr, Opur) 2y dt = Z T (B(UH—H) B(un)7 ntl un>
0 12(2)

T T

2
dz

Up41 — Unp
T

0
for some z, = z;(z,t) € (4-(x,t—7),4,(x,t)). Here, as in the proof of Lemma 3.5, one can verify
that
U, (- —7) —u strongly in L*(0,T; L*(Q)),
which also yields that
Z, —u  strongly in L>(0,T; L*(Q)).

Since f'(s) is continuous on [, 4+00) by (3)s, we have

B'(zZ-(x,t)) = B'(u(x,t)) for ae. (x,t) € Qx (0,T). (3.30)

Moreover, noting by (3)s that

’\/ﬂ’(ZT(x,t))‘ < C’;/z for a.e. (z,t) € Q2 x (0,7T)

and applying the Lebesgue dominated convergence theorem, we obtain

VB (Z) = /B (u) strongly in L9(Q x (0,T))
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for any g € [1,4+00). Here we particularly take ¢ > 2.
For any ¢ € L*(0,T; L"(2)) with r € (1, +00) sufficiently large (e.g., r = 2¢/(q — 2) > 2), it
follows that

T T
/ / PV BI(ET) atuT dxdt — / / SD\/W at’LL dadt
o Ja 0o Ja
as 7 — 0. Hence we deduce that

VB () By — /B'(u) dyu weakly in L'(0,T; L" (),

where r' :=r/(r — 1) < 2. Moreover, note by (3.9) that

T T
/O /QB’(ZT)|8tuT|2 dadt < 05/0 100|122yt < C,

which implies
VB (2;) Opur — /B (u) du  weakly in L?(0,T; L*(12)).

From the weak lower semicontinuity of a norm, we conclude that
T
lim i(I)lf/ / B (z- |8tu7\ dzdt > / / B (u |5‘tu|2 dodt = / (0¢B(u), Opu) 120 dt,
T 0
which implies the desired assertion (3.29).
Now, we obtain

) T T )\2 ) )\2 )
hmsup/ (ﬁr,atur)L2(Q) dt < / (u, Opu) p2(qydt — ?”VU(T)HL%Q) + ?"V(ﬁHL?(Q)
0 0

7—0

T T
—M/ Hatu||%2(9)dt—/ (8t5(u)a8tu)m(g) dt
0 0
T
= /0 (u+ N Au — pdyu — O B(u), dyu) 12(9) dt

T
(8:27) / (&, Bpu) 12 () At
0

which together with the maximal monotonicity of 0Ijg to0) : L?(Q2) — L?(£2) gives dyu > 0 a.c. in
Q2 x (0,T) and £ € 9l 4o0)(Oru) (see Proposition A.1). The proof is completed. O

Finally, let us derive an energy inequality to be used later. Recall (3.13) and (3.25). Due to
the weak star lower semicontinuity of a norm, we can obtain

{ supre 0.1y 16 o(y < INPAS+ @) _llzoe)  if p € [2,+00),
€]l o= @x0.1)) < [(A2Ad + )L~ (0 if p = oo,

if (A2A¢ + ¢)_ belongs to LP(f2) for some p € [2, +00]. Therefore we conclude that

THEOREM 3.8 (Solvability of (P),). Let p > 0 and assume (3.1) and (B); for some constant

6 > 0. Then the Cauchy-Neumann problem (P), = {(2.14),(1.2),(1.3)} admits at least one
strong solution (u,&) satisfying

§€ L>(0,T; LP (), esssup IE@)zr () < IV AG+ @)l Lr (o) (3.31)

te(0,
with p = 2. In addition, if (\2A¢+ ¢)_ belongs to LI(Y) for some q € [2,+00), then (3.31) holds
for any p € [2,q]. If (\2A¢ + ¢)_ € L>®(R), then & belongs to L>(2 x (0,T)), and it holds that

€]l o @x 0,1)) < N(N*A¢ + @) | L= (-
REMARK 3.9. In the case of (1.4) with o = 0, by virtue of a scaling argument, Theorem 3.8 also

ensures the existence of a global (in time) solution for (P) under the milder assumption (3.1).
Furthermore, the non-increase of 3’ (see (8)s) is not used in the proof of Theorem 3.8.
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4. COMPARISON PRINCIPLE FOR STRICTLY INCREASING SUBSOLUTIONS

We first define the notions of a subsolution and a supersolution for (2.14) and (2.7), respectively.

DEFINITION 4.1 (Sub- and supersolution). For p > 0, a positive function v € W12(0,T; L?(Q2))
is called a subsolution of (2.14) if the following (1)—(iii) holds true:

() Blu) € W2(0, T; 12(9),
(ii) u(-,t) € H*(Q) for a.e. t € (0
(iil) Oru(z,t) >0 for a.e. (z,t) €

such that

1),
Q% (0,7), and there exist £(-,t) € L*(Q) for a.e. t € (0,T)

popu + 0 B(u) + € < NAu+u, €€ 0l 4o0)(Ou) (4.1)
for a.e. (x,t) € 2 x (0,T).
A positive function u € WH2(0,T; L?(Q)) is called a supersolution of (2.14) if the conditions (i)—
(iii) hold with the inequality of (4.1) replaced by the inverse one, i.e., udyu+0yB(u)+& > N2Au+u
in Qx (0,7).
A positive function u € C([0,T]; L*(Q)) is called a subsolution of (2.7) if the conditions (i)—(iii)
are satisfied with p = 0. The notion of a supersolution of (2.7) is also analogously defined.
Let us next state a comparison principle for (2.14).
THEOREM 4.2 (Comparison principle for (2.14)). Let p > 0 be fized and assume that
B is strictly increasing in (0, 00). (4.2)

Let u be a subsolution of (2.14) and let v be a supersolution of (2.14) such that u(x,0) < v(zx,0)
for a.e. x € Q and d,u < v for a.e. (z,t) € N x (0,T). Suppose that

O >0  ae in Qx(0,T). (4.3)
Then it holds that uw < v for a.e. z € Q and all t € [0,T].

Proof. Set w = u — v. By subtraction of equations, we have
pw + 8y f(u) — 0 B(v) + € —n < XNAw+w, € € 0l 4o0)(Ortt), N € Ol 400)(Dr0).
By assumption, we find that £ = 0. Test it by z := sgn(w) V 0 = sgn(8(u) — B(v)) V0 > 0. Then

we have udt/ et & /(ﬂ( )— /B(U))+dx+/g —nz de/ﬂ(w)erx,

Here we used the fact that (— Aw, z)r2(q) > 0 by d,w < 0 and the monotonicity of the mapping
s+ sgn(s) V 0. Noting that —nz > 0, w(z,0) <0 and S(u(x,0)) — B(v(x,0)) <0 for a.e. z € Q,

we have
,,L/Q(w)+(x,t) dx+/9(5(u) BW), (z,1) da:</ /Q ) dads.

By exploiting Gronwall’s inequality, we deduce that
u/ (w)4(z,t) dz =0 forall ¢te€[0,T],
Q
which concludes that u < v for a.e. x € Q and all ¢t € [0,T]. O

One can immediately obtain the following corollaries:

COROLLARY 4.3. Let pi > 0 and assume in addition to (4.2) that ¢ € L?(Q) satisfies ¢ > 0 a.e. in
Q. Then strictly increasing solutions u = u(z,t) of (P), are unigue.
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COROLLARY 4.4. Let j1 > 0 and assume that (B)s holds and ¢ € L*(Q)) satisfies ¢ > & a.e. in Q
for some constant § > 0. Then any solution u = u(z,t) of (P), on [0,+00) diverges to +o0 as
t — +oo.

Proof. Let z be a solution of the Cauchy problem,
d
w2 (t) + &ﬁ(z(t)) =2(t) for t>0, 2(0)=z:=29.

Define a function ®, by

@u(z)—/zoﬂ—’_:mdg‘ for z> 2y > 0.

Then one can observe that
®,(2) <00, ®),(2) >0 forall z € [z,+00), lim ®,(z)> lim A d¢ = +o0.

z— 400 z—400 20

Hence the inverse function ®,' : [0,400) — [z, +00) of t = ®,,(2) exists, and moreover, & *(t)
is strictly increasing on [0, +-00), ®,,'(0) = 2o, and ®,*(t) = 400 as t — +oo.
Now, z(t) is explicitly written as
2(t) =@, ' (t) for t>0.
Moreover, since 9;z > 0 and z(¢) is uniform in €, z becomes a strictly increasing (sub)solution of
(P),, on [0,400). Hence applying Theorem 4.2, we have
u(z,t) > 2z(t) for a.e. z€Q andall ¢t>0,

which implies the desired conclusion. O

The next theorem provides a comparison principle for (2.7), which will be used to verify the
blow-up in finite time of positive solutions for (P) in Section 5.

THEOREM 4.5 (Comparison principle for (2.7)). Assume (8)4 for some constant § > 0 and let u
be a subsolution of (2.7) and let v be a supersolution of (2.7) such that 6 < u(z,0) < v(x,0) for
a.e. x € Q and dyu < Jyv for a.e. (x,t) € 0N x (0,T). Suppose that

Ou >0 a.e in QX (0, T) and ||u||Loo(Q><(0’T)) V ||'U||LOQ(QX(O’T)) <M (44)
for some constant M > 0. Then it holds that u < v for a.e. x € Q and all t € [0,T].

Proof. Repeating the same argument as in the proof of Theorem 4.2, we have

/Q(ﬂ(u) —B(v)), (x,t) dz < /0 /Q(w)Jr(x,s) dzds for all ¢ € [0,T],

where w = u — v. Here letting z be a function defined as in the proof of Theorem 4.2, we observe
that

(B(u) = B(v)) z = /O B((1 = 0)v + Ou) (w)1df > cpr(w)4

for some constant cp; > 0, which is given as the minimum of 3" on [, M] by (3)s. Thus it yields

()5 < — (Bu) — B)) 2 = — (B(u) — B)),

Cm CMm
Therefore we obtain

/ (Bu) — b)), (1) dz < — / (Bu) — B)), (x.5) dads  for all ¢ € [0,7],
Q 0 Q

Cm
which implies

/Q(ﬁ(u)—ﬂ(v))+ (z,t) de =0 for all te€0,T].
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Thus u < v for a.e. z € Q and all ¢ € [0, 7). O

We close this section by an immediate consequence of the theorem stated above.

COROLLARY 4.6. Assume that (8)s holds and ¢ € L*(Q) satisfies ¢ > & a.e. in Q for some
constant § > 0. Then bounded strictly increasing solutions of (P) are unique.

5. LOCAL SOLVABILITY OF (P) AND FINITE TIME BLOW-UP OF SOLUTIONS

This section is devoted to proving Theorem 2.1. Throughout this section, we assume (2.11)
and also suppose that 3 € C1([0,00)) without any loss of generality as in §3.

To construct a solution of (P), we employ strong solutions (uy, ) of (P), on [0, T constructed
in §3 as approximated solutions for (P). However, in contrast with (P), for u > 0, solutions of (P)
may blow up in finite time (see an explicit solution blowing up in finite time given by (5.2) below).
So it is a key step to establish a local (in time) estimate for w,. To this end, we shall apply the
comparison principle (see Theorem 4.2) to u, (as a subsolution) and an explicit supersolution.
However, in Theorem 4.2, subsolutions are supposed to be strictly increasing (see (4.3)), and this
assumption is somewhat restrictive to directly apply the principle to u,, whose time derivative
may vanish. Hence it is crucial how to apply the principle and obtain a local (in time) uniform
estimate of u,.

LEMMA 5.1. For each M > ||¢|| L (q), there exists Tay > 0 independent of pn > 0 such that
0 <wy(z,t) <M forae ze€Q andall tel[0,Thl

Proof. We start with constructing an explicit supersolution of (2.14). Let z = z(t) be a solution
of the Cauchy problem of the following ODE:

d
—6(z(t)) =2(t), 2(0) =2z >0. (5.1)
Here as in the proof of Corollary 4.4, define a function ® : [zg, 00 ) — [0,7(2)) by
B'(¢ s ﬂ
= T .
=[5 .
Then z is explicitly given by
2(t) = @7 (t) for t € [0,T(z0)). (5.2)

Here we remark that z solves (P) with ¢ = zo. We find that 2/(¢) > 0 for all ¢ and z(t) — +o0 as
t /T(z0). Moreover, since z is constant in 2 and 9l 4)(2'(t)) = {0} for ¢ > 0, it follows that
)

10z + OB (2) + 0Ij 400y (0r2) = A*Az+ 2z in Q x (0, T(20)), 8,z2=0 on 90 x (0,T(z)).

Hence z is a supersolution of (2.14) on [0, S] for any S € (0,7 (z0)).

Let (uy,&,) be a strong solution of (P), and define a positive function 4, € W12(0,T; L2(2))
by

Uy = uy +t+ K,
where k > 0 is a constant to be determined later. Then we observe that 0,4, = 0 on 9Q x (0,T")
and Oyt = Oguy, +1 >0 in Q x (0,T), which implies 91jg _4o0)(04t1,) = {0}. Moreover, we note
that
9B(iy) = B (1) iy < B'(up) (Oruy + 1) < B'(uy)Opuy + Cs
by the non-increase and the boundedness of 5 (see (8)s). Therefore we have
:uatﬂp + at/B('au> < ,uatu,u + ﬂl(uu)atu,u +pu+Cs
= )\2Au#+uu — &+ n+Cs

< NAQy, 4+t — (k= €l = @x0,m)) — 1 — Cs) -
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Here we recall by Theorem 3.8 and (2.11) that

€1l Lo x 0,1)) < N(A?A¢ + @) | < (-

Hence choosing x = [[(A*A¢ + ¢)_|| L= () + 1 + Cs, we conclude that, for any p € (0,1), 4, is a
subsolution of (2.14) such that d;4, > 0in Q x (0,7).

Let us take 29 := ||¢||p~(q) +# > Gu(-,0) and apply Theorem 4.2 to the strictly increasing
subsolution %, and the supersolution z. Then we obtain

Gy (z,t) < 2(t) forall te [O,T(zo))7

which implies R
up(x,t) < z(t) —t—r forall te[0,T(z)).
Therefore for each M > ||¢]| L (q), one can choose Th; € (0,7(z0)) such that z(Th) = M + &,

and hence, u,(x,t) < M for all t € [0, Ta]. O
Now, fix M = ||¢|| (o) + 1 and take Ty := T > 0 such that
sup Jup(t)]| Lo (@) < M. (5:3)
te[0,To]

REMARK 5.2. One may also obtain
To = £([|¢ll o () + [N A¢ + @) || L=(o) + C5 + 1) (5.4)

with a strictly decreasing positive function £(-) depending only on the choice of 8’. Indeed, let z
be a solution of (5.1) with z(0) = z¢ and let £ = £(z9) > 0 be such that z(¢(z)) = 20 + 1. Then

by (5.1)7 zo+1 1
U(z0) = / £ éo &,

/ 1 /

(z0) = Bllzo+1) B (Zo)'
zo+1 20

Since ' is non-increasing and positive (see ()s), ¢ is strictly decreasing in zy. Hence by the

choice of T in (5.3), putting 2o = ||¢|| L (q) + #, We obtain (5.4).

which implies

Then we are in position to derive uniform estimates.

LEMMA 5.3. There exist constants C' > 0 and cp; > 0 independent of p > 0 such that

To To )\2
I 18yl 2y At + enr 10|72y dt + 5 sup [[Vuu(t)]F20) < O, (5.5)
0 0 2 t€[0,To)
) S[})ll; | 1B(uu( ) L) < C, (5.6)
€10,1p
1€l Lo @x (0.10)) < |(A?A + @) Lo () (5.7)
To
| 1aswad <. )
To
/O [Aw, |72 gydt < C. (5.9)

Proof. Test (2.14) by Ou,, to get
2 d (N2 2 1 2
1l G|z ) + (OeB(up), Orup) o) + g §||Vuu\|L2(sz) - iHult”LZ(Q) =0, (5.10)
from the fact that §,0su, = 0 by &, € 0ljg_4o0)(Oruy). Here by virtue of (5.3), we find that

(OB ()- 0002y = [ B w0, e > ens [ o
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where cpy := inf (501 6'(5) (= B'(M)) > 0 by (8);. Hence integrating both sides of (5.10) over
(0,t), we deduce that

t t 2
A
M/O ||8TUMHQL2(Q)dT+CM/O HaTUuH%ﬂ(Q)dT-l-?Hvuu(t)HQL?(Q)

M2Q| A2

1 A2
< 5““#@)“%2(9) + ?HV(ZSH%Z(Q) s— F ?HVW%?(Q)

for any ¢ € [0,Tp]. Thus (5.5) follows. Moreover, it follows from (2.10) and (5.3) that

sup [|B(uu (5 1)Ly < CsM +|B(0)],
t€[0,To]

which gives (5.6). Moreover, (5.7) has already been derived by Theorem 3.8 and (2.11). Estimate
(5.8) follows from (5.5) and the fact that

10:B(wu)| = 1B (uy)]|Ouy| < Cs|0puy-
Finally, by comparison, we get (5.9). O

Let us proceed to passing to the limit as y — 0.

LEMMA 5.4. By taking a (non-relabeled) subsequence of p — 0, one can derive

wogu,, — 0 strongly in L*(0, To; L*(Q2)), (5.11)
Uy — U weakly star in L>(0,Ty; H(Q)), (5.12)
weakly star in L™ (Q x (0,Tp)), (5.13)

weakly in W2(0,Ty; L*(Q)), (5.14)

strongly in C ([0, Ty]; L*(R2)), (5.15)

En— & weakly star in L (Q x (0,Tp)), (5.16)
Bluy) = v weakly star in L™ (Q2 x (0,Tp)), (5.17)
OB(uy) — 0w weakly in L (0, Ty; L*(2)), (5.18)
Auy, — Au weakly in L*(0, Ty; L*(2)) (5.19)

for some w € WH2(0,Ty; L2(Q)) N L>(0, To; H(2)) N L>®(Q x (0,Tp)), v € WH2(0, Tp; L2(2)) N
L>(Q x (0,Tp)) and € € L>®(Q2 x (0,Tp)). In particular, one has uw(0) = ¢. Moreover, it holds
that v = B(u) and 9;B(u) + & = N2 Au + u.

Proof. The weak (star) convergences follow immediately from the uniform estimates established so
far. Since /nd;u,, is bounded in L2(0, Ty; L?(€2)), (5.11) follows. Moreover, (5.15) can be verified
by using Ascoli’s compactness lemma (see, e.g., [12]) along with the compact embedding H!(Q) <
L?(Q2). Then one can also assure the initial condition u(0) = ¢. Finally, the demiclosedness
of maximal monotone operators together with (5.15) and (5.17) yields v = S(u), and hence,
O B(u) + & = N2Au + u. O

We also deduce that u € C,, ([0, To]; H(Q)), since u belongs to C([0, To]; L?(Q))NL>(0, To; H(£2)).
Furthermore, by (5.3) and (5.15), one has
u,(t) = u(t)  weakly star in L>°(Q) for all ¢ € [0,Tp].
It follows that
lu(t) || Lo () < lilrtn_%lf up(t)||Loeo )y <M forall t € [0,Tp],
which along with the fact that u € C([0,Tp]; L2(2)) implies the continuity of ¢ — u(t) in the

weak star topology of L°(), that is, u € Cy« ([0, To]; L>=(£2)). Finally, we identify the limit £ of
& as u— 0.



LOCAL SOLVABILITY OF A FULLY NONLINEAR PARABOLIC EQUATION 17

LEMMA 5.5. It holds that Oyu > 0 a.e. in Q x (0,Ty) and § € 0|y 4o0)(Osur).
Proof. We use Minty’s trick again to prove this lemma. Observe that
To To
/0 (§ur Orup) 2 (oydt = /0 (AzAuH + uy — uou, — 0B (uy), 8tuu)L2(Q) dt
A2 A2 To
= _?”VU#(TO)H%%Q) + 3“V¢H%2(Q) +/0 (up, Oy ) 2 (o) dt

T() TO
—/J/O ||6tuu|\%2(9)dt—/0 (6tﬂ(uu),8tuﬂ)p(m dt.

Here we also remark that
To

To
lim inf (0eB(up), Orup) 2y At = /0 (0B(u), Ou) 2 dt

pn—0 0

by verifying that \/B’(u,)0pu, — /B (u)du weakly in L2(0, Tp; L*(02)) (see the proof of Lemma
3.7). Finally, from (5.14), (5.15) and the weak lower semicontinuity of norms, we conclude that

] To A2 5 A2 ) To
hmsup/ (Eu, Oruy) L2 (oydt < _?HVU(TO)HLQ(Q) + §HV¢||L2(Q) +/ (u, Opu) L2 (q)dt
0 0

n—0

To
~ /O (9B (u), Do) 12 dt

To
= / (57 atu)L2 () dt7
0
whence follows dyu > 0 a.e. in @ x (0,Ty) and & € 0l[g 4o0)(0su). This completes the proof. [

By Remark 2.4 along with (5.7) and (5.16), one can also derive the inequality (2.12). Thus we
have proved the existence of a local (in time) strong solution for (P).

Let us finally verify the finite time blow-up of any solution v = wu(z,t) to (P) for any data
¢ € L>(9Q) satisfying ¢ > 6 > 0 a.e. in . To this end, suppose on the contrary that Ti,.x > T(4),
i.e., for some Ts5 > T'(J), one can extend u onto [0, T5] such that

Ms = sup [a(t)|re() = [1a(Ts)]| L= (o) < +oo, (5.20)
t€[0,T5)

where @ stands for the extended solution. We recall the explicit solution z = z(t) on [0,7(8))
of the ODE (5.1) with zp = § > 0. Then z is a strictly increasing (sub)solution of (P) on
[0,T(d)). For each M > §, one can take 7y € (0,7°(0)) such that z(¢) < M for all t € [0, 757) and
z(Tar) = M, since z(t) diverges to +o0o as t — T'(d). Set Q := M V My < +00. We observe that
|2(t)] <Q and  [|a(t)|[pe) < Q forae. te (0,7ar).

Due to Theorem 4.5, we have

z(t) < a(zx,t) forae. xze€Q andall te(0,7n]
Now, letting M — +o00, we infer that 73, * T(é), and therefore,

2(t) < a(z,t) forae z€Q and te[0,7(5)).

Hence we obtain
lim essinf|u(x,t)| = +oo,
tT(5) ZER

which contradicts (5.20). Thus we obtain Tiax < [ (0). From the definition of T, and the local
existence part, one can prove (2.13) by recalling (5.4) and (2.12). Thus we have proved Theorem
2.1. O
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APPENDIX A. CONVEX ANALYSIS

Here we briefly recall several notions and propositions related to convex analysis for the con-
venience of the reader.

Let X be a Banach space with norm || - [|x and let ¢ : X — (—o00,+00] be a proper (i.e.,
© # 400), lower semicontinuous convex functional with effective domain D(p) := {u € X: p(u) <
+oo}. The subdifferential operator dx¢ : X — 2X" (or simply denoted by dy) is formulated as

Op(u) :={6 € X*: p(v) —p(u) > ({,v—u)x forall ve X}, (A.1)

where (-, -) x is the duality pairing between X and X*, with domain D(9¢) := {u € D(p): dp(u) #
@}. Tt is well known that d¢ has a maximal monotone graph in X x X*. In particular, if X is
a Hilbert space whose dual space is identified with itself (e.g., X = L?*()), then (-,-)x can be
replaced by an inner product (-,-)x. Furthermore, if 9 is a convex functional on X of class C!
(in the sense of Fréchet derivatives), then
e +v) =0p+1/,

where ¢’ : X — X* is the Fréchet derivative of .

The following proposition is useful to identify the (weak) limit of a sequence in the graph of a
nonlinear maximal monotone operator.

PRrROPOSITION A.1 (Demiclosedness of maximal monotone operators). Let A : X — X* be a
(possibly multivalued) mazimal monotone operator. Let [un,&,] be in the graph of A such that
Uy, — u weakly in X and &, — £ weakly in X*. Suppose that

lim sup (&, un)x < (&, u)x.
n——+oo

Then [u,&] belongs to the graph of A, and moreover, it holds that

ngrfoo@m u">X = <£’ U>X'

Let Q be a bounded domain in RY. Let v € L?(2) and let o be a maximal monotone graph in
R2. Since every maximal monotone graph in R? becomes cyclic monotone, one can take a proper
lower semicontinuous convex potential 6 : R — (—o0, +-00] such that 06 = a.

PROPOSITION A.2 ([6, 5]). Define © : L*(Q) — (—oo, +00] by

/Qﬁ(u(z)) dr  if uwe L*(Q) and O(u(-)) € L (Q),

+00 otherwise.

O(u) :=

Then the following properties are all satisfied:

(i) © is proper, lower semicontinuous and convex in L?(12).
(ii) For all f,u € L*(Q), it follows that f € Or2(0)O(u) if and only if f(x) € Orb(u(x)) for
a.e. x €.
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(iii) Assume that u € D(—A) ={u € H?*(Q): d,u =0 a.e. on OQ}. It then holds that

f/ Au(z)n(z) de >0 for any section 1 € Jp2(0)O(u).
Q
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