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Stability of stationary solutions for semilinear heat
equations with concave nonlinearity

Goro Akagi Ryuji Kajikiya

Abstract

This paper is concerned with the stability analysis of stationary solutions of the
Cauchy-Dirichlet problem for some semilinear heat equation with concave nonlin-
earity. The instability of sign-changing solutions is verified under some variational
assumption. Moreover, the exponential stability of the positive stationary solution at
an optimal rate is proved by exploiting a super-subsolution method as well as the
parabolic regularity theory. The base of our analysis relies on the linearization of
the equation at each stationary solution and spectral analysis of the corresponding
linearized operator. The main difficulties reside in the singularity of the linearized
operator due to the concave nonlinearity.

Keywords. Sublinear heat equation; asymptotic behavior; stability; linearized prob-
lem; eigenvalue problem

1 Introduction and main results

Semilinear heat equation has been one of the most active fields in the study of nonlinear
partial differential equation during the last half century. It is related to the broad range of
topics involving reaction-diffusion equation and blow-up problem, and various phenom-
ena particular to nonlinear nature have been discovered so far. In this paper, we address
ourselves to such semilinear heat equations with concave nonlinearity. More precisely, we
are concerned with the following Cauchy-Dirichlet problem with an exponent 0 < p < 1,

O = Au+ |ulP'u  in Q x (0,00), (1.1)
u=0 on 99 x (0, 00), (1.2)
u(+,0) = ug in Q, (1.3)
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where 9; = 0/0t and ( is a bounded domain of RY with smooth boundary 0f2. There
are vast amount of contributions to the blow-up case, p > 1 (see a pioneer work in [16]
and also a survey [30] with references therein); however, the case 0 < p < 1 has not
been fully pursued yet because of some difficulties peculiar to the concavity of |u|P~1u.
As contrasted with the blow-up case, solutions can exist globally in time for any data,
e.g., up € L*(Q). The most peculiar feature of this case would be the nonuniqueness
of (nonnegative) solution. In [17], the nonuniqueness is pointed out, and moreover, the
comparison principle is established only for positive solutions. The long-time behavior of
solutions is also investigated by using the principle in [8] and [33], where semilinear heat
equations with convex-concave nonlinearity are treated (see also related works [2, 12, 18,
24, 3, 25, 14, 13]). The nonuniqueness of solution for (1.1)—(1.3) and major difficulties
in this issue are arising from the concave nonlinearity, in particular, the fact that the non-
linear term is more singular at © = 0 than other semilinear heat equations that have been
vigorously studied so far (e.g., reaction-diffusion equation and blow-up case).

Long-time behaviors of solutions for (1.1)—(1.3) are closely related to the correspond-
ing stationary problem, which can be written as

—Av =|vff'v in Q, (1.4)
v=20 on 0f2. (1.5)

Equation (1.4) is called the sublinear Lane-Emden (or Emden-Fowler) equation. Let us
focus on the stability issue of stationary solutions for (1.1)—(1.3). It is proved by Brézis
and Oswald [7] that the positive (negative) stationary solution ¢(x) of (1.4), (1.5) is unique
and it takes the minimum of a Lyapunov energy corresponding to (1.1)—(1.3). So one may
expect that ¢(x) is asymptotically stable. In this paper, we take one step further; that is to
investigate the exponential stability of ¢(z). We discuss the stability in the Sobolev space
H}(Q), where the Lyapunov method (energy method) works well. Note that any open
subset of Hj({2) contains sign changing functions because C5°(€2) is dense in Hj ().
Therefore we must take account of sign-changing initial data as well as positive ones in
any neighborhood of ¢(x). The notions of stability, asymptotic stability and exponential
stability of stationary solutions will be explicitly defined in Definition 2.5 below. We shall
prove in Proposition 4.1 of §4 that for the unique positive solution ¢(x) of (1.4), (1.5), the
linearized operator —A — p¢P~! is well-defined and its principal eigenvalue is positive.
Denote it by p > 0. Main results on the stability are stated as follows:

Theorem 1.1 (Stability of the positive stationary solution). (i) The positive solution ¢
and the negative solution —¢ of (1.4), (1.5) are asymptotically stable (under flows
of possibly sign-changing solutions as well).

(i1) The trivial solution v = 0 of (1.4), (1.5) is unstable.



Semilinear heat equations with concave nonlinearity 3

(iii) Let ug € L>()) be nonnegative and let u(x,t) be the positive solution of (1.1)—
(1.3). Then there exists a constant C' > 0 such that

|u(-,t) = @l Loy < Ce ™ forall t> 0. (1.6)

Here i > 0 is the first eigenvalue of the linearized operator — A — pgP~1. Moreover,
if0 < ug(x) < (1 —=20)p(x) (or (1 4 9)o(x) < up(x)) for a.e. x € Q with some
0 < 0 < 1, then there exist constants c,C' > such that

ce ™M <lu(-,t) = ¢|| 1o < Ce™  for t > 0. (1.7)

(iv) Let u(z,t) be any positive solution of (1.1)~(1.3) and ty > 0. Then there exists a
constant C' > 0 such that

u(-t)

gb_l

< Ce ™™ for t > 1.
Lo ()

(V) Let u(x,t) be any solution of (1.1)~(1.3) with initial data vy € Hg (). Assume that
|uo — &l () is small enough or ug(x) > 0 in 2. Then (a) and (b) below hold.

(a) Foranyty > 0and 6 € (0, 1) there exists a constant C(ty,0) > 0 such that
[u(-,t) = dllcrom < Clto,0)e™ for t > to. (1.8)

Here || - || o160, denotes the norm of the space C L(Q), which consists of all

CY(Q) functions whose derivatives are Holder continuous with exponent 0.

(b) There exists a constant C' > 0 such that
”u('at) - (b”Hé(Q) < Ce for t > 0.

The result above along with (1) ensures that ¢ is exponentially stable with the opti-
mal exponent L.

On the other hand, sign-changing stationary solutions take larger energies. So it is con-
jectured that they are not asymptotically stable. Another main interest of this paper is to
rigorously prove this conjecture by seeking an explicit perturbation to the sign-changing
solutions in such a way as to decrease their Lyapunov energy. We here define the La-
grangian functional (or the Lyapunov energy) I : H}(Q) — R by

1 1
I(v) == /Q (§|Vv|2 — m\m”“) dx  forv € Hy(S). (1.9)

Note that 1(v) = —((1 = p)/2(p + 1) Voll7. = —((1 = p)/2(p + D)llv][]5: for
any solution v of (1.4), (1.5), because ||Vv||2, = |[v||?}!,. Then another main result is as

follows.
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Theorem 1.2 (Instability of sign-changing stationary solutions). Let v be a sign-changing
solution of (1.4), (1.5) which satisfies

0] Lr+1i0) < pl/(l_p)||gz5HLp+1(Q), equivalently I(v) > p%](gb), (1.10)

where ¢ denotes the unique positive solution of (1.4), (1.5). Then v is not asymptotically
stable. Moreover, let S denote the set of all solutions for (1.4), (1.5). If v is isolated from
all w € S satisfying I(w) < I(v), then it is unstable.

Note that there exist infinitely many sign-changing solutions of (1.4), (1.5) which sat-
isfy (1.10), since there exists a sequence of sign-changing solutions converging to zero
(see [5], [29], [11], [20]).

For the one-dimensional case, we can determine the stability and instability of all
stationary solutions. Let N = 1 and 2 = (0, 1). Then (1.4) and (1.5) are reduced to

V" + P v =0 in(0,1), (1.11)
v(0) =v(1) =0, (1.12)

which possesses a unique positive solution ¢, (z) (see [7]). Moreover, ¢, can be extended
onto R as a 2-periodic odd solution of (1.11) with the interval (0, 1) replaced by R. Fur-
thermore, (1.11) is invariant under the scaling v(z) +— A~2/(1=P)y(\z). Therefore the
functions

or(x) = kP (k) fork e N (1.13)

become solutions of (1.11), (1.12) having exactly (k — 1) zeros in (0, 1). Furthermore, the
set of +¢,, for all £ € N covers all nontrivial solutions of (1.11), (1.12).

Theorem 1.3 (Stability classification in N = 1). The positive and negative stationary
solutions +¢, are exponentially stable, and sign-changing ones +¢;. (for all k > 2) are
unstable.

The methods of analysis in the present paper are mainly based on the linearization
of the equation at corresponding stationary solutions. However, due to the concave non-
linearity and the Dirichlet boundary condition, it is delicate to treat the corresponding
linearized operators as well as to formulate it in a rigorous way. Indeed, the linearized
operators have potentials with some singularity on the nodal set (including the boundary
0€) of each stationary solution.

This paper consists of seven sections. In Section 2, we collect preliminary facts on the
stationary problem and the long-time behavior of solutions for (1.1)-(1.3). Moreover, we
also discuss stability analysis of stationary solutions; in particular, the asymptotic stability
of the positive (negative) stationary solution is rigorously proved (Proofs for (i) and (ii)
of Theorem 1.1). In Section 3, we shall prove the instability of sign-changing stationary
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solutions (Proof of Theorem 1.2). Here, we handle a Schrodinger operator with singularity
on the nodal set and derive the negativity of its principal eigenvalue in a proper fashion.
Moreover, some result on asymptotic profiles for porous medium equations will be also
given as a by-product. In Section 4, we investigate several properties of the linearized
operator at the positive stationary solution for a latter use. In Section 5, we shall verify
the convergence of positive solutions of (1.1)—(1.3) to the positive stationary solution at
an optimal rate by constructing some super- and subsolutions and by using comparison
principle (Proofs for (iii) and (iv) of Theorem 1.1). Here the construction of the super-
and subsolutions is closely related to the eigenvalue problem for the linearized operator.
In Section 6, the results obtained in Section 5 will be extended to general evolutionary
solutions (Proof for (v) of Theorem 1.1). Section 7 is presented for the one-dimensional
case (Proof of Theorem 1.3).

Notation. We denote the LP(Q2)-norm by || - ||, and the HJ(£2)-norm by || - ||1 2, which is
defined by [[ull12 := [[ull gz ) = [Vull2.

2 Preliminaries

This section is devoted to preliminary facts on the stationary problem and the asymptotic
behavior of solutions for (1.1)—(1.3). Moreover, (i) and (ii) of Theorem 1.1 will be verified.

2.1 Stationary problem

The Dirichlet problem (1.4), (1.5) has been studied from various view points, and here,
we particularly focus on its variational aspect. Brézis and Oswald [7] proved the exis-
tence of least energy solutions (the minimizers of I defined by (1.9) in H}(£2)), which are
positive and negative solutions, and they also verified the uniqueness of positive (nega-
tive) solution. Furthermore, by the symmetric mountain pass lemma due to Ambrosetti-
Rabinowitz [5], it has been proved that (1.4), (1.5) has a sequence of nontrivial solutions
converging to zero in H}(€2). Then the convergence is valid in C?(Q) also by the elliptic
regularity theorem. These solutions must change their signs because of the uniqueness
of the positive solution. See also Clark [11], Rabinowitz [29] and Kajikiya [20]. Further-
more, each nontrivial solution of (1.4), (1.5) has a negative energy because of the identity
after (1.9).

2.2 Long-time behavior of evolutionary solutions

Let us start with the definition of solution for (1.1)—(1.3).



6 Goro Akagi, Ryuji Kajikiya

Definition 2.1. A function u € C([0,00); L*(£2)) is called a solution of (1.1)—(1.3) if the
following conditions hold true:

o e CH((0,00); L2()) N C((0, 00); HA(Q) N HAR)),
e it satisfies (1.1) a.e. in © x (0, 00) and u(-,0) = up a.e. in .

For vy € L?(), the existence of (global in time) solutions for (1.1)—~(1.3) is well
known (see also Proposition 2.3 below). The functional / defined by (1.9) becomes a
Lyapunov energy for (1.1)—(1.3). Indeed, I(u(t)) is nonincreasing in ¢. We also define
super- and subsolutions for (1.1).

Definition 2.2. We call u € C([0,T); L*(2)) a supersolution of (1.1) in 2 x (0, T') if the
following conditions hold true:

o uc CY(0,T); L*(Q)) NnC((0,T); H*(Q)),
e Jyu> Au+ |ufP~tu ae.inQ x (0,7).

If the reverse inequality holds, then w is called a subsolution.
Then let us recall the following known results:

Proposition 2.3. (i) Foruy € Hj(Q) (or ug € L>(R)), the Cauchy-Dirichlet problem
(1.1)=(1.3) admits at least one time-global solution v € C([0,00); H} () (or u €

L*(Q2 x (0,00)), respectively). Moreover, supg<;.. ||u(t)||1,2 < oo when uy €
HQ).

(ii) Let u(z,t) be a (possibly sign-changing) solution of (1.1)—(1.3). Let (¢,) be an
arbitrary positive sequence diverging to infinity. Then there exist a subsequence
(n') of (n) and a solution v of (1.4), (1.5) such that

u(ty) — v strongly in H}(Q2) as n' — oo.

(iii) If uy € L*°(Q) is nonnegative, (1.1)—(1.3) admits a unique time-global positive
classical solution u € L>®(€2 x (0, 00)).

(iv) Let u~ be a subsolution of (1.1) in the parabolic domain ) = € x (0,7) and let
u™ be a supersolution of (1.1) in @) such that either v~ is negative or u™ is positive
a.e. in () and they belong to L>°(Q). If u~ < w™ a.e. on the parabolic boundary
9,Q = (0Q x (0,T)) U (Q x {0}) of @, then u~ < uT ae.in Q.
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Remark 2.4. (i) The assertions (i) and (ii) of Proposition 2.3 are well known (see,
e.g., [26,27, 28], where more general equations are treated). The comparison princi-
ple (iv) is due to [8] (see also [33]). As for (iii), by [8], (1.1)—(1.3) admits the unique
positive solution u(x,t) on a maximal time interval [0,7"). Then w is bounded in
2 x [0,T) by a positive constant independent of 7'. Indeed, by Theorem 6.2 and
Remark 6.1 of [8], for each nonnegative data ug € L*(f2), there exists a unique
positive classical solution u of (1.1)—(1.3) on [0, 7). Let t, € (0,7) and let ¢ be
the positive stationary solution. Then by (vi) of Remark 6.1 of [8] and the fact that
0¢/0v < 0 on 052, one can take a constant C; > 1 such that u(x,ty) < Coo(z)
for all z € Q. Moreover, Ut (z,t) = Co¢(x) becomes a positive supersolution
of (1.1) in ©Q x (0,00). Since u < U™ on the parabolic boundary of 2 x (to,T),
the comparison principle ensures that 0 < u(x,t) < Cyp(z) < Col¢|w for all
(z,t) € QX (to, T). This implies that T = co and u € L>=(£2 x (0, c0)); hence (iii)
of Proposition 2.3 follows.

(i1) If the initial data u is indefinite, solutions of (1.1)—(1.3) need not be unique. Indeed,
the nonuniqueness is pointed out for the case that ug = 0 in [17] and [8]. More
precisely, for the initial data uy = 0, there exists a (unique) positive solution & > 0
of (1.1)—(1.3) (see Remark 6.4 of [8]).

2.3 Stability of stationary solutions

We first define the notions of stability and instability of stationary solutions for (1.1)—(1.3)
in the following. It is noteworthy that we here do not assume the positivity of solutions
for (1.1)—(1.3); so the uniqueness of solution may fail.

Definition 2.5 (Stability of stationary solutions). Let v be a stationary solution of (1.1)—
(1.3), that is, a solution of (1.4), (1.5).

(1) v is said to be stable if for any € > 0 there exists a 0 > 0 such that every solution u
of (1.1), (1.2) satisfies

sup |ju(t) —v|l12 <e whenever ||u(0) —v|[12 < 0.
0<t<o0o

(i1) v is said to be unstable if v is not stable.

(iii) v is said to be asymptotically stable if it is stable, and moreover, there exists a dp > 0
such that every solution u of (1.1), (1.2) satisfies

1tlim |lu(t) — v]l12 =0 whenever ||u(0) — v||12 < do.
—00
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(iv) v is said to be exponentially stable if it is stable, and moreover, there exist positive
constants C, A, d; such that every solution u of (1.1), (1.2) satisfies

|u(t) — v|j12 < Ce ™ forall t >0 whenever ||u(0)—vl|;2 < ;.

The uniqueness of the positive stationary solution leads to the next proposition.

Proposition 2.6. Every positive solution u(x,t) of (1.1)—(1.3) converges to the positive
stationary solution ¢ strongly in H} () as t — oo.

Proof. Let u(t) be as in the theorem. In case ug := u(0) # 0, choose A € (0,1) so small
that

A? 2 AP p+1
I(Aug) = —[[Vuollz = m||u0||p+1 <0.
Denote by u,(t) the positive solution of (1.1)-(1.3) with u(0) = Auy. Since [ is a Lya-
punov functional, we have —(1/(p + 1))||u>\(t)||2ﬂ < I(ux(t)) < I(Aug) < 0fort > 0.
Therefore ||uy(t)
and therefore, 0 < w,(t) < u(t) by the comparison theorem (see (iv) of Proposition 2.3).

|+1 cannot converge to zero as t — co. Since A < 1, we have \uy < uy,

Hence u(t) never converges to zero strongly in LPT(Q) and in H} () also. Since the
positive stationary solution ¢ is unique by [7], u(t) converges to ¢ strongly in H} () by
(ii) of Proposition 2.3. The case ug = 0 is reduced to the former case, since u(t) is pos-
itive in €2 for any ¢ > 0 and one can take u(t) as an initial data and repeat the argument
above. L

To prove (i) of Theorem 1.1, we recall that the unique positive solution ¢ of (1.4), (1.5)
is a minimizer of I in H}(Q2). Define d by

d:=I(¢)= inf I(v) <O. (2.1)
UGH&(Q)

By [7],if I(v) = d, then v = ¢ or —¢.

Proofs of (1) and (ii) of Theorem 1.1. The assertion (ii) follows immediately from Propo-
sition 2.6. So, let us prove (1). Since the unique positive solution ¢ is isolated from all the
other solutions of (1.4), (1.5) in the H&(Q) topology (see [4, Lemma 4]), one can choose
go > 0 so small that (1.4), (1.5) has no solution in a ball B(¢;eq) except for ¢, where
B(¢; €p) is defined by

B(¢;e0) == {v € Hy(Q): |lv— |12 < 0} (2.2)
Fix ¢ € (0,¢0) arbitrarily. We first claim that

e i=inf {I(v): v € HY(Q), [ = 12 = £} > d.
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Assume on the contrary that c. = d, i.e., there exists a sequence (v,) in H}(2) such
that ||v,, — ¢|l12 = € and I(v,) — d. Then (v,) is bounded in H}(f2), and therefore,
up to a subsequence, v, — v weakly in H} () and strongly in LPT1(Q), since H} (1) is
compactly embedded in LP*1(Q). Moreover, we see that

1 1
§\|an|!§ = I(vn) + manIIZE

= d-+ — ol < 1) + =l = 5190l
which leads to lim sup,, , . ||Vo,|l12 < [[VU||12.

This fact with the uniform convexity of H} () implies that v,, — v strongly in H} ().
Therefore ||v — ¢||12 = € and I(v) = d. As mentioned after (2.1), the identity I (v) = d
implies that v = ¢ or v = —¢. However, this contradicts the choice of £y3. Hence c. > d.

From the continuity of / in H}(2), one can take ¢ € (0, <) so small that
d—+ c.

I(up) < for all ug € B(¢;9).

Let uy € B(¢;0) and u(t) be any solution of (1.1)—(1.3) with u(0) = wug. Here uy may
change its sign. Then we claim that

u(t) € B(¢;e) forall t >0,

which means that ¢ is stable. Assume on the contrary that u(ty) € 0B(¢;¢) at some
to > 0. Then by the definition of c., it follows that I (u(ty)) > c.. On the other hand, the
nonincrease of the energy implies that

T(u(ty)) < I(ug) < +2 Ce

However, since c. > d, it yields a contradiction. Therefore ¢ is stable.

Moreover, u(t) converges to a certain solution of (1.4), (1.5) along a divergent sub-
sequence of time by (ii) of Proposition 2.3. Recall that there is no stationary solution
in B(¢,e0) except for ¢. Therefore u(t) converges to ¢ (without extracting any subse-
quence), and hence, ¢ is asymptotically stable. [

Remark 2.7 (Connectedness of domain and asymptotic stability). The connectedness of
the domain € is necessary for the asymptotic stability of the positive (negative) station-
ary solution. Indeed, let us consider a disconnected bounded domain €2 consisting of a
sequence of disjoint balls B,, C R”" whose radii r, rapidly converge to zero. Moreover,
by using a scale invariance of solution for (1.4), due to the fact that 0 < p < 1, one can
construct a positive solution ¢ € H}(2) and a sequence of nonnegative stationary solu-
tions ¢, € Hj () which is positive on B, for 1 < j < n and vanishes elsewhere. Then
the positive solution ¢ is an accumulation point in H; () of the sequence (¢,,). Hence ¢
is never asymptotically stable.
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3 Instability of sign-changing stationary solutions

The purpose of this section is to prove Theorem 1.2. To this end, we employ the following
lemma.

Lemma 3.1. If v is a sign-changing solution of (1.4), (1.5) and satisfies (1.10), then for
any € > 0, there exists a w € H}(Q) such that I(w) < I(v) and ||v — wl|1 2 < &.

Before proving this lemma, we further bring

Lemma 3.2. Let ¢ and v be the unique positive solution and a sign-changing solution of
(1.4), (1.5), respectively. For each ) > 0, define {)(n) C ) by

Qn) :={z € Q: |v(z)| > n}.
If (1.10) holds, then
1
—/ IVo|Pdr < lim/ lv[P~t?dx. (3.1)
P Jo =0 Ja(n)
Here the right-hand side could be divergent.

Roughly speaking, Lemma 3.2 means that the linearized operator —A — p|v|P~! has a
negative eigenvalue. Indeed, the first eigenvalue ), is formally represented as

A = inf /(|Vw|2—p|v|p_1w2)d:v.
Q

wll2=1

Then (3.1) implies A\; < 0. However, we cannot use this expression, because it is unclear
whether the Schrodinger operator —A — p|v|[P~! is well defined in H} () due to the
singularity of the potential on the nodal set of v.

Proof of Lemma 3.2. Recall the reverse Holder inequality (see [1, Theorem 2.12]),

1/q (g—1)/q
(/ |f‘qd5‘3) (/ fgfq/(ql)d$> < / |fgl dz  for 0 <q<1,
Q Q Q

provided that | £|7, |g|#/(%~") and | fg| are integrable over €. Setting ¢ = (p+1)/2, f = ¢*
and g = |v|P~!, we obtain

- -1
/Q(n) Pt 2 ||U||jlf;”“(9(77))||¢||%1”+1(Q(77))7

since the integrands in both sides are integrable over €2(7). Moreover, note that the left-

hand side is nondecreasing as 7 is decreasing. Then letting 7 — 0, we have

lim vP L eddx > lvl|P o2,
i [ oot > ol
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By assumption (equivalently, p||v][? 1> lel® . 1), it follows that

1 1
lim [P 1g2de > =6l = = ||Vol2.
ty [ Lol = 21wl
Here we used the fact that ||gz5||§ﬂ = ||V ¢||3. This completes the proof. O

Proof of Lemma 3.1. Let v be a solution of (1.4), (1.5) which satisfies (1.10). Lete > 0
be fixed and let us show that w = v + ¢ satisfies the assertion of Lemma 3.1. We put

f(t) := |t|P~'t and
¢t
0= [ ss= i

Since v is a solution of (1.4), (1.5), it follows that

I(v+ep) —I(v) ze/Vv-V<bda;+%HV(bH%—/Q(F(U—i—agb)—F(v))dx

= 9ol - / (F(v+26) — F(v) — e f(0))ds
= =)ol - //ﬁ (v + 1) — [(1))o dida.

Since ¢ > 0 in €, the integrand is nonnegative by the increase of f. For n > 0, set
Q(n) :=={z € Q: |v(z)| > n}. Since Q(n) C €2, we find that

g2 c
Io+20) = 10) < SIVolE = [ [ (fw+10) = )6 drde.
Q(n) JO
Divide both sides by 2 and let £ — 0. In the right-hand side, it follows that

lim — / / (v+tp) — f(v)) ¢ dtdx

e—0 6

= hm—/ / (/ |v+ OtolP~ 1d€) t¢? dtdx
e—0 5 Q(n)
> lim

p 1
de = = P=Lp4d
Hoz/ |v|1p+el o™ 2/%7)’“' #da.

Then we obtain

lim sup
e—0

Mo e0) =10 < Hiwalg -2 [ pp=oda,
e 2 Ja)

Letting 7 — 0 and using Lemma 3.2, we have

Iw+ed) = 1) 1, o p. L
<= — =1 p .
-2 < 2HV¢HQ 5 nlg(l)/ﬂ(m lvP~tp?da < 0

lim sup
e—0

Therefore, for € > 0 small enough, we obtain /(v + €¢) < I(v). O
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Proof of Theorem 1.2. Let ¢ > 0 be fixed. By Lemma 3.1, we can choose uy € H}(Q)
such that /(ug) < I(v) and ||v — ugl[12 < €. Every solution u(t) of (1.1)—(1.3) with the
initial data u(0) = wy satisfies I(u(t)) < I(u(0)) < I(v) for ¢ > 0. Then u(t) cannot
converge to v. Consequently, v is not asymptotically stable.

In addition, we assume that v is isolated from any w € S satisfying I(w) < I(v).
Then there is an r > 0 such that

B(v;r)n{w e S: I(w) < I(v)} =0, (3.2)

where B(v;r) has been defined by (2.2). Let uy and u(t) be as above. We assume that
is in B(v;r). Then u(t) ¢ B(v;r) for all ¢ large enough. Indeed, if u(t,) € B(v;r) with
a sequence t,, diverging to oo, then u(t,/) converges to a stationary solution ., strongly
in H}(Q) along a subsequence t, (see (ii) of Proposition 2.3). Then u,, € m
Since I(u(t)) < I(v), it holds that I(u.) < I(v). This contradicts (3.2). Therefore
u(t) ¢ B(v;r) for all t large enough, and hence, v is unstable. O

Remark 3.3 (An application to the Porous Medium Equation). By applying Lemma 3.1
developed here, one can also verify the instability of sign-changing asymptotic profiles of
solutions to the Cauchy-Dirichlet problem for the Porous Medium Equation

Os (JulP~tu) = Au in Q x (0, 00), } (3.3)

u=0 on 092 x (0,00), u(-,0)=uy in Q,

where 0 < p < 1 and Q is a bounded domain of RY with smooth boundary 9. It is
well known that « decays at the power rate s~/(1=?) as s — o0, and moreover, for any
sequence s,, — 00, up to a subsequence, there exists w € H(Q2) N L>*(Q)\ {0} such that

(50 + )Y Ply(. 5,) — w  strongly in H () N L>®(Q),

where w is called an asymptotic profile of u as s — oo (see, e.g., [31]).
By change of variables, z(z,t) = (s + 1)Y/0~Ply(., s), t = log(s + 1), Equation (3.3)
is transformed to

Oy (|2|P712) = Az + alz[P7'z in Q x (0, 00), }

z=0 on 0N x (O’ oo)’ Z(-,O) = uy in (3.4)

with a constant @ := p/(1 — p) > 0. Then every asymptotic profile w turns out to be a
nontrivial solution of the elliptic problem

—Aw = a|lw’P'w in Q, w=0 on .

Hence v = a~'/(1=P)y solves (1.4), (1.5). The notions of stability and instability of pro-
files are defined by those of stationary solutions for (3.4) in a similar way to Definition 2.5.
Due to Lemma 3.1, we assure that
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Theorem 3.4 (Instability of sign-changing asymptotic profiles). Let w be a sign-changing
asymptotic profile of a solution of the Cauchy-Dirichlet problem for (3.3) (hence w =
a/(=P)y with some nontrivial solution v of (1.4), (1.5)). Assume that (1.10) holds for v.
Then w is not asymptotically stable. Moreover, if v is isolated from all uw € S satisfying
I(u) < I(v), then w is unstable.

Proof. We first remark that (3.4) has a Lyapunov functional F : Hj(2) — R defined by

1
B(w) = 5[Vulf ~ S ull = o000 ) for w e HY(©).

Then by using Lemma 3.1, for any ¢ > 0, one can take v. € H}(Q) such that |[[v—v.||;2 <
eand I(v.) < I(v). Setw, := a*/~Py_. Then it follows that ||w—w,||; 2 < ca'/?~P) and
E(w.) < E(w). Let z be a solution of the Cauchy-Dirichlet problem for (3.4) with the
initial data w,.. Then since F(z(t)) is nonincreasing in ¢, z never converges to w strongly
in H}(Q) as t — oo. Therefore w is not asymptotically stable. The instability part can be
also proved as in Theorem 1.2. ]

4 Linearized operator and its eigenvalue problem

In what follows, we denote the unique positive solution of (1.4), (1.5) by ¢. The purpose
of this section is to prove that the first eigenvalue of the linearized operator —A — ppP~?
is positive and the corresponding eigenfunction belongs to C%(Q). This result will be
employed to prove the exponential stability of ¢ in later sections.

Proposition 4.1. The linearized operator —A — p¢P~1 is self-adjoint and has a compact
resolvent in L?(S2), and moreover, its first eigenvalue is positive.

Proof. We remark that the potential p¢*~! has singularity on the boundary because p < 1
and ¢ = 0 on 0f2. Define the distance function p(x) by

p(x) = dist(z,00Q) = inf{|z — y|: y € 0N}. 4.1)

By the strong maximum principle, ¢ > 0 in {2 and the outward normal derivative 0¢/dv
is strictly negative on Jf). Furthermore, since 0f2 is smooth, p(x) is smooth near the
boundary and dp/Jv = —1 on 0S. Then there exists a C' > 0 such that p(z) < C¢(z) in
Q2. Therefore by Hardy’s inequality (see, e.g., [6, p.313] or [10, 23, 32]), one has

lu/llz < Cl[Vulls forall ue Hy(Q) (4.2)
for some constant C' > 0 independent of u. Define three operators A, B, T in L?(Q) by

T:=A+B, Au:=—Au, Bu:=—pp(z)’ u
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with domains D(T) = D(A) = H*(Q) N Hj () and D(B) = {u € L*(Q): Bu €
L?(Q)}. Then T = —A — p¢?~ 1. By (4.2), we have

| Bull3 = p* / o202 dy < p?||p||%P / u?¢dr < O?||Vul|2 (4.3)
Q Q

forallu € H} (), where C' > 0 is independent of u. Hence one can deduce that D(A) C
D(B). It is well known that A is self-adjoint, and moreover, B is obviously symmetric.
We use the the perturbation theory due to Kato [22, Theorem 4.3, Chap. V], that is, if
there exist constants ¢ € [0,1) and C' > 0 such that

[Bullz < el|Aullz + Cllullz  foru € D(A), (4.4)

then A + B is self-adjoint. Denote the L?({2)-inner product of u and v by (u, v). Then we
use the Schwartz inequality to get

[Vullz = /(Au,w) < || Aully||ully® < (6/2)]|Aulls + (£71/2)||ull2,
for any € > 0 and u € D(A). Therefore by (4.3) we obtain
|Bulls < (C/2)(e]|Aulls + e ull2)  for u € D(A).

Fix € > 0 satisfying eC'/2 < 1. Then B satisfies (4.4) and T' = A + B is self-adjoint.

We next claim that the operator 7" has a compact resolvent. Indeed, let A < 0 be a
number to be determined. Let u € D(T") and set v = (T' — \)u. Multiply both sides by u
and use (4.3) and the Poincaré inequality. Then we have

=Alulls + 11Vull3 < [1Bullzfluflz + [[v]2]lul-
1
< ClIVullaflulls + ClIVulla|loll: < SIVulls + Co (lullz + [[2[13)

with some constant Cjy > 0 independent of u and v. Take A so small that A < —C)y. Then
1
(—A—Co)||u||§+§||Vu||§ < Collvll3- (4.5)

Particularly, if v = 0, then v = 0. Thus 7'— A is injective. Since T'— A is also self-adjoint, it
is surjective. Moreover, (T'— \) ! is bounded in L*(Q2). Therefore (—oo, —Cy] is included
in the resolvent set of 7'. As for the compactness of (7'—\) ! for any A < —C, let (v,,) be
a bounded sequence in L?(Q2) and let u,, := (T' — \)"'v,,. Then by (4.5), (u,,) is bounded
in H}(Q). Since H} () is compactly embedded in L*(2), (u,) is precompact in L?(2).
Hence (T — \)~! is compact in L?(Q2) when A < —Cj. Thus the spectrum of 7' consists
only of discrete real eigenvalues and each eigenspace is finite dimensional.

We rewrite (1.4) for the positive solution ¢ as (—A — ¢?~1)¢ = 0. Since ¢ > 0,
the operator —A — ¢?~! has the zero first eigenvalue. By the order relation —p@?~! >
—@P~1 of the potentials, the first eigenvalue of —A — p@?~! is strictly greater than that of
—A — ¢P~1. Consequently, the first eigenvalue of —A — p@P~! is positive. O
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We denote the first eigenvalue of —A — p@?~! by p and the corresponding eigen-
function by ¢ (z). To determine v uniquely, we impose the condition, ¢» > 0 in {2 and
IV¢||2 = 1. Therefore we have

(A —p N =pp inQ,  ¢P=0 ondQ, (4.6)
Y >0 inQ, V|2 = 1. 4.7

For each k € N and 6 € (0, 1), let C*?(Q) denote the set of all C*(f2) functions whose
k-th derivatives are Holder continuous with exponent 6. Although the potential p¢?~! in
(4.6) is singular on 0, 1 is of class C?”(€2). We shall prove it in the next proposition.

Proposition 4.2. The principal eigenfunction v belongs to C*?(Q).

To prove Proposition 4.2, we consider the linear problem with a singular weight func-
tion h(z),
—Au = hu in (), uw=0 on oS (4.8)

Lemma4.3. Let 0 < a < 1, ¢ € (N,00) and h(x) be a function satisfying hp* € LI(S),
where p(x) has been defined by (4.1). Then there exist constants C, & > 0 such that

lullw=a0) < Cllhp 51V ulle,

provided that u is in W*9(Q) N W& “(Q) and satisfies (4.8). Here C and £ are independent
of u and h.

To prove the lemma above, recall the Gagliardo-Nirenberg inequality (see [15, p.27,
Theorem 10.1]) of the form,

1D7ully < Cllullfomeollully™, (49)

if m — j — N/r is not nonnegative integer, j, m are integers and « is a real number such
that 0 < j <m, j/m < a <1and

1 1 m 1

—=Z e S

b TN +a (r N) + ( a)q
Proof of Lemma 4.3. We use the same idea as in [21, Proposition 3.9]. Since u € W24(Q)
with ¢ > N, u belongs to C'*(Q). Using [21, Lemma 3.8], by (4.8), we get

1Aully = [[hully = 1ho[ul "= (ul /p)llg < l1hp®llglull IV ulls. (4.10)

Hereafter C' denotes various positive constants independent of u and h. Since ||t/ <
C||Vul|« by the Poincaré inequality and ||u[y2.) < C||Aul|, by the elliptic regularity
theorem, (4.10) is reduced to

[ullwza@) < CllAp* o[ Vulloo- (4.11)
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By (4.9), we have [|[v]loc < ClJv|[§1aqllvl;™ for all v € Wh(Q), with o =
Nq/(Nq + 2q — 2N). Substituting du/dx; for v, we have

IVulloo < Cllullfy.aqllVully™ (4.12)
Combining (4.11) with (4.12), we obtain ||u|[y2.qq) < CthaHQHUH%VQ,q(Q)”VUH%_Q, or
equivalently [|u|lwz2aq) < C||hp®||$]|Vull2, where § := = = —(N;§1q§§N_ 0

Proof of Proposition 4.2. We first show that ¢ € W24(Q) for any 1 < ¢ < oo by using
the approximation of the eigenvalue. Let us consider

—Au = p(é(z) + &)’ u+ A in Q, u=0 ondQ, (4.13)

with a parameter ¢ > 0. Let A\;(¢) denote the first eigenvalue of (4.13). Let us prove that
Ai(g) = pase — 0. Since (¢ + )Pt < ¢P~1, it holds that \;(¢) > p. Since 1) is an
eigenfunction, it belongs to D(T) = H?(2) N H}(Q). Furthermore, we use (4.6) to get

ol = [ (V0P = p o) do.

Since A () is the infimum of the Rayleigh quotient, we have

Ai(e) < Jlvll5? /Q (IVY]? = plo + )P '?) da. (4.14)

Since 0 < p(¢ + )P~ 1p? < pgP~1)? and pP~14p? € L'(Q), the Lebesgue dominated
convergence theorem shows that the right-hand side of (4.14) converges to

Il? [ (196 = por02) da =

Thus Ay () — pase — 0.
Let ). denote the eigenfunction corresponding to A;(g) such that

%(5’7) >0, vasHQ =1L (4.15)

Then 7). is uniquely determined and satisfies —Aw. = h.1. in Q and ). = 0 on 0f),
where h.(x) := p(¢(x) + )P~ + A\ (). Let g € (IV, 00) be arbitrarily fixed. Let p(z) be
the distance function defined by (4.1). Recall that p(z) < C'¢(x) in €2 for some constant
C > 0. This shows that ||h.(2)p' || is bounded as e — 0. Using (4.15) and Lemma 4.3
with @ = 1 — p, we conclude that ||¢.||w2a4() is bounded as ¢ — 0. Therefore, up to a
subsequence, . converges to a certain function v, weakly in W*9(£2) and strongly in
CY(Q) with § € [0,1 — N/q). Since ||[Vj|la = 1 by (4.15), v does not identically
vanish. Hence it becomes an eigenfunction corresponding to the first eigenvalue , that
is, 1y coincides with 1 defined by (4.6), (4.7). Thus ¢ € W4(Q) for ¢ € (N, c0). This
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assertion is also valid for all ¢ € [1,00), because € is bounded. Therefore ¢ € C1¥(Q)
for all § € (0, 1) by the Sobolev embedding.

We finally show that ¢ € C??(€2). To this end, we first claim that f(z) := ¢(z)?~ ') ()
belongs to C%P(€)), that is, there exists a constant C' > 0 such that |f(z) — f(y)| <
Clz — y|? for all z,y € Q. We first note by the Hopf maximum principle and the C*(Q)-
regularity of ¢, that c¢;p(r) < ¢(x), ¥(x) < ep(x) in Q for some c¢i,c; > 0. In
the rest of this proof, we denote by C' a constant which is independent of x, y and may
vary from line to line. Let z,y €  be fixed. In case p(r) < |z — y|, we observe that

p(y) < |z —y|+ p(z) < 2|z — yl. It follows that

(@) = fW)] < @)+ [f@)] < d e (p@) + p(y)) < & les(1 +27) |z =y
One can obtain the same inequality for the case p(y) < |x — y| as well. In case |z — y| <
p(x) and |z — y| < p(y), if ¢(z) = ¢(y), then the C'*(Q2)-regularity of 1) shows

[f(@) = f)l = ¢(a)"~ v (z) — d(y)| < Cpla)Hr —y| < Clo -yl

If (y) < ¢(x), then the C'*(Q)-regularity of ¢, 1) and Mean-Value Theorem imply

|f(x) = fW)] < o(a)" u(z) — (y)| + |o(x)P~" — d(y)" v (y)
< Cp(x)P Mo —yl + (1 — )& |o(z) — o(y)|¥(y),

where ¢ is a constant satisfying ¢(y) < & < ¢(z). Since £ > ¢(y) > c1p(y), we obtain

|f(z) = f(y)] < Cplx) Mo —y| + Cp(y)P e —y| < 2C|z — y|”.

The inequality above also holds if ¢(x) < ¢(y). Thus f belongs to C°?(€2). Therefore
— At = (p¢P~! + p)y € CP(Q). By the Schauder estimate, 1) belongs to C?7(Q). [

S Exponential convergence of positive solutions

This section is devoted to proving (iii) and (iv) of Theorem 1.1. The method of proofs re-
lies on a super-subsolution method along with comparison principle as well as the results
obtained in Section 4 for the linearized operator.

In order to construct super- and subsolutions, recall the eigenvalue problem (4.6), (4.7)
for the linearized operator —A — p@P~! and denote by i > 0 and ¢ > 0 the first eigen-
value and its eigenfunction, respectively (see Propositions 4.1 and 4.2). Since v satisfies
—A = (pgP~t + p)p > 0 in €, the Hopf maximum principle with ¢ € C2(€2) implies
that 01 /0v is negative on 0f). Let us first construct a supersolution. For ¢ € R, we define

Uz, t;c) == ¢(x) + ce "p(z).
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Since ¢, 1 > 0in €, ¢, € C*(Q) and d¢ /v, Oy /dv < 0 on OSY, there exists a constant
co > 0 such that

co < zg; in Q. (5.1)

Lemma 5.1. U(x,t; ¢) is a positive supersolution of (1.1), (1.2) if —co < ¢ < 0.

Proof. Let —c¢y < ¢ < oo. Then U(xz,t;¢) > 0. We compute Uy = —pce 1) and
—AU = ¢P + ce M (pgP~t + p)ip. Hence it follows that Uy — AU — UP = ¢ +
cpe M PP~1ah — (¢ + ce H))P. Let us show that the right-hand side is nonnegative. Put
a = ¢, s := ce ") and define f(s) := a? + pa?~'s — (a + s)P. From an easy compu-
tation, it follows that f(0) = f/(0) = 0 and f”(s) > 0 in (—a,o0). Thus f(s) > 0 for
s € (—a,00) \ {0}, which shows U; — AU — U? > 0. The proof is complete. O

Let \; be the first eigenvalue of —A and ¢; an eigenfunction, that is,
—A¢1 = )\1@51, ¢1 >0 in Q, ¢1 =0 onof).

From now on, we fix ¢;. One can derive the following lemma from a direct computation.
Lemma 5.2. For o, 3 € Rand £ € C'|0,00), put
(@, t) = ¢(x) + ab(t)y(x) + Be™¢1(x),
where || and || are assumed to be so small that v(x,t) > 0in Q x (0, 00). Then
v = Av =" = € + p€)y + (M — 2p)e
+ "+ apsdP T — (6 + ok + fe gy )

Since ¢, ¥ and ¢, are positive and belong to C%((2), and furthermore, their normal
derivatives are negative on 0f), there exist constants ¢;, c; > 0 such that

V() ¢i() :
c < o) o) < ¢y in €2 (5.2)

To make a subsolution, we set
§(t) = p(e + 1), (5.3)
which is a solution of the Bernoulli differential equation,
§+us=¢, £0)=p/2 (5.4)
Then, we find by (5.3) that
(11/2)e M < E(t) < pe. (5.5)
For € > 0, we define

V(z,t;e) = d(x) — 26()Y(z) + e ey (z). (5.6)
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Lemma 5.3. V(x,t;¢) is a positive subsolution of (1.1), (1.2) for ¢ > 0 small enough.
To show the lemma above, we prepare a couple of elementary inequalities.

Lemma 5.4. Let 0 < p < 1 and a > 0. Then it holds that
1
@ +pa e —(a oyl < —pdly+op(l-pld e +y)?, (5)

when z,y > 0. Moreover,

@’ —pa’~lw — (a =z +y)’ < —pal~ly +2'7Pp(l - p)a*(z — y)?, (5.8)

when —a/2 < —x +y < 0.

Proof. First, we define f(t) := aP+pa?~'t—(a+t)P—5p(1—p)aP~2t*. We easily compute
that f(0) = f/(0) = 0 and f”(t) < 0 for ¢t > 0. Therefore f(t) < 0 in (0,00). Then
f(z+y) < 0 means (5.7). Next, we put g(t) := aP+pa?~'t—(a+t)P —2'"Pp(1—p)aP—2>.
Computing the second derivative of g, we see that g(¢f) < 0 for —a/2 < t < 0. Putting
t = —x +y, we get (5.8). The proof is complete. ]

Proof of Lemma 5.3. By (5.2) and (5.5), we have V (x,t;e) > (1 — €%ucy) ¢(x) > 0, if
0 < & < (ucy)~'/2. Applying Lemma 5.2 with o = —¢2, 3 = ¢° and using (5.4), we have
Vi— AV = VP = 2% + (M — 2u)e oy + ¢
— EpEdP I — (¢ — %P + ey )P
Employing (5.8) with a = ¢, x = 2y and y = £3e~?*!¢, and noting by (5.2) and (5.5)
that —x +y = —&2(&y — ee™2¢,) € (—a/2,0) for € > 0 enough close to 0, we have
Vi — AV = VP < =2 + % |\ — 2ule ¢y — pele P gy
+2177p(1 = p)gP (%€ — e Mg )%,

Using this inequality, (5.2) and (5.5), we get

Vi — AV — VP < —(p?/4)e%cre ¢ + 2 co| M — 2ue” g
— pere’e P 4+ 217Pp(1 — p)etPPe M (uey — ecre)?
< —efe M {pPer /4 — eealh — 2u]}
— Spe 2P {01 —27Pg(1 — p)(p,cQ)Q}) <0,

provided that £ > 0 is small enough. Consequently, V' is a subsolution. ]
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Remark 5.5. In (5.6), we cannot replace the coefficients 2 and €3 by € and £2, respec-
tively. Such a replacement makes Lemma 5.3 invalid. Indeed, instead of V' (x,¢;¢), let us

use
V(e tia ) = ¢(a) — ab(t)i() + Be*'on (2),

with a,, 8 > 0 and £(t) defined by (5.3). From the same computation as in the proof of

Lemma 5.3, we find that

V,— AV — VP < —ae 2 {WPer/4 — (Ba)eal M — 2u}
— pBe 2P {cl —27P(1 = p)(a®/B) (e — (ﬂ/&)e’“tcl)z} :

Hence the right-hand side is negative if both 3/« and «?/3 are small enough. So, we
cannot choose o = € and 3 = £2. On the other hand, this condition is fulfilled if we take
a=cand f =¢"with1 < v < 2and ¢ > 0 is small enough. In the proof of Lemma 5.3
above, we simply chose @ = €2, 3 = &3 and defined V (z, t; €) by the one parameter .

Let g9 > 0 be so small that V' (z, ¢; €) is a positive subsolution for ¢ € (0, €g).
Proposition 5.6. Let u(z) satisfy
0 < é(x) — (/2)e*Y(x) + 31 (2) < up(x) < @) + cp(x) inQ, (5.9)

with some ¢ € (0,e9) and ¢ € (—cy,0). Here ¢ is defined by (5.1). Then the positive
solution u(x,t) of (1.1)—=(1.3) with the initial data uy(x) satisfies

0 < ¢(z) — 26(t)(x) + ey () < u(z,t) < ¢(x) + ce *ah(x), (5.10)
fort > 0 and x € ). Therefore, there exists a C > 0 such that
|u(t) — ¢lloo < Ce™. (5.11)

Proof. LetU (z,t;c) and V (z,t; €) be defined as before. Then (5.9) means that V' (z,0; ¢) <
u(z,0) < U(z,0;c). By the comparison theorem ((iv) of Proposition 2.3), we have
V(z,t;e) < u(x,t) < U(x,t;c) for t > 0, which is just (5.10). By (5.10) with (5.5),
we get (5.11). O

Even if we remove assumption (5.9) from Proposition 5.6, the conclusion (5.11) re-
mains true. To prove this, we define

. (p)any /(1)
a:=|p|E", ((t):= (1 _ o~ (-p) t) 25

which solves the Bernoulli differential equation, ¢’ = a(¢? — ¢) and ¢(0) = 0.

We shall show that ((¢)¢(z) becomes a positive subsolution of (1.1)—(1.3), which is
smaller than any positive solution of (1.1)—(1.3). In particular, it holds that {(¢)¢(x) <
u(z,t), where a(z,t) is the unique positive solution with initial data @ (x,0) = 0 (see
Remark 2.4 (ii)).
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Lemma 5.7. For any positive solution u(z,t) of (1.1) and (1.2), it holds that
Ct)p(z) <u(z,t) inQx (0,00).
Proof. Putv(z,t) := ((t)¢(z). Then we have
v—Av—2v" = ¢+ (" — (¢
= a((" =)o+ (C ="’ = (" = dla—¢"") <0,

because 0 < ((t) < 1 and ¢(x)P~t > ||¢||’-' = a. Therefore v is a subsolution. Since
v(z,0) = 0 < up(x), the comparison theorem ensures that v(x,t) < u(x,t). O

We are now ready to prove (iii) of Theorem 1.1.

Proof of (iii) of Theorem 1.1. Let V(x,t; ) be defined by (5.6). Let ¢ > 0 be so small
that V(z,t;¢) is a positive subsolution for ¢ € (0,9). Fix ¢ > 0 so small that 0 <
(/2)e?c; —e3cy < 1and 0 < & < gg. Put gy := (u/2)e%c; — e3¢y < 1. Then we have

V(2,05) = ¢ —*(1/2) + 1 < ¢ — 2(/2)c19p + %2 = (1 — 1)
Since ((t) — 1 ast — oo, we can choose 7' > 0 so large that ((7') > 1 — ¢;. Then by
Lemma 5.7, u(z,T) > {(T)p(x) > (1 — €1)¢(x). Therefore V(x,0;¢) < u(z, T).

By the parabolic regularity theorem (see the appendix of [8]), u(x,T’) belongs to
C%(Q). Since ¢ € C*(Q), ¢(x) > 0in Q and d¢p/Fv < 0 on S, there exists a
C' > 0 such that u(z,7) < C¢(z) in Q. Then there is a constant C" > 0 such that
u(z,T) < Co(z) < ¢(x) + C"p(x). Accordingly, we have

V(z,0;¢) <u(z,T) < ¢(x) + C(z) = Uz, 0;C"). (5.12)
Thus condition (5.9) holds with uy(z) replaced by u(z, T"). By Proposition 5.6, we have
lu(t) — ¢lloe < Ce ™™ fort >T.

Since ||u(t) — ¢|| is bounded on [0, '], (1.6) holds for all ¢ > 0.

Concerning the optimality of the exponent . (i.e., the estimate from below in (1.7)),
assume that 0 < ug(x) < (1 — d)¢(x) witha o € (0,1). Let us show (1.7). By (5.1), we
have ug(z) < (1 — d)p(x) < ¢ — dcpp = U(x,0; —d¢p). Then Lemma 5.1 shows that
u(z,t) < U(x,t;—dcy) = ¢ — dcpe 1), which leads to

dcoe Y [loo < fJu(t) = @lloo-

This inequality with (1.6) yields (1.7). As for the case ug > (1 + 0)¢ a.e. in €2, take a
solution n(t) := pu(2e#* — 1)1 of the Bernoulli differential equation n’ + un = —n?, and
moreover, for € > 0, we define

W(z,t;e) == d(x) + *n(t)y(z) + e’e " (x).
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As in the proof of Lemma 5.3 with (5.8) replaced by (5.7), one can prove that I is a
subsolution. Thus choose ¢ > 0 so small that 0 < W (z,0;¢) < (1 + 0)p(z) < up(z) to
obtain the conclusion. O]

Remark 5.8. According to the proofs above, one can also derive the same conclusions as
in (iii) of Theorem 1.1 with || - || replaced by || - ||, for any 1 < p < 0.

Let us move on to a proof for (iv) of Theorem 1.1.

Proof of (iv) of Theorem 1.1. Let u(x,t) be any positive solution of (1.1)—(1.3). By (5.12)
and Proposition 5.6, we have

d(x) — 26(t)(x) + 3¢y (z) < u(m, t +T) < ¢(x) + C'e Hap(z)
for ¢t > 0. We use (5.5) and (5.2) to get
—e%pcye Mo < u(x,t +T) — d(z) < Clege Mg

Dividing both sides by ¢ > 0, we obtain
u(z,t)
¢(x)
for some C' > 0. The above inequality remains valid for ¢ > ¢, with any ¢, > 0 after

replacing C' by a larger constant. Indeed, since u(t) € C''(Q2) and du(t)/0v < 0 on 99,
||u(t) /]| is bounded for ¢ on compact subintervals in (0, co). O

—Ce ™™ < —1<Ce™ forzeQ, t>T,

6 Exponential stability of the positive stationary solution

In this section, we shall verify (v) of Theorem 1.1. To do so, we first extend the conver-
gence result (iii) of Theorem 1.1 proved in the last section to more general (i.e., possibly
sign-changing) solutions for (1.1)—(1.3) and eventually prove the exponential stability of
the positive stationary solution ¢ at the optimal rate under flows of such general solutions.
Moreover, we also derive the exponential convergence with the norm of C'1¢(Q2) as well.

We shall utilize a fractional power of the Dirichlet Laplacian. Let 1 < ¢ < oo and
define the operator A with the domain D(A) by

Au = —Au, D(A) = W9(Q) N W,(Q). (6.1)

Then the fractional power A® with o > 0 is well defined (see [19, Chapter 1]). We denote
the domain of A® by X(a, q), i.e., X(a,q) := {u € LI(Q) : A% € LI(Q)}, which is
equipped with the norm defined by ||u|x(a,q) = ||A%ul/q for v € X(c,q). In the next
lemma, we investigate the embedding of X («, q).
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Lemma 6.1. Let 0 < a < 1 and 1 < q < oo. The following compact embeddings hold.
(i) X(a,q) = CY(Q) if0<0<2a—N/qg—1
(i) X(a,q) = C%Q) if0<f<2a—N/qg<1.
(i) X(a,q) = Wk (Q) if k— N/r <2a— N/q, r>q.

Proof. 1t is proved in [19, Theorem 1.6.1 and Exercise 10] that (i)—(ii1) are continuous
embeddings. Since () is a bounded domain, A has a compact resolvent. Then the em-
bedding X («,q) — X(f,q) is compact when @ > ( > 0 by [19, Theorem 1.4.8].
Let « satisfy the assumption of (i). Then we choose [ slightly less than « such that
0<60<28—N/qg—1<2a— N/q—1.Then we have X (a,q) — X (B,q) — C*?(Q),
which shows that X (e, q) is compactly embedded in C*?(€2). In the same way as above,
we obtain (ii) and (iii). O

We shall show the C'?(Q) regularity of solutions and the convergence to ¢ in C?(€2).

Lemma 6.2. Let u = u(z,t) be any (possibly sign-changing) solution of (1.1)—(1.3) with
initial data vy € HZ(Q). Then u(-,t) belongs to C*?(Q) for any t > 0 and 6 € (0, 1).
Moreover, the CY%(Q)) norm of u(-,t) is bounded in [ty, 00) for any to > 0. In addition, if
|uo — Bll1,2 is small enough or ug > 0 in §, then ||u(t) — ¢||cro@) — 0ast — oo. In
particular, u(x,t) > 0in Q fort > 0 large enough.

Proof. Let q € (1,00) be determined later on and A be as in (6.1). For ¢ € [1,2*] with
the Sobolev critical exponent 2* := 2N /(N — 2), using the contraction semigroup e~
generated by A in L(Q2), we rewrite (1.1)-(1.3) as

t
u(t) = e ug +/ e DA f(u(s))ds  in LY(Q), (6.2)
0

where f(u) = |u|?"'u. Indeed, by Definition 2.1 and Lemma 4.1.1 of [9], (if necessary,
by replacing ug by u(ty) € H*(Q2) N Hi () for any ¢, > 0) one has (6.2) for ¢ = 2, since
f(u(-)) belongs to C([0, 00); L?(£2)). Since ug and f(u(s)) belong to H}(Q) — L?"(9),
(6.2) follows for ¢ € [1,2*].

We use a fractional power A® of the operator A with o € (0, 1). Let A, be the first
eigenvalue of the Dirichlet Laplacian and fix any 0 < A < A;. Then it is known (see [19,
Theorem 1.4.3]) that

A% ||, < Cogt e |0, forv e LUQ), (6.3)

where C, , is a positive constant depending only on « and g. Applying A“ to (6.2) and
taking the L7()) norm, we obtain

t
[A*u(®)llg < Cagt™ e [luolly + Casg S Hf(U(S))Hq/O (t = 5)"e M ds,
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Putting 7 = t — s, we estimate the last integral as

t 00
/ % Mdr < / 7% Mdr =: ¢y < 00
0 0
by a € (0, 1). Recalling the definition of the norm || - || x(a,q), We find that

lu(®)llx (e < Cagt e uolly + Cagcol 1 S [lu(s)llg-

We rewrite the maximum of C,, , and C,, ,co|Q2|}=?)/ as C,, , again. Then
[u() | (@0) < Cagt™ ™ [|uollg + Casg Sup [[u(s)1F- (6.4)

We shall show the lemma for N > 3 only; however, the argument below also works well
for N = 1,2 with slight modifications. By (i) of Proposition 2.3, there exists a C' > 0
such that ||u(t)||12 < C for ¢t € [0, 00).

We use a bootstrap argument to derive the L°°-boundedness (and eventually C'*?-
boundedness) of u(-,t) for ¢ apart from 0. Put ¢; := 2N/(NN — 2). By the boundedness of
||u(t)]1,2 and the Sobolev embedding, ||u(t)||,, is bounded for ¢ € [0, 00). From (6.4) with
q = qu, it follows that u(t) € X (a, 1) for 0 <t < oo and sup; <, [[u(t)|| x(aq) <
for any ¢, > 0. Fixr € (1, N/(N —2)).If 2a/N — 1/q; < Oforall o« € (0, 1), we define
¢2 := rq1. Then —1/g, < 2a/N — 1/¢q; for some o € (0, 1) sufficiently close to 1. In
Lemma 6.1 (iii), we choose k = 0, 7 = ¢, and ¢ = ¢;. Then u(t) belongs to L% () for
0 <t < oo and |lu(t)]|4, is bounded in [tg, co) for any ¢, > 0. Hence one has (6.2) with
q = ¢2, up replaced by u(ty) and obvious modification. Moreover, (6.4) holds with u(%g)

and ¢ = ¢o. Then for any « € (0, 1), it follows that
1u(t) [ % (@g2) < Cas (t = t0) =€ Ju(to)[lg + Cogo sup [[u(s)][5,-
0SS [e.e]

Thus ||w(t)]| x(a,g) is bounded in [t1, 00) for any ¢; > t,. Since ¢ is arbitrary, so is ¢;. If
2a/N — 1/g, < 0 forall a € (0,1), we define g3 := rqo. Then —1/g3 < 2a/N — 1/qo
for some a € (0, 1) sufficiently close to 1. By Lemma 6.1, u(t) belongs to L%(2) for
0 <t < oo and ||u(t)]|4 is bounded in [ty,00) for any ¢, > 0. Repeating a similar
discussion, we see that ||u()|| x(a,¢) is bounded in [to, c0) for any ¢, > 0.

#=1g, and repeat the argument above. Since g, — oo as k — oo, there

Put g, = r
exists a positive integer m such that 2ac/N — 1/g,, < 0 for all & € (0, 1) and 2ct/N —
1/¢m+1 > 0for some o € (0, 1). Then by Lemma 6.1, u(t) belongs to X («, ¢;n41), Which
is (compactly) embedded in C?(2) or C19(Q2) for some & € (0,1). In both cases, ||u(t)]|oo

is bounded in [t(, 00) for any ¢y > 0. Then (6.4) implies that

[u(t)||x(aq) < Clas,q,ty) foralla € (0,1), ¢ € (1,00),t € [to,00)
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for some constant C'(«a, ¢,ty) > 0. Give 6§ € (0, 1) arbitrarily. Choose o € (0, 1) suf-
ficiently close to 1 and take ¢ large enough such that X (a, ¢) is compactly embedded
in C*?(Q) by Lemma 6.1. Therefore the orbit u(t) is relatively compact in C1?(§) and
[w(t)|| 1o is bounded in [ty, oo) for any o > 0.

In case ||ug — ¢||1.2 is small enough, ||u(t) — ¢||1 2 converges to zero as t — oo by (i) of
Theorem 1.1. Since the orbit u(t) is relatively compact in C*(Q), [[u(t) — ¢||g1.0() also
converges to zero. Since ¢ > 0 in Q and 0¢/Jv < 0 on 012, it holds that u(-,¢) > 0in
for ¢t > 0 large enough. In case ug > 0 in €, since u(ty) € C(Q2) and u(-,ty) > 0 for any
to > 0, [lu(t) — ¢ll1,2 converges to zero by Proposition 2.6. Then |u(t) — ¢[|c1e@) — 0

as t — oo because of the relative compactness of the orbit. The proof is complete. ]

Proof of (v) of Theorem 1.1. The assertion (b) follows from (a) along with the stability
of ¢ in H}(€2). So we prove only (a). By Lemma 6.2, u(z,t) > 0 for t > T with some
T > 0, and [Ju(t)||c1.6(5) is bounded in [to, o0) for any ¢, > 0 and 6 € (0,1). Hence
it is enough to show (1.8) for ¢ > T'. Rewriting u(z,T') as ug(x), we may assume that
u(z,t) > 0forallt > 0and uy € X(a,q) for any o € (0,1) and ¢ € (1,00). Put
v(z,t) = u(x,t) — ¢(x), vo :=up — ¢ and g(x,t) := u(x,t)? — ¢(x)P. Then v satisfies

vy — Av = g(x,t), v]ag =0, v(-,0)= v,
which is rewritten as
t
v(t) = e My + / e =94 (s)ds in L), (6.5)
0

since g belongs to C'([0,00); L*()) N L>=(0, c0; L>=(£2)) (see (6.7) below). Recall that
A1 and p are the first eigenvalue of —A and —A — p@?~!, respectively. Since pgP~1 > 0,
it holds that A\; > p. Hence one can take a constant A such that © < A < \;. Applying A*
to both sides of (6.5), taking the L9(2) norm and using (6.3), we have

t
mwm@QSeﬂmm@@+awAu—w“eW@w@M$- (6.6)

Let us estimate ||g(s)||,. Observe that

P gb
0< - < P71 foranyt,s >0
— S
to get
u? — @ _
oo < | 2= 0= 0)| < 0 - ol

Using (iv) of Theorem 1.1, we get

lg(s)lloo < Nl¢7((u/@) = ]loc < Ce™". (6.7)
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Putting 7 = ¢t — s and using A > pu, we estimate the integral in (6.6) as

/t(t — 3)’”6’)‘(“5)Hg(s)|\o@ds < Ce M /OO e ATy,
0 0
Then (6.6) is rewritten as

()l x(aa) < e lvoll x(@g) + Cage™
for some constant C,, . Let € (0,1). Choose o € (0, 1) sufficiently close to 1 and ¢
large enough such that X («, ¢) < C?(Q) compactly to obtain the convergence. O
7 One-dimensional case

In this section, we address ourselves to the one-dimensional case, i.e., N = 1 and Q) =
(0,1). Recall that ¢, defined by (1.13) is a solution of (1.11), (1.12) which has exactly
(k — 1) zeros in (0, 1). By the relation (1.13), we have

oxllzo1 0,1 = &7 b1l o 0,0)- (7.1)
Noting that ||¢}||2 = [|¢x||"11 and using the identity above, we have
1-p l—p  _ - 1
I _ P+l _ L—201+p)/(1-p) p+
(¢k> 2(1+p)|’¢k|p+l 2<1+p> H(bl‘p-l-la

which also implies I(£¢;) < I(£¢2) < I(£¢3) < --- 7 0. Therefore all nontrivial
solutions of (1.11), (1.12) are distinct to each other. Thus (ii) of Proposition 2.3 yields

Theorem 7.1. In case N = 1 and 2 = (0, 1), let u(x,t) be a solution of (1.1)—(1.3). Then
u(x, t) converges to a solution v of (1.11), (1.12) strongly in H}(0,1) as t — oco. Hence

the w-limit set of u(x,t) consists only of v.

If k=2 < p, then ¢y, satisfies (1.10) because of (7.1). Hence it is unstable by Theorem
1.2. In particular, when p € (1/4,1), all ¢} with k > 2 are unstable. Next, for all p €
(0, 1), we shall show that all sign-changing stationary solutions, i.e., ¢, with k& > 2, are
unstable. To this end, we prepare the following lemma:

Lemma 7.2. Let k > 2. For A € (0,2), we define

N A=)y (A1) if v € [0,\/K],
Oy(x) = a U (ax+B)  ifr e (NE,2/k],
¢k<x) lfl’ S (2//{3, 1]7

with o :=1/(2 — \) and 5 := (1 — Aa)/k. Then it follows that
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(i) Pa(z) € Hy(0,1) and @) — ¢y in HY(0,1) as A — 1.

(i) 1(Px) < I(or) ifA#1

Proof. Note that all the zeros of ¢ on [0,1] are j/k with j = 0,1,... k. Then the
assertion (i) is obvious. So, we prove only (ii). @, solves (1.11) in each section (0, \/k),
(A k,2/k), (2/k,1).For0 < a < b < 1, let us write

"1 2 1 p+1
I(u; (a,0)) == Sl = m|u| dx.

Then I(®y) = I(Py; (0, A/k)) + 1(Pyr; (MK, 2/k)) + I(Dy; (2/k,1)). Since @, solves
(I.11)in (0,\/k) and ®)(z) = 0 at = = 0, A\ /k, we have

1_p M p+1
I(®y; (0, M/k)) = —m/o O\ du.

For 0 < 2 < Ak, we see @, (z) = AP (A1) = (k~*N)/(=Plg; (kA~'z). Setting
y = kA"1x, we have
I(®y; (0,M/k)) = —cpAGTP/0P) (7.2)

and

l—p _ !
o = o~ (3+9)/(1-) / gy,
k 2(1 + p) ; $1(y) Yy

Next, noting @, (z) = (ak) /0P (k(ax + B)) for \/k < x < 2/k and setting y =
k(ax + ), we get

T3 (V. 2/8) = =5 (k) 010 [ o)y

= —cp(2 — \)@E)/0-p) (7.3)

Here we have used the fact that the integrals of |¢;[P™ on [0,1] and on [1, 2] are equal
to each other because ¢1(1 — ) = —¢1(1 + =) for x € R. Since I(®y; (2/k,1)) =
I(¢; (2/k, 1)), we claim that

I(®@3: (0, MR) + (@3 (MR, 2/R)) < I(66: (0.2/k) iEAAL  (74)

which implies (i1). Indeed, note that

B 2/k
(00 0.2/0) = ~5es [ loup*ide = —20.

By (7.2), (7.3), one can rewrite (7.4) as A\G*P)/(1=P) (2 — \)B+)/(=P) > 2if \ £ 1,
which can be checked by a standard calculation. Thus (7.4) follows. O
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We conclude this paper by proving Theorem 1.3.

Proof of Theorem 1.3. Fix k > 2. We prove the instability of ¢, only. Let u(x,?) be any
solution of (1.1)—(1.3) with an initial data ug = ®, for A # 1, where ®, is obtained in
Lemma 7.2. Then by (ii) of Lemma 7.2, I(u(t)) < I(®,) < I(¢y) for all ¢ > 0. By
Theorem 7.1, u(t) converges to a stationary solution u., strongly in Hj(0,1) as ¢ — oco.
Obviously, u., # ¢, and moreover, u(0) is sufficiently close to ¢ in H{(0,1) when
A # 1 is sufficiently close to 1. From the isolation of stationary solutions in H; (0, 1), one
observes that ¢ := inf{||¢ — ¢|l12: ¢ € S\ {¢r}} > 0, where S denotes the set of
solutions for (1.11), (1.12). Then it holds that lim;_, [|u(t) — ¢xl[1.2 = [|teo — Pkll12 > €.
Therefore ¢, is unstable. One can also prove the instability of —¢; in a similar way. The
exponential stability of +¢; has already been proved by (v) of Theorem 1.1. ]
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