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This paper proposes a new SAT encoding method, named compact order encoding, which encodes arith-
metic constraints used in Constraint Satisfaction Problems on finite integer domains. The basic idea of the
compact order encoding is the use of a numeral system of some base B > 2 to represent integer variables,
and each digit of variables is encoded by using the order encoding. It is equivalent the log encoding when
B = 2, and it is equivalent to the order encoding when B is larger than the domain size of integer variables.
Therefore, it can be seen as a generalization of the log and order encodings. We confirmed that the compact
order encoding is applicable to wide range of problems from small-scale (where domain size of variables is
less than 102) to large-scale (where domain size of variables is about 107), and shows better performance
than log encoding, order encoding, and existing constraint solvers through experimental comparisons on
Open- Shop Scheduling and Graph Coloring which are typical constraint satisfaction problems. From those
results, although further comprehensive experiments will be necessary for selecting base B, it can be said
that the compact order encoding is one of the effective SAT encodings at the current moment applicable to
wide range of problems in various scales.
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00 (0O) | O(Bloggd) O(B?logg d)
00 (00) | O(B?loghd) O(B3logg d+ B2 log% d)
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O00z>20 ¢y<200000000000000
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0000D000000000000000 log,d O
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000000000000000000000000
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ooo
00000000000000000
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000000000 B=+ydOOOOOO0OO0OO0O0OO
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00000000000D0000000
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cspO0O0O0O0OOOOOOoOOOOoOUOOOODOO
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e JIIODOIOOODODODODODODDDODODOO:

2006 00 SATOOOOOOOODOOOOOO
ooooopooopoooooooooooooo
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00o00oO0o0oO0oooDoDoO0oooOoOOooooooon
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04 OSSUOOO0O0OODODOODOO CPUOODOOO (DO:0)

oo ogo oOd ooooooo oo choco  Mistral
m=2 m=3

j7-per0-0 =7 T.O. T.O. T.O. T.O. T.O. T.O.
j7-per0-1 <7 56.16 11.18 16.06 119.52 | T.O. 27.10
j7-per0-2 <7 36.15 8.35 11.78 85.39 | T.O. 49.92
j7-per10-0 =<7 56.01 15.47 17.88 100.07 | T.O. 76.81
j7-perl0-1 =7 24.98 7.74 6.82 66.32 | 0.53 0.97
j7-perl0-2 77 | 497.15 298.91 253.07 | 2804.06 | T.O. 546.06
j7-per20-0 =7 4.43 4.17 3.09 5.18 0.54 0.12
j7-per20-1 =7 13.38 5.54 7.54 19.80 | T.O. 16.82
j7-per20-2 =7 24.38 7.91 9.61 3237 | T.O. 26.76
j8-per0-1 8x8 T.O. T.O. T.O. T.O. T.O. T.O.
j8-per0-2 8x8 | 161.73 42.61 119.35 478.10 | T.O. 142.14
j8-per10-0 8x8 | 345.09 157.60 276.06 T.O0. | T.0. 308.73
j8-perl0-1 8x8 10.20 T.0. 17.76 10.65 | 0.69 1.38
j8-perl0-2 8x8 T.0. | 2305.73 T.O. T.0. | T.O. T.O.
j8-per20-0 8x8 3.14 3.06 14.16 13.83 | 0.69 1.53
j8-per20-1 8x8 3.05 15.35 7.75 21.64 | 0.70 1.30
j8-per20-2 8x8 3.83 2.95 22.43 17.61 0.68 1.43
#Solved 14 14 14 13 6 14

e I0DDIODODDODDODOODODO:
00 0SSO0O000000000 0SSO00
000000000000 (me {2,3)00
0000000000000 00000000
CPUDOODOODOODOOOOOOODOO
O(me{2,3)000000D000ooon
0000000000000 00000000
0000000000000000000000
(m=5)0 000000000000000O0
00 1000000000 0sSO0O0000
OcCcpPUODOODOOO

e 100DDOODDODOODDOOODOOOD
0ooooooO:
0000000000000 00000000
0000000000000000000000
0000000000000000000000
0000000 (me{2,3}) 0000 SATOO

b oobooooobooooooooooon
goooooooooooon

6.1 0000000000000 OOOOOO

O000o0oo000oooOooooooog (Open-
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JO..0J,0nn00000 MiOMO...0M,0O
gooooooooobooobo J;,0n00D00O000O
000 04100:0...00;,, 000000000O00OCDO
000 0, 0000 M; 00000000000 pyy
000 (p; OODOOO)DDOODODOOOODODOO
000 J, 00000000 2000000000
O; 0 0, 000000D0DODDODOOOO0O M
00000000 2000000000 O O Oy
00000000000000O 200000000
O0oo0ooo oSsooooooogooooooo
(makespan) 00000000000 ODOUOOOOO



222

ooboooooooood

05 OSSOO0O00OO0O0OO0DOO0ODOO cOOOOODOODO

O0¢ 0000 |0O0O0 |00 | 0000000 | OO0 | choco Mistral
ooo d m=2 m=3

1 10° 17| 14 14 14 13 6 14
10 10* 17 12 13 13 | 13 6 12

10? 10° 17 8 13 13 12 7
10® 10° 17 0 14 13 12 7 4

10* 107 17 0 12 13| 13 7
Total 85 34 66 66 63 33 39

ooo0ooooooo 0oooodo

OD0D00OD0O0O0O00O000OBrucker etal (7000
Oooooooooo «77(0 90)0 «j8”(0 80)
O017v0000000000200600000000
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0 (D00000ooo0)ooOoOoooUo cpUOO
000000000000000000B800 choco
2.11 [50] O Mistral 1.550 [21) OO0O0OCOOO0O0O

0400000 100 (3600 O)O MiniSat 2.0
core [16) 000000 OUDOOUUDOODOO (O
000)00000000 Intel Xeon 3.0 GHz, O
00 1l.GBOOODODDOOOODOOOO “T.0.” 00
00100000000000000000000
“#solved” 00O O DODODOOOOOOODOOODOO
O00ooooooooooo

000oooooooo (me{2,3)000oon
OOMistral DODO0O0O17000000 140000
0000000000ooooO0 (m=2)00 1700
§0 0000000000000 OOoOOobOODOOO
O000o0o0o (m=2)000020060000
0000000000000 48-perl0-2”2 0O0DODO

ooooooooooooooooooooooon
oooooboobooooooooooooooooag
obooboooobOooboobooobooboooo
gobbooodooooooboooooooooboooan
ooooooboooobooooon

6.2 0OOOO OSS

00000000000000000000000
0000000000000000000 0SSO0
000000 ¢c0D00000D 10200000000
00000 (¢000)000 ¢0O0 10" (n € {0..4})
000D000000000D000040000000
chocod Mistral DO OO OO

050000000000000000000 “0
000000 @ 0000000000000000
000000 ¢0000D0000000000000
0000000000000 40000000000
0O CPUODODOOOOODODOOOOOOOO
000 CPUODOOODOODOODOODDOOO
O(=2000000000000000000
O(m=3)0000000000000000 600
0c000D0000000D00D0O000O0c < 10
0000000000D0000000000000
ODc>10°000000000000000000
0000000000 000000000000 3
00000000000000000 10°<d< 10*
0000000000010 <d<10°000000
ooooo
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3500
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T Nmrm I e
T

CPU time
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1000 |-

: "'h.—
e e e e T

500

50 60 70 80

30 40

Number of solved instances

04 OSSOOOOOOOOOOOO CcpUOOOOO

06 OSSOO000O0ODO0ODODOOODOOOOOOODOOODOO (ODO: O)

00 ¢ 0OOO0O |O000 oo ooooooog 0o
oo0o d m=2 m=3

1 103 12 73.70 | 35.27  40.80 | 313.66

10 10* 11 347.98 | 2147  16.44 | 189.13

102 10° 7 | 1227630 | 43.49  17.08 | 53.08

10° 10° 11 - | 9348  33.46 | 203.41

10* 107 11 - | 704.43  77.66 | 398.60

0000000000 (me{2,3})0 8 000
00066 0000000000000000000
0000000000000 (m=3)000000
00000000D000000000 60000000
0000000000 (n=3)0610000000
000053000000000000000000
ooooo
0000D000D0000000 (m=3)00
SATOO0O0DO000O000D00000000000
0000000000 (m=3)00000000
000000D000000000 (m=3)0000
00000 3000000000000000000

0000d~10°000000000000000
CPUOODDOOOOOODOOD (m=3) 000
00D00000000D000d00000000
00 CPUDDOOOOODOd>100000000
0000000000 1000000000000
0000000000000 00000 (m=3)00
d~10° 00000 d~10° 0000000000
000000000000000000000000
0000 (m=3)000000000000000
000D00000000000D0000
O000000000 (m=3) 00000000
000000000 ¢c0D000000O0000O000
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07 OSSOOO00O0O0OO0DOOO0OOOO0ODODOOO
oooo0ooooooooooooooooo

00 ¢ 0000 |00 | 0O0O0O0D0OO0 | OO
oo0o d m=2 m=23

1 10% | 1.19 1.66 3.60 | 8.92

10 10* | 1.22 1.46 3.37 | 10.08

102 10° | 1.29 1.57 2.33 | 11.34

103 106 - 1.27 1.61 | 11.37

10* 107 - 1.68 1.76 | 9.95

(m=3)000000000000O0O0ODOO0O CPU
gbooooboooooodoo cobobooooo
000000 (m=3)0000000000 c¢=10*
(d~107) 0000000000000 (m=3) 0
goooooosoboocoooa
000o0o0o0ooooog (m=3) 0 choco O
000000o0oo0o0oooUoO (m=3)000
00 cO00D06000000000000CO 40
gooocpUDOOOOODOOOOOOOOODOO
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0000000000 (m=3)0 Mistral DO O
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cO000O0 Mistral DOOOO0O0O0ODOOOOOOO
00400000 CPUOOODOOODOODOOODO
0000 (m=3)0 MistralOOOOOOOOOODO
gobooooooooooooooooooooon
0000 (m=3)0 Mistral DOOOOOOOODO
oo
goooooooooooooooooooog 7
goooobodooi1b0bo0b00o00ooobooooon
000000000000 00 (decision O /conflict
D)DDDDC§102DDDDDDDDDDDDDD
0000000000000 00e>10 00000
goobooboooooooooooooooooon
goooooooo«“ 0010000000000
goooooo
gooo cO0O0oobOOo0Od0 mOOO0OO0O0OOO0
gboooooboooooooboooooobooboooo

00 ¢=10°00000000000000 (m=2)
000000000D0000D000000000 10
00 100000000000000 (m=2)00
0000000000000 0000000000
ooo

0000000000000 0D00000000
000000000000 0000000D0000
0ooosSSOD000DO0DoNOoonoOoono
00000D0O0e=10*0000000 150000
000000000000 SATOO0DO000000
000000000 e=1020000 16GBOOO
SATO00O0DO0000D0000D00000000
(m=3)0¢=10"00000 650MB 000000
O00e=100000000000000000
0000000000000 CPUOODOOODOO
000O000000000000
000oosSsSO000000 47-perd-17 000
0000 10° 00000000 0SS0000000
00SS00000000NO0OOOO SATOOOO
0000000000000000Ochoco 000
Mistral 0 101 0000000000000 00O0
0000000000000 D00000000 40
000000000000 0m=50000000
000010 00000000000000000
(m=5)0000000000000000 CPUD
000D0D000000000000000 (m=5)
00100000000000000000000
010000000000000 (m=5)0 1000
ooooDooon
00000000000000000000000
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08 GCrPOOODOOOODOOOODOOO

ooo oo oo oo gooooog oo
m=2 m=3
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0000000000000 00000000000
000000000000000000000000
0000000000000 000D00000000
000000000 ooooooo wooooon
00000000000000000000000Qd
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6.3 DO0OO0O0OO

goooboobooOobooboooooboooboooon
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0000000 (Graph Coloring Problem; GCP)
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gooooob kOOoboobobooobooDboo
goo0o00o0b0 k00O0o0oboOobobooooog
gooooboobo0oO0 kOb0DbOoOoObOOooDbOoo
000000 k-OD0DbO0000bOoobo0oboo k
goboooooboooobobooooboOonDo kO
00000 |V|OOz#£y 00000 [E|0000
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goobooooooboobooboooobooobo
gobobooooobooboobobobo

000000000000 Graph Coloring and its
Generalization “00000000 GCP O 11900
000000 (000D0)0000 5200000 P00
O0o0ooooooon 11~1080000 20~1212750
0000 4~6300005200000000000
00000000000000 (me{2,3)0000
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14  http://mat.gsia.cmu.edu/COLOR04/
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gooob0O qgobOoOoODOOOO0OODDbOOOO
020000000000000DO0DO0O0DODOO
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oo0ob0o0oOo 2000000000O0O0000O0O
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00 s5.3000000000000000O0OOgg
OO000O0OD0OEénO Codish OOODOODOOODOOO
poooobbbobob 20000000000 Oog g
gooo0obOo0oboobOoobooooooooog
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000000000000000000000000
00000 [26[51]000 MiniSmt 00000000
00000000 SATO000000000O0SMT
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0000000000000 [530200000000
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O00QFNIADDOO calypto 100 13800000
0ooooooo 2% (o 1000000 12900
00000000000000000000000
00000000000 100000000000
000000m=3000000 mO0000000
00000000 10" 00000000000000
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0000000 107 000000000000000
000000000000000000 (m=15)0
10300MiniSmt0 116 00 130000000 CPU
00000000000000000 (m=15)0
06.1400MiniSmt 00 1000 60000000
0000000000000 SMTOOOOO0O0O00
0000000201100 SMTOOOOODOOO0OOO
0000000000000 000000 (QFIDL
00)00000000000000 4000000
0000 “48per-0-2” 0000000000000
0(m=2)020000000000 (CPUDOOD
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