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Introduction.

In this paper we introduce some quantum analogues of the homogeneous spaces
GL(n)/SO(n) and GL(2n)/Sp(2n) in the framework of quantum general linear
groups. On these “quantum homogeneous spaces”, we investigate the zonal spheri-
cal functions associated with finite dimensional representations. As a result, we will
see that the zonal spherical functions in question are represented by Macdonald’s
symmetric polynomials Py = Py(z1, - ,2n;q,t) (of type A,—1) with ¢t = g% or
t= g (M2)).

This result can be regarded as a generalization of Koornwinder’s realization of
the continuous ¢-Legendre polynomials by the quantum group SU,(2) ([K1]). Our
quantum analogue of GL(n)/SO(n) is essentially the same as the one discussed by
Ueno-Takebayashi [UT]. As to the quantum analogue of GL(3)/SO(3), it is already
known by [UT] that Macdonald’s symmetric polynomials arise as zonal spherical
functions. Our result contains the affirmative answer to their conjecture for the
case where n > 3. Main results of this paper are announced in [N3].

Throughout this paper, we will denote by G the general linear group GL(N)
and by g its Lie algebra gl(N). The ¢-deformation of the coordinate ring A(G) of
G = GL(N) and the universal enveloping algebra U(g) of g = gl(/V) will be denoted
by A,(G) and by U,(g), respectively. We consider the following closed subgroup K
of G for “quantization”:

Case (SO): K =S0(n) = {g € GL(n); g¢" =id,,det(g) = 1} (N =n)
Case (Sp): K =Sp(2n) = {g € GL(2n); gJng" = J,} (N = 2n),

where J,, = 22:1 €2k—1,2k — €2k,2k—1. Lhe corresponding Lie subalgebra of g will
be denoted by ¢. After the preliminaries on the quantum general linear groups
(A4(GQ) and U,(g)), we introduce in Section 2 some coideals &, of Uy(g), corre-
sponding to the Lie subalgebras ¢ = so(n) C gl(n) and € = sp(2n) C gl(2n). The
construction of ¢, is carried out in the framework of L-operators as in [RTF], by
using some constant solutions J to the so-called reflection equation. In Case (SO),
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the coideals ¢, are closely related to the twisted U,(so(n)) of Gavrilik-Klimyk [GK]
(see Section 2.4). With these coideals, we investigate the quantum analogue of the
homogeneous spaces GL(n)/SO(n) and GL(2n)/Sp(2n) and their zonal spherical
functions associated with finite dimensional representations. Actually we consider
the invariant ring

Ag(G/K) = {p € A(G); by = 0}

as a g-deformation of the algebra of regular functions on the homogeneous space
G/K. In order to consider the zonal spherical functions on this quantum homoge-
neous space (G/K),, we also investigate the subalgebra of €,-biinvariants

H=A(K\G/K) = {p € A4(G); tg.p = p.t; = 0}.

Representations with £,-fixed vectors and the structure of these subalgebras of
A,(G) will be studied in Sections 3 and 4, respectively. In accordance with the
classical case where ¢ = 1, the invariant ring A,(G/K) has a multiplicity free
irreducible decomposition as a Ug(g)-module. The algebra H = A,(K\G/K) is
then decomposed into the direct sum of simultaneous eigenspaces H(\) of the center
of Uy(g), which are parametrized by the dominant integral weights A corresponding
to the irreducible highest weight representations V' (A) with €,-fixed vectors. Each
simultaneous eigenspace H(\) turns out to be one-dimensional just as in the case
where ¢ = 1. We call a nonzero element in H(\) with some normalization the zonal
spherical function o(\) associated with V().

To describe the zonal spherical functions ¢(A) thus obtained, we will study in
Section 5 their restriction ¢(\)|r to the diagonal subgroup T of GL4(N). They
are determined by analyzing the radial component of the central element C; of
Uq(g), presented in [RTF]. This central element gives rise to a g-difference operator
acting on a subalgebra of the Laurent polynomial ring. As the eigenfunctions of the
g-difference operator, ¢(A)|r are identified with Macdonald’s symmetric functions
P,(z1, + ,mp;q,t) (IM2]) with (q,t) replaced by (¢%,¢?) in Case (SO), and by
(¢%,q*) in Case (Sp). As an application of this realization, we will give in Section

6 an evaluation of the ratio (P, P.); ,/(1,1); , of scalar products, for the special
values t = q% and t = ¢?, to see the coincidence with the formula proposed in
[M3]. This computation is based on the g-analogue of Schur’s orthogonality of
matrix elements of unitary representations of the unitary group U(n) and a result

of Macdonald [M2] on the principal specialization of P,,.

Contents.

§1. Preliminaries on the quantum general linear groups.

§2. Quantum analogue of some Lie subalgebras of gl(N).

§3. Representations with £,-fixed vectors.

84. Quantum homogeneous spaces and zonal spherical functions.

85. Macdonald’s symmetric polynomials as zonal spherical functions.
§6. Scalar product and orthogonality.

References

§1. Preliminaries on the quantum general linear groups.



Macdonald polynomials on quantum homogeneous spaces 3

In this section we give a review on the quantum general linear group GL4(N).
Main references for this section are: Jimbo [J] and Reshetikhin-Takhtajan-Faddeev
[RTF] (see also [NYM] and [NUW1]). From now on, we fix the field K = Q(q) of
rational functions in the indeterminate ¢ as the ground field. Our presentation of
the quantized universal enveloping algebra U, (gl(V)) is slightly different from those
in [J] and [RTF]; modifications are made in order to avoid the fractional powers of
g. In the arguments of this paper the ground field K can replaced by the field C of
complex numbers, assuming that ¢ is a real number with |¢| # 0, 1.

1.1. Quantized coordinate ring Aq(GL(N)). Let V be the N-dimensional vector
space over K with canonical basis (vj)1<;j<n. We make use of the following quantum
R-matrices RT in Endg(V ®k V):

67;' -
(1L.1)  Rf= ZKiKNq Tei @ eji+(q—q l)zl<i<j<N€ij ® €ji,
_ 6 1
R = Zl<ij<Nq Tei ®ej; — (44 )Zl<j<i<Neij © eiis

where e;; € Endg(V) (1 <14,j < N) are the matrix units with respect to the basis
(vj)i<j<n. It is well-known that these matrices satisfy the Yang-Baxter equation

(1-2) Ry, Ri3R53 = Ros Rz R, (5 =)

in Endg (Vi ®k Vo ®k V3) with V, = V for a = 1,2,3. Here the subscripts a,b for
R¢, indicates the pair of components it should act on. We recall that R — R~ =
(¢ — ¢~ 1) P with the matrix P = Eijeij ® ej; representing the flip v @ w — w ® v.
Note also that (Rjy)~' = Ry, and (R%)' = RE with double signs in the same
order.

Following [RTF], we define the coordinate ring Aq(Mat(N)) of the quantum
matrix space of rank N to be the K-algebra generated by the canonical coordinates
ti; (1 <i,5 < N) with the fundamental relations

(1.3)
(i) trithj = qlrjtei, titje = qtjptic (i < j),
(i) tietej = tojtios tijtre — teetiy = (¢ — ¢ Dtutry (i < ks § <¥0).

In terms of the matrix T = (¢;;)1<s,j<n in Ag(Mat(N)) @k Endg(V), the commu-
tation relations above are equivalently written as the Yang-Baxter equation

(1.4) RLTTy = TiTRRy, in Aj;(Mat(N)) @k Endg(V @k V).

This algebra A,(Mat(N)) has a distinguished central element

(1.5) dety(T) = ZWGGN(—Q)E(w)tw(l)l < by(NYN

called the quantum determinant. Here Gy is the permutation group of the indexing
set {1,2,---, N} and, for each w € Gy, £(w) stands for the number of inversions in
w. The coordinate ring Aq(GL(N)) of the quantum general linear group GL4(N)
is then defined by adjoining the inverse of the quantum determinant det,(T) to
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A,(Mat(N)): A,(GL(N)) = A,(Mat(N))[det,(T)~1]. This algebra has a structure
of Hopf algebra such that

N
(16) A(tij) = Zk:ltik (9 tkj7 E(tij) = 61']‘

for 1 <4,j < N. In the matrix notation, these formulas will be written as A(T) =
T&T and e(T) = idy. Note also that dety(T) is a group-like element, namely,
A(dety(T)) = dety(T)®dety(T) and e(dety(T)) = 1. The antipode S of A,(GL(N))
is the K-algebra anti-automorphism such that

(1.7) TS(T) = S(T) T = idy,
where S(T) = (S(tij))lging]\[.

1.2. Quantized universal enveloping algebra Uy(gl(N)). Let P be the weight
lattice for GL(NV); it is the free Z-module of rank N with canonical basis (€;)1<j<n
and we fix a symmetric bilinear form (, ) : P x P — Z such that (e;,¢;) = d;; for
1 <i4,5 < N. Through this pairing, we will frequently identify P with its dual
P* = Homy(P,7Z). We will also use the notation of simple roots: «a = € — €x41
for1<k<N-—1.

The quantized universal enveloping algebra Uy(gl(N)) is the K-algebra gener-
ated by the symbols ¢"(h € P*) and ey, fr(1 < k < N — 1) with the following
fundamental relations:

(1.8)

O =1, ¢"¢" =",

(i) ¢ eig " = g™ ei, ¢" fig" =g,

qﬁi—6i+1 _ q_6i+5i+1

iii) e;f; — fiei = di;

(iii) i1 j —q

(iv) efe; —(g+a eiejes +ejel =0(li—jl =1);  eie; = ejei ([i —j[ > 1),
) Sfi=(a+a D ffifit 57 =00i=jl=1; fify = fifi(li=jI> 1),
where h,h' € P*and 1 <i,j < N—1. We take the following Hopf algebra structure

of Uy (g(N)):
(1.9)
i) A" =d"@d" e¢") =1, S(")=q"
(i) Aler) =exr @ 1+ ¢+ %+ @ ey, elex) =0, S(er) = —q~ FTr+1ey,
(i) A(fe) = fr @ T 410 fi, e(fr) =0, S(fr) = —frg™ ™+,

where h € P* and 1 < k
Hopf subalgebra K[¢"; (h €
subalgebra t C gl(V).

In this paper, we will extensively use the L-operators L;rj, L;; € Uy(gl(N)) as in
Reshetikhin-Takhtajan-Faddeev [RTF]; these play the role of root vectors of gl(V).
As is stated in [J], there is a unique family of elements F;; (1 <i¢,7 < N,i# j) in
Uy (gl(N)) such that

1 )

< N — 1. We use the notation Uy(t) to refer the
P*)] of Uy(gl(N)) corresponding to the diagonal Lie

(1.10) (i) Eiiy1 =€, Eyj = EigEyj —qEwjEg. (1 <k <),
(i) Eit1i= fi,Fij = ExErxj — ¢ "Exj By (i >k > j).
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. +
With these elements, define the elements L;; € U,y (gl(N)) by

(1.11)

(i) L =q¢% L=(a—q a"Ej (i <j), L =0( > )

(i) Ly =q % L;=—(q—q VEuq 9 (i >j), Ly =0(i < j).
Then it is known by Jimbo [J] that the the matrices L* = > i€ ® ij in
Endg (V) ®x Uq(gl(N)) satisfy the following Yang-Baxter equations:

(1.12) R, LSLS = LSLERY, (e=+) and Rf,L{L; = Ly L Ry,

We also remark that, for the Hopf algebra structure of U,(gl(N)), the matrices L™
satisfy

(1.13) A(L?) = L°‘®LS and &(Lf) =idy (e = %).

This fact was fundamental in the framework of Reshetikhin-Takhtajan-Faddeev
[RTF]. We remark that the Yang-Baxter equations (1.12) assure that there exists
a K-algebra homomorphism py : Uy(gl(N)) — Endg (V') such that

+ . +
(1.14) RE=3 " i @pv(LE).

The vector space V, regarded as a left Uy(gl(N))-module, is called the vector rep-
resentation of Uy(gl(N)).

The square S? of the antipode of U,(gl(N)) is an automorphism of the Hopf
algebra Uy (gl(N)). For any a € U,(gl(N)), we have

(1.15) S%(a) = ¢~ *ag® for any a € U,(gl(N)),

where ¢?# is the group-like element of U,(g) corresponding to the sum of positive
roots

(1.16) 2 = ZkN:lz(N — k)eg.

1.8. Pairing between Ay(GL(N)) and Uy(gl(N)). Let U and A be two Hopf
algebras over K. We say that a K-bilinear form (, ): U x A — K is a pairing of
Hopf algebras if it satisfies the following three conditions:

(1.17) (i) (a.b,p) =(a®@b,Aa(p)) and (ly,¢) =calp),
(ii) (a,09) =(Au(a),p®¢) and (a,14) =ev(a),
(iii)  (Sv(a),¢) = (a, Sa(®)),

for all a,b € U and ¢, € A. Through such a pairing, one can define a U-bimodule
structure on A by setting

(1.18) a.p=(idga ®a)o Aa(p) and y.a=(a®ida)o As(y),

for any a € U and ¢ € A. In the right-hand side, the symbol & stands for the linear
functional on A induced from a € U by the pairing. The algebra A then becomes
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an algebra with two-sided U-symmetry , in the sense that both the multiplication
A®g A — A and the unit homomorphism K — A are homomorphisms of U-
bimodules. As to the U-bimodule structure of A, we have

(1.19) a.Sa(p) = Salp.Su(a)) and Sa(p).a = Sa(Sy(a).@),

for all p € A and a € U.

We now take the Hopf algebras U, (gl(N)) and A,(GL(NN)) for U and A above.
As to these Hopf algebras, it is known that there exists a unique pairing of Hopf
algebras (1, ) : Uy(gl(N)) x Ay(GL(N)) — K such that

(1.20) (LE,Ty) = RE, and (L%, dety(T)) = ¢ idy .

By this pairing, the algebra A,(GL(NN)) becomes an algebra with two-sided symme-
try over Ugy(gl(N)). In terms of the L-operators, the Uy (gl(IV))-bimodule structure
of Ay(GL(N)) is described as follows:

(121) LiTQ = T2R§2 and TQLi = i2T2 (6 = :l:)

By means of the U,(gl(N))-bimodule structure, the square S? of the antipode of
A,(GL(N)) is described as S?(¢) = ¢* ..q2° for any p € A,(GL(N)).

We say that a left Uy(gl(V))-module is P-weighted if it has a K-basis consisting
of weight vectors with weights in P. Let PT be the set of all dominant integral
weights in P:

N
(1.22) P+:{>\:Zk:1/\kek EP; M >X>-- > Ay}

For each A € PT, we denote by V()) the unique irreducible finite dimensional
left U,(gl(N))-module with highest weight A; it is characterized as the unique irre-
ducible left U,(gl(N))-module generated by an element u()\) such that ¢".u()\) =
¢ Nu(N) for h € P* and ep.u(\) = 0 for 1 < k < N — 1. Tt is well-known that
any finite dimensional P-weighted U,(gl(N))-module is completely reducible and
that any finite dimensional irreducible P-weighted Ug(gl(V))-module is isomor-
phic to V/(A) for some dominant integral weight A € Pt (see [L, R]). Furthermore,
each irreducible U, (gl(IN))-modules V() is obtained as the “differential representa-
tion” from the underlying right A,(GL(NV))-comodule structure of V/()). All these
V(A) (A € PT) are realized as right A,(GL(N))-subcomodules of A,(GL(N)) by
means of standard monomials of quantum minor determinants (see [TT, NYM], for
instance).

We denote by W () the K-vector subspace of A;(GL(N)) spanned by the ma-
trix elements of the right A,(GL(N))-comodule V' (X). Then W () is an irreducible
Uy (gl(N))-bimodule isomorphic to the tensor product Homg(V(N),K) ®x V(A).
Furthermore, the regular representation A,(GL(V)) has the irreducible decompo-
sition

(1.23) A,(GL(N)) =P W)

as a Uy(gl(N))-bimodule, which corresponds to the Peter-Weyl Theorem for the
quantum unitary group U,(N) (see [H1, NYM, W], for instance). We also re-
mark that the K-subspace W () of A;(GL(IV)) is characterized as the simultaneous
eigenspace of the center of U, (gl(IV)):

(1.24)

W(A) = {p € A;(GL(N)); C.¢ = xA(C)yp for any central element C' € U,(gl(N))},

AePTt
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where x(C) stands for the eigenvalue of the central element C' acting on the
irreducible representation V().

1.4. Involutions on Ay(GL(N)) and Ug(gl(N)). In this subsection, we recall
some involutions on A,(GL(N)) and Ug(gl(V)), related to the quantum unitary
group Ug(N).

For the moment, let be K an arbitrary field and fix an involutive automorphism
¢ — €, which we call the conjugation of K. A Hopf algebra A over K is called a Hopf
x-algebra if it has a pair (¢, 7) of involutive, conjugate-linear mappings ¢,7: A — A
such that

(1) ¢ is an algebra anti-automorphism and a coalgebra automorphism.

(2) 7 is an algebra automorphism and a coalgebra anti-automorphism.

(3) The antipode S of A is expressed as S =t o T.

We will call the involution ¢ the %-operation of A and write t(a) = a* for a € A.
Note that, if A has an involutive, conjugate linear mapping ¢ satisfying (1) and the
condition (¢ 0 S)? =id4, it becomes a Hopf *-algebra together with the involution
7 =10 S. The condition (10 5)? = id4 is sometimes referred to as Woronowicz’s
condition (see [W]).

Returning to the previous setting, we take the field Q(g) of rational functions in
q as the ground field K. In this case, we set ¢ = ¢ for any ¢ € Q(¢q). When we take
K = C instead, we denote by ¢ the complex conjugation and assume that ¢ is a real
number with |q| # 0, 1.

Either A;(GL(N)) or U,(gl(N)) has a structure of Hopf *-algebra corresponding
to the real form U(N) or u(N). As to A,(GL(N)), we can take the x-operation
such that

(1.25) ti=5(tji) (1<i,j<N) and dety(T)" = dety(T)~".
The corresponding 7 is given by the “transposition”:
(1.26) T(tij) =t; (1<4,7<N) and 7(dety(T)) = detq(T).
On the other hand, as to U, (gl(IN)), we can take the *-operation such
+* F ..
(1.27) L =5S(L};) (1<i,j<N).
At the Chevalley generators, this involution takes the values
(1.28) (¢")" =¢" (heP"), e’ =q 'futr, i =qty'er 1<k<N-1),
where t, = ¢°*~“k+1 for 1 <k < N — 1. The corresponding 7 is given by
(1.29) (L) =L, (1<ij<N).

These Hopf *-algebra structures on A,(GL(N)) and U, (gl(INV)) are compatible
with the pairing, in the sense that

(1.30) (@, ¢) = (a,7(¢), (7(a),p) = (a,¢*)

for all a € Uy(gl(N)) and ¢ € A,(GL(N)). From this compatibility, we have the
following formulas concerning the U, (g)-bimodule structure of A,(GL(N)):

(1.31) a.p* = (1(a).)" and a.7(p) =T7(p.a"),
for all ¢ € A,(GL(N)) and a € U, (gl(N)).



8 MASATOSHI NOUMI

§2. Quantum analogue of some Lie subalgebras of gl(V).

In this section, we introduce quantum analogues of the Lie subalgebras & =
so(n) C gl(n) and € = sp(2n) C gl(2n). We will define a family of coideals €, of
the quantized universal enveloping algebra U, (gl(V)) (with N = n or 2n) which
“tends” to € as ¢ — 1. From this section on, we denote by G the general linear
group GL(N) and by g its Lie algebra gli(N).

2.1. Definition of the coideal €;. Keeping the notation in the previous section,
we denote by V the vector representation of Uy (g) = U,(gl(/V)) with canonical basis
(vj)i<j<n. We consider the following two types of Lie subalgebras ¢ of gl(N) =
Endg (V) for quantization:

(2.1)
Case (SO): t=s0(n)={X € Endg(V); X + X' =0} with N=n
Case (Sp): € =s5p(2n) = {X € Endg(V); XJ,, + J, X' =0} with N = 2n,

where J,, = Zzzl €2k—1,2k — €2k,2k—1- In order to “quantize” this setting, we define

the matrix J(a) € Endg(V'), depending on the parameters a = (a1, - ,ay) in the
algebraic torus (K*)™, by
(2.2) Case (SO):  J(a) := Zkzlekkak,

Case (Sp): J(a) := Zk:1(82k71’2k — qeak,2k—1)0k-

Note that J(a) is an invertible matrix and that J(a)~! = J(a™!) in Case (SO) and
J(a)"t = —q71J(a" ') in Case (Sp).

Fixing the parameter a € (K*)", we introduce a coideal ¢, = ¢,(a) of U,(g) by
using the matrix J = J(a). Define a matrix M = M (a) in Endg (V') @k Uy(g) by
the formula

(2.3) M:=L"—JsS(L™)t gL
Writing the matrix M in the form M = 37, e;; ® M;;, we denote by €, = ¥ (a)
the vector subspace of Uj(g) spanned by the matrix elements M;; (1 <i,j < N):

(2.4) by = ZlgﬁjSNMij C Uq(g).
We show first that the vector subspace &, is actually a coideal of Uy (g).

Proposition 2.1. For any a € (K*)™, the K-vector subspace t; = £,(a) is a coideal
of Uy(g). To be more precise, the matric M = M (a) satisfies

(2.5) AM) =L oM +M&JS(L™)' Tt and (M) =0.

Proof. By A(L") = LT®L" and A(S(L™)") = S(L™)'®@S(L™)*, one has
(2.6) AM)J =LT@LtJ+ JS(L™)'®@S(L™)
=LTQ(LTT - JS(L™)) + (LTJ - JS(L7))@S(L™)"
=LtoMJ+ MJ®S(L™)".
The assertion (M) = 0 is clear, since e(LT) = ¢(S(L7)") =idy. O
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2.2. Reflection equation for the matriz J. We now explain the reason why the
matrices J = J(a) (a € (K*)") in (2.2) are chosen for the quantization of the Lie
subalgebras so(n) and sp(2n). As for these matrices J = J(a), the following lemma
is fundamental.

Lemma 2.2. For any a € (K*)", the matriz J = J(a) defined above satisfies the
reflection equation

t t
(2.7) RLLRE T = iR, * LR,
in Endg (V ®x V), where sztz stands for the matriz obtained from Ry, by trans-
position in the second component.

Lemma 2.2 can be checked by direct calculations. For the reflection equations
and related topics, we refer the reader to [Kul.

In our context, the meaning of the reflection equation above for J = J(a) can
be formulated as follows.

Proposition 2.3. Given a matriz J = 2, ;.o nJijei; in Endg(V), define an
element wy in the tensor product V ®Qx V by

(2.8) wy = Zl<i j<NUiJij ®v;, €VerV.

On the other hand, define a family of elements M;;(1 < i,j < N) in Uy(g) as in
(2.3). Then we have M;j.wy = 0 for 1 < i,j5 < N if and only if the matriz J
satisfies the reflection equation (2.7).

Proof. Let us denote by v = (v1,--- ,vn) the row vector representing the canonical
basis for V. Then the action of the L-operators on v is described as follows:

(2.9) L vy =voRfy, S(L7)j.va= V2Rf2t2-

The second formula is obtained from (Ry,)~! = Ry, and R;rltl = Rﬁtz. Noting
that wy; = vJ ® v!, we compute
(210) L+J.wJ = LIF.(VQJQ ® Vé)Jl = Li‘r.VQJQ X LIFVEJl

= voRlyJo ® R viJi = va R o R, J1 @ vh.
Similarly we have

(2.11)
JS(L™ ) wy = J1S(L7) (vada @ vh) = J1S(L7)t vado @ S(LT) v
= JivaRf, 2 o ® Rfyvh = va i R, 2 o RY, @ v,
Hence we have Lt Jw; = JS(L™)'.wy if and only if the matrix J satisfies the
reflection equation (2.7). O

Recall that the tensor product V ®x V has the irreducible decomposition V ®k
V =Vi @ V_ as aleft Uy(g)-module into the “symmetric part” V,, isomorphic to
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the highest weight module V' (2¢;), and the “anti-symmetric part” V_, isomorphic
to V(e1 + €2). These two components are explicitly given as

(2.12)
Vi = ZlgngKUk ® v + ZlgiquK(qvi ®wvj +vj ®@v;), and

V.= Zl§i<j§NK(Ui ®vj — quj ® v;),

respectively. Note that the element w; for J = J(a), defined in Proposition 2.3,
takes the form

(2.13) Case (SO): wy = Z:_lvk ® VG,
Case (Sp): wy = Zkzl(vzkﬂ ® Vog — qUak @ Vok—1)ak.
The “quadratic form” w; belongs to V in Case (SO), and to V_ in Case (Sp).

Furthermore, the coideal £, is so chosen that £; should annihilate the element w.

2.3. Some remarks on €,. In the limit as ¢ — 1, the elements (¢ — ¢~ 1) "' M;;
recover a K-basis for the Lie subalgebra ¢ = so(n) or ¢ = sp(2n) , if ax, = ¢ for
some s; € Z (1 < k <n). We give here explicit formulas of the elements M;; for
the comparison with the case ¢ = 1. In Case (SO), they are written as

(2.14.a) M;; = L;Lj - aiajflS(L;i) for 1<i<j<mn,

and M;; = 0 for i > j. Note that the elements M}, 41 are also written as My, p41 =
(g —q Y™ (fx — akal;ilt,:lek) for 1 <k < N — 1, where t, = ¢+~ ¢*+1. In Case
(Sp), the nonzero elements among M;; are classified into the following four groups:

(2.14.b)
(i) Mar—12/-1=—Mar2r =¢° " —¢°, (1<r<n),
(i) Mar—120 = L3, 19, Marar1=qS(Ly,1) (1<r<n),
(iil) Mar—12s—1 = L;r—l,?.s—l - aTas_IS(LQ_s,QT) and
Moyr2s = L;_r,2s - aTas_ls(L;s—l,Qr—l) (1<r<s<n),
(iv) Mazr—12s = L2+T—1,25 + q_laras_lS(L;S_uT) and
Moy os—1 = L3, 5oy + qara; " S(Ly,9,_y) (1<r<s<n).
In order to see what happens as ¢ tends to 1, one has only to note that ij (¢ —
¢ ') — Xj; for i < j and that (¢¢ — ¢~ %)/(¢ — ¢~ ') — Xi;, where (X;;);; is the
basis for gl(IV) corresponding to the matrix units.

From Proposition 2.1, it follows that the left ideal U,(g), and the right ideal

¢,U,(g) are both coideals of Uy(g). As for generator systems of these ideals, we
have

Proposition 2.4. Both the left ideal U,(g)t, and the right ideal €,U,(g) have the
following generator system:

Case (80): M1 = Ly — arap i1 S(Liy ) 1<k <n—1).
Case (Sp) Moy 19,1 = gt — g (1 <r< TL),
M2T_1x27‘ = L;r—l,?r’ M2T72T—1 = qS(LQ_T,Qr—l)

(1
Moy 2r41 = L;r,27‘+1 + qarar_ils(Lz_rw,zr—l) (I1<r<n-1).
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Proposition 2.4 can be proved by using commutation relations between the ele-
ments L;Lj and S(L;;):

(2-15) S(LE)RELIF = LIFRES(L;%

which is a direct consequence of (1.12). One of the commutation relations is

(2.16) ¢S(L;)Li+(q—q ) > S(Ly, )L} = qLES(Ly)+(q—q7) Y L S(L,,).

n>i v<j

This relation is related with the recurrence relation (5.33) which will play the key
role in the computation of radial components of a central element of U, (g) in Section
5. Since we will not explicitly use Proposition 2.4 hereafter, we omit the detail of
its proof. We remark that, in Case (SO), the generators for the left ideal U, (g), in
Proposition 2.4 are the same as Ueno and Takebayashi used to define the quantum
analogue of GL(n)/SO(n) in [UT], while our coideal ¢, gives the whole set of root
vectors.

2.4. Relation to twisted quantized universal enveloping algebras. It is natural
to ask which subalgebra of U,(g) is appropriate as an object that should play the
role of the subalgebra U(¢) of U(g). It seems to be a common understanding
that the quantized universal enveloping algebra U,(g) does not have as many Hopf
subalgebras as the classical U(g) does. This point is discussed in [H2], in its dual
version. In this context, it is necessary to take subalgebras of U,(g) that are not
closed under the coproduct into consideration, to recover the degrees of freedom of
subgroups in quantum groups. The arguments in this paper can be reformulated
from this point of view, namely in the framework of twisted quantized universal
enveloping algebras. Although we will not use this structure explicitly, it should
be noted that, in the discussion of invariant rings which is a subject from the next
section on, the central role is played by the left or right ideal generated by &, not
by the coideal £, itself. In Case (SO), our definition of the coideal &, is closely
related to the g-deformation of U(so(n)) due to Gavrilik-Klimyk [GK].

Recall that our coideal ¢, is defined by using the matrix M formed in (2.3)
additively from L and S(L™). As a generator system for Uy(g)t,, this matrix M
can be replaced by any of the following four matrices:

(2.17) ~S(LHYMJ =S(LHJIS(L™) —J
L~J'M'=L J (LN - J*
(L)YQJ M = (L7)'QJ 'Lt —QJ !
—S(LN'QTIM(JTH = SN 'QTHITH)S(LT) -7,
where Q = diag(qQ(N_l), @PWN=2) 1) is the representation matrix of the group-

like element ¢%” on the vector representation. The last two equalities in (2.17) are
obtained by using the description (1.15) of S2. We can use any of the four matrices

(2.18) S(LT)JS(L™), L=JH L), (L7)QJ LT and S(L)'Q 1 (J1)!S(L™).
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to define multiplicatively a subalgebra of U,(g) corresponding to the subalgebra
U() of U(g). To fix the idea, let us take the matrix

(2.19) K =S8(LT)JS(L™)

and denote by U;¥(¢) the K-subalgebra of U,(g) generated by the matrix elements
K;; (1 <i,j <N) of K. Then the left ideal U,(g), is described as

(2.20)  Uq(g)tq = Zangw(e)Uq(G)(a —e(a)) = ZlSMSNUq(G)(Ki‘ — e(Kij)).

This type of subalgebras U, ;W({%) defined above are analogue of the “twisted Yan-
gians” introduced for Yangians by G.I. Olshanski [O]. These “twisted” subalgebras
have an advantage in the point that the commutation relations for the generators
are described neatly, again by reflection equations. In fact one can show that the
matrix K satisfies a reflection equation similar to (2.7) (cf. the proof of Proposition
4.4 in Section 4). Furthermore, U;¥(€) becomes a coideal of Uy(g) (except for the
condition on the counit).

In Case (SO), the twisted quantized universal enveloping algebra U"(so(n)) is
already found in the work of Gavrilik-Klimyk [GK], although the connection with
reflection equations is not apparent in their presentation. One can show that the
subalgebra U, (s0(n)) is generated by the elements Kj j41 (1 < j <n —1) on the
subdiagonal:

(2.21) Kjji1=(q—q "ajt; 'ej — a1 fy).

Assuming that a = (¢"~%,¢""2,--- , 1), take the elements

(2.22) Oj=fi—at;j'e; (1<j<n-—1),

so that K 41 = —(¢ — ¢ 1)g"#710;. Then one can check that the generators
01, ,0n_1 of the subalgebra UiV (so(n)) satisfy the commutation relations
(2.23) (i) 070; — (g +q7)0:0;0; + 0,07 = —0; if |i—j| =1,

(i) 0:0; = 0,0; if |i—j] > 1,

as in the definition of g-deformation of U(so(n)) of Gavrilik-Klimyk. We finally
remark that this algebra U;¥(so(n)) arises naturally as the commutant of a g-
analogue of the oscillator representation (see [NUW2]).

§3. Representations with £,-fixed vectors.

We now investigate the irreducible representations with £,-fixed vectors. As in
Section 2, we fix the parameter a = (a1,--- ,a,) € (K*)" and set J = J(a) and
by = ty(a).

3.1. t,-fized vectors. Recall that, for each dominant integral weight A € P*,
there exists an irreducible left U,(g)-module V' (A) with highest weight X, uniquely
determined up to isomorphism. For the coideal ¢, = &,(a) of U,(g), defined in
Section 2, we denote by V(\)e, the vector subspace of all €,-fixed vectors in V(A):

(3.1) V(Ne, :=={veV(A):t,v =0}

In this section, we will prove the following theorem.
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Theorem 3.1. (1) For any A € P*, one has dimg V(\)e, < 1.
(2) The left Uy(g)-module V(X) has a nonzero ¥,-fized vector if and only if the

dominant integral weight \ = Efgvzl Ak€r satisfies the following condition:

3

Case (SO): Mg — A1 €2Z (1<k<n-1)
Case (Sp): Aag—1 = Ao (1 <k <n).

We remark that Theorem 3.1 for Case (SO) is already announced by Ueno-
Takebayashi [UT]. We first prove statement (1) of Theorem 3.1.

Lemma 3.2. Let v be a nonzero €,-fized vector in V(X) (A € PT). Decompose v
into the sum of weight vectors v = Z#GP’UH, so that qh.vH = Uuq<h’”> for all h € P*.
Then one has vy # 0.

Proof. By setting, M= —J'MJ, we take the generators

(3.2) Mij = S(Lj;) = (J7'L )y (1<, j < N)
for the coideal £,. Note that, if ¢ < j, the element ]\A/[/ij is nonzero and its leading
term S(L};) has weight ¢; — ¢;. Under the lexicographic order of P, let o be the

maximum of all p € P such that v, # 0. In the equation ]\Zjv =0 for i < j, we
take the component of weight uo + €; — ¢€;, to obtain S(L};)v,, = 0 for all i < j.
This means that v,, is a highest weight vector of V(\). Hence we have py = A,
namely vy #0. O

Suppose that the Ugy(g)-module V(A) (A € P*) has a nonzero £,-fixed vector v.
Then Lemma 3.2 implies vy # 0. If w is another £,-fixed vector, there is a constant
¢ € K such that wy = cvy since dimg V(A)x = 1. Then the difference w — cv is a
¢,-fixed vector with (w — cv)y = 0. By Lemma 3.2 again, one has w — cv = 0, i.e.,
w = cv. This means that dimg V(\)e, < 1, as desired.

3.2. The rank-one case. Before the proof of statement (2) of Theorem 3.1, we
consider the case of quantum analogue of the Lie subalgebra so(2) of gl(2). Although
Theorem 3.1 for this case is already known by Koornwinder [K1], we give here a
direct proof of this statement for completeness (see also [N2], [NM3]).

In this case, the coideal £, is generated by a single element

(3.3) My = (q—q ")g™ (f —at™e),

where we set f = f1, e = e1, t = ¢*7°2 and a = a;1/az. Consider the dominant
integral weight

(34) A= A€l + Aoes = leg + )\2(61 + 62) with £ =X — Ay € N.

Then V(A) is an (¢ + 1) dimensional representation and one can take a basis
{uo,u1,- - ,ue} for V(\) such that

(3.5) qh.uj = q<h”\_j°‘>uj, ew; = [jluj—1, fuj=1[— jlujt
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for 0 < j < ¢, where [j] = (¢/ — ¢ 7)/(¢ —q~'). One can easily show that an
element

14

(3'6) v = ijo’u]‘c]‘ S V()\)

satisfies the equation (f — at~'e).v = 0 if and only if the coefficients satisfy the
recurrence formula

(3.7) ag TR 4 1]ej = [0 — 5+ 1]¢j1

for 0 < j < ¢ with boundary condition ¢_1 = ¢p41 = 0. It is immediately seen that
the equation (3.7) has no solution if £ is odd, and that, if £ is even, the solutions of
(3.7) are explicitly given by

- )kt ak(e—k) (47508 0<k<(/2
(3.8) car = (—1)¥a™"q o co (0<k<1/2),
copi1 =0 (0 <k <£/2),

where (a;q)x = (1 —a)(1 —aq)--- (1 — ag"~'). This proves Theorem 3.1 for the
Case (SO) with N =n = 2.

3.3. Proof of Theorem 3.1.(2). Next we prove the “only if” part of statement
(2) of Theorem 3.1 for the general case.

Case (SO): This assertion is reduced to the rank-one case. For each k with 1 < k <
n— 1, we consider the subalgebra U, (g) of U,(g) generated by ¢, g=*+1 ¢) and
fr- Note that My, k41 € Uy(gy) for 1 < k <n — 1. For a fixed k, the U,(g)-module
V(A) (A € PT) is decomposed into a direct sum

(3.9) VI =W @& Wy,
of irreducible U,(gy)-submodules. We denote by ul9) = ,u,(j)ek + ,u,(jllekﬂ the
highest weight of W; for 1 < j7 < m. In the decomposition above, we may also
assume that each W; is stable under the action of the subalgebra U, (t) = K[¢"(h €
P*)] of Uy(g); decompose the kernel of the operator ex : V(X)) — V(A) by the
action of U,(t), if necessary. Let now v be a nonzero €,-fixed vector in V(\) and
decompose it in the form

(3.10) v=wy + 4wy with w; e W; (1<j<m).

Then the summands w; are annihilated by My k41, since W; (1 < j < m) are
all U,(gx)-submodules. Hence one sees that (1), ax) € 2Z if w; # 0, by the
result of the rank-one case. Taking the component of weight A of v, one has vy =
(w1)x+- - -+ (wm) . Since vy # 0 by Lemma 3.2, one has (w;)x # 0 and eg.(w;)x =0
for some j. Hence, A\ger + Apt1€r+1 is the highest weight of ;. This means that
Ne€k + Mep1€rg1 = pl9). Hence, one has (A, ap) € 2Z for 1 < k <n —1.

Case (Sp): Let v be a nonzero £,-fixed vector in V(A) and decompose it into the
sum of weight vectors v = Euv#, where vy # 0 by Lemma 3.2. Recall that the
coideal &, contains the elements Ma,_12,—1 = ¢>* — ¢> (1 < r < n). Since
(g1 — g°).uy = (¢** 1+ — ™2 )uy = 0, one has A1 = Ag, as desired.
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Thus we have proved the “only if” part of Theorem 3.1.(2).

The “if” part of Theorem 3.1.(2) is proved in a constructive manner. From now
on, we denote by P;L the set of all dominant integral weights satisfying the condition
of Theorem 3.1.(2):

(3.11)
Case (SO): Pr:={\ePH(\ay)€2Z (1<
Case (Sp): Pr:={\e P\ ay_1)=0 (1

Denoting the fundamental weights by A, = >, _,ex (1 < r < N), we have the
following alternative expression of P;r:

n—1
. +
(3.12) Case (SO): P = Zr:l 2NA, + ZA,,,
n—1
. +
Case (Sp): By =)~ NAo +Zhay,

where N = {0,1,2,---}. It is clear that the one dimensional representations
V(¢AN)(£ € Z) have nonzero £,-fixed vectors.

We start with constructing nonzero ¢,-fixed vectors in V(2A,) for Case (SO) and
in V(Ag,) in Case (Sp), for 1 < r < n. For this purpose we make use of the g-exterior
algebra A\ (V); it is the quotient algebra of the tensor algebra T'(V) = @2,V
modulo the two-sided ideal generated by the “symmetric part” Vi of V @k V. Let
us denote the multiplication in this g-exterior algebra by A. Then A (V) is the
K-algebra generated by the elements vy, -+ , vy with fundamental relations

(313) vg Avpg =0 (1<k<N) and quiAvj+vjAv,=0 (1<i<j<N).

Note that the g-exterior algebra /\q(V) is an algebra with U,(g)-symmetry gen-

erated by the vector representation V = @iv:OKvk. Namely the multiplication
A, (V) @ A, (V) — A,(V) and the unit homomorphism K — A (V) are Uy(g)-
homomorphisms. Furthermore, it decomposes as

(3.14) /\q(V):@iV:O A ) with \'(V) = Vi),

into irreducible components. Note also that, for each 0 < r < N, the Uq(g)—
submodule A/ (V) has the basis

q

(315) Vky N Ugy N\ Ny, (1§k1</€2<"'<k7«§n).

Lemma 3.3.A. In Case (SO), the Uy(g)-module N\, (V) @x A\, (V) has the ¥-fized

vector
(3.16) Wr = Z1<k1<...<k eV N ANk, @ Uy N e e AU, Gy - Ok,

for 1 <r <mn. Hence V(2A,) has a nonzero ¥,-fized vector for 1 <r < n.

Proof. In order to obtain a nonzero &-fixed vector in A} (V)@x A, (V), we construct
an intertwining operator

(3.17) D (Vag V) 5 Vergg ver,
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Recall that there is a U,(g)-isomorphism si9 : Vi @k Vo — Vo ® Vi, for V4 = Vo =
V', whose matrix representation is given by Ry = REPH. In the notation v =
(v1,+ -+ ,vp) as in the proof of Proposition 2.3, this isomorphism can be described
as

(3.18) s12(vi ® v2) = va ® viRJ,, or equivalently, s12(Vi®@vs) =va® Rf2t2v’i.
By composing isomorphisms of this type repeatedly, we obtain an isomorphism
(319) @:(VeW)@ - oV,eaVy) S Ve V) (Vi@ V)
for Vi = Vie =V (1 < k < r); here we take

(320) P = S1/p 0 8270 -+ -0 S(r—l)’,r O 81/pr—10++081/3 ©0852/3 0571/2.

Note that the element (w;)®" in (V @k V)®" is a t,-fixed vector, since €, is a
coideal. By this isomorphism (3.20), the ¢,-fixed vector (w;)®" is transformed into

(3.21) Pw;®@ - Quwy)=d(ViJ1 V)@ @ (v ], @VE))
=v ®"'®V’I"K1“~T®V§ ®"'®Viv

where
(3.22) Kiw = JiRG BRERE Js - J . RE" - R, 7,
Note here that, as to the coefficients of the R-matrix, we have

tayg i . .
(3.23) (R, ™) = (RGN, = 040k if i # k.
Hence we see that, if the indices i1, - - - , %, are mutually distinct, then
(324) (KlT)_;llzi = 5i1j1 v 51-Tjral-1 cee Qg

Denoting by pr, : V& — /\Z(V) the canonical projection, we now consider the
U,(g)-homomorphism

(3.25) U= (pr, @pr,) o : (V @ V)" — /\;(V) ®K /\:(V).

Then, by (3.21) and (3.24), we get

(3.26)
V(wy @ @uwy)=viA- AV, K1, @VIA---AVE

= Vg, N N0 Vi, N NV Ak, * -G
2t s n® ke & Uty ok 7 e
= [r]g2lwy,

where [r],2! = (¢%;¢*)-/(1 — ¢*)". This shows that w, of (3.16) is a €,-fixed vector.
Since /\Q(V) is isomorphic to V(A,), there is a nontrivial U,(g)-homomorphism
Ag(V) @x A\ (V) — V(2A;). The image of w, by this homomorphism gives a
nonzero £-fixed vector in V(2A,) since (wy)2a, # 0. O

We remark that Lemma 3.3.A can be proved also by chasing directly the action
of My r+1(1 <k <n—1) on w, (see Proposition 2.4). The intertwining operators
® and ¥ above will be used again later in the discussion of the invariant ring in
Section 4.
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Lemma 3.3.B. In Case (Sp), the element
(327) Wy = Zl<k1<m<k <n’l}2k1_1 A Vg, N NVgk,.—1 N Vag, G, -+ Ak,

gives a ty-fized vector in /\ET(V). Hence, V(Aay) has a nonzero t,-fized vector for
1<r<n.

Proof. Note first that the projection pry : V @g V — /\2

,(V) maps the t-fixed
vector wy of (2.13) to

(3.28) prao(wy) = (1+ QQ)Zkzlvzkfl Avarar = (1 + ¢*)w.

Hence w; is a £,-fixed vector in /\Z(V) We now compute the r-th power of wy in
the g-exterior algebra /\ (V') using the g-binomial theorem, to obtain

(3.29)

n
(w)"" = (Zkzlv%—l A varag)™"

= [r],a! Voky—1 ANV, A" ANVag.—1 ANVag Ak, = G
[]q E Lk <ok <nUZE1 =1 N U2k 2%k, —1 N\ U2k, Ak, k.

= [r]galw,.

Since £, is a coideal, equality (3.29) shows that w, is a £4-fixed vector in /\Z(V) for
1<r<n 0O

In each case, we have now a system of generators of the monoid P;, consisting
of weights A with V(A)¢ # 0. In order to complete the proof of Theorem 3.1.(2),
we have only to show that, for any A\, u € P*, the tensor product V(\) ®@x V(i)
has a nonzero £,-fixed vector, if both V(A) and V(u) do. This follows from the
fact that there exists a nontrivial U, (g)-homomorphism V() @k V (p) — V(A + ),
up to a scalar multiple. If v and w are nonzero £,-fixed vectors of V/(\) and V(u)
respectively, the tensor product v®w is annihilated by €, since ¢, is a coideal. Since
(V@ W)app = va ® w, # 0, the image of v ® w in V(A + p) then gives a nonzero
€,-fixed vector.

We have thus proved that V(A) has a nonzero &,-fixed vector if and only if
A € P;" and that dimgV(A)e, =1 for each A € Py'.

3.4. Passage from the left to the right. In this section, we have discussed £,-
fixed vectors in left U,(g)-modules. The same argument naturally applies to right
Uq(g)-modules. The passage from left U,(g)-modules to right U,(g)-modules can
be described, functorially, by the x-operation of U,(g) explained in Section 1.4.

For a left Uy (g)-module M, let us denote by M° the right U, (g)-module obtained
from M by regarding it as a right U,(g)-module through this involution:

(3.30) z.aa=a"x forall ae€U,(g) and ze€ M.

Then, for each dominant integral weight A € P*, the right U,(g)-module V())°
gives rise to the irreducible right U, (g)-module of highest weight .

We now look at the coideal &,(a) (a € (K*)™) of U,(g). One can easily compute
the action of the involution on the matrix M(a) = Lt — J(a)S(L™)!J(a)~!, by
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using J(a)™! = J(a7!) in Case (SO), or J(a)~' = —¢~1J(a"?) in Case (Sp). In
fact we have

(3.31) M(a)" = —(J(a)M(a™")J(a) 1),

where the left-hand side denotes the matrix (M(a)j;")1<ij<n. Hence we have
t,(a)* = t,(a™ ") for any a € (K*)". This implies that each £,(a)-fixed vector in a
left U, (g)-module M can be read as a &;(a~!)-fixed vector in the right U, (g)-module
Me.

§4. Quantum homogeneous spaces and zonal spherical functions.

This section is devoted to the study of quantum analogue of the coset spaces
G/K and K\G/K, for the closed subgroup K of G = GL(N), corresponding to the
Lie subalgebra € of g = gl(V) of (2.1). We fix the parameter a € (K*)” involved in
the definition of the coideal ¢,(a) and set J = J(a), M = M (a), t, = t,(a).

4.1. Quantum analogue of the homogeneous space G/ K. In terms of the coideal
¢, = ¢,(a) (a € (K*)"), we can study the quantum analogue of the homogeneous
space G/ K for the following closed subgroup K:

(4.1)
Case (SO): K =S0(n) = {g € GL(n) ; g¢' =id,,det(g) =1} (N =n)
Case (Sp): K =Sp(2n) = {g € GL(2n) ; gJng"' = J} (N =2n).

Recall that the “coordinate ring” A,(G) of the quantum general linear group
GL,(N) is a K-algebra with two-sided U, (g)-symmetry. By means of the bimodule
structure over Uy,(g), we consider the K-vector subspace of ¢,-invariant elements in
Ay (GQ) under the left action of Uy(g):

(4.2) Ay(G/K) = {pe Aq(G)§ b= 0}.

Thanks to the fact that €, is a coideal (Proposition 2.1), this subspace actually
becomes K-subalgebra of A,(G). Note also that the subalgebra A,(G/K) is a
left A4(G)-subcomodule, hence a right U,(g)-submodule of A,(G). The algebra
Ay(G/K) is a K-algebra with right U, (g)-symmetry, and is regarded as the algebra
of regular functions on the left quantum G4-space (G/K),.

Recall that A,(G) has the irreducible decomposition

(4.3) A,@) =D, _,, WO,

as a Uy(g)-bimodule. Here W () is the K-subspace of A,(G) spanned by the matrix
elements of the irreducible right 4,(G)-comodule V(A). Note also that the U,(g)-
bimodule W () is isomorphic to the tensor product of Homg(V,K), regarded as
a right U,(g)-module, and the left Uy(g)-module V(X). We denote by V(A)° the
irreducible right U, (g)-module with highest weight A, so that W ()\) <= V(\)° @k
V(A). From the irreducible decomposition (4.3) and Theorem 3.1, we obtain the
multiplicity free decomposition of the invariant ring A4,(G/K).
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Proposition 4.1. The K-subalgebra A,(G/K) of left ;-invariants in A4(G) de-

composes into the form
(4.4) A G/K) & @kepjvu)

as a right Uy(g)-module.

Proof. For each dominant integral weight A € PT, we have W () < V(A)°®@gV(A)
as a Ugy(g)-bimodule. Hence W (A)e, <— V(A)° ®k V(N)e, as a right Uy(g)-module.
On the other hand, we know that dimg V(A)e, = 1 if A € P;" and V(A)e, = 0

otherwise, from Theorem 3.1. Hence we have the multiplicity free decomposition
(4.4) by the irreducible decomposition (4.3) of A,(G). O

For the description of the invariant ring A,(G/K), we define a family of quadratic
elements x;; (1 <4,j < N) in A4(G) by the formula

(4.5) X = (wij)i<ij<n, X =TJT"

These elements x;; are explicitly written as

(4.6.a) Ty = Zk:l tintjpar (1 <4,j <n)
in Case (SO) and

n
(46b) Tij = Zk*l (ti,2k71tj,2k — qtiﬁZktj)Qkfl)ak (1 <i,5< 271)

in Case (Sp).

Lemma 4.2. The elements x;; € Aq(G) defined as above are invariant under the
left action of the coideal ;. Namely, z;; € A¢(G/K) for all1 <i,j < N.

Proof. Note that from (1.21) we have
(4.7) LET = TRy, S(L7).To = ToR},",
since (Rp,)~' = R}, and Rf;" = R},". Hence we have

(4.8) L. Xy = LT To oL T} = TR, LR, T
S(L7)E. Xy = S(L7). Ty JoS(L™). TE = TyR}, " Jo R}, T

Since the matrix J satisfies the reflection equation (2.7), we have
(4.9) (L Jy — J1S(L7)}). X2 = 0.

This means that M;.X, = 0, namely, £,.X =0. O

As to the structure of this invariant ring, we have
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Theorem 4.3. The K-subalgebra A,(G/K) of left ¢,-invariants in Ay(G) is gen-
erated by the quadratic elements x;; (1 < 1,5 < N) defined by (4.5), together with
det, (T)*!

The proof of Theorem 4.3 will be given later in Section 4.4. As we will see later,
the square det,(7)? of the quantum determinant is actually represented by z;;’s in
Case (SO), and, in Case (Sp), so is det,(T) (see Remark 4.12 below). Note that,
in each case, dety(7T') lies in the center of A,(G/K). For the present, we will show
that the commutation relations among the quadratic elements z;; (1 < i,5 < N)
are described again by the reflection equation.

Proposition 4.4. The elements x;; (1 <1i,j < N) defined above satisfy
(4.10)

Case (SO): x5 =quj (1<i<j<n)

Case (Sp): z; =0(1<i<2n), qr;j+x;=0(1<i<j<2n).

In each case, they have the commutation relations

(4.11) R, Xo RS, X1 = X1 RY," XuRY,

Proof. In each case, formula (4.10) can be shown directly by using the expression
(4.6) and the commutation relations (1.3) of the “coordinates” t;;. We show that the
matrix X satisfies the reflection equation (4.11). Note that commutation relations
(1.4) for T implies

t t t t
(4.12) TIRL, Ty = TW\Ry, °Ts, ToR, *Tf = TIR{, * Ty, REL,TiT! = TITLRT,.

(Note that RE = Rj, and R, b2 = RJr .) By using (1.4), (4.12) and the reflection
equation for J, we obtain

(4.13)

RLX.RE2 X, = R, To TR TV T = R, To o Ty RS, TLIL T}
= R,V LR, WTIT! = T\To Ry, o R}, W TLTY
= T\Ty L\ Ry, L RLTIT! = Ty Ty i Ry, L TITLRY,
= TV TuR{,? TLLTIR, = TV W TI R, Th JoTIRY,
= X1R},"” Xo R,

as desired. [

This description of the invariant ring corresponds to the realization of the ho-
mogeneous space SL(n)/SO(n) and SL(2n)/Sp(2n) as an orbit of symmetric and
skew-symmetric matrices, respectively. The quadratic elements z;; (1 <4,j < N)
above can be thought of as the quantum analogue of the coordinates for the space
of symmetric or skew-symmetric matrices.
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Remark 4.5. By the right action of U,(g) on A,(G), we can also consider the quan-
tum analogue of the right homogeneous space K\G. The subalgebra of right £,-
invariants

(4.14) A,(K\G) = {p € Ay(G); oty = 0}
of A;(G) is a K-algebra with left U,(g)-symmetry, and has the multiplicity free
decomposition

(4.15) 4,(K\G) <= P V(\)

Xepr;
as a left Uy(g)-module, similarly to (4.4). In this case we define the quadratic
elements y;; (1 <4,j < N) by the formula

(4.16) Y = (yij)i<ij<n, Y =T'J'T.

For these elements y;;, we have exactly the same statement as Proposition 4.4.
This follows from that fact that J—! = J(a)~! satisfies the same reflection equation
(2.7); J(a)~! is a constant multiple of J(a™!). The invariant ring A,(K\G) is then
generated by the quadratic elements y;; (1 <i,j < N) and det,(T)**. We remark
that all these properties of A,(K\G) are obtained from those of A,(G/K) by using
involutions as we explained in Section 3.4.

4.2. Quantum analogue of the double coset space K\G/K. The next step is to
study the quantum analogue of the double coset space K\G/K. We consider the
following K-subalgebra of €,-biinvariant elements in A,(G) :

(4.17) H=A,(K\G/K) = {p € A(GQ); t5.0 = p.t, = 0}.

From the irreducible decomposition (4.3) of A4(G) again, we have the direct de-
composition of the K-subalgebra H of £,-biinvariants

(4.18) H= @AGPJ{()\), with H(A) = HNW(A).

We remark that dimg H(\) = 1if A € PE': and H(A) = 0 otherwise, as is imme-
diately seen from Theorem 3.1 and its right Uy(g)-module version. We say that a
nonzero element ¢ of H(A\) (A € P;") is a zonal spherical function associated with
the representation V(\). Recall that the subspace W () of matrix elements of the
right A,(G)-comodule V() is characterized as the simultaneous eigenspace of the
center of Uy,(g):

(4.19) W(A) ={p € Ay(G); C.o = xr(C)p for any central C € Uy(g)},

where x(C) denotes the eigenvalue of the central element C' € U,(g) on the irre-
ducible representation V(). From this, we see that a nonzero element ¢ € A,(G)
is a zonal spherical function associated with V' (A) if and only if

(1) 4.0 =p.t; =0, and

(2) C.p = xA(C)p for any central element C' € U,(g).

Summarizing these remarks, we have
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Proposition 4.6. The subalgebra H = A,(K\G/K) of t,-biinvariant elements in
Ay (GQ) has the simultaneous eigenspace decomposition H = EBAer H(N) under the
action of the center of Uy(g). Furthermore, the simultaneous eigenspace H(A) is
one-dimensional for each A € Pe+~

For the description of the zonal spherical functions ¢, we consider their “restric-
tion” |7 to the diagonal subgroup T = (K*)" of the quantum group GL,(N). Re-
call that the quantum general linear group GL,(N) “contains” the N-dimensional

algebraic torus T = (K*)" on its diagonal. Let z = (21, ,2x) be the canonical
coordinates of T; the coordinate ring A(T) is the K-algebra of Laurent polynomials
K[zt = K[z; %!, - -+, 2xT!]. Then there exists a unique Hopf algebra homomor-

phism ¢ — @|r : Ai(G) — A(T) such that ¢;;|t = d;;2; for 1 <i,5 < N.
The restriction of £;-biinvariant “functions” on GL4 (V) to the diagonal subgroup
T is described by the composition of K-algebra homomorphisms

(4.20) H = A (K\G/K) — Ay(G) — A(T).

Theorem 4.7. The restriction mapping H = Aq(K\G/K) — A(T) is an injec-
tive K-algebra homomorphism; hence, H is a commutative K-subalgebra of A4(G).
Furthermore the image H|r of H is given by

(4.21)
Case (SO): H|r =K[z?,--- 72’n2]6" (21 2) 7]
Case (Sp): Hlr =Klz122, -, 22n-122) " [(2122 - - 220) V).

The proof of Theorem 4.7 will be given in Section 4.5. Theorem 4.7 for Case
(SO) is stated also in [UT].

4.8. Eg-invariant matriz elements. In order to investigate the invariant rings
Ay(G/K) and A,(K\G/K), we study the £,-invariance of matrix elements of irre-
ducible representations V(). For this purpose, we will make use of the unitariz-
ability of A,(G)-comodules, with respect to the Hopf *-algebra structure of A,(G)
explained in Section 1.4. In our setting K = Q(q), we take the conjugation on K to
be the identity mapping, which means that ¢ is “real”.

Let M be an arbitrary finite dimensional right A,(G)-comodule M, and pg :
M — M ®k A4(G) its right coaction. We use the subscript G for the coaction to
remember that this structure corresponds to a group representation. It is known
that there exists a nondegenerate hermitian form ( , ) : M x M — K, conjugate
linear in the first argument, which is invariant with respect to the quantum unitary
group Uy(N) in the sense

(4.22) (pa(u), pa(v)) = (u,v).1 for any w,v € M.

Here, we use the same notation (, ) to refer to the hermitian form (M @k A,(G)) x
(M ®x Aq(G)) — A4(G), naturally defined on M ®x Aq(G); namely,

(4.23) (u®p,v¢P) = (u,0)e"P € A¢(G),
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for u,v € M and ¢, 9 € A,(G). Furthermore, (, ) can be chosen so that it should
be positive definite when ¢ is specialized to a real number with |¢| # 0, 1; then one
has (u,w) # 0 for any nonzero vector u € M. As to the left U,(g)-module structure
of M, the Uy(N)-invariance of ( , ) implies

(4.24) (u,a.v) = (a*u,v) for u,v € M and a € Uy(g),

under the x-operation of Uy(g) (see Section 1.4). Note that, if M is irreducible, a
Uq(V)-invariant hermitian form is determined uniquely up to a scalar multiple.

Fixing a hermitian form on M as above, we define the matrix element ¢as(u, v) €
Ay(G) of M associated with a pair (u,v) of elements in M by

(4.25) oum(u,v) = (u, pa(v)) € A4(G).

By the U, (IV)-invariance of the hermitian form, one can easily show

Lemma 4.8. (1) ¢p(v,u) = 7(dpnr(u,v)) for all u,v € M.
(2) a.ppr(u,v) = opr(u,av) and dpr(u,v).a = ¢pr(a*.u,v) for all u,v € M and
a € Uylg).

When M = V(X) (A € Pt), we will write ¢r(u,v) = ¢y r)(u,v) for short.
Denoting V(A)° the right U,(g)-module obtained from V()\), we can regard the
hermitian form ( , ) as a K-bilinear form V(A)° x V(A\) — K. Accordingly, the
mapping (u,v) — ¢x(u,v) give rise to a Uy(g)-bimodule homomorphism

(4.26) or: VOV 9 V) = 4,(G),

and its image coincide with the subspace W (\) of matrix elements of A,(G). This
gives a description of the isomorphism V/()\)° @ V(\) = W(\).

We fix a highest weight vector u(A) in V(). We now assume that A € P, and
denote by w(A) the €,-fixed vector in V(\) normalized so that the highest weight
component of w(\) should give u(A); this normalization makes sense by Lemma
3.2. Recalling that ¢, = €,(a) implies &,* = £,(a™'), we also take the &,"-fixed
vector w*(A) in V(A) such that w*(A)x = u(X). By using these vectors, we define
the matrix elements @o(A) and ¢(A) by

(4.27) Po(A)

Il
<
>
—~

Q

>
e

S
—~

>
N
~
~

g
—~

>
~
=
>
=

Lemma 4.9. Let A = Zivzl Aiex be an element of Py".
(1) The matriz element o () gives a highest weight vector of the right U, (g)-module
W (A)e,. Furthermore, its restriction to the diagonal subgroup T is given by

(4.28) wo(N)|T = 2 = 217 -+ 2.
(2) The matriz element @(X) gives a t;-biinvariant element in W(X), i.e., (A\) €

H(X). Furthermore, its restriction to the diagonal subgroup T is a homogeneous
polynomial in the form

(4.29) e\ = 2> + mezﬂ (ax, € K),
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where < denotes the dominance order of weights in P.

Proof. From Lemma 4.8, it follows directly that () is a highest weight vector of
W (A)e, and that p()) is a €,-biinvariant element in W(X). Setting ug = u()), take
a basis {ug, u1, -, um } for V(N), consisting of weight vectors u; of weight w9 so
that u(® = \. Note that (ug,u;) =0 for j = 1,--- ,m. Write the vectors w()\) and
w*(\) in the form

(4.30) —U0+Z LG
w* —U0+Z du],

where ¢;j,d; € K. Note that the restriction of po(\) and ¢(A) to T can be written
as follows by using the coaction pr: V(A) — V(\) @k A(T) :

g

(4.31) Po(A)

(4.32) (u(A), u(A)po ()| = ZTZO%(U(A),UDZ“ = (u(N), u(N))= .
Similarly, we have

(4.33)
(), u)eNlr = D7 et (), u) 2"

as desired. 0O

For the proof of Theorem 4.3 and Theorem 4.7, we need to determine the explicit
form of ¢o()\) and ¢()) for the fundamental weights A in P,". Let 1 < i1 < is <
+<ip < Nand 1 < j; < ja2 < -+ < jr <N be two increasing sequence of
indices of length r (1 < r < N). Then we denote by girir the quantum minor

JiJr
determinant of the matrix T' = (t;;)1<i,j<n, With row indices 41, - - - , %, and column
indices j1, -+, Jr:
11 iy f(w) 4 ot )
(4-34) 31 e ZMGG tlwu)htlw(zmz tlw(r)Jr-
.o . o . S T .
When (iy,i2, - ,i,) = (1,2,---,7), we write {j;,..;, = & 7 for short. It is

known that the fundamental representation V/(A,.) = A} (V) has a Uy(N)-invariant
hermitian form such that the basis {v;, A--- Avj, }1<ji<...<j.<n is an orthonormal
basis (see [NYM]). Under this hermitian form, we have

(435) 5]1 ;: - (bA (Ull A Vi, s Ujy ARERNAS ’UjT)u

fori; < --- <, and j; < -+ < jp.
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Lemma 4.10.A. In Case (SO), the matriz elements o(2A,) and p(2A,) are de-
termined as follows:

(4.36)

2 —1 —1
(jrojr)ay - a.ag, - ay,,

Po(2Ar) = Zj1<~~<jr

_ irip 2, —1 -1
V(2A,) = Zi1<'~<ir;j1<~'<jr(é.jl"'j:) @iy v Gy, gy = G

Furthermore, for any £ € Z, we have @o({A,) = ¢(£A,) = det,(T)".

Proof. 1t is directly checked that the £,-fixed vector w, of Lemma 3.3.A lies in
the U, (g)-submodule of A (V) @k A, (V), generated by the highest weight vector
VA AU, @UiA- - -Avp. In fact, each summand vg, A- - - Avg, QUi, A+ - - Avg, of w, is
obtained from vy A- - - Av,.®u1 A- - - Av, by applying the elements fj2 (1<j<n-1)
repeatedly. Hence, we can compute the matrix elements ¢g(2A,) and ¢(2A,) by
means of the €,-fixed vector in A\ (V) @x A (V). Setting u(2A,) =vi A+ Av, ®
vy A - A v, we have

(4.37)
w(2A,) = a;t - a  w,

-1 -1
—E Vi, N ANV QUg, Ao+ ANV ay  ---Q,. Qf, " Q
ky<o-<k k1 Ky k1 kr r Wk )

-1 -1
w*(2A,) = Zk1<...<mvk1 N Nk, @ Uy A AUk, @1 -+ Gry -Gy
This implies

(4.38)
a1 arpc(w(24;)) = pa(w;)

— Vie Avv - AU;. QUi A AVs
Zi1<"'<ir;jl<"'<jr “ br J1 Jr

DD i o 7 SRR
Hence, under the induced hermitian form on A} (V) @k A (V), we compute

2 -1 -1
(é-k?l'”kT) al ...a”r‘ ak?l ...akT7

(4.39) o, (u(2An),w(2A,) = >

k1 <--<kp
and
(4.40) pan, (W (2A), w(2A,))

B i1in\2 —1 —1

- Zi1<-..<ir;j1<-..<jr (&g ) s, e ag, - aj,

The last statement of Lemma is clear since V' (¢A,,) is one dimensional and its matrix
element is given by det, (7). O
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Lemma 4.10.B. In Case (Sp), the matriz elements @o(Aayr) and p(Ao,) are de-
termined as follows:

(4.41)
_ —1

—1
po(Aar) = Vs o <SR L2 2012000 Ay e
— T

SD(A2T) - Zlﬁil<---<iTSn;1§j1<“'<jrSn
Furthermore, for any £ € Z, we have @o(fA2,) = p(fA2,) = dety (T)".
Proof. As to /\zr(V), we can take

(4.42)
U(A2T> = V1 /\1)2 A "'/\’027«,

241 —1,291,-+,21,,—1,24,, —1 -1 _ .
Eojy 1250, 25— 1,24, By "7 g, Ay

e

w(Ag) = afl . -ar_lwr

-1
= g V2ky—1 N V2y N+ AV, —1 A U2k, Q1 ~ -+ - Q. "Gy - - Ak,
1<ky < -<kp<n
* _1
w*(Agy) = E Vaky —1 A Vaky Ao Aok, —1 A U2k, @1+~ Qray -Gy
1<ky < <kp<n
Then we have
(4.43)
a1 - arpc(w(Ae)) = pa(wy)

- U; /\'Ui /\"'/\’Ui
Zi1<i2<---<i2r ! 2 2

¢ ZK’fl<---<kr<n§;}€1131';51;1 " ok 1,20, Gy Oy
With the vectors in (4.42), we can easily see that the elements ¢n,, (u(Azy), w(A2.))
and ¢p,, (w*(Ag,), w(Az.)) are written in the form (4.41). O

4.4. Proof of Theorem 4.3. We now prove that the quadratic elements z;; (1 <
i,j7 < N) and det,(T)*! generate the invariant ring 4,(G/K). For this purpose,
we look at the highest weight vectors in A,(G/K). Consider the subalgebra

(4.44) A,(N\G/K) = {¢ € A(G/K); pn, = 0}
of highest weight vectors in A4(G/K), where n, denotes the coideal of U,(g) spanned
by L;; (i < j), corresponding to the nilpotent Lie subalgebra of lower triangular

matrices. By the irreducible decomposition of Proposition 4.1, we see that the
matrix elements po(A) (A € P;H) form a K-basis for 4,(N\G/K):

(4.45) A,(N\G/E) =@, Kpo(N).

Then by Lemma 4.9.(1), we see that this algebra is isomorphic to the following
subalgebra of A(T) = K[z*!], through the restriction mapping A,(N\G/K) —
A(T):

(4.46) A(N\G/K)lr =P, Kz

XeP;

XePt

This implies:

(4.47)
Case (SO): A, (N\G/K)|p = K[z21 2202 .. p2hn—n 8
Case (Sp): Aq(N\G/K)|r = K[ZA2,ZA4, ces ,ZAZ“L*U , ziA2"].

Hence we have
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Lemma 4.11. The algebra A,;(N\G/K) is a commutative K-algebra generated by
the following matriz elements:

Case (Sp): po(Agy) (1 <7 <n—1), det,(T)*.

(4.48) Case (SO): ¢o(2A,) (1 <7 <n—1), det,(T)*,

Note that the algebra A,(G/K) is generated by the subalgebra A,(N\G/K)
as a right U,(g)-module. Hence, in order to prove that the quadratic elements
7 (1 <4,7 < N) and det,(T)*! generate the algebra A,(G/K), we have only to
show that the generators of A;(N\G/K) above are actually contained in the algebra
K[z;; (1 <id,5 < N),det,(T)*%]. It should be noted that the quadratic elements
x;; arise from the coaction of A4(G) at the €,-invariant element wy € V ®@x V of
Proposition 2.3:

(449) pg(w(]) = Zlgi,jSNvi ® Uj ® Zlgk,@gNtikaetje
= Zl<i j<Nvi ® Yi ® Tig

Case (SO): We show that the matrix elements ¢g(2A,) (1 < r < n) are contained in
the subalgebra Klz;; (1 <i,j <n)] of A4,(G/K). We make use of the intertwining

operators ® : (Vg V)®" = VO @ Ve and ¥ : (Vex V)" — AL(V)ox A (V)
as in the proof of Lemma 3.3.A. We take the following matrix representation of ®:

(450) P(ViQVY ® - QV,QVp)=VIQ - QV, @V & QVpDip1ripr,
where
(4.51) P = Ry Ry e Ry R RS

Then we have

(4.52)
(v, ®vj;, @+ @i, ®vj,)

— K o1 Ve
n Z#1<~~~<,&Lr;v1<---<urvul A A Our ® Uy A /\U”T\Ijh“' Gr3J1egr 0
where the matrix coefficients of ¥ are given by

(453) N LS R . Z . (_q)é(a)-l-f(r)q)?lo(l)"'”_ff(r)wf(l)”'”_"'(ﬂ .
0-77— r

ivinigiede 2 g e VDT P L R

Since ¥ is a homomorphism of right A,(G)-comodules, the equality ¥(w;%") =
[7]g2'w, in (3.26) implies

(4.54) (e (wd™)) = [rlgpcw,).
As the right-hand side is already given in (4.38), we now compute the left-hand
side of (4.54) explicitly. From pg(ws) =32, ;v ® v; ® x5, we have

(455)  pa(w,®) ="

o Vi @V @ QU QU @ Tyt Ty
[ARRIE N SUSIE I8
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Hence we have
(4.56)
Rryy . c.
Vlpa(w;") = Zu1<~»<ur;u1<---<wv”1 Ao AU @V e Ay

ED DI Lo ot e ST
by (4.52). Comparing this formula with (4.38), we obtain
(4.57) [r]g2 !ZM_% (v Pap, - a.

3 ~~~ir;j1---JT‘rEi1j1 o Lige
which gives an expression of ¢o(2A,) in terms of z;; (1 <4,j < n). This completes
the proof of Theorem 4.3 for Case (SO).

(AR ELERL ALY FRELERY I8

Case (Sp): We show that the matrix elements pg(A2,) (1 < r < n) are contained
in the subalgebra Kz;; (1 <1i,j < 2n)] of A;(G/K). With the notation of Lemma
3.3.B, we consider the £,-fixed vector w, in A (V). From (4.49), we obtain

(458) pG(wl) = Zl<i<j<2nvi A Vj ® Lij-

Since the coaction pg : A, (V) — A,(V) ®k A4(G) is an algebra homomorphism,
we have

(459)  pa(un™) =

i1 <o i, Vi N O A A Vi NG @ Ty Ty
On the other hand, we know that w{" = [r],!w,; hence equality (4.59) gives a
formula for [r],4!pe(w,). Comparing this with (4.43), we have

(4.60)

[l o, Ekim12b e b L2k, Gy G,
(<ol

— _g)tw) .

- Zw€62T:w(1)<w(2);m ;w(27"71)<w(2r)( q) Tw()w(2) Tw(@r—1)w(2r)-
This gives the expression of pg(Asg,) in terms of x;; (1 <4,j < 2n). This completes
the proof of Theorem 4.3 for Case (Sp).

Remark 4.12. In Case (Sp), (4.60) contains the following formula for the quantum
determinant dety(7T'):

(4.61)
[n]galdety(T)ay - - - ap
= —g)tw) .
Z'UUEGzn:’Uu(l)<w(2);"';w(2n—l)<w(2n)( q) Tw(yw(2) Tw(2n—1)w(2n);
which can be regarded as the “quantum Pfaffian” of the g-skew-symmetric matrix
X =TJT". In Case (SO), (4.57) implies a formula representing the square det,(7")?
of the quantum determinant in terms of the matrix elements of X = T'JT*. We do

not know, however, whether (4.57) reduces to a simple formula, even in the case
when r = n.
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4.5. Proof of Theorem 4.7. By Lemma 4.9.(2), we see that the zonal spherical
functions ¢(A) (A € P;") form a K-basis of the subalgebra H = A,(K\G/K) of &,
biinvariant elements. Furthermore, the restriction of ¢(A) to the diagonal subgroup
T has the leading term z* under the lexicographic order of the monomials in A(T) =
K[z*!]. This shows that the restriction mapping H = A,(K\G/K) — A(T) is
injective.

From Lemma 4.10.A, it follows that

(4.62.a) ©2A) | =ep (23, ,22) (1<r<n)

in Case (SO). Here we denoted by e,(x1, - - - , ;) the elementary symmetric function
of degree r in the variables (x1,--- ,x,). Similarly, from Lemma 4.10.B it follows
that

(4.62.b) O(A2r)lr = er(2122,+ , 22n—1220) (1 <7 <),

in Case (Sp). Note also that
(4.63) O(UAN)|r = dety(T) |t = (2122 ---2n)" (L€ Z),

in each case. Hence the statement concerning the image H|r in Theorem 4.7 is
equivalent to the following lemma.
Lemma 4.13. The algebra H = A (K\G/K) of &,-biinvariants is generated by
the following matriz elements:
(4.64) Case (SO): @(2A,) (1 <7 <n—1), det,(T)*

Case (Sp):  p(Ag,) (1 <7 <n—1), dety(T)*

Proof. Recall that the “coordinate ring” A,(Mat(N)) of the quantum matrix space
Mat, (N) has the following irreducible decomposition as a U, (g)-bimodule:

(4.65) A,(Mat(N)) = P W(\),
where L = {A € P;(\ex) > 0 (1 < r < N)} denotes the first quadrant of the

weight lattice P. Let us denote by H>o = Ay(K\Mat(NN)/K) the the subalgebra
of all ¢,-biinvariants in A;(Mat(N)). Then from the decomposition (4.65) we have

(4.66) Hoo =D, ., Ko

AeP+tNL

just as in the case of H. It is clear that
(4.67) o(N)dety(T)" = p(A+LAy) forany A€ P, (€ Z.
Hence we have only to prove that H>¢ is generated by the following matrix elements:

(4.68) Case (SO): ¢(2A,) (1 <r <n-—1), dety(T),
Case (Sp):  p(Agr) (1 <r < n).
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Recall that any A € Pe+ N L can be written in the form

4 Case (S0): A=S"""'2m,A, + (A
(4.69) ase (SO): A= Zr:1 my Ay + LA,
Case (Sp): A= Znﬂmr/\zr

for some m, € N (1 <r <n)and ¢ € N. In view of (4.69), we define the element
@(A) in H>o by

(4.70) Case (SO): B(A) = @(2A1)™ -+ p(2A,_1) ™1 p(A,)*
Case (Sp):  @(A) = ¢(A2)™" -+ p(A2p) ™.

Note that, under the lexicographic order =< of L, the polynomials ¢(X\)|r and @(\)|r
in K[z] have the common leading term z*. From this fact, one can easily show that
H>o is generated by the elements in (4.68), by the induction with respect to the
well-ordering < of L. If ¢ is a nonzero elements in H>o, its restriction ¢|r has
the leading term cz* for some p € P;" N L and ¢ € K by (4.66). By the induction
hypothesis, the element ¥ = ¢ — ¢p(n) is expressed as a linear combination of
elements in (4.70), since ¢ has the leading exponent strictly less than u under <.
Hence ¢ = 1 + cp(p) also lies in the subalgebra of Hx>( generated by the elements
in (4.68). O

This completes the proof of Theorem 4.7.

Remark 4.14. As we have seen in the proof of Lemma 4.13, we have
G’Vl
(4.71.b) @/\epjﬂLch()\)h = K[o122, - , 2201220
in Case (Sp). In Case (SO), we have
— 2 “e 2 G"
(4.71.a) EBAEPJMLK“’(’\”T =Klzy -, 2,

To show (4.71.a), we have to prove that, if A € P," N2L, then p(\)|r belongs to the
algebra K[z7---,22]. If A € ;" N 2L, we can set { = 2m,, in (4.69) and we have

(4.72) Po(A) = o (281)™ - - - o (2A5)™"

By Lemma 4.10.A, it is clear that, in the weight decomposition of pg(2A,.), nonzero
components occurs only for the weights in 2L, for any 1 < r < n. Accordingly,
©o(A) also has the same property by (4.72). In view of (4.33), we conclude that
©(N)|r lies in K[2% -, 22] as desired.

e n

§5. Macdonald’s symmetric polynomials as zonal spherical functions.

In this section we investigate the restriction of the zonal spherical functions
©(A) (A € P;") to the diagonal subgroup T of GL4(N). They are expressed by
Macdonald’s symmetric polynomials P,(x;¢,t) in n variables with a special value
of (g,t). This result will be established by computing the radial component of a
central element of Uy(g).
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5.1. Macdonald’s symmetric polynomials. We begin with a recall on Macdonald’s
symmetric polynomials ([M2, M3]). Macdonald’s symmetric polynomials P,(x;q,t) =]
P,(x1, -+ ,ZTn;q,t) are a family of symmetric polynomials in Q(g,t)[z1,- -, Zx],
homogeneous of degree Y ,_, px, parametrized by partitions u = (p1,- -+, ftn) €
N" (@1 > -+ > pn > 0). Among many characterizations of P,(x;q,t), we recall
now the following two properties.

i) For each 1, the polynomial P,(x;¢,t) has an expression

(5.1) Pu(r3q,t) = my(2) + ) cumu(@) (G € Q4,1)),

v<p

where m,, () stands for the monomial symmetric function of monomial type p and
the symbol < denotes the dominance order of partitions.
ii) For each u, P,(x;q,t) satisfies the ¢-difference equation

n

- A('rlv"'vtxka"'vxn) n—
52 > NS Ty Puw;q,t) = (1" *¢" ) Pu(ws 4, 1),
k=1 ’ > k=1

where A(xq,- - ,x,) stands for the difference product

(5.3) Ay, &p) = H (xj — x;)

1<i<j<n

and A(zq, -+ ,txg, -+ ,x,) for Az, -+, x,) with zy replaced by txg. The symbol
T,,z, denotes the g-shift operator in x; defined by

(54) (Tq,xkf)(xlv T ,:En) = f(xlv QT 7xn)'

We remark that property i) implies that the symmetric polynomials P, (z;¢,t)
form a Q(g, t)-basis for the algebra Q(q,t)[x]®", as p runs over the set of all parti-
tions in N™. This means that the g-difference operator in the left-hand side of (5.2)
is diagonalizable on Q(q,t)[x]®" and that its eigenspaces are all one-dimensional.
Note that the coefficients of the g-difference operator are also written in the form

(5.5) A 1) =

Axy, - T, Xn) H tey — xj
1<j<niizk TF T

Returning to the setting of Section 4, we consider the zonal spherical function
¢(\) associated with the representation V(\) (A € P). For the description of
©(A) |1, we use the following parametrization of A by partitions pu:

(5.6) Case (SO): A=Y 2puke + LAy,
k=1
Case (Sp): A= Z,uk(EQkfl + €ar) + LA,
k=1

where p = (u1,-- -, ftn) stands for a partition in N and ¢ € Z.



32 MASATOSHI NOUMI

Theorem 5.1. For each A € P;', the restriction of the zonal spherical function
©(A) to the diagonal subgroup T is expressed in terms of Macdonald’s symmetric
polynomial P,. To be more precise, we have

(5.7)

Case (SO) <P()\)|T = P,U‘(Zfa e 7Z'r27,a q4a qz)(zl o 'Zn)lv

Case (Sp): (N[t = Pu(z122, -+ , 22012205 7, q4)(2122 o 'Z2n)€7
under the parametrization of A as in (5.6).

For the identification of ¢(A)|r with Macdonald’s symmetric polynomial P,,, we
will show that ¢(\)|r satisfies a g-difference equation corresponding to (5.2). Such
a g-difference equation arises as the radial component of a central element of Uy (g).

5.2. Radial component of a central element in Uy(g). Let C be a central element
of Uy(g). Then its action on A,(G) preserves the subalgebra H = A,(K\G/K).
Hence, the action of C' on H induces a K-linear operator on its image H|r by
the restriction H — A(T). This operator acting on H|r will be called the radial
component of C' and denoted by C|r. Note that, since C' is central, the two actions
of C' on A4(G), one from the left and the other from the right, eventually coincide.

In what follows, we define the elements x1,--- ,x, in A(T) = K[z*1] by
(5.8) Case (SO): @1 = 27, &y = 22,
Case (Sp): @1 = 2122, , Tn = Z2n—122n-

With these elements, the image H|r is written as

(5.9) Case (SO): Hlr = Klz1, -, 2,]%" (21 2) Y],
Case (Sp): Hlr =K[z1, -, 2, [(21 - 2) 1.

We now recall on the central elements C, (r = 1,2,---) of U,(g) proposed by
[RTF]. They are defined as

(5.10) C, = trg(L*S(L7))"),

where we use the notation of g-trace

N
(5.11) try(A4) = Z PN g
k=1

for a matrix A = (ai;)1<sj<n in Endx (V) @k Uy(g). Note that the central element
(1 takes the form

(5.12) Ci= Y N ILES(Ly).
1<i,j<N

Its eigenvalue on the irreducible representation V' (\) is given by

N N
(5.13) xA(C1) = Z g2l — Z PORFN=R),
k=1 k=1

where p = Zgzl(N — k)eg.
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Theorem 5.2. On the subalgebra K[z, - -+, 2,]%" of H|r, the radial component of
the central element C1 € Uy(g) above is given by the following q-difference operator
D1 N

(5.14)

= Awla"'an:Eka"'u:En
Case (SO): D; = Z ( Arr, ) )Tq47mk=
k=1 Y N

n AI,-..7 4:1:‘ ,-..7xn
Cuse (Sp): Ds = (L)Y S b g,
kzl Y ) n

It is easy to show that Theorem 5.2 implies Theorem 5.1. From (4.67), it is clear
that

(5.15) A+ LAN)|r = o(N)|r (21 2n)"

for any ¢ € Z. Hence, we may assume that £ = 0 in the parametrization of (5.6).
When ¢ = 0, the restriction ¢(X)|r lies in the algebra K[z, - - - , x,,] as we mentioned
in Remark 4.14. Note also that, under the parametrization of (5.6), the eigenvalue
XA (C1) is written as

(5.16) Case (SO): xa(Ch) = Z(f n— k)q4ﬂk7
k=1
Case (Sp): xa(C1) = (1 + %) Zq4(n B) g2

Since @(A) satisfies the equation (C; — xA(C1))p(A) = 0, its restriction @(A)|p
satisfies the g-difference equation

(5.17) (D1 = xa(C1)p(A)|r = 0.

By Theorem 5.2 and (5.16), we see that (5.17) gives rise to the ¢-difference equation
(5.2) with (g, t) replaced by (¢*, ¢?) in Case (SO), and by (¢2, ¢*) in Case (Sp). This
g-difference equation determines ¢(A) up to a scalar multiple since the mapping
1 — xa(Cy) is still injective after the specialization of (¢,t). Noting that ¢(\)|r and
the corresponding P, has the common leading term 2* = 2#, we obtain Theorem
5.1 for the case where ¢ = 0.

We remark that this argument is also valid in the setting where K = C and ¢
is a real number with |¢| # 0, 1, as the partitions u are separated by the values of

xA(Ch).

5.3. How to compute the radial component C|r. Before the proof of Theorem
5.2, we explain how we are going to compute the radial component C|t of a central
element C' of Uy(g). Our method is based on the duality between A,(G) and Uy,(g);
its spirit is the same as that of Koornwinder [K2].

Recall that there exists a pairing of Hopf algebras ( , ) : Uy(g) x A4(G) —
K between A,(G) and U,(g) (see Section 1.3). This pairing induces a K-linear
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mapping ¢ — (-, ) from A,(G) to Uy(g)Y = Homg(U,(g),K). As to the U,(g)-
bimodule structure of A,(G), we can easily show by the definition (1.18) that

(5.18) (¢, a.0.b) = (bea, )

for all a,b,c € Uy(g) and ¢ € Ay(G). This means that the natural mapping
Ay(G) — Uy(g)Y is a homomorphism of U,(g)-bimodules. Hence, we see that
A (G) — Uy(g)Y is actually injective. If its kernel is nontrivial, the irreducible
decomposition (1.23) implies that the kernel contains some irreducible component
W (A); this leads to a contradiction since the pairing U,(g) x W(A) — K cannot be
trivial for any A € PT.

We now consider the subalgebra H = A,(K\G/K) of A,(G). From (5.18), it
is immediately seen that an element ¢ € A4(G) is €;-biinvariant if and only if it
satisfies

(5.19) (Ug(9)tg, ) =0 and (E,Uq(g), ) = 0.
This implies that there exists a commutative diagram
Ay(K\G/K) — 4(G)

(5.20) | |
(Uqg(9)/Uq(9)tq +8,U4(0)Y — Uyl(g)Y,

where the four arrows are all injective. It should be noted here that the left action
of a central element C € Uy(g) on H = A,(K\G/K) corresponds by duality to the
K-endmorphism of the quotient space Uy(g)/U,(9)¢, + €,U,(g) induced from the
right multiplication by C in U,(g).

The next step is to take the restriction mapping A,(K\G/K) — A(T) into the
duality argument. In what follows, we denote by Uy (t) the commutative subalgebra
K[g"(h € P*)] of U,(g), regarding it as the quantum analogue of the Lie algebra
t of the diagonal subgroup T. Then the pairing ( , ) between Uy(g) and A4(G)
induces a nondegenerate pairing between the subalgebra Uy(t) and the quotient
algebra A(T). For symmetry, we also use the notation ¢, = ¢ for 1 < k < N and
set (M = §1<h’51> e Q(zh’é"> for any h € P*. With this notation, the pairing between
U,(t) = K[¢F!] and A(T) = K[z*1] is described by

(5.21) (¢l 2N = ¢V (he P*, X e P).
Then the diagram (5.20) is complemented as follows:

Aq(K\G/K) - Aq(G)

(5.22) l l
(Uqg(9)/Uqg(9)tq +8,Uy(9))" ——— Uy(g)Y ——— Uy(t)”.

Hence we have the commutative diagram

2
=

Aq(K\G/K) —— A(T)
(5.23) l

(Uq(9)/Uq(9)tg + £,Uy(0)" —— Uy(t)Y,
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where the arrow (U,(g)/U,(9)8, + €,Uq(g))Y — U,(t)Y is the transposition of the
natural K-linear mapping Uy (t) — Uq(g)/Uq(9)8q + €,U,(g) which represents the
“modulo reduction” of an element of Uy (t) by the subspace U,(g)¢, + €,Uq4(g).

The pairing (5.21) between the two algebras of Laurent polynomials K[¢*!] and
K[2*!] induces the “multiplicative Fourier transform” between g¢-difference oper-
ators acting on them. We denote by K[Cil;Tq:_tgl] the K-algebra of g-difference
operators in the form of finite sum '

(5.24) QG Te) = > an(QTy  (aa(¢) € K[¢F),

AEP

where T, = T;:Zl : ~-T;:JCVN. Similarly we denote by K[z*';T!] the algebra of
g-difference operators in the variable z = (z1,- -+, 2n). Between these two algebras

of g-difference operators, there exists a unique anti-isomorphism of K-algebras

(5.25) Q— Q: K[C* T — K[+ T
such that
(5.26) Co =Ty Tyeo =2 (1<k<N).

We will call Q = @(z, Ty.») the Fourier transform of Q = Q(¢;Ty.¢). It is easy to
see that

(5.27) (Q(C: Te) F(0), 9(2)) = (£(C), Q25 Ty,2)g(2)),

for any f(¢) € K[¢*1] and g(z) € K[zF1].
We are now ready to formulate our method to compute the radial component
C|t of a central element of C' € U,(g).

Proposition 5.3. Let C be an element of Uy(g) such that €,C C Uy(g)ty. Then
the left action of C on A4(G) preserves the subalgebra H = A(K\G/K) of &,-
biinvariants. Suppose that there exist a nonzero Laurent polynomial a(z) € K[zF!]
and a g-difference operator Q(¢; Ty ¢) € K[Qil;quzl] such that

(5.28) (a(To,c)f)C =Q(¢GToc)f  mod Uy(g)ty + €Uy(9)

for any Laurent polynomial f = f(C) in U,(t) = K[¢*']. Then the radial component
C|r : H|r — Hl|r is given by the Fourier transform a(z)~1Q(z;T,.). Namely, one
has

(5.29) (Cp)lr = al2) 7' Q2 Ty, ) (¢lr),

for any p € H.

Proof. Tt is clear that the left action of C preserves H. Note also that the right
multiplication by C in U,(g) preserves the subspace Uy(g)t, + £,U,(g). Let ¢ be
an element of H. Then, for any element f = f(¢) in Uy(t) = K[¢*!], we have

(5.30) (f;a(2)(C.p)lr) = (a(T4,0) [, C-p) = (a(Ty4,0) (€))C, )

~

= (Q(G Ty f ) = (f, Q2 Ty,2)(9lr)).-
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This shows that

(5.31) a(2)(C.olr) = Q(z; Ty2) ()

as desired. O

The computation of the radial component C|r is thus translated to the practical
problem how to describe the reduction of elements in U,(t)C' modulo U,(g)t, +
t,U,(g), in terms of g-difference operators on U,(t) = K[¢F!].

5.4. A recurrence formula related to Macdonald’s q-difference operator. Our
computation of the radial component of C; will be carried out by using a recurrence
formula for the “symbol”

B 7
(5.32) 25k xl’ otk 2n)

I “ e I
1<k<n L0 Tn)

of the g-difference operator in the left-hand side of (5.2). We introduce a family of

rational functions Fj; = Fj;(z,&t) € Qt,z)[¢] (1 <i<j<n)inz = (z1,---,Zpn)
and £ = (&1, -+ ,&,). They are defined by the recurrence relations
(5.33)
) F=¢& (1<j<n),
.. 1-—
ii) Fij:ﬁ{ Z Fy — Z TRT; 'Fej} (i<i<j<n).
Lil;

1<k<y i<k<j

Lemma 5.4. The rational functions F;; = F;;(xz,&;t) defined above have the ex-
plicit formulas

- LETj (xlu ST, - - 7:Ej)
(5.34) Fij(x, &) = 79 (1 —¢) &
J l;J (teg — x;) (ter — ) Az, -+, x5)

for 1 <i < j<mn. Furthermore, one has

x,.. ,t$7...,xn
(5.35) S TR s = Y G—— b ).

I “ . I
1<i<j<n 1<k<n Lo Tn)

In order to clarify the structure behind these formulas, we consider the upper
unitriangular n x n matrix A(t) defined by

(5.36) A= > e+ 1=t D ey

1<j<n 1<i<j<n

We remark that the inverse of A(t) is given by

(5.37) A= D e (=t Y ey

1<j<n 1<i<j<n
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With this matrix A(t), we set A(x;t) = A(t)diag(x1,- - ,x,). Then the recurrence
relations in (5.33) is equivalent to the commutativity

(5.38) [A(z;t), F(x,§4)] =0

for the matrix F(x,&;t) = (Fi;(x,&;t))1<i,j<n defined by setting F;;(z, §;t) = 0 for
t > j. In other words, all the upper triangular matrices that commute with A(x;t)
are parametrized by their diagonal entries £ = (&1, ,&,) and the other entries
are explicitly determined by (5.34). We remark that the matrix A(t) arise as the
“diagonal” part of an R-matrix as we will see later.

A proof of Lemma 5.4 is given by diagonalizing the matrix A(z;t). It is clear
that there exists a unique upper unitriangular matrix G(z; ) such that

(5.39) A(z; t)G(z;t) = G(a;t)diag(xy, - -+, xy).
With the matrix G(x;t), F(z,&;t) is realized as
(5.40) F(z,&t) = G(zst)diag(€r, -+, &) Glat) "

Lemma 5.5. (1) The entries of the matrices G(z;t) = (G;"j(x;t))lgingn and

G(z;t)™" = (G (w51)1<ij<n are explicitly given by

(1 — t){EjA(LL'i, R ,LL‘j_l,t!Ej)
(i — tw) A, 25)

— 1)$jA(t£L'i, Lid1,y " ,LL‘j)
(tzi — xj) A2, - x5)

+ (. _ 4i—j
(5.41) G (1) = £

Gri(xst) =t (t

]

for1<i<j<n.
(2) For any 1 <i<j<n, one has

- fs(xl SN F I | tx)
42 Y TRG (ast) = e
(5 ) . ) Gk](xﬁ ) A(./L'l, 7:1:]) I
i<k<j
_ ‘_»A(t:vi Lid1,y " :E)
. _ 4i—j ) ) sy g
E :sz(.’li,t) 3 A(.IZ, ,%‘)
i<k<j

Proof. Formula (5.39) is equivalent to the recurrence relations
(5.43) 1=z Gty = (1 —t7Y) > oy Gl (xst)
i<k<j

for ¢ < j with initial condition G;’j = 1. By comparing (5.43) and the formula
obtained from (5.43) replacing ¢ + 1 for ¢, we obtain

1 %41 — txy
(5.44) Gi(ast) =t ———LGF | (ast).

Xr; — Ij
Hence we compute

Hi<k§j T — tx;

b
i<k<j Tk = Tj

+ (e _ 4i—j
(5.45) G (1) = £
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to get (5.41) for ij(:v;t). On the other hand, from A(x;t)~'G(x;t)diag(z) =
G(z;t) we have

(5.46) (@7 'y — DG (st) = (1—1) Y t7FGE (50).
i<k<j

Formula (5.42) for ij (x;t) is an easy consequence of (5.41) and (5.45). The same
method is available to prove formulas for G; (z;t). O

Formulas (5.34) and (5.35) of Lemma 5.4 follows immediately from (5.41) and
(5.42) of Lemma 5.5, respectively.

From the above description (5.40), we also see that the matrix F(z,¢;t) has the
multiplicative property

(547) F(x,1;t) =id, F(z,&t)F(x,n;t) = F(x,&n;t) and F(z,z;t) = A(a;t).

We remark that the formula (5.35) is also related to the Hall-Littlewood polyno-
mials Py (x;t) (0 = 1,2,---) for the Young diagrams of one row. In fact, by the
substitution & = zf (1 <k < n), the right-hand side of (5.35) gives rise to

n A(xl N thk N xn)
5.48 Pp(z:t) = zit L R A ,
( ) (E)( ) ; g A(xlv"' 7'r’n«)

for £ =1,2,--- (see [M1]).

5.5. Proof of Theorem 5.2. We determine the radial component of the central
element C; € Uy(g) in the two cases (SO) and (Sp). Taking an arbitrary h € P*, we
will compute the reduction of the element ¢"C; = ¢"C; modulo U,(g)t, + &,U,(g)
to find an explicit representative of its modulo class in Ugy(t).

In view of (5.12), we begin with looking for relations among the modulo classes
of thjjS (L) For this purpose we use the commutation relations

(5.49) LYS(Ly) R, = R S(L;) L.
Note also that we have
(5.50) LT=H1LYH, S@L7)=H1S(L")H{",

for the constant matrix H = diag(¢/<),--- , ¢{)). By using (5.49) and (5.50),
we compute

(5.51)
"LTS(Ly ) R = "R S(Ly) LT
= R}, H,S(Ly ) Hy \¢" LT
= R}, H,J 'LIJH; '¢"L}
= ¢"R{,* HyJ; " Hy LI Hy ' o Hy 'L}
= "R}, HyJy "Hy LT Hy " JoHy YTy S(Ly ) T
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modulo U,(g)t, + &,U,(g). Hence we have

(5.52) "LTS(Ly) R, L HyJy ' Hy = ¢" Ry, T Hy Jy VHa L S(LT )Y

By applying the matrix Pjs from the right, we have

(5.53) "L} S(Ly) Ry PraJoHyJ7 Hy = ¢"RY, " ProJo Hy JT " HLLT S(Ly)Y.

This means that the constant matrix R = RthQ Py JoHq Jlel “intertwines” the
modulo class of ¢"L{S(Ly)*. From this formula (5.53), we can derive necessary
informations for determining the modulo class of ¢""C}, by extracting its “diagonal
part”.

Let W = @?:1 Ku; be the n-dimensional K-vector space with canonical basis
{u1,--+ ,un}. For each case, we define below two K-linear mappings

(5.54) tw W —=VekV and m : VeV — W.
By using these mapping, we pull back the equality (5.53) by the composition
(5.55) W2 VerV—-Ver V% w

to obtain the statement for n x n matrix Z = mw o (L7 S(L5)*) o sy with entries
in Uy(g). From now on, we treat the two cases (SO) and (Sp), separately.

Case (SO): We define ty and my by

(5.56) wug) =ve vk (1 <k<n), mw(v; Qu;)=du; (1<i,j<n).
Under this definition, the matrix Z = 7w o (L7 S(L;)*) o 1y takes the form
(5.57) Z = (Zigh<ijen, Zij=LES(Ly;) (1<4,5 <n).

Lemma 5.6.A. Set R = Ri‘r2t2P12J2H1J1_1H1. Then we have

(5.58) W o R= qA(q2)diag(q2<h’él>7 e ,q2<h75">) o mTw,

h,€1> 2<h75n>)

Rouw = quw o A(¢?)diag(¢*) -+ ¢
where A(t) is the matriz defined by (5.36).

Lemma 5.6.A is clear from the expression of RBtz Pio:

t L _
(559) RTZ 2P12 = Zeij [ ejiqls” —+ (q —q 1) Z €ij ® €jj.

i i<j

By using (5.58), we obtain the following formula for Z from (5.53):
(5.60)  ¢"ZA@G")50%) = q"AGP"6h) 2 mod Uy(a)t + €Uq(9)-
Here we used the notation

(5.61)  A(g*™;q%) = A(g*)diag(¢* ")), > = (@), @A),
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This means that the modulo classes of thij satisfy the same recurrence relation
as that of Fij(q2<h’é>,§; ¢?) that we discussed in Section 5.4. Note that, as to the
diagonal entries, we have

(5.62) " Zj; = "¢ mod Uy(g)t + £Uq(g),

for 1 < j < n. Taking &; = A(¢*"9)¢%9 (1 < j < n), we conclude inductively that
(5.63) A" Ziy = " Fiy (79, AN g %) (1<i,5 <n),
where ¢%¢ = (¢**,- -+ ,¢*"). In fact, the both sides of (5.63) have the same initial

values for j — i = 0 and satisfy the same recurrence relations for j —¢ > 0. Recall
that

(564) Z q2(n z)LJrS ]Z Z q2(n z)Z

1<4,5<n 1<4,5<n

Hence we obtain the following expression for the modulo class of A(¢?"<)C; by
Lemma 5.4:

(5.65) A(gBe) o genygh oy

n
= Z +25kA 2(h,e1) ... q2q2<h,ek> . q2(h,en)).

In terms of the operators in the variables ¢ = ((1, -+, (), this formula can be
rewritten as

n

(5.66)  A(TZc, Toc )QOC=D G AT P Toe, - Tae, ) Q)

k=1

for any f(¢) € K[¢*!] = U,(t). By Proposition 5.3, we finally get the explicit
formula for the radial component

n
A(ZQ DR q2z2 .. 22)
5.67 Cilr = e
o AP R
as the Fourier transform of (5.66). On the subalgebra K[z1,- -+ ,2,]®" of H, con-
sisting of symmetric polynomials in z1 = 27, ,x, = 22, this reduces to the

g-difference operator

n 2
Ila 7qua"'7xn)
(5.69) =y S iy
=1 ) ybn

in the variables * = (21, -+ ,2,). This completes the proof of Theorem 5.2 for
Case (SO).
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Case (Sp): In Case (Sp), we define the linear mapping ty : W — V @k V by
(5.69) tw (ug) = Vog—1 ® Vog—1 + Vo R vog (1 <k < n),

The linear mapping mw : V ®x V. — W is defined as follows:

(5.70) Tw (Va2k—1 ® Vap—1) = qur, Tw (Var @ var) = ¢ up (1 <k <n)

and 7w (v; @ v;) = 0 for the other pairs (4, j). With these linear mappings, we see
that the entries of the matrix Z = my o LT S(Ly ) oty are given by

(5.71) Zij :qL$—1,2j—1S(L5j—1,2i—1) + qL;i—l,2jS(L;j,2i—l)
+ q_lL;quS(Lz_jq,zi) + q_lL;_inS(LZ_j,Qi)?

for 1 <i,57 < n. We also see that the central element C is rewritten in terms of
Z;; as follows:

(5.72) Ci=gq Z q4("_i)Zij.
1<i,j<n
By a direct computation, one can prove

Lemma 5.6.B. For the matriz R = REt2P12J2H1J1_1H1, we have

(5.73)
mw o R = —¢*A(q")diag(¢" T - glezmorteny o my

h,e1+e2)

Rouw = —q*uw o A(g")diag(q* yoeygienmaten)),

NSetting NE;C = €251 + €2 for 1< k< n, we will use below the notations ¢¢ =
(¢, ,¢°) and g = (q<h751>, e ,q<h>5">). By using (5.73), we obtain the
commutation relation

(5.74) ¢"ZA(q" 54" = " Aa"™95¢") 2 mod Uy(g)t, + U, (g)

from (5.53). As for the diagonal entries of Z, we have

(5.75) ¢"Zj; = d"(ad* > +q ' *¥) = ¢"(a+q " )g”  mod Uy()t,+t,Uy(0),
for 1 < j < n. Hence we have

(5.76) A" Zij = ¢"(a+ a7 )F (", A" )g% 6" (1< g <n),

by a similar inductive argument as in Case (SO). This leads to the following ex-
pression for the modulo class of A(g)C} by (5.72):

(5.77) A(gme) .o gthEghey
= (1 + q2) Z q4(n—i)F‘ij (q(h,a’ A(q<h,g>)q3;q4)
1<i,j<n

=(1+¢? th+€kA(q<h,El>7 o gig ) L g(hEndy,
k=1
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In terms of the operators in the variables ¢ = ({1, - ,(a2n), this formula can be
rewritten as

(5.78) A(Ty, -+, To)f(C)C

(1 + q2) Z CQk*1<2k A(Tlv T 7q4fka e ;Tn)f(C)
k=1

for any f(¢) € K[¢F!] = U,(t), where Ty, = Tycpr Ty.con for 1 < k < n. Hence, by
Proposition 5.3, we get the explicit formula for the radial component

" A cee 0tzo ne129n
(5'79) Cl|’ﬂ‘:(1+q2)z (2122, y 4 22k—1%22k, y Z2n—1%2 )T

4,22k —1
P A(z122,+ , 22n—122n) ’

TILZ%

as the Fourier transform of (5.78). On the subalgebra K[zy,--- ,2z,] C H of sym-
metric polynomials in x1 = 2129, - , &, = 22n,—1%2n, this reduces to the g-difference
operator

n AI,"'74I,"'7xn
(5.80) Dy = (149 AL T,

This completes the proof of Theorem 5.2 for Case (Sp).

§6. Scalar product and orthogonality.

In this section, we will discuss the orthogonality relations for Macdonald’s sym-
metric polynomials P, (x;¢,t) with ¢ = q% or t = g% which are obtained from their
interpretation as zonal spherical functions on quantum homogeneous spaces.

6.1. Invariant functional and Schur’s orthogonality. Recall that there exists a
unique homomorphism hg : A4(G) — K of U,(g)-bimodules with hg(1) = 1. This
invariant functional, corresponding to the Haar measure of the unitary group U(N),
is given as the projection A,(G) — W(0) = K in the decomposition (1.23). We
remark that the invariance of hg means that, for any element a € Uy(g), one has

(6.1) ha(a.p) = ha(p.a) = e(a)ha(p) (v € A4(GQ)).

By using the *-operation of A,(G), we define a hermitian form (, )¢ on A4(G) by
the formula

(6.2) (g, ¥)a = ha(p™ ) for v, € Ay(G).

From the invariance of h¢ it follows that ( , ) is invariant in the sense that

(6.3) {p,ad)e = ("¢, ¥)c

for any a € Uy(g) and ¢, € A,(G). It is known that this hermitian form is
nondegenerate, and induces a positive definite hermitian form when ¢ is specialized
to a real number with |gq| # 0,1 (see [NYM], for instance).
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The orthogonality relations for our zonal spherical functions p(\) (A € P;") come
from Schur’s orthogonality relations for the matrix elements of irreducible represen-
tations V(A\). For each dominant integral weight A € P, we fix a nondegenerate
Ug(V)-invariant hermitian form (, ) on V(X) as in Section 4.4. In what follows,
we set

N
(6.4) p=> (N = ke

k=1

The orthogonality relations for the matrix elements ¢y (u,v) for u,v € V(\) are
formulated as follows.

Proposition 6.1. Let A\, u be two dominant integral weights in Pt and take nonzerd
vectors u,v € V(A) and u',v" € V(). If X # p, one has

(65) <¢)\(ua 1)), ¢#(u/7 ’U/)>G =0.
If A\ = u, one has,

(6.6) (62w, 0), b (', 0')) g = ﬁ@w, ¢° up(, ),

where d(\) is the following principal specialization of the Schur function sy :

(67) d(A) = S)\(q2p)a q2P = (q2(N71)7 q2(N72)7 ) 1)

We omit the proof of Proposition 6.1, since it is a variant of Schur’s orthogonality
already given in Woronowicz [W] and [NYM].

6.2. Orthogonality of zonal spherical functions. The zonal spherical function
©(A) (A € P;") is a matrix element of the representation V(\). From this fact,
it directly follows that, if A and ) are two distinct weights in Pj, one has the
orthogonality relation {(p(\), (\))e = 0. This fact is also proved by the fact that
the central element C; of Ugy(g) is self-adjoint with respect to the hermitian form
< ) >G-

For the description of the square length (o(X), p(A))g of ¢, we need to specialize
appropriately the parameter a € (K*)" involved in the definition of the coideal
¢, = £,(a). In what follows, we set

(6.8) Case (SO): a= (¢ Y ¢~ ... 1),

Case (Sp) a= (qZ(n—l),q2(n—2)7 ) 1)
Proposition 6.2. For the special value of a € (K*)™ in (6.8), the algebra H =
Ay(K\G/K) of t4-biinvariant elements is a *-subalgebra of A4(G).

Proof. We first consider Case (SO). In view of Lemma 4.13, we have only to show
that p(2A,)* (1 < r <n—1) and (det,(T)*!)* belong to H again. As to det,(T)*!,
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this statement is clear since det,(T)* = det,(T)~!. Note that, under the special-
ization (6.8), the element p(2A,) takes the form

(6.9) ©(2A,) = Z (&5)2glII=NI1,

\1|=1J|=r

where ||I|| = 3, i. Hereafter we use the notation £ = 5;13: forI={i1 <---<
iryand J = {j1 < --- < j,}. Recall from [NYM] that, for each I, J C {1,2,--- ,N}
with |I| = |J| = r, we have

(6.10) (€)= (—a)~MHIVIleh det, (1),

where I¢ stands for the complement of I in {1,2,---, N}. Hence we compute

(6.11)  @2A.) =dety(T)2 > (&he)2q VI = (28, — 2A,,)
[I|=|J|=r

by (4.36). This proves that H is closed under the x-operation in Case (SO).
In Case (Sp), the element ¢(Asg,.) can be written in the form

(612 oz = 3 I,

\11=17|=r
for each 1 <r < n. In (6.12), we used the notation g to refer 5;;1:%33133::112232
for two subsets [ = {i1 <--- < i, }and J={j1 <--- <jr}of {1,2,---,n}. Since
(€5 = (=) IHIHIIDEL det,, (T) 1, we compute

(6.13)  @(Ag)" =dety(T)™" > g 2MITAI = o(Ay, ) — Agn),
1|=]J|=r

where I¢ stands for the complement of I in {1,2,--- ,n}. Hence Lemma 4.13 implies
that H is closed under the *-operation also in Case (Sp). O

Another way to prove Proposition 6.2 is to show the left ideal U,(g)¢, and the
right ideal ¢,U,(g) are both stable under the involution 7 (see (1.31)). This fact
can be checked directly by using the generator system described in Proposition 2.4.

Under the specialization of the parameters a = (a1, - ,a,) as in (6.8), we
have an expression of the square length (p(\), ()¢ in terms of the principal
specialization of p()).

Proposition 6.3. The zonal spherical functions o(\) (A € P;') form an orthogonal
basis of the algebra H. For each )\ € P;r, the square length of p(X) is given by the
formula

(6.14) (e(N), (M) =

where c¢(A) = (¢°,¢(N\)) stands for the value of ¢(\) at the point ¢° € T of the
diagonal subgroup.

For the proof of Proposition 6.3, we describe how the x-operation acts on the
coideal €.
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Lemma 6.4. The coideal £, = €,(a) for the parameter a of (6.8), one has €, =
q Peyq". Accordingly, if w € V(X) is a ¥-fized vector, then q~F.w gives a ¢ -fized
vector.

Proof. Setting D = diag(q¥ =1, ¢ =2 ... 1), we have
(6.15) ¢ "Mq¢* =DL*Dt —JD'S(L™)'DJ !
=Dt -D'JD'S(L7)'DJ'D)D .
For the value (6.8) of a, one can check easily the matrix D='JD~! = D=1J(a)D~!

is a scalar multiple of J(a™'). This shows that ¢="¢,(a)g” = €,(a™!) = £,(a)* as
desired. O

Proof of Proposition 6.3. Let us take the vectors w(X), w*(A) as in the definition
(4.4). Then by Lemma 6.4, we must have w*()\) = ¢/»N ¢=2.w()\), so that

_ o ®gPww) gy oa(w, w).g 7P
(6.16) o) = ¢ ~aw ¢ p BT

where w = w(A) and u = u(X). Hence we have,

(w, w)

(u, u)

(6.17) () = (¢”, (V) = (p(N)-¢") = ¢V

On the other hand, we have

e or(g P w,w))a
618 A 5 )\ = 2<P,>\> <¢>‘(q w’w)5 A 5
(6.18) (p(A); (M) =1q e

_ 1 q2(p,)\><w7w>2
d(A) (u,u)?

by Proposition 6.1. Comparing (6.17) and (6.18), we obtain the expression of
(6.14). O

6.3. Description of orthogonality on the diagonal subgroup. From this subsection
on, we take the field K = C of complex numbers as the ground field and assume
that ¢ is a real number with 0 < |q| < 1.

We now consider to describe the invariant functional hg : H — C on the di-
agonal subgroup T = (C*)V. For this purpose we use the subalgebra C[z]® =

Clx1, -+ ,2,])®" of H|r of symmetric polynomials in the following variables:
(6.19) Case (SO): @1 = 27, , 2, = 22,
Case (Sp): 1 = z122,"** ,Tn = Z2n—122n-

In what follows, we denote by R the subalgebra of H such that R|r = C[z]®". Let
us consider only the highest weights A € Pe+ that are parametrized by the partitions
o= (1, 5 pn) (1 >+ > pn > 0) as follows:

(6.20) Case (SO): A=Y 2ue,
k=1

Case (Sp): A= Zuk(equ + €2k)-
k=1
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Note that this parametrization can be graphically described as the duplication
of Young diagrams, in the horizontal direction in Case (SO) and in the vertical
direction in Case (Sp). As we noticed in Remark 4.14, the zonal spherical functions
©(A\) parametrized by partitions as above form a C-basis of the subalgebra R.
Furthermore, we know by Theorem 5.1 that, for each p()\) € R, its restriction
to the diagonal subgroup T coincides with the Macdonald symmetric polynomial
P,(z) = P,(z;¢* ¢*) in Case (SO), and with P,(z) = P,(z;4? ¢*) in Case (Sp),
respectively. Note also that P,(x) form a C-basis for the algebra Clx]®" as u ranges
over all partitions.

On the subalgebra R, the invariant functional hg : R — C is described in terms
of the following meromorphic function on the algebraic torus (C*)™ :

(6.21) wwat) = ] (@i/255 @)oo (25/53 ¢) 0

1<i<j<n (t2i /255 @)oo (t25 /T35 @)oo

where (a;¢)so = [[peo(1 — ag®). For a holomorphic function F(z) defined in a
neighborhood of the torus T' = {z = (z1,- -+ ,2n) € (C)";|x1| = -+ = |z,] = 1},
we use the notation

(6.22) F(a)]s = <ﬁ) [ Flor eyt

to refer the constant term in the Laurent expansion of F'(x).

Proposition 6.5. Let ¢ be an element in the subalgebra R of H and F(xz) = ¢|r
the corresponding symmetric polynomial in Clx]. Then the value ha(p) of the
imwvariant functional is described by the formula

where the weight function w(x) is given by

(6.24) Case (S0): w(x)
Case (Sp): w(x)

=w(z;q*, ¢%),
=w(z;¢%, q*).

Proof. Tt is well known that Macdonald’s symmetric polynomials P, (z) have the
property

(6.25) [Pu(z)w(z)], =0 for p#0.

(This is equivalent to saying that P, is orthogonal to 1 if y # 0.) Since P, (z) form
a C-basis for C[z]®", this property determines the functional F — [F(z)w(z)], on
C[x]®" up to scalar multiples. Hence, the proof of Proposition 6.5 is reduced to
show that the left hand side of (6.23) has the same property, when it is regarded as
a functional on C[x]®". Tt can be done by using the invariance of the functional h.
In fact, property (6.1) implies that, for the central element C; of Uy(g) in (5.12),
we have

(6.26) ha(Cr.9) =e(Cr)ha(p) for any ¢ € A4(G),
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where e(C1) = E]kvzl q*N=k) For each A € P;", the zonal spherical function ()

is an eigenfunction of C} with eigenvalue x(Cy) = Zjvzl A tN=F) - Hence we
have
(6.27) Xa(Cha(p(A) = e(Cr)ha(e(X)).

from (6.26). Since xa(C1) # €(C1) unless A = 0, we have hg(p(N)) = 0 for any
A # 0, as expected. [

In our setting, the scalar product (, ); , of Macdonald [M2] takes the form

(6.28) (F,G)Y = % [F(x)"G(x)w(z)], -

Here the #-operation on C[z] is given Ty = x,:l for 1 < k < n. Note that, with
this #-operation, C[z] is a x-subalgebra of A(T) endowed with the *-operation such
that zJ* = zj_ Lfor 1 < 7 < N. Recall that the subalgebra H is closed under the
x-operation of A,(G) representing the quantum unitary group (Proposition 6.2).
Since the restriction mapping H — A(T) is a *-homomorphism, Proposition 6.5
implies that the hermitian form ( , )¢ is related to Macdonald’s scalar product
through

(F,G)'
1’

(6.29) (p,¥)c =

if o9 € R and |1 = F(2),¢|r = G(z).

Proposition 6.1 and formula (6.29) implies that Macdonald’s symmetric polyno-
mials Pp are orthogonal under the scalar product ( , ). Furthermore, as to the
square length of P,, we have

(Bus Bu) _ c(V)?

(6.30) Iy A0

by Proposition 6.3.

6.4. Computation of the ratio (P,, P,)’/(1,1)" . In the rest of this section, we
will evaluate the ratio (6.30) of square lengths, by using a result of Macdonald on
the value of the principal specialization of P,.

We first recall a result of Macdonald [M2] on the principal specialization of Mac-

donald’s symmetric polynomials P,(x;q,t) : For each partition g = (ft1,- - , fin),
one has
" 1— a’(s)tfl’(s)Jrn
n—1 4n-2 | . — 2 h=r(B=1)p q
(6.31) Pu(* "% g, t) =tk 11 1= e

sep

In formula (6,30), the symbols a(s), a’(s), ¢(s), ¢'(s) stand for the arm-length, coarm-
length, leg-length, coleg-length of a box s in the Young diagram pu, respectively. If
the box s has the coordinates (7,7) (1 < i <n,1 <j < ;) in the Young diagram,
they are given by

(6.32) a(s) =pi—j, d'(s)=j—1, L(s)=pj—i, l'(s)=1i—1,
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where p/ denotes the conjugate partition of pu. We also remark that (6.31) is
generalization of the following well-known formula for the Schur functions s, (x)

Py (x;q,q):

a

N — g¢(s)
(6.33) su(g" "2 1) = g R D H 1—73}1(5)7
sEp
where ¢(s) = a’(s) — ¢/(s) + n and h(s) = a(s) + £(s) + 1 are the content and the
hook-length of the box s. At present, the author does not know whether the princi-
pal specialization (¢, (X)) of the zonal spherical function ¢(\) can be effectively
evaluated as in (6.31), within the framework of quantum homogeneous spaces.
As to the value (P, (;q,t), Pu(z;q,t))y, of the scalar product, the following
formula is proposed by Macdonald [M3]: For each partition p = (u1,- - , fin), one
has

(6.34) (Pu(x59,t), Pu(w;q,t))0 4 _ H (1 — g O G)+n) (1 — qols)+14L(s))
) a

w1, A = PP ) — g 1)
We will derive this formula for the two special cases corresponding to Cases (SO)
and (Sp), by using our expression (6.30) and Macdonald’s formula (6.31) for the
principal specialization.

Case (SO): In this case, the point ¢ = (¢"1,¢"72,--- 1) gives the value z =
(=1 ¢>("=2) ... 1). Hence we have

(6.35) c(A) = Pu(*" D, "D gt ¢?)

= g2 X k=1 (k—1)uk H 1- q2(2al(s)_€l(5)+n)
- 1-— q2(2a(5)+€(s)+1) )

sep
replacing (¢,t) in (6.31) by (¢*,¢?). On the other hand, we compute

(6.36)
d(\) = sx(¢*", ) )

= @ Tiat-OM T 1 — g2@@—¢@)n)
=4 1= 2@@+m+1)

PEX
_ ATt T L) - e )
q . (1— qz(za(s)+e(s)+1))(1 _ qz(za(s)+e(s)+2))
sEp

The last equality follows from the simple fact that the Young diagram A = 2y is the
duplication of p in the horizontal direction. When we reparametrize the factors by
the boxes in p, each horizontally adjacent pair of boxes p in A, corresponding to a
same s in y, gives rise to the two factors with a(p) replaced by 2a(s),2a(s) + 1, and
with a’(p) replaced by 2a’(s),2a’(s) + 1. Combining (6.35) and (6.36), we obtain

ar) (DeBa) 0P (L= @O0 ) - g )
| (

1,1y = an) A 1 — GG~ +ntD)) (1 — 2Ca(s)+H(5)+ 1)’

This is exactly the formula obtained from (6.34) replacing (g%, ¢*) for (q,t).
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Case (Sp): In this case, the point ¢* = (¢>*1,¢*"2,--- 1) corresponds to the

value z = q(¢*™=1) ¢*»=2) ... '1). Replacing (¢,t) in (6.31) by (¢*,¢*), we have

(638) C(}\) = qz k=1 bk Pﬂ(q4(n71)7 q4(n72)7 R 17 q27 q4)

_2(a’ (s)=20(s)+2n
1-— q2(¢1(8)+2£(s)+2)

seEp

On the other hand, we compute

(6.39)
d()\) _ S,\(q2(2"_1), q2(2n—2)’ e 1)

— 2T DA 11 1 — g?l@ =P+
= 2@+ @D

PEA
9T (4k—3)un (1 _ q2(a’(s)—2€’(s)+2n))(1 _ q2(a’(s)—2€’(s)+2n—1))
= k=
q 1 E (1 — @@ 120 ))(1 — g2la(=)+2(5)12))

This time the Young diagram A = (2p')’ is the duplication of p in the vertical
direction. Accordingly, ¢(p) should be replaced by 2¢(s),24(s) + 1, and ¢'(p) by
20'(s),2¢'(s) + 1. Combining (6.38) and (6.39), we obtain

6.40 <PM7 PH>I B c()\)2 B (1 _ q2(a/(s)—2€/(s)+2n))(1 _ q2(a(s)+2€(s)+l))
( : ) <17 1>/ - d()\) - H (1 _ q2(a’(s)725’(5)+2n71))(1 _ qz(a(s)+2£(s)+2))'

seEp

This coincides with the formula obtained from (6.34) replacing (¢2, ¢*) for (¢, ).
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