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A reproducing kernel for nonsymmetric Macdonald polynomials

KATSUHISA MIMACHI*!' AND MasaTosHl NOUMI*2

ABSTRACT. We present a new formula of Cauchy type for the nonsymmetric Mac-
donald polynomials which are joint eigenfunctions of g-Dunkl operators. This gives
the explicit formula for a reproducing kernel on the polynomial ring of n variables.

§0: Introduction.

In this paper we propose a new formula of Cauchy type for the nonsymmetric
Macdonald polynomials of type A,_1. This can be regarded as an explicit formula
for the reproducing kernel of a certain scalar product on the polynomial ring of n
variables. A similar result for nonsymmetric Jack polynomials was recently given
by Sahi [S].

The nonsymmetric Macdonald polynomials E(z|g, t), introduced by Macdonald
[Mal], are characterized as the joint eigenfunctions in the polynomial ring of n
variables * = (x1,...,x,), for the commuting family of ¢-Dunkl operators. (For
the precise definition of E)(x|q, t), see Section 1.) We define a meromorphic function

E($7y|Q7t) in:z:: (1171,... 7$n) andy: (ylv"' 7yn) by

(qtxiy;;q) (qtz:Yi; @)oo (txiy;5 @)oo
01) Eyle.t)= ][] 2= 1] I —==.

1<j<i<n (q2iY55 @)oo 1<i<n (@iyis @)oo 1<i<j<n ( Zyj’q)oo

The main result of this paper is the following.

Theorem A. The function E(x;y|q,t) has the following expansion in terms of
nonsymmetric Macdonald polynomials:

(0.2) E(z;ylg,t) = Y ax(a,)Ex(zlg, )Ex(ylg™",t7").
AeEN”

For each composition A € N™ the coefficient ax(q,t) is given by

1— qa(s)+1ﬁl(s)+1
1— qa(s)—i-ltl(s) ’

(0.3) ax(q,t) = H
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*1Department of Mathematics, Kyushu University; Hakozaki 33, Fukuoka 812, Japan

*2Department of Mathematics, Kobe University; Rokko, Kobe 657, Japan
1991 Mathematics Subject Classification: Primary 33C50; Secondary 33C55,33C80,33D45

Typeset by ApMS-TEX


http://arXiv.org/abs/q-alg/9610014v1

where, for each box s € X, a(s) and l(s) are the arm-length and the generalized
leg-length of s in .

(See Theorems 2.1 and 2.2.)

Assuming that ¢ and ¢ are complex numbers with 0 < |g|, |[{| < 1, we now
consider the meromorphic function K (z;y|q,t) = E(z;y !|g,t) on the algebraic
torus (C*)™ x (C*)™.

Theorem B. For each composition A € N, we have

(0.4)

n

1 " dyi - - - dyn
- K (2 9lq. O Ex(ylg. Dw(ylg, H P2 — o0 By (gt
(27“/_—1> /Tn (3ylg, ) Ex(yla, )w(yla, t) "y x-Ex(zlq,t)
for all x = (x1,... ,2n) € C* with |z;| < 1 (j = 1,...,n). Here T" = {y =
(Y1, 5Yn) €(C)" 5 |yl =1 (j=1,...,n)} is the n-dimensional torus with the
standard orientation, and

11 (Yi/Yi5 oo (qYi /Vi5 @) o

(0.5) w(yle,t) = (tyi /Y5 @)oo (qtY5 /Yi5 @) o

1<i<j<n

The constant C is given by

n n + n—i
(0.6) Oy = Cys = <(qt;q)oo> I (@ " )
(¢ @)oo bt} (quJrlt"*”l;q) ,

o0

where AT is the partition obtained by reordering the parts of \.
(See Theorem 3.2.)

After preliminaries on nonsymmetric Macdonald polynomials, we will state our
main results in Section 2. In Section 2, we will prove that E(x;y|q,t) has an
expansion of the form (0.2), and reduce the determination of the coefficients ax(q, t)
to the case of partitions. In this paper we will present two ways of determining the
coefficients ay (g, t) for partitions A. In Section 3, we determine these coefficients in
an analytic way by asymptotic analysis of ¢g-Selberg type integrals similarly as in
[Mi2]. In this proof we will make use of the evaluation of Cherednik’s scalar product
for nonsymmetric Macdonald polynomials. Theorem B will also be formulated in
Section 3. In Section 4, we give an algebraic proof of (0.3) by using the evaluation of
the nonsymmetric Macdonald polynomials E(z;q,t) at o = (¢~ ¢77+2 1)
due to Cherednik [C2]. This second proof is an extension of the argument of Sahi
[S] to the g-version.

§1: Nonsymmetric Macdonald polynomials.

We first recall the definition of nonsymmetric Macdonald polynomials of type
A,_1 in the GL, version. Although we follow the presentation by Macdonald
[Ma2] in principle, we use a slightly different convention which is more convenient
for our purpose.
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Let K[zT!] be the ring of Laurent polynomials in n variables z = (z1,... ,z,)
with coefficients in the field K = Q(q,#2). (Although we use this coefficient field
for convenience, the use of t2 is not essential; one could work within Q(q,t) by
modifying the argument appropriately. ) We denote by 7 = (71,... ,7,) the corre-
sponding ¢-shift operators. For each i = 1,... ,n, the operator 7; acts on K[z*!]
as a K-automorphism such that 7;(z;) = z;¢° (j = 1,...,n). The action of
the symmetric group W = &,, on K[z*!] will be fixed so that each w € W de-
fines the K-algebra automorphism such that w.z; = x,; for j = 1,... ,n. The
ring K[zT!] is identified with the group-ring K[P] of the integral weight lattice
P =Ze & -+ & Ze,. As usual, we take the symmetric bilinear form (, ) on P
such that (e;,¢;) = d;; (1 < 4,5 < n). For each A\ € P, we use the notation of
multi-indices

(1.1) xAzx?l---xi", T)\:Tl)\l"'Té\",
where A; = (\,¢;) (j = 1,...,n). The action of the symmetric group W = &,
of degree n on P will be fixed as w.e; = €,(;), or equivalently as (w.\); = Ay,-1(;)
(1t =1,...,n) for each w € W. Note that the commutation relations among the
multiplication operators z*, the g-shift operators 7# and the permutations w € W

are given as follows:

(1.2) Thar = a:)‘T“qW’M, wr = 2% M, wrt = 7w,

for A\, p € P and w € W. We will use the standard notation of the set of positive
roots

(1.3) AT ={e—¢; 1<i<j<nl,
the simple roots o; = ¢; —€;41 (i =1,... ,n—1) and the cone of dominant integral
weights

(14) Pr={xeP; (ap,\)>0 (i=1,....n—=1D}={AeP; N\ > >\, }.

We denote the set of compositions and the set of partitions with length < n by

L=Ne;®---@®Ne, C Pand by LT = PtNL, respectively, where N = {0,1,2,---}.
In what follows, we will make use of the Demazure-Lusztig operatorsTy, ... ,Tp—1

defined by

11— twi/xﬂrl

1
1. T, =tz +¢ 2 =1 (i=1,...,n—1),
(15) e N RN n-1)

where s; = (4,4 + 1) stands for the reflection with respect to the simple root «;
= €; — €41- Note that

(1.6) (T —t3)(Ti+t7%) =0 (i=1,...,n—1),

and that the operators Ty, ... , T,,_1 satisfy the fundamental relations for the canon-
ical generators of the Hecke algebra H(G&,,). Furthermore we define the g-Dunkl
operators Y1, ... ,Y,, due to Cherednik, by

(1.7) Y; =TiTig1 Ty T (i=1,...,n),
3



where
(1.8) W=8p_1"""81T1L =...= TpSp—_1-"51.
These operators Y7, ... ,Y, commute with each other and, for any symmetric Lau-

rent polynomial f(Y) of Y = (Y1,...,Y,,), Macdonald’s symmetric polynomials
P\(z) = P\(z]q,t) (A € P*) [Ma2] satisfy the equation

(1.9) F(Y)Pa(x) = Pa(z) f(g™t"),
where f(q*t?) denotes the evaluation of f at the point ¢*t? = (¢ tP1, ... g ntPn),
and
(1.10) L > lzn:( 2 +1)
. = — o = — n — 2t €;.
=3 2 4
acAt i=1

One important fact is that the g-Dunkl operators have the triangularity with
respect to a certain partial ordering of monomials. We define the partial ordering
< in P as follows: For A\, u € P,

(1.11) p=A & pt <At oor (pt=AT, p<N),

where AT stands for the unique dominant integral weight in the W-orbit W.\ of A
and < is the dominance order (p < A means that A — p is a linear combination of
positive roots with coefficients in N). Then it turns out that, for any A, u € P, one
has

(1.12) Yizr = g g PN 4 (lower order terms under <),
where
1
(1.13) =3 3 cllaN)a,
acAt

where e(u) = 1 if u > 0 and e(u) = —1 if u < 0. Note that p(A) is precisely the
element wy.p in the W-orbit of p if one take the wy which has the minimal length
among all w € W such that A = w.A™.

Remark 1.1. Because of the definition of ¢g-Dunkl operators mentioned above, the
partial ordering < and the function e(u) is different from those in [Ma2]. Note that,
under our definition of <, the dominant weight A* is maximal in the W-orbit W.A.

By the triangularity of g-Dunkl operators mentioned above, one can show that,
for each A € P, there exists a unique Laurent polynomial E(z) = E\(z|q,t) such
that
(1.14) E\(z) = 2* 4 (lower order terms under <),
and that

(1.15) YHEN(2) = Ex(2)gH AN ¢rp)
4



for any p € P. These Laurent polynomials E)(z) = Ex(z|q,t) are called the non-
symmetric Macdonald polynomials of type A,,_1. The first property (1.14) implies
in particular that F(z) is homogeneous of degree |\| = Y. | A;, and is eventually
a polynomial in z if A € L. Note also that the second property (1.15) is equivalent
to saying that

(1.16) F(Y)Ex(z) = Ex(z)f(¢*t*™)

for any Laurent polynomial f(Y") of the ¢-Dunkl operators. It is easy to see that the
nonsymmetric Macdonald polynomials Fy(x) (A € P) actually have coefficients in
Q(g,t). We also remark that, as a function of ¢, each Ey(z) = Ex(z|g,t) is regular
at t = ¢* (k = 0,1,2,...). These polynomials F)(z) form a K-basis of the ring
K[zT!] of Laurent polynomials or of the ring K[z] of polynomials as follows:

(1.17) Klz*'] = P KEAz), Klz] = PKEx().

AEP AEL

It is known by [Mal] that, for any dominant integral weight A € P*, Macdonald’s
symmetric polynomial Py(xz) is expressed as a linear combination of nonsymmetric
Macdonald polynomials E,(x) (1« € W.A). To be more explicit, one has

. 1 — gl glanp(p))—1
(1.18) Py(z) = Z axpEy(z) with ay, = H q

HEW.A acAt

1 — glamglap(n))

We also give a remark on the action of the Hecke algebra H(S,,) on nonsymmetric
Macdonald polynomials: For each ¢ = 1,...n — 1, one has

(1.19) T,Eu(w) =2 Bu(z) if (o, p) =0,
and
(1.20) TE,(x) = ui Eu(x) + vy Es,u(x) i (ag,p) #0.

The coefficients w;, j,, v;,, are given by

1 1
t2 —t7 2 1
(121) ui:H = 1 _ q—(az’,H>t_<Oti7p(M)> ’ Ui,u =t
if (a;, ) <0, and
1 1
tz — ¢ 2
(1.22) Wi,y = 1 — g {enm—(aip(n)’
i (1- q(ai;H>t<aixP(H)>+1)(1 _ q<ai7u>t(amp(u)>—1)
Vi =t (1 — glaimtlaip(n))2
if {a;, u) > 0.



§2: Formula of Cauchy type.
It is well-known that the Macdonald polynomials Py(z|q,t) (A € L*) have

the following formula of Cauchy type [Ma2]. Let now z = (z1,...,%,) and
y = (y1,-.-,Yn) be two sets of variables, and define the function II(x;y|q,t) by
(2.1) Mgl = J[ it

1<ij<n iY5549) 0

where (2;¢)sc = [[;2¢(1 — ¢'z). The infinite products may be understood either in
the sense of formal power series in appropriate variables, or in the analytic sense
by assuming that ¢ is a complex number with 0 < |g| < 1. Then we have

AeLt
where the coefficients are given by

1— qa(s)tl(s)-l-l N
(2.3) ba(g,t) = 11 1= ) (AeL™)

in terms of the arm-length a(s) = A; — j and the leg-length I(s) = A} — i of each
box s = (i,7) in the partition A.

We now introduce the function E(x;yl|q,t) by setting

(2.4) E(zy|q,t) = H (q2iy;5 4)oo H (gtriyi; @)oo H (txiyj;q)oo'

(qffiyj;Q)oo 1<i<n (fﬂiyi;Q)oo 1<i<i<n (iﬂiyj;Q)oo

1<j<i<n

Note that this function can be factored as follows:

- 1 1 — 2y
(2.5) E(z;y|q,t) = I(x; y|g, ) | | I I L.
i1 1-— tIzyz j<i 1-— tIiyj

The ratio E(x;y|q, t)[1(z; y|g, t) ! is essentially one of the rational functions (before
symmetrization) which are used in [Mil] and [KN].

Theorem 2.1. The function E(x;y|q,t) has an expansion

(26)  E(w;ylg,t) =Y ax(g,)Ex(zlg, ) Ex(yle™" ") (an(g,1) € Qg 1)
AEL

summed over all compositions \ € L.

In order to describe the coefficients ax(g,t) (A € L) in the expansion (2.6), we
use the notion of leg-length generalized to compositions, due to Knop and Sahi
[KS]. For each box s = (4,7) in a composition A € L, the generalized leg-length
I(s) = Ix(s) is defined to be the sum

(2.7) 1(s) = lup(s) + how(s)
of the upper and the lower leg-length, where
(2.8) low(s)=#{k>1i; <A <N}, lpG)=#{k<i; j<+1< N}

Note that this I(s) is the same as the usual leg-length if X is a partition.
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Theorem 2.2. For each composition A\ € L, the coefficient ax(q,t) in expansion
(2.6) is given by

1— qa(s)Jrltl(s)Jrl
(29) a)x(‘]? t) = 1_[>\ 1— qa(s)Jrltl(s) ()\ € L)v
se

where 1(s) = Ix(s) (s € \) stands for the generalized leg-length in A.

In this section, we will give a proof of Theorem 2.1. Also, we will describe the ratio
of ax(g,t) and a,(g,t) when X is a partition and p is a composition in the orbit W.A.
Theorem 2.2 will be established in two ways in Sections 3 and 4, by determining
ax(g,t) for partitions A\ € LT.

In what follows, we set K (z;y|q,t) = E(x;y7q,t), i.e

(2.10)
K@ylon =[] ((qm//y], = 1] qml/ Vidlo T U2i/05i D
1<j<i<n AT Y534 Joo 1<i<n 1/y“ @)oo 1<i<j<n (@i /Y53 @)oo
Proposition 2.3. For eachi=1,... ,n, one has
(2.11) Yio K (z3ylg,t) = (V7,) T K (z3yla, 1),

where the suffiz x ory indicates the variables on which the operator should act, and

Y is the dual ¢-Dunkl operator ( cf. [KN]) defined by

(2.12) Y =T T T T

This proposition is a direct consequence of the following lemma.
Lemma 2.4.

(1) TioK(wylg,t) = TiyK(z;ylg,t) (i=1,...,n—1).

(2)  w.K(x;ylg,t) = wy_lK(:v; ylg, t).

Note that the function K (x;y|q,t) can be factored as follows:
(2.13)

K(z;ylg,t) = Mz y g, )@, y), v(zy) =]] 1 11 1 —ify;

i 1_txi/yi i<i 1—t$i/yj

Since II(x;y~'|g,t) is symmetric both in x and in y, the formula of Lemma 2.4.(1)
is equivalent to

(2.14) Tiwp(z,y) = Tiyh(z,y) (i=1,...,n—1).
For a fixed 14, it reduces to the identity
(2.15) T o¥iiv1 (@, y) = Tiy it (2,Y)
for
1—xip1/y;
(2.16) Yiiv1(z,y) = +1/

(1- mz‘/yi)(17— twip1/yi) (1 — t2it1 /yiv1)’



which can be checked by a direct computation. (This computation is essentially
contained in [Mil], [MN]). The formula of Lemma 2.4.(2) can be proved directly by
chasing the arguments of ¢-shift factorials under the action wyw,.

Proof of Theorem 2.1. We begin with expanding the function E(z;y|q,t) in the
form

(2.17) E(z;ylg,t) = Y Ex(zlg, ) Fa(yla, ) (Fa(yla,t) € Qlg, t)[y))-
AEL

We will show that each F)(z|q,t) is a constant multiple of Ey(y|l¢~!,t71). Note
that Proposition 2.3 implies

(2.18) Y, MK (z;ylg, t) = (Y, )" K (x5 9lq,t)

for any p € P. Since

(2.19) K(wla,t) = S Ex(zla, ) Fa(y~"]a. ),
el

we have

(2.20) Yo P E(y g t) = Faly g, t)g™ #N e e,

As is shown in [KN], for each i = 1,... ,n the ¢-Dunkl operator Y; and its dual ¥;*
are interchanged by the involution ¢ on K[y] such that ¢(y;) = yj_1 (j=1,...,n),

uq) =q7 %, L(t%) — +—3. Hence we have
(2.21) YIFA(ylg  t7h) = Falylg ™t 1 )gle- N elmr)

for all 4 € P. This implies that F)\(y|g~!,¢t71) is a constant multiple of E)(y|q,t).
Namely, Fi(y|q,t) is a constant multiple of Ey(y|l¢~t,t~1). O

Before determining the coefficients a (g, t), we will describe the relation between
ax(g,t) and a,(q,t) when X is dominant and f is in the orbit W.A.

Lemma 2.5. If\e€ L*, p € L and p € W.)\, then one has

(1— q—(a,mt—(avp(u))ﬂ)(l — q—(a>u>t—<a7p(u)>—l)
(1 — g {m)t—(ap(n)))2

(2.22) au(q,t) =ax(g,t) []

acAt
(o, ) <0

Proof. By Lemma 2.4.(1), we have

(2.23) Z T Ep(@)(EL(y)) = Z ap By (2)Tiy (Eu(y)),
pneL pneL
foreachi=1,... ,n—1, where a, = a,(q,t). As we remarked at the end of Section

2, for each p € L, we have T; , E,(x) = t%E#(:zr) if (v, u) =0, and

(2.24) T2 Bu(2) = wi,y By (%) + iy Bs, (7).
8



when (a;,p) # 0. Since T; 4 (E,(y)) = L(I}T;E’M(y)), and T[yl =T, — (t2
t~2), we can determine the action of T}, on L(Ey(y)) as follows: T; ,u(E,(y)) =
tu(E, (y) if (s, ) = 0, and

(2.25) Tyt (Bu(y)) = (t(uiy) + (2 = t72)u(Eu(y)) + e(vi)e( Es,u(y))

if (o, u) # 0. By substituting these formulas into (2.23), we obtain the recurrence
formulas

(2.26) s Vsip = At (Vp)
for pn € L with (o, 1) # 0. Hence, by (2.21) and (2.22), we have

(1 — g~ (@b Saip(m)+1y (] — g (i mhg—(aip(p))=1)

(2.27) Ap = Qs;p (1 — g (@it p(p)))2

for p € L with (o, ) < 0. Assume now that A € LT is a partition and p €

W.A. Then one can find a sequence of simple roots ay,,...,q;, such that u =
54, ---55,(A) and that

(2.28) (o ) <0, {0y, 55, (1)) <0,... (g, 85, 55 () <O0.

Note also that

(2.29) {a e AT (a,p) <0} = {85 ()5 850 8, (@5,) )

Applying formula (2.27) to pu@ = p, uM = s;, (), ,u® = 55, 85, (1) = A
repeatedly, we obtain formula (2.22) since (., u" V) = (sj, -+ s;,_, (aj.), ) and
(g, p(u 1)) = (50 85, (0,), p(u)) for r =1, ,p. O

Lemma 2.5 can be rewritten in the combinatorial language. Imitating Sahi’s
notation [S], we set

(230) d#(q, t) = H(l — qa(S)JFltl(S)Jrl), d/u(q’ t) — H(l _ qa(s)Jrltl(s))

sen sEp

for each p € L. In this notation, Theorem 2.2 is equivalent to the equality a,(g,t) =

Lemma 2.6. IfA € L*, yu € L and u € W.A, then formula (2.22) has an alternative
eTpression

(2.31) an(q,t) = ax(g,t) ;

Proof. For each p € L, set aj, = a;,(q,t) = du(q,t)/d),(q,t). For the proof of
formula (2.31), it is enough to show

a,(q;t)

(2.32) a#(‘]a t) = a’Si#(q’ t) al (q t)

9



assuming that (o, u) <0 (i =1,...,n—1); one can use (2.32) repeatedly to prove
(2.31) in view of the expression u = s;, ---5;,(\) as in the proof of Lemma 2.5.
When (a;, 1) < 0, it is easy to see that the only difference between aj,(q,t) and
ay,,(q,t) arises at the box s = (i + 1,4, + 1) € pu (or at 8" = (i, p; + 1) € s;). In
fact we have

(1 _ qu+1_Nitlu(S)+1)(1 _ qui+1—mtlu(5)—1)

r_
(233) a, =g, (1 _ qui+1—uz‘tlu(5))2

On the other hand, one can directly check that

(2.34) —(a, 1) = pigr — i, — (i, p(p)) = Lu(s)

by the definition (1.13) of p(u). Hence we have (2.32) by comparing (2.27) and
(2.33). O

§3: First proof of Theorem 2.2.

In this section, we calculate the coefficients ay = ax(g,t) for partitions A\ € LT
by means of asymptotic analysis of a g-Selberg type integral. Such an argument has
been employed in [Mi2] to evaluate the scalar product for Macdonald’s symmetric
polynomials.

We now assume that ¢ and ¢ are complex numbers with 0 < |q|, |[t| < 1, and
recall Cherednik’s scalar product [C1l]. For f = f(x|q,t),9 = g(z|q,t) € K[z] =
Klz1,...,z,], we define

1 " dxy---dx
3.1 = —= gz gttt f——
B0 = (5mm) [ I6lenge e ol 2
where
(/755 q)oo (925 /i3 @)oo

(3:2) w(z|g,t) =

1gggn (tri /255 @)oo (qt; /45 @)oo
and T" = {(z1,... ,2,) € C*|2;| =1 (1 <i < n)} with the standard orientation.
Note that
(3.3) wlg.d*) = [ @i/zj0nlaz;/ziq)

1<i<j<n

ift =¢" (k=0,1,2,...), where (a;q)r = (a;9)o00/(at; @)oo = Hogigk—l(l —aq).
The nonsymmetric Macdonald polynomials Ey(x;¢q,t) (A € L) form an orthogonal
basis of K[z] with respect to this scalar product:

(3.4) (Ex,E,) =0 if A#pu.
It is known furthermore that, if ¢ = ¢* (k € N) and A € LT is a partition, then
(kG g

(3.5) (Ex, Ex) = H (@i NHIFRG—i=D) . ),

1<i<j<n )

10



(See [Mal], [C1].) For general values of ¢ with [¢| < 1, one has

(q)\ )\Jrltg 7. q)
3.6 Ey\,E)) = II - : —
(36 (BB (@A=L g) oo (M ML= L )

1<i<j<n

oo

for any partition A € L™ . Note that, as functions in ¢, the both sides of (3.6) are
meromorphic in {|t| < 1}. Since this formula is valid at the points ¢ = ¢* (k € N)
accumulating at the origin, one can conclude that the left hand side of (3.6) is
eventually holomorphic near ¢t = 0, and that (3.6) is valid as an equality of analytic
functions. It is also known that, if © € W.\ is a composition in the W-orbit of a
partition A, then we have

FE, FE 1 — g (o) p—{op(p)))2
(3.7) Ew By) _ 11 (1—g¢ ) '
(Ex, Ey) (1 — g {emt—{ap(u)+1)(1 — g—{emt—{a.p(n)~1)

eATt
(a,p)<0

We now consider = (z1, ... ,xy) as variables inside the polydisc {|z;| < 1; j =
1,...,n} C C". Note that the series expansion

(3.8) K(zyylg,t) = Y au(a, ) Bulelg, ) By g ' 1),

pneL

in Theorem 2.1 is then uniformly convergent on T™ in y. Hence by the orthogonality
relations (3.4) we have

(3.9) <2 \1/__1) - K(x;qu,t)EA(qu,t)w(qu,t)chy/i::%dfn
=Y au(a,)Ep(zla, O)(Ex, Bu)

pneL
= a)\( ,t)E)\(.’II|q, t)(E)\a E}\) .
We study the asymptotic behavior of the left hand side of (3.9) in z in the region
(3.10) 1> o] > |z2] > > |an.

For the moment, we assume that t = ¢* (k= 0,1,2,...) and that X is a partition.

Proposition 3.1. Ift =¢" (k€ N) and A\ € L, then one has

(3.11)
1 " dyy -+ - dyn
— K(z;ylq, ")E L") w ¢F)———
<2W__) (w5310, 4*) Bx ol . ) L
n )\ +(n—1i)k+1.
A H S @)k
i=1
as max{|za/x1|, T3 /22|, ... ,|Tn/Tn-1|} tends to 0.

Proposition will be proved later in this section.
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We apply Proposition 3.1 to compare the coefficients of 2* in equality (3.9). Since
we know by (3.9) that the integral has the asymptotic behavior 2} ax(q,t)(Ex, Ex)+
, we obtain

n )\ +(n—i)k+1.

(3.12) ax(¢,4") (Ex, Ex) = H
b (4 D

sk

for any partition A € L, provided that ¢t = ¢* (k € N). This is equivalent to

I (¢ A HIHRG=0) )
(hi—AHIFRG=) ),

1<i<j<n
n )\ —Xj+14+k(j—i+1)

CNES
= HH ARG g) s

i=1j=1 Aj=Aj+1

(3.13) ax(¢, q")

by formula (3.5), where we set A,+1 = 0. By analytic continuation as before, we
get

n )\ )\+1t] +1.

n
/) PSS
3.14 Ag, t) = SRa i)
( ) I;Il;[ 7Aj+1t]_l’q)>\j—>\j+1

since ax(q,t) is a rational function in ¢. Formula (3.14) implies that ag = 1 and
that

m 1— q)\iJrltmfiJrl

(3.15) axram(0,t) = axe) [ 7=
i=1

for any A € LT with I[(A\) < m. In fact, the difference between ax(g,t) and
ax+(1ym(q,t) appears only in the factors in (3.14) with 1 <4 < m and j = m.
From (3.15) it follows immediately that

H 1— qa(s)-l-ltl(s)-l—l d)\(q,t)

3.16 ax(q,t) = -
(3.16) (a:1) 1— @O+~ di(q,t)

SEA

for all A € L. Hence by Lemma 2.6, the same formula (3.16) holds for all com-
positions A € L if I(s) is understood as the generalized leg-length. This completes
the proof of Theorem 2.2.

Note that formula (3.12) extends to the equality

T (T g) oo (98 @)oo
(3.17) ax(q,t) (Ex, Ex) :H gt )q)( (q';)

i:l

(AeL™)

of analytic functions in ¢t. On the other hand, by comparing formula (2.22) of
Lemma 2.5 and (3.7), we see that

(3.18) au(q: 1) (Eps B) = ax(q,t) (Ex, Ex)

for all compositions p € W.A. Summarizing these remarks, we obtain the following
theorem.
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Theorem 3.2. For each composition A € N, we have

1 " dyy - - - dyn
319) [ —— K (z:ylq, ) Ex (ylq. t DLW o0 B (2ot
319 (3mm) [ Ksia0Bs0lautyle. ) L — 04 (ol
for z = (x1,...,2,) € C" with |xj;] <1 (j =1,...,n). Here Cy is constant on
each W-orbit, and is given by
B qt; q n _n )\ +1yn— z )oo
(3.20) Cx= < > H grit i T, D)o

1= 1
when X € L™ is a partition.

In this sense, our function K(z;y|q,t) is a reproducing kernel for nonsymmetric
Macdonald polynomials.

In the rest of this section, we will prove Proposition 3.1. From now on we assume
that ¢t = ¢* for a fixed & € N, and omit (¢,t) = (¢,¢*) in the notation unless it
might lead to confusion.

In proving Proposition, we may assume that 0 < |z;| <1 for j =1...,n and
that all z;’s are mutually distinct. Recall that

(3.21) K(:v;y)ZH( _1_. H(_ 1 H( ) 1

i @@y e =5 @i/ ys Dk 12 (@3/y55 0

1
B H (qe(i>j)xi/yj; q)k+6ij ’

g
where 0(i > j)=11ifi > j,and (i > j) =0if ¢ < j, and
(3.22) w(y) = [ [(ilvs: @)rlay; /yix-
i<j
Note first that, as a function of y; (1 < j <n), the integrand
(3.23) K(z:y)Ba(y)w(y)(yr - yn) ™

of (3.11) is regular at y; = 0 and has poles only at y; = x5¢' (1 < s <n,l € N).
The range of [ can be specified as follows:

(1) 0<i<k if 1<s<y,
(3.24) (2) 0<I<k if s =7, and
(3) 0<Ii<k if j<s<n.

The integral (3.11) will be computed by picking up successively the residues at
y; = 25¢" (1 < j,s < n) with [ satisfying (3.24). To make clear this inductive
process, we propose a lemma.

For any pair (I, J) of subsets of {1,... ,n} with |I| = |.J|, we extend the notation
of (3.21), (3.23) as follows:

1

3.25) K(xr;ys) = — = /i /Y

(3.25) K(xr;ys) g(qﬂvﬂwi/yﬁq)“aw’ w(y.) iQJ(y/yJ )1 (qy;/yi)r
JjeJ i<j

where z; = (;)ier and yj = (yj)jeJ'
13



Lemma 3.3. Fiz two indices j € J, s € I and | € N satisfying (3.24), and set
J' =J\{j} and I' = I\{s}. Then the residue

(3.26) Farin) = Resy, o (K wrins) o) 2

at yj = x5q' has an expression

(3.27) fanyr) = g@nyr)K(zryr)w(ys),

where g(xr;y7) is a polynomial in yy with coefficients in K(zy).

Proof. The only factors to be checked are

(@' yu/2s3 Qr (@ s /yus Dn
(@M s /Yy Qits.,,

(3.28)

for p € J' with p < 7, and

(@"Ts /Y Dk (@ ' yu/Ts: @)k

(@ >W g [y Orts.,

for p € J" with g > j. As a function of y,, the numerators of (3.28) and (3.29)
have zeros at y, = xs¢™ form € {I —k+ 1,1l —k+2,---,l+ k} and for m €
{l—k,l—k+1,--- I+ k—1}, respectively. From this, it turns out that the rational
functions (3.28) and (3.29) are in fact regular at y, = x,¢™ for all m € N, provided
that [ satisfies the condition of (3.24). O

(3.29)

Let us now integrate K (z;y)Ex(y)w(y)/y1 with respect to the variable y;. Then
we have

i | an
(3.30) 2y T iy K(z;y)Ex(y)w(y) "
n k
= 3" Resyy g (5 (a3 ) B () () 220)
s=11=0 u

since the integrand is regular at y; = 0. If we regard each summand of the right-
hand side as a function of y9, it has a zero at y2 = 0 and has poles only at yo = z,.¢™
for r #s,0 <m < k by Lemma 3.3. Hence we have

(3.31)
2
1 / dy1dya
— K(zy) Ex(y)w(y)———
(27n/—1> ly1]=|yz|=1 Y1y2
dy:dy
= Z Z Res ylzxsql (K(x;y)EA(y)w(y) ! 2)'
1<s,r<n 0<l,m<k yo=z,.q" Yiy2
S#ET

Applying Lemma 3.3 repeatedly from j = 1 to n, we obtain the equality

(3.32)

1 " ' dy
(r\/_—1> - K (x; y)EA(y)w(y)?

= Z Z Resy:(xa(l)qllv---vibv(n)ql") (K(x7y)E)\(y)w(y)_) )

CEG, 0<ly, Iy <k
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where we used the abbreviation dy/y = dy1 - dyn/y1 - - Yn
We now investigate the asymptotic behavior of this function in the region (3.10).
Note that we have

dy
(333) Resy:(xd(l)qll s ,z(,(n)qln) (K(‘T7 y)E)\ (y)w(y)?)

dy
= Res,—(g11,... gin) (K(x;xgy)EA(ny)w(ny)?) ,

where 2,y stands for (2,(1yy1, ... ; Zo(n)yn). The function K (z;2,y)w(z,y) can be
written in the following form:
(3.34)
1 o - 1
— (@D aoyyi /ey Ok x [ ———F——
H (=D /20055 Ok H () (Y3 H 1—2;/%00)Y;

i.j i# i=1

The product of the first two factors altogether is bounded in the limit (3.10). If
o € 6, is not the identity element, one can take a suffix 7 such that i < (7). As
an effect of the factor 1/(1 — z;/z, l)yl) in the third factors of (3.34), we then have

).

Since A is a partition, 27 Ey(z,¥) is also bounded in the limit (3.10). Hence we

have

provided that o is not the identity element. If o is the identity element, the function

Lo (i)

i

(3.35) K (25 2oy)w(zoy)| = O <

Lo (i)

Ti

d
(3.36) x_kResy:(qh’.“’qzn) <K(a:;:rgy)E>\(3:gy)w(:zzgy)?y) =0 <

d
(3.37) Resy—(g11,... qin) (K(:v,xy)E,\(:vy)w(:Cy)Zy)
tends to
(3.38)
n (n—i)k \ \ dy
RGSU (@'1,... ,g'n) 11;[1 1/y“ et (leyl) 1 (:Enyn) " } ?
n (n )k+X; d d
yl ... yn
=z Res,— n + lower terms
17,,. i ) <E 1/3/17 ]i}-‘rl ylyn )

n g
=z H { @ q) (@it DRL L } + lower terms.
=1 ’

Combining (3.32) with (3.36) and (3.38), we obtain
(3.39) (71 >” K( VEX(y)w(y)— =C A + lower terms
.39 T w T r term
o1 . Y)Exy)wly Y A
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in the region (3.10), with the leading coefficient

(3.40) ) = Z H { ) (q)\i+(n’i+l)k+l)li} '

0<ly,...,In<k 1=1

By using the g-binomial theorem

(3.41) > G (020 )y,

= (@) (25 @)oo

the constant C) is determined as

n

(3.42) = H ‘ (¢; 9)x

This completes the proof of Proposition 3.1.

§4: Second proof of Theorem 2.2.

In this section, we will give a proof of Theorem 2.2 based on the principal spe-
cialization of nonsymmetric Macdonald polynomials, along the line similar to that
in Sahi [S].

We begin with a lemma.

Lemma 4.1. The function ]}, (u;q)oo/(%i; ¢)se has an expansion

(4.1) [[ S0 — Sy (alg, 673wl 1),

AeLt

in terms of Macdonald polynomials. The coefficients are given by

1 — @' ()= (8)y
— ) A .
(4.2) In(ulg,t) =1 H 1— qa&+14()
SEA
for each partition . Here, for each box s = (i,7) in X, a’(s) = j—1 andl'(s) =i—1
stand for the coarm-length and the coleg-length of s in A, and n(\) = Y ., I(s) =
Dsexl'(s).

Proof. Let m be an integer with m > n and take the variables y = (y1,... ,Ym)-
Then we have

(13) 1180 K Wih5i0)oe _ 5 by (a,0)Pa(ala, 1) Pr ol 1)

(@iy;; q) ot

By the evaluation at y = (1,¢,... ,t™"1), we get

(4.4) H% = Y ba(g.t)Pa(zlg, ) Pa(L,t,... .t g, ).

o @ide S
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Hence we have
(45) f)x(tm|Q7 t) = b)x(Qu t)P)\(lu ta ce 7tm_1|Q7 t)
It is known by [Ma2] that

1— qa’(s)tmfl’(s)
1— qa(s)tl(s)-l-l ’

(4.6) Pa(Lt,... t" g, t) = "V T
SEA

Combining this with the formula for by(q,t), we obtain

1— qa'(s)tmfl'(s)
1— qa(s)Jrltl(s) '

(4.7) INGAT Tl | |

SEA

Since fi(ulg,t) is a polynomial in u, and m > n is arbitrary, we obtain the desired
formula. O

We will prove Theorem 2.2 by evaluating of the function E(z;y|g,t) at the point
y=1t" = ("1 t""2 ... 1). From the definition of E(z;y|q,t), we easily see that

(4.8) E(x;t%|q,t) = ﬁ (98" i 9)oc

By Lemma 4.1, we can expand this into the sum over all Py(z|q, t):

(4.9) E(z;t°|q,t) = > Pa(zlg.t)fr(qt"]q. ).
AeL+

For each partition A € LT, Macdonald’s symmetric polynomial Py(z|q,t) can be
written as a linear combination of nonsymmetric ones E,,(x|q,t), summed over all
compositions p in the W-orbit W.A (see [Mal]) :

(4.10) Py(zlg.t) = Y axu(g,)Eu(ela,t)  (anu(a,t) € Qlg,t))
peEW.A

with axx(gq,t) = 1. Hence we have

(4.11) E(@;°|g,t) = Y fur (1™ )ap+ (g, 1) Bu(xlg, ).
peL

On the other hand, by Theorem 2.1.(1), E(x;y|q,t) has the expansion

(4.12) E(z;ylg,t) = Y au(q, ) Eu(lg, ) Bu(ylg ™"t ).
pneL

Hence we have

(413) E(Ia t5|q7 t) = Z a’#(Qa t)E#(t5|q717 til)E,U‘ (I|q7 t)
pnel
17



Comparing the two expansions (4.11) and (4.13) of E(x;t°|q,t), we obtain
(414) fu+ (qtn|q7 t)a’u+ H(Qa t) = a’#(Qa t)E,u(t6|q_la t_l)'

In particular, if A is a partition, then we have

(4.15) Falat™la,t) = ax(g, ) Ex(#]g ™" t7).

Evaluation of nonsymmetric Macdonald polynomials at ¢t ¢ is already carried out
by Cherednik [C2]. If A € Lt is a partition, the value E,(t~%|g,t) can be rewritten
as follows:

1— a’(s)Jrltnfl’(s)
=5 — 4~ (=DA+n(V) q
(4.16) E\(t™°g,t) =1 1;[A 1 — qe+1(s)+1
From this formula, we have
L 1— qa'(s)-l—ltn—l/(s)
) 1 1\ _ yn(X)
(417) E)\(t |q N ) =t H 1— qa(s)Jrltl(s)Jrl ’

SEA

Substituting (4.2) and (4.17) into (4.15), we have

Ix(qt"]q,t) 1 1 — g H1()+1

(4.18) Wl =g - T e

for all partition A € LT. Namely we have ax(q,t) = dx(q,t)/d\(g,t) for all A\ € L+
with the notation of Section 2. Hence by Lemma 2.5 we have

_ d#(qvt) o 1— qa(5)+1tl(s)+1
(419) @u(q7t> - B - H 1— qa(S)Jrltl(s)

seEpn

for all composition g € L. This completes the proof of Theorem 2.2.

Remark 4.2. In Section 3, we determined the coefficients ay(g,t) by combining
asymptotic analysis of g-Selberg type integrals and the formulas for scalar products
(E\, E\). Since we have derived the formulas for a)(g,t) along a different route in
this section, we can also use the argument of Section 3 conversely to determine the
scalar products (Ey, Ey) (cf. [Mi2]).
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