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Multiple elliptic hypergeometric series

— An approach from the Cauchy determinant —

Yasushi KAJIHARA* and Masatoshi NOUMIT

Dedicated to Professor Tom Koornwinder on his sixtieth birthday

Abstract

A multiple generalization of elliptic hypergeometric series is studied
through the Cauchy determinant for the Weierstrass sigma function. In
particular, a duality transformation for multiple hypergeometric series is
proposed. As an application, two types of Bailey transformations for very
well-poised multiple elliptic hypergeometric series are derived.

Mathematics Subject Classification: 33Cxx; 33C70, 33D15, 33D67

Introduction

In this paper we investigate a multiple generalization of elliptic hypergeometric
series, and propose a duality transformation for multiple hypergeometric series.
Our duality transformation is obtained from an identity arising from the Cauchy
determinant formula for the Weierstrass sigma function, by means of special-
ization of a particular form. This formula for the multiple elliptic case, as well
as the idea of proof, is a variant of the one previously studied by one of the
authors [, ] for multiple basic hypergeometric series. As an application of the
duality transformation, we prove two types of Bailey transformation formulas
for very well-poised multiple elliptic hypergeometric series; one of them is the
one proved recently by Rosengren [I5], but the other seems to be new.

We remark that the Bailey transformation formula for very well-poised el-
liptic hypergeometric series 19 E9 was discovered by Frenkel-Turaev [B] in the
context of elliptic 6 -j symbols. It plays a crucial role in the theory of Spiridonov-
Zhedanov [I7] on biorthogonal rational functions on elliptic grids. Also, in the
geometric approach to the elliptic Painlevé equation [9], this transformation
formula is explained as the standard Cremona transformation applied to its
hypergeometric solutions.

The Bailey transformation formula [2, B] has been extended by the method
of Bailey chains into various directions including multiple generalizations (see
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[0, [13] for instance). We expect that our approach, based on the Cauchy deter-
minant and the duality transformation, would provide a unified and transparent
way of looking at the symmetry structure of Bailey transformations for the hi-
erarchy of elliptic, basic and ordinary hypergeometric series. Multiple elliptic
hypergeometric series are also generalized by means of root systems [[5]. In
terms of root systems, our discussion is restricted to the cases of A type. It
would be an intriguing problem to extend the method of Cauchy determinants
to other root systems.

Notes. After completing this work, the authors were informed by H. Rosengren that
he obtained independently the duality transformation formula (Theorem 2.1).

1 Starting from the Cauchy formula

Throughout this paper, by the symbol [z] we denote a nonzero holomorphic
odd function on C in the variable z, satisfying the Riemann relation:

1) [=z] ==,
2)  [z+yllz—ylluto]fu—1] (1.1)
= [+ullr—ully+o]ly —v] = [z + 0] [z — o]y +u][y —u.
There are three classes of such functions; elliptic, trigonometric and rational. It

is well known [T9] that all [z] satisfying the conditions above are obtained from
the three functions o (z; wy,ws), sin(mz) and = by the transformation of the form

e’ bz (a,b,c € C); o(x;wi,ws) stands for the Weierstrass sigma function
with respect to the periods (w1,wsz). The following determinant formula for [z]
plays a crucial role in our arguments.

Theorem 1.1 (Cauchy determinant formula) For two sets of variables z =
(z1,.-.,2pm) and w = (w1, ..., wy), we have

A+ Z(z +w)] [ lei — 2] wi — wy]

1<i<j<M

[A] H [2i + wy]
s (1.2)

where X\ is a compler parameter.

This determinant formula can be regarded as the special case of Fay’s trisecant
formula [@], concerning the cases of elliptic curves and their degenerations. We
remark that the elliptic case can already be found in Frobenius [6]. Also, from
the rational case where [x] = z, by taking the limit A — oo we obtain the usual
Cauchy determinant formula. Note that the case of M = 2 is precisely the
Riemann relation; the general formula (C2) can be proved by the induction on
M, thanks to the formula

M-—1
ij=1

M _
det (aij)iyjzl = ajay det (asjanin — ainrans;) (1.3)



M . .

i with ayar # 0. Regarding the Cauchy de-
terminant (L) as a function in z = (21,...,2x) and w = (wy,...,wpr), We
set

for any M x M matrix (aij)

M

D(z|w) = det <m

ij=1
Note that D(z|w) is alternating under the permutation of variables z; (resp.
wj), and symmetric with respect to exchanging z and w.

We now fix a generic constant § € C such that [kd] # 0 for any nonzero k € Z;
in the case of the sigma function [z] = o(z;w;,ws), this condition is equivalent
to 0 & Qw1 + Qwz. We denote by T, the shift operator in the variable z; by §:

T..f(z1,- oy 2m) = fz1, .oz + 0,00 2m). (1.5)

Given a set of indices K = {i1,...,i.} C {1,..., M}, we also define
Tox=[[Te="T. - T... (1.6)

ieK
In this notation, the operator E(T,;u) = (1+uT,,) --- (14+uT%,,), containing
a formal parameter u, is expanded into the sum
E(Tsu)=(1+uls) - Q+uls,)= > o7 g (1.7)
Kc{l,..,M}

over all subsets K of the index set {1,...,M}. By applying the operator
E(T;u) to the Cauchy determinant D(z|w) we obtain

[)\"’Zi"’wj])M

(10 Dleu) = de (1 + T2 S

= A (1.8)
_det<[)\+2i+w]‘] u[)\+2i+wj+6]>
(] [2i +wj] N [z +w; +0] ),

Since this formula is symmetric with respect to exchanging z and w, we have
E(T.;u) D(zlw) = E(Ty; u) D(w|z). (1.9)

As we will see below, this formula, combined with the expansion (), gives rise
to remarkable identities concerning the function [z].
By using the notation

Az)= ] lzi—z) lel==a++2u, (1.10)
1<i<j<M
let us write the Cauchy formula in the form
[A+[2] + [w]] A(z) A(w)
NI [z +wy)

1<i,j<M

D(zlw) = (1.11)




By applying the shift operator T, i to the difference product A(z), we obtain

T, kA(z) H [zi — 2z; + 0]

AG) Foz] (1.12)

i€EK;jEK
and hence
T, kD(z|lw) [A+|z|+|w] +|K]|J]

D(zlw) — [A+lz] + |wl]

[2i — zj + 0] [2; + wg]

B [20 — 2] . .
€K jEK 1€K; 1<k<M

(1.13)

This computation implies the following expansion of F(T;u)D(z|w):

E(T.;u)D(z|w) _ u\K\Tz,KD(ZhU)
D(z|w) 2 D(z|w)

— Z wl X [)‘+|Z|+|w|+|K|6] (1.14)

Kc{l,..M} [A+ 2] + |w]]

[2i — 2 + 9] [2; + wg]
H [z — 2j] H [zi +wp + 6]

i€K; jgK €K 1<k<M

In view of this formula, we denote the right-hand side by F'(z|w;u):

[A+ 2] + [w] + |K|0]
F(zlw;u) = ul¥l
Kc{lz,.;.,M} [ [)\+(;|]Z|+|w|] [ ]
Zi 2zt 2i + wy
I == A ey

i€K;jeK €K 1<k<M

(1.15)

From the symmetry E(T,;u)D(z;w) = E(Ty;u)D(w;z), we conclude that the
function F(z|w;u) defined as above is symmetric with respect to exchanging z
and w.

Theorem 1.2 For two sets of variables z = (z1,...,zyp) andw = (w1, ..., wpr),
define the function F(z|w;u) by (CIH). Then F(z|w;u) is symmetric with re-

spect to z and w, namely, F(z|lw;u) = F(w|z;u).

We remark that F'(z|w;u) is characterized by the identity

i + wj 2 + w; M
E(TZ;U)D(2|W)—det([)\+Z’+ il At +5])

Nz +ws] N[z +w; +9)

z w z w - 1.16
_ Popuray Pl 0] AG) Aw). (1.16)
1<i,j<M

Explicitly, Theorem implies the identity



e Dl ol + K8
2 [t [+ ]

[Zi—zj—l—(S] [zz—i-wk]
I =5 I cross

zi— 2
i€eK; j¢K [=i J] i€EK;1<k<M

(1.17)
- 3 ot AT e+l + |LId]
Lo ) [A+ |2+ [w]]
H [wk —w; + 5] H [Zz + wk]
keL;lgL [wi —wi] 1<i<M; kel [2i + wi. + 4]
By taking the coefficients of u? (d = 0,1,..., M), we obtain
Theorem 1.3 Given two sets of variables z = (21, ...,2m) andw = (w1, ..., war),
the following identity holds for each d =0,1,..., M :
SO [z = 2 +9] 11 _lmitwe]
|K|=d i€K; jZK [2i = 2] i€ 1<k<M [2i + wy, + 6] (1.18)

-y qp lmeewrdopp vl
|L|=d keL;lgL wk_wl] 1<i<M; kEL [we + 2i + 6]

where K and L run over all d-subsets of {1,..., M}.

2 Passage to multiple hypergeometric series

From F(z|w;u) introduced above, one can generate a class of multiple hyper-
geometric series, denoted by @™ below, by a particular specialization of the
variables z and w. The symmetry property F(z|w;u) = F(w|z;u) is then trans-
lated into a transformation formula between @™ and ®'y"™ (Theorem EZ2).

Taking m variables = (z1,...,Zn) and a multi-index a = (a1,...,am) €
N™ such that |a] = a3 + -+ + a,y, = M, we specialize the variables z =
(z1,...,2n) as follows:

(21,5 2m) = (=21, =21 = 0, ..., —21 — (a1 — 1)0; =2, —22 — 4, ... (2.1)

=Ty =T — Oy ey — Ty, — (g, — 1)0). '
Namely, we divide the index set {1,..., M} into m blocks of size ai,...,anm
according to the multi-index «, and then specialize each block of z variables by
the sequence (—z,, -2, — 9,...,—x, — (o, — 1)) for r = 1,...,m. Similarly,

taking n variables y = (y1,...,¥yn) and a multi-index 8 € N with |8| = M, we
specialize the w variables as follows:

(wla' "awM) = (_yl’_yl _57" 7Y — (61 - 1)67 —Y2, —Y2 _57" . (22)



In the following, we denote these specializations simply by z — —(x)4, w —
—(y)g, respectively. We first look at the factor

H [Zi—Zj—F(S] (23)

€K jgK [2i — 2]

in the expansion (CIH) of F(z|w;u). When we perform the specialization z —
—(z)q as in I, this factor becomes zero if z; = z; + § for some (4, j) such
that i € K, j ¢ K. Replace the index set {1,..., M} for the z variables by

{rmp) | 1<r<m; 0<p<a} (2.4)

according to the m blocks of x variables, so that 2, ,) = —z, — ud. Then by the
specialization z — —(x), of ([I), the factor [3)) becomes zero if there exists
(r,p) such that (r,u) & K, (r,u+ 1) € K. This implies that, in the summation
([CI3), nontrivial terms arise only from such K that all the elements of K are
packed towards the left in each block. Such subsets K can be parametrized by
the multi-indices v € N™ such that v < « (i.e., v < o, foreach r=1,...,m)
as

K={(r,p)[1<r<m; 0<p<y} (25)

With this parametrization of K, we compute
11 [2: — 2 + 9]
ieK; jgK [2i = 2]
-0 1II 11 [—zr + @5 + (—p+ v+ 1)d]
[~z + 25 + (—p + )0

1<r,s<m 0<p<yr 7s<v<as

z——(2)a

2.6
_ H H [z, + s + (—p + as)d] (2.6)
1<r,s<m 0< <y [—2r + @5 + (—p + 75)d]
—_ H [JIT —Ts — asé]%
1<r,s<m [IT —Ts — 755]'}% ,
where we have used the notation of shifted factorials
[z]p = [z][z + 6] - [z + (k= 1)d]  (k=0,1,2,...). (2.7)

By the specialization z — —(z) and w — —(y)g, the remaining factor leads to

11 [zi + wi]
1Zk< M [Zi + wy + (5]

2= —(2)a,w—=(y)p

[~z — ys + (=p —v)d]
H H [~z —ys + (—p— v + 1)0]

cK;

N

=1
—=

r;l 5:1 0< < 0<<Bs o
“TIII OO [—fr—yﬁ(—u—ﬁsﬂ)a]

o5 i 0<pey, T Ys (=t 1)d]
_ ﬁ ﬁ [ + s + (8 = )0y,

st Rwte B o T P



After all, we have

F(Z|w;u)’z+<z> ()
— By —(3)6 — (5)6 + 4]
_ WI
B ey vy s 1 29)
H [ZCT — T — 0], [ +ys + (Bs — 1)d],,

[y — x5 — [T +ys — 0],

1)
1<r,s<n Vs ]’YT 1<r<m;1<s<n

summed over all v € N™ with v < a. Here we have used the abbreviation

o o Om,
ar = a1T1 + -+ AmTm, <2)—<21)+-~+<2) (2.10)

for « = (a1, ...,m). In the summation ), notice that

m

H [:ET —Ts — asa]'}'r _ H [_ara]’ﬁ H [{ET —Ts T 0455]'yr . (211)

1<r.s<m [xr —Ts — '755]VT rei [_’77“5]VT rts [‘TT —Ts — '755]VT

Since this factor becomes zero for v € N such that v £ «, we can consider the
summation () as being taken over all v € N™. For convenience, we rewrite
this formula further by using the equality

1

J 9 1
MH e | e e

1<J ]

B L1 Az +796) 1
= (o A(z) 1 (2 —xj + 0]y,

so that

F(z|w; u)

== (I)a w——(y)p
-y - Iv\ — By —(3)6 — (5)6 + 7[0] Az +~9)
[)\ ax — By — (5)0 — (3)5] A(x) (2.13)

[z — 2 — ;0] [zi + yr + (Br — 1)d],,
H [‘Ti —xj+ 5]% H [wl + Yk — 5]%

YyEN™

1<i,5<m 1<i<m; 1<k<n

We now specialize the equality F(z|w;u) = F(w|z;u) by z2 = —(2)a,w —
—(y), and take the coefficients of u? (d = 0,1,..., M). Then, for any multi-
indices « € N, 3 € N” such that |a| = ||, we obtain the identity

Z Az + ué)H [w[;— xj — a;dly, H [z + Yy + (Be — 1)0],0,

}LGNm;LU,':d A(.I) [ IJ + 6]#1 [I'L + Yk — 6]#1

_ Ay +v0) 1 Yk — i — Bid0luy, yplye + @i + (i — 1)d],,
> A(y) 1,} [y — yi + 0], 1,3 [yk + i — 0]u,

ik

veN";|v|=d
(2.14)



foreachd =0,1,..., M, wherei,j € {1,...,m} and k,l € {1,...,n}. Replacing
yr by yr + 9 (k=1,...,n) in this identity, we obtain

Theorem 2.1 Take two sets of variables © = (x1,...,Zm), Yy = (Y1,-+-,Yn)
and two multi-indices « = (a1, ..., 0m) € N 8= (f1,...,0n) € N” such that
ja] = |81, icc.,

o+ Fap =014+ Bn. (2.15)

Then the following identity holds for each d =0,1,2,...:

Az + pd) [z; — 2 — o], [T + yr + Brd]
Z A(x) H [z; —xj +0],, H (i + Y,

_ A(y + vd) [k — vt — Bid]., [y + i + ;0]

WEN™; |u|=d i,k

(2.16)

)

veN?; |v|=d
where 1,5 € {1,...,m} and k,1 € {1,...,n}.

The identity TIH) can be thought of as a transformation formula for certain

multiple hypergeometric series. In order to clarify the idea, we introduce the

multiple hypergeometric series @'y’ with respect to [z] as follows. Given four
vectors of variables

(a1, am), (X1, .., xm) €C™, and (b1,...,bn),(c1,...,¢cn) €C", (2.17)

we define
(bm)n Aly...,0m bl,...,bn
N \x1,...,Zm|C1,...,Cp
B A(x) (2.18)
HEN™, |u|=N
H [‘Ti -z + aj]m [wl + bk]lh
r<igem BT 0lu oy [ ekl
for each N = 0,1,2,.... Here the summation is taken over the finite set of
p € N™ with |u| = N. Note that ®\"" defined as above is invariant with
respect to the simultaneous permutations of (a1, ..., an,) and (x1,..., %y, ), and
symmetric in the variables (b1, ...,b,), and in (c1, ..., ¢,), respectively. We also
remark that our parametrization of ®3'" is redundant in the sense that
(I)m,n ai, ..., Qam bl,...,bn
N 1+t ..., Zm+tCL, ..., Cn

2.19
— pmm (@15 Gm by +t,...,bp+1t ( )

— N \x1,...,xm|Cc1H+E...,cnF )
We keep this redundancy for the sake of symmetry.

In this notation of ®’", Theorem Bl can be understood as the identity



@rﬁ,n(al,...,am‘yl—bl,...,yn—bn>
LTm

x A b MR ) n
' . Y (2.20)
7(I)n,m(b1,...7bn xl—al,...,xm—am)
TN \Yy1,..,Yn L1, ..., Tm
for the special values
a;=—-wo;0 (i=1,...,m) and bpy=—-0,d (k=1,...,n) (2.21)

for all &« € N™, 3 € N" such that |a| = |§]. Theorem BTl is then generalized to
the following transformation formula between ®’\"" and ®y"™.

Theorem 2.2 (Duality transformation) Suppose that (ai,...,a,) € C™
and (b1, ...,b,) € C™ satisfy the balancing condition

a4y =by A+ by, (2:22)

Then, for two sets of variables (x1,...,Zm) and (y1,...,Yn), the following trans-
fo:;n%ation formula holds between the multiple hypergeometric series ®\"™ and
O
(I)m;n(a’lv ceey Am | Y1 _blu"'7yn _bn)
N T1y..y Tm Y1, R Yn

(2.23)

:(I)n,m bl,---,bn
N 1, RN

Y, -5 Yn

1 —Q1y,...,Tm — Qm
Tm
for each N =0,1,2,....

We remark that Theorem is equivalent to the transformation formula

(I)m,n(al,...,am bl,...,bn)
N \Z1,...,Zm|C1,.--,Cn (224)
7(I)n,m(01—b1,...,cn—bn T1— A1y, Ty — Am
- °N cq c T T
) M n b) MR ) m

for N =0,1,2,..., under the balancing condition a1 +---+amym + b1+ -+ b, =
c1+ -+ cp, or to

(I)%,n(al,...,am b1+y1,,bn+yn)

xl,...l;xm c—|—y[1),...,c+yn (2'25)
—pnm c—01,...,—bylc—a1+x1,...,C— Qm + Ty,
N Y1, -y YUn c+xy, ..., c+xy,

under the balancing condition a1 + - - -+ ay, + b1 + - - - + b, = ne. Note that this
transformation formula makes sense only in the setting of multiple hypergeo-
metric series; it becomes tautological when (m,n) = (1,1). In what follows, we
refer to the transformation formula @ZZ3) as the duality transformation between
P and @y™. As we will see in the next section, this duality transformation
formula implies various transformation formulas and summation formulas for
very well-poised multiple elliptic hypergeometric series.

For the proof of Theorem 22 we first remark that equality Z23)) is reduced
to the three typical cases, [z] = z,sin(rz) and o(z;wi,ws). In fact, if we



replace [z] by €% t[z], we obtain the same exponential factor from the both
sides of (ZZ3). Assuming that [z] = z,sin(7z) or o(x;wi,ws), we investigate
the dependence of

LHS — Z A(z + pd) H [E?i - + a5l H [zi + yr — b, (2.26)

iy Al ) T L P

and
[Yk =yt + 0w, 7 lue + 20 — aily,
RHS =

|;N 1,} [k — Y1+ 0]u, 11 [y + xi]u, (2.27)
on the variables a; and bg. In view of a1 + --- + @y, = b1 + -+ + b,, we
consider the (m + n — 1)-dimensional affine space C™*™"~1 with coordinates
(a1, ..., am,b1,...,by—1), regarding b,, as a linear function on this affine space.
Let F' = F(a1,...,Gm,b1,...,bn—1) be the difference of the two sides regarded as
a function in the variables (a1,...,am,b1,...,bp—1). In the case where [z] = z,
F is a polynomial in a;,b;. Also, in the case where [z] = sin(mz), it is a

Laurent polynomial in ™V =1 ¢™V=1bx  We already know by Theorem EZI]
that F' has zeros at a; = —a;0 (i = 1,...,m), by = —0xd (k=1,...,n—1)
for all (a1,...,m,B1,..,0n_1) € N~ Under the assumption [I§] # 0
(I € Z,1 # 0), we conclude by induction on the number of variables that F
is identically zero. Namely, the both sides coincide identically as holomorphic
functions on C™™~! (and also as meromorphic functions in all the variables).

In the case where [] is elliptic, Theorem EZ2 is proved by using the following
lemma.

Lemma 2.3 Let F(z1,...,zn) be a holomorphic function on CN. Let wy,wy €
C be linearly independent over R, and suppose that F(zi,...,zn) is quasi-
periodic in each wvariable z; (i = 1,...,N) with respect to the lattice L =

Zwy + Zws in the following sense:
Fzi,. . zi 4+ Wiy zn) = eFox G Bz 2y) (2.28)

for some linear functions fi(u) = agu—+bix (i=1,...,N;k=1,2). Let § € C
be a constant such that 6 € Qw1 + Quws, and suppose that

F(I/lé,...,VNé) =0 (229)
for allv = (v1,...,un) € NV, Then F(z1,...,zN) is identically zero on CV.

This lemma is reduced by the induction on IV to the fact in the one variable case
that any quasi-periodic holomorphic function may have only a finite number of
zeros in the period-parallelogram.

Let us regard the both sides of [ZZ23]) as holomorphic functions in the vari-
ables (a1,...,am,b1,...,bp—1) € C™ =1 Then one can check directly that
they are quasi-periodic with the same multiplicative factors, with respect to
each of the coordinate functions of C™*"~1. We know by Theorem 1l that the

10



difference of the two sides has zeros at a; = —a;d (i = 1,...,m), bj = —(i0
(k =1,...,n—1) for all (a1,...,Qm,B1,---,Ba-1) € N*™=L This is im-
possible unless the both sides coincide identically as holomorphic functions by
Lemma This completes the proof of Theorem

Remark 2.4 In the trigonometric case, our multiple hypergeometric series
Q" gives rise to the multiple ¢-hypergeometric series

(bm,n(al,...,am bl,...,bn)
N T1,.. Cly...,Cn

_ Z Hqulfpz - (J“J Zj H asz/xjv (bkxu Q)#i
qxz/xy ) P (Ckxi;Q) ’

HEN™;|u|=N i<j H

(2.30)

K3

where i,j € {1,...,m} and k € {1,...,n}. Setting z = €2™V~1¢ let us consider
the case where

[5] = eﬂ'\/__lf - 6_77\/__15 = ;17% — ;p_%, (231)
Then the shifted factorials [¢]x (k= 0,1,2,...) are rewritten into
1(k k-1
1 1 .
€k = (—a ) G (@, (@) = [J (1 - 2q?) (2.32)
=0

with base ¢ = e2™V=16_1p this setting, @'\’ and ¢y are related by the formula

(I)’m,n(ala"'va’m 617"')671)
N 515"'76771 Y1y---5Un

7 gei - cp m,n(al,...,am bl,...,bn)
ai- - Gmbi -+ by N \x1,...,Zm|C1,...,Cn )’

a; = e¥Vlen g — 2nVE1G (=1 m), (2.34)
b = 2™V =18k ¢ = 2™V 1k (k=1,...,n).

vz

(2.33)

where

Hence Theorem implies the transformation formula

m,n (A1, ..., Qm yl/blu"'ayn/bn
on

Ti1yeooy Tm Y1, -y Yn

(2.35)

o (b1s o by

x1/ay, ...,xm/am)
Y, -5 Yn

1y, ...y, Tm

foreach N =0,1,2,..., under the balancing condition a; - - - @, = by - - - b,,. This
formula can also be written in the form

¢713,n(0,1, ceey Gy blylu 7bnyn)

Tlyees Tm| CY1Ly oy CYn

7¢n,m(0/bl,...70/bn
— 7N Y, ---5 Yn

(2.36)
cri/ay, .. .,cwm/am)
cT1, ..., CITm

for N =0,1,2,... under the balancing condition a; - - - @by - - - b, = ™.
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As is already known in [7], the duality transformation formula Z33) for
multiple basic hypergeometric series can be further generalized to non-balanced
cases. Introducing a variable u, consider the infinite series

0o

bl,...,bn' . N mmnfQ1y...,AQm
su ) = u oy

Cly...,Cp LlyeeeyIm

bi,... by
C1, - ..,Cn)'
(2.37)

Then the following Fuler transformation formula holds for general parameters
a;, by and ¢ ([7], Theorem 1.1):

¢mn(alu'--7am
T1y.eey T

m,n A1y .eey Qum blyla---abnyn,
¢ (xl,...,xm Cyl,...,cyn’u
(a1 amby - bpu /" @)oo (2.38)

(43 Q)oo
o m(c/bl, ey /by
Yi, -5 YUn
It would be an interesting problem to find an elliptic extension of this Euler
transformation formula.

Cr1/a1, .y CTm [ G .
cTi, ..., CTm

(a1 amby ---bnu/c").

3 Very well-poised multiple series £E™"

In this section we show that our duality transformation between ®'" and ®3;"™
(Theorem EZ2) implies various transformation and summation formulas for very
well-poised multiple elliptic hypergeometric series.

We first remark that, when m = 1, " reduces to a single term:

(I)l,n(CL bl,...7bn) _ laly [z +bi]n - [z+bn]N

T|Cly.--yCn Oy [z +c]n--[z+caln (3

In general, @}VJ””’" is rewritten into a terminating m-dimensional sum which can
be regarded as a very well-poised terminating multiple hypergeometric series:
bi,... ,bn)

(I)1+m,n(ao,a1,...,am
Cly...,Cp

N LOy T1y---yTm

_ [ao]Nﬁ [T — i + a;|n ﬁ [xo + bi]N

]
[zo + ck]N

0] i1 [zo — zi]n P}
3 A(z1 + 1, - . xm+um ﬁ z; — w0 — NO + (|l + p4)0]
Az, ..., _ [x; — 20 — N§]
pneEN™ i=1
[—N6]|#| s [.’L’l — X —|— ao]m (32)

(1= N)3 = a0yt [ — w0 + 0,
' o [-N6 =m0 + ]} - [Ti — @5 + aj]u
H ([(I—N)(S—xo—ij—athil:[l[:Ei—xj—F(S]M)

[(1 = N)S — w0 — ey 1y [ + bis
(1= NS — w0 = by -5 [0 + ekl )

12



This expression is obtained simply by applying the formula

- [a] v __ (=D"aly
laly—r = [a+(N—=7)]---Ja+ (N—1)3] [(1—N)s—al, &3

to every appearance of the shifted factorial of the form [a],,, tto = N — (g1 +-- -+
tn). Notice that by definition I8) this series is symmetric with respect to the
simultaneous permutations of the variables (ag, a1, ..., an) and (zg, 21, ..., Tm),
although it is not apparent in this expression.

In view of the formula ([B2), we introduce the following notation for very
well-poised multiple hypergeometric series E"™ :

Em,n(alv'-'vam
LlyeoeyLym

s;ul,...,un;vl,...,vn)

_y Az +u16 xm+um5)ﬁ[xi+s+(|u|+ui)6]

=t A(Z1,. oy Tm) bt [x; + ]

] stalip yplri =2+l (34)
1:[<5+5+x1 J]Iﬂli_Hl['ri_Ij+6]#i>
- P s SRR

1;[ ( (5—}—5—uk]mlH[xi—i—é—i—s—vk]M) '

This series contains “well-poised” combinations of factors

[z1 + U]m o [T + u]um [v]\u\
[5+S_U]ML‘ ’ [6+S+$1—U]Hl-..[(s_i_s_’_xm_v]l/hn

(3.5)

for u = aj—x;,ur and v = s+, vx. In order to make this series (BZ) terminate,
we always work in such a situation where one of the following conditions is
satisfied: either

(A) wvp=-N§ forsomek=1,...,nand N=0,1,2,...; or

3.6
B) a=-wd (i=1,...,m) for some a = (aq,...,qm) € N, (3.6)
Note that our parametrization of E™"™ has the following redundancy:
Em>"( 015+ -5 Om s;ul,...,un;vl,...,vn)
1+t + 1T (3.7)

_ nf Aly---50m . .
_Emn(:rlz...:xm‘s—i_t’ul +t,...,un+t,vl,...,vn).

When m = 1, EM™ reduces to the very well-poised elliptic hypergeometric
series op 44 Font3:

1,n a
E (x

s;ul,...,un;vl,...,vn)
(3.8)
:2n+4E2n+3(I+S;a,I+U1,...,$+Un,U1,...,Un),

where

13



r—2

[s + 2kd] [s]k

[ui]k
E.(s;ut, ..., Ur— e —_ 3.9
r+1 7‘( 1 T 2) ]CZ [S] 5 H 5+5_Uz]k ( )
0 =1
In the particular case where m =1 and z = 0,
El’"(g ’ s;ul,...,un;vl,...,vn)
(3.10)
= on+aFont3 (S;G,Uh ey Un, UL, '7vn)'
is completely symmetric in the (2n + 1) variables (a, u1, ..., Up, v1,...,Up).

It would be worthwhile to note here that E™™ carries a remarkable property
concerning periodicity(cf. [T6]). We now use the abbreviated notation

Emn( ‘3 u; U) :Em,n((lly...7am 3;u17_..,un;’l}1,...,’l}n> (3.11)

LlyeeoyIm
fora=(a1,...,am), 2= (1, ..., Zm), u= (U1, ., Up), ¥ = (V1,...,0n).

Lemma 3.1 Suppose that the function [x] is quasi-periodic with respect to a
period w € C in the sense that

[z +w] = & [2] (zeC) (3.12)
for some constants £,n € C. Then we have
E’”>"(a—;lw‘s;u+pw;v+qw> Em"( ‘suv) (3.13)

for anyl € Z™, p,q € Z"™ such that |l| + |p| + |¢| = 0.

Relation between " and E™"

Proposition 3.2 The two types of multiple hypergeometric series O™ and
E™™ are related as follows:

(I)1+mn(a0,a1,...,am bl,...,bn)

Loy X1y -- Cly...,Cp

_ [ao]Nﬁ[ 0— T +an ﬁ xo + br|n

[ bt [170—:171 [To + ck]w (3.14)
Em”Jrl(;i: iEm —NO6 —x9;a0 —xo,b1,...,bn;
—N5,(1—N)5—:1:0—cl,...,(l—N)5—3:0—cn).
Conwversely,
Em’"“(gi:::::g’:l‘s;uo,ul,...,un;—Né,vl,...,vn>

- [—N5]N [5+5+Ii]N n [vk]N
N [5+3+UO]N1;[1[6+5+$1'_ai]NII[6+S—Uk]N

. pLtmn —NO —s+ug, a1,...,0m U1, ceey U,
N —N6—s8, x1,...,Zm|0+s—v1,...,0+8—v,

(3.15)

14



This proposition is an elliptic version of [I1], Lemma 1.22(see also [I0]). Note
in particular that @?\}" reduces to a very well-poised terminating 2,46 Fon+5:

o (oo
_aoln[ro — 21 + ar]n [wo + 01N - - - [w0 + ba] N
Oln[eo —@1ln  [70 + caln - [70 + calw (8.16)
. 2n+6E2n+5(I1 — Ty — N5 ; 1 — X9 +a0,a1,x1 +b1, ey X +bn,

—N§,(1=N)§—x0—c1,...,(L=N)§ —z0 —¢y).
Formula ([BI4) is also valid for m = 0 if we set EO"+1 =1,

Duality transformation between E™"+2 and E™™1?2

The duality transformation [ZZ3) between &3 ™'+ and &3 is now
translated into a transformation formula between E™"+2 and E™™+2:

[6+S—Cl]N[6+S—Cg]Nﬁ[6+S+$i—ai]Nﬁ[(S—FS—uk]N

[d1]n[do] N oy O+staly 5 [l
. Em,n+2(§i::gz ‘ 3;c1,c2,u1,...,un;dl,dg,vl,...,vn) (3 17)
B [5+t+Cl]N[5+t+C2]Nﬁ[5+t+yk—bk]Nﬁ[5+t—Zi]N '
[di]n[da]n o O+t+wely 1 [wily
: En’mﬂ(zi: :Zz ty—c1,—C2, 2150+ o Zmi d, das wa, 7wm)
under the balancing condition
Zal—l—ch—i-dk —i—Zuk—i—vk (n+1)0+ (n+2)s, (3.18)
i=1
together with the termmatwn condltlon ds = —N§. Here the variables by, y, t, z;, w;
are specified by
t=di +dy—s— 9,
bp=0+s—up—vp, Yp=0+5— v (k=1,...,n), (3.19)
Zi = X; — Gy, w; =dy +do — 8 —x; (z=1,,m)
Equivalently,
Em"”“(gij ZZ’Z 83€1,C2,U1, ..., Un;dr, d2, V1, ... ,’Un)-
_ [5+S_Cl_dl]N[5+S_C2—d1]N
[0+s—c1]n[d+s—co)n
n (3.20)

H(S—i-s—i—:vz N[O+ s+a;—a;—di]N H 6+s—u;€—d1]
Z:16+S+x1_az] [0+s+x—di]n (5—i—s

b1,...,b,
.En,m+2( 1 )
Y1y -y Yn

t; _015_027215---7Zm;d17d25wla---awm)-

This transformation formula for the basic case was previously given in [7], and
called the Bailey type transformation.
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Dougall/Jackson summation formula for £™?

When n = 0, formula ([B20) gives rise to the following summation formula ([I5],
Corollary 5.2):

Er2( gt s cnidy, dy )
ﬁ5+s—ck—d1] H[6+S+Ii]N[5+S+xi_ai_dl]N (3.21)
_ 6+S—C]g]N [6+S+(Ei—ai]N[6+S+xi_dl]Na

(a1 + +am+cl+02+d1+d2—6+2s dy = —N§).

As the special case where m = 1 and z; = 0, this contains the Frenkel-Turaev
summation formula ([5], Theorem 5.5.2) for balanced gF7:

8E7(s;a,b,c,d,e)

0 4sn0+s—b—cn[d+5—b—d|n[0 +5—c—d]n
[+ s—bN[d+s—cn[d+s—dN[6+s—b—c—dn
(a+b+c+d+e=9+2s, e=—NjJ).

; (3.22)

Transformation from E™3 to 2, 18Fom47

When n = 1, the series E»™*2 in the right-hand side of [(IZ0) gives a very
well-poised elliptic hypergeometric series o,,+8Fom+7. Hence, our duality trans-
formation provides a formula for rewriting balanced multiple elliptic hypergeo-
metric series E™3 in terms of 2,8 Eom7:
Em(gh et sico, 1, c01do, da d).
_ ldo]nl6+s—co—di]n[f+5—c1 —di]n[6+s—co—di]n
[do — di]n[0 + s — co]n[0 + s —c1]N[0 + s — e2] v

(3.23)
H [0+ s+ z]n[0+ s+ —a; — di]n
S0t s+ a — a6+ s+ —di]y
: 2m+8E2m+7(t; d17 d?; €0,€1,€2,U1, ..., Um,V1,... 7/U7TL)
under the condition
m 2
Zai + Z(ck +di) =26+ 3s, dy=—NG, (3.24)
i=1 k=0
where
t=dy + do — do, e, =0+s—dy— ck (k=0,1,2), (325)
u=0+s—do+wi—a;, vi=di+da—s—uz; (i=1,...,m). '
This formula for the case where m = 1 and z; = 0 recovers the following

transformation formula for balanced 19 FEjy:
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10Es (85 co, c1, ¢2, ¢3,do, d1, da)

_ [do] N[0 + s]n ﬁ[5+8—ck_d1]N
[do — di]n[6 + 5 — dl]Nk:O [0 45 —ck]n (3.26)

' 10E9(§;50,51,52,53,Cflvovdl,dz)
(Co+01+02+63+d0+d1+d2:25+3S, dQZ—N(S),

where _
s =dy +ds — dy, do di + do — s, (3'27)
Cr=0+s—dy—ci (k 012,3).
Remark 3.3 In the trigonometric case where [€] = 22 — 272, 2 = 2™V 1,
the very well-poised multiple series E™"™ gives
Wm”(gi::gz ‘ s;ul,...,un;vl,...,vn)
Big. — gMip, 4101 — glkltrigy.
_ |l QT — 47T q i
Z : H T — T H 1—sz;
peEN™ 1<i<j<m i=1

(S$j; )\M <m (ajxi/;cj;q)m> (3.28)
i=1

i=1 (qsxj/aj, )\u\ (q:ci/xj;q)#i

n

H (Vs q |u| ﬁ (ziur; @) p,
(g8/ur; @)1y \ 25 (053 /085 Qs )

where z = ¢"s" /a1 - - apuy - upvy - - vy, (hence z = ¢ in the balanced case).
In fact we have
ap,...
Em’"(g’ € ‘0;&1,...,f<an;)\1,...,/\n)
e (3.29)
_ mun QlyeoyQm | . .
=W (m::ﬂim s,ul,...,umvl,...,vn)

under the obvious correspondence of variables a; = e?™V 1o

4 Multiple Bailey transformations for £™?3

In this section, we derive two types of multiple generalizations of the elliptic
Bailey transformation formulas due to Frenkel-Turaev [A]; one of them is the
same as the one recently proved by Rosengren [I5], and the other seems to be
new.

Recall that our duality transformation ([BI7) transforms the balanced mul-
tiple series E™" s into E™™*1. As we have seen in ([ZJ), in the particular
case of n = 2 it transforms the balanced E™3 into EL™+2 om+8Fom+7; the
corresponding o,,+8Fom+7(8; U1, . . ., Uam+5) are completely symmetric with re-
spect to the 2m + 5 parameters uq, ..., Uzm+5. We can use this symmetry of
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9m+8F2m 7 to produce nontrivial transformation formulas for E™3 through the
diagram

Em,S Bﬁy Em,S
! 7 (4.1)
Symmetry

om+8Boam+7 T — 7 2m+sBam+r,
where the vertical arrows represent the duality transformation B23). In this
way, we obtain two types of Bailey transformation formulas for multiple elliptic
hypergeometric series E™3. (A similar argument is used in [§] for studying
multiple Sears’ transformation formulas of type A in the basic case.)
Let us write again the duality transformation formula between E™3 and
om+8Fom+7: Under the conditions

m 2

Zai + Z(ck +di) =26+ 3s, dy =—NG, (4.2)

we have
[do — di]N[0 + s — coln[0 + s —c1]n[0 + s — ca2]N
[do]N[5+S—CO —dl]N[5+S—Cl —dl]N[5+S—CQ —dl]N

m

.H[5+S+xi_ai]N[6+3+xi_dl]N
[5+s+xi]N[5+s+xi—ai—d1]N (43)

i=1
.3 aly,...,a . .
-E™ (.Il:...:IE:Z‘S’CO’Cl’CQ’dO’dl’d2>
= om+sBomir (t;di, da, €0, €1, €2, U1, o Um, U1, - oo ).
Here the variables ¢, e, (kK =0,1,2) and u;,v; (i =1,...,m) are defined by

t=d; + ds — dp, er=0+s—do—ci (k:0,1,2),

u=0+s—do+xzi—a;, vi=d+da—s—uz; (i=1,...,m). (4.4)
Note that [@2) implies
di+ds +eo+e1+ e+ Z(ui +v;) = (m+ 18+ (m+2)t. (4.5)
i=1
On the set of variables
(@1, s @, T1y- - T, S, Co, C1, Co, do, d1, d2), (4.6)
we first consider the following change of variables:
(I) §=0+2s—cp—do—di, C2=0+s—dy—d,
%0:6—’—8:02_(11,"’ di =080+ s—co—do, (4.7)
o =cg, C1=c1, dz=dy,
a;=a; =z (1=1,...,m).

For a given function ¢ = p(ay,as,...), we will denote by & = (a1, as,...) the
function obtained by replacing the variables ai,as,... by a1, as,.... Then the
variables for 9,,48Fom+7 are transformed into
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Z: tv Cflvl = €2, Cfva:dQ;
€ =eg, €1=e1, €=di, (4.8)
’(NI,Z'Z’U,Z', 51':’01' (izl,...,m),

which is the transposition of d; and es. Hence the right-hand side of [3) is
invariant under this change of variables. In terms of E™3 on the left-hand
side, this invariance implies the following multiple generalization of the Bailey
transformation due to Rosengren ([I5], Corollary 8.2).

Theorem 4.1 (Multiple Bailey transformation I) Under the balancing con-
dition . )
> ai+ Y ek +di) =26+ 3s, (4.9)
i=1 k=0
the following identify holds for do = —N§ (N =0,1,2,...,):

Em,B(ala"'aam
LlyeeeyLym

55 €0, C1, C2; d07 dl; d2)

m

_ [(5-1-8—Co]N[5+S—Cl]NH[(5+S+:Ei — ;N[0 + 5+ xi]N

0+ —conD+5—clnidfrstadnp+stam—aly 10
'Em’?’(;i:::::;:z‘8;00701702;d0,d17d2),
where ~ ~
i=5+28—62—d0—d1, 03:5+S—d0—d1, (411)
do=90+s—co—dy, di=0+s—co—dp. '
Formula (I0) can be written alternatively in the form
B (Gl G |5 o, 01,63 do du d )
. [(5+S—CQ]N[5+S—01]N
[04+s—co—|a|]n[0+s—c1— |a]]n 19
.ﬁ[5—|—s+xi—ai]N[5+s—xi—co—cl—|a|]N (4.12)
St st ailn[0+s—aitai—co—c1—|alln
'Em’g(gi:::::gz’S;Co,cl,cz;dovdhdz),
where |a| = a1 4+ -+ + ap.
Next we consider the following change of variables:

(II) §:5+28—Co—01—62, 50:54—8—61—02,
@:5+S—CO—CQ, Co=0+s—cy—cq, (4.13)
di=di (k=0,1,2), '
?ii:ai, Eizai—xi—|a| (izl,...,m),

where |a| = a1 + -+ - + ay,. Then the variables for o, 45 Fam47 are transformed
into
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/{: 2 glvl =di, Cfva:d%
Ge=er (k=0,1,2), (4.14)
ﬂi:’l)i, Ei:ui (izl,...,m)
under the balancing condition 32), which is the simultaneous transposition of
u; and v; (i = 1,...,m). Since the right-hand side of [3) is invariant under

this transformation of variables, we obtain another transformation formula for
Em3,

Theorem 4.2 (Multiple Bailey transformation II) Under the balancing con-
dition
Zaz-i-z (ck + di) = 26 + 3s, (4.15)
i=1
the following identity holds for dg =—Né (N=0,1,2,...):

3 A1y ooy Qm |~ ~ ~ ~ .
E™ (’V’” 7~m’S,CO,Cl,CQ7d0,d1,d2)

m[5+s—|—:1:i—az] [04+s+x; —di|n
S0+ st @[+ s+ ai—ai—di]n

i- (4.16)
H[(H—S—I—xz] NO+S5+T;—a; —di]n
121[54‘84—&51—@1] [6+§+:fi—d1]]v

(b s e candy, iy ds )
where ~ ~
§s=0+2s—cy—c1—C, Co=0+5—c1—co,
51:54—5—00—62, 52:5+S—Co—61, (417)

T =a; —x; —|al (it=1,...,m).

The second multiple Bailey transformation [I6) can also be written in the
form

3 ai, .. am ~
£E™ (51, :L-m S 605615627d07d17d2)
yon

:ﬁ[(5+s+$i—do]N[5+s+lEi—d1]N
:1[5+S+I1‘]N[5+S+Ii—do—dl]N

m

(4.18)
[0+ s+ —a;]n[0+s+x —a; —do — di]n

[5+s+xi—ai—d0]N[5—|—S—|—xi—ai—dl]N

—

1=

. Em,?;(ala-“aam

Tlyeeoy Ty

8; o, €1, C2; do, dy, d2>-

We remark that, when m = 1 (and z; = 0), both (I0) and EIH) reduce to
the elliptic Balley transformation formula due to Frenkel-Turaev ([5], Theorem
5.5.1):

20



10E9 (3¢, 1, ¢2, do, dy, da, d3)
[0 +5—do|n[0+s—di]n[6 +5—da]n[0 +5—do—di —da]n
[6+S]N[5+S—d0—dl]N[5+S—d0—d2]N[6+S—d1 —dQ]N
- 10E9 (s c0, 1, ¢2,do, dv, da, d3),
S=0+2s—cg—c1—co, Cco=0+8—c1 — Ca,
1 =0+s—cy— Ca, Co=0+s—co—c1,

(4.19)

WheI‘eCo+01—|—62—|—d0—|—d1—|—d2—|—d3:25—|—3S, d3:—N5.

Until now, we have discussed terminating multiple hypergeometric series

Em”(%jjgz S§U17---,Un;vl,---,vn) (4.20)
such that
(A) wy=-N§ forsome k=1,....n and N=0,1,2,.... (4.21)

As we remarked before, we can also consider terminating series under the con-
dition

(B) a;=-a;6 (i=1,...,m) forsome a=(a,...,an,) € N". (4.22)
There is a standard procedure for deriving identities for terminating series of
type (B) from those of type (A), and vice versa. In the following, we derive two
types of multiple Bailey transformation formulas for terminating series of type

(B). In the first multiple Bailey transformation I2), besides the balancing
condition

m 2
> ai+ > ek +di) =20+ 3s (4.23)
i=1 k=0

we assume that both the two termination conditions

ai=—-wa;0 (i=1,...,m) and do=—-No (4.24)

are satisfied. Then by using the identity
[ZE + k(ﬂl [I + 15]k

= k,l€N), (4.25)
w0 me BEN
we can rewrite [EI2) into
B (b4 |5 o, o1, 8 do da, da )
. [5+5_CO]\0¢|[5+5_61]\0¢|
[6+S—Co—d2]‘a|[6+8—cl —dg]‘a|
m (4.26)
.H[é—l—s—i—xi—dg]ai[é—i—s—xi—i—ai—|a|—co—cl—dg]ai
bt O+s+xi)a0+s—x+a;—|a| —co—ci]a,
EmB(gijng 5;00701702;d0,d1,d2)7
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where |a| = a1 + -+ + a;,. This formula is valid for the values dy = —N§
(N =0,1,2,...). We now regard each of the two-sides of this formula as a
function of ds; we regard ¢y as a linear function of ds in the form ¢y = A — da,
keeping the other variables a;, z; (i = 1,...,m) and s, ¢1, ¢2,dp, d; constant. In
the elliptic case, it can be checked that the both sides of [E26) are periodic in
the variable dy in this sense (see Lemma BIl). Hence we conclude that (E2H)
holds identically as a meromorphic function of ds, only on the condition (B).

Similarly, we can rewrite ([I8) into
B (40 560,61, Caido, da d )
o [6+S+$i —do]ai[é—f—s—f—xi—dl]ai
10+ s+ ila [0+ s+ @i — do — dila, (4.27)
) ﬁ[5+5+$i—d2]ai[5+5+zi—do—dl—dQ]ai
. [5+S+$i—d0—d2]ai[6+8+$i—dl—dg]ai

=1

alt,...,a
CEm3 (T T gy, er, e2;do, dyy da ).
L1y-+-yTm

By a similar reasoning for the variables do and dy, we see that this formula
is valid under the balancing condition together with the termination condition
(B). After all, we also obtain two types of multiple Bailey transformations under
the condition (B).

Theorem 4.3 Suppose the parameters a; (i =1,...,m) and ¢, d (k=0,1,2)
satisfy the balancing condition

m 2

Sai+ Y (ew + di) =25+ 3 (4.28)

i=1 k=0
and the termination condition
a; =—a;0 (i=1,...,m) for some a=(a,...,0,) € N™ (4.29)

Then we have the following two types of multiple Bailey transformations:

(1) Em?’(gi::gz ‘5;00,01,52;J07(1~17d2)
[0+ 5 —coljal[0 + 5 = c1]ja|

[5+S — Cy — d2]|a‘[5+8—61 — d2]|a\

m 4.30
. H[é—i—s—i-;vi—dg]ai[&—i—s—xi—i—ai—|a|—co—cl—d2]ai (4.30)
Pl [04 s+ zi]a,[0 +5—x;i +a; —|a| — co — c1]a,
: E’”(gijjgz 8;00701702;d07d1,d2)7
where ~ ~
i=5+28—62—d0—d1, 63:5+S—d0—d1, (431)

do =645 —cy —dy, di =6+ s—cy —dp,
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and
ai,

(1) Emv?’(zl,j;"%g}g;zo,a,zz;do,dl,dz)
il
[

5+S+I1—d0]a1[5+5+$1—d1]
0+ s+ xi]a; [0+ s+ 2 — do — di]a,

;jl (4.32)
H[5+S+$Z—d2]al[5+5—|—$1—do—dl dQ]Qi
121[54—84—1‘1 —dp —dg]al[é—f—sﬁ-,@z —dy — dg]ai
: EmB(gijjgz 5;00701702;d0,d1,d2),
where _ N
5=0+2s—cy—c1—ca, Co=0+85—c1—co,
1 =0+s—cy— Ca, Co=0+s5—cy—cCq, (433)

T, =a; —x; — |a (i=1,...,m).

(Formula ([Z30) is proved in [I5], Corollary 8.1.)

Remark 4.4 The second Bailey transformation formulas [IF) and {32) ap-
pear to be new even in the case of multiple basic and ordinary hypergeometric
series. In the basic case, under the balancing condition

aj - -- amCOClcgdodldz = q283, (434)
the change of parameters
5= q52/000102, Co = qs/cica,
¢1 = gs/coca, C2 = qs/coc1, (4.35)
Ti=a;j/aramz;  (1=1,...,m)

implies the following two transformation formulas for W3 of Remark

3 A1, ee s Qm |~ ~ ~ ~ .
wm (N, e ‘87007017027d07d17d2>

T1y..-,T

ﬁ (gszi/do; q)n (gszi/di; )N

i1 (gswisg)n(gszi/dods g)n (4.36)

ﬁ (gszi/ai; q)n (gswi/aidody; q) N
= (gsxi/aido; q)n (gswi/aidi; ¢)n

Aly...,0m
T1y-. 3 Tm

3 . )
o A ( 57007017027d0,d1,d2)7

fordo =q¢ N, N=0,1,2..; and
Wm"g(gl’ oo dm §;60561752;d05d17d2)

Tlyeeoy Ty

ﬁ (g5wi/do; @)a; (g57i/d1; @)a,

QS:Z?“L] a; \dSTq dodi; q o
N s a)a (as fdodss ) .

ﬁ (qswi/d2; @)a; (gs:i/dod1d2; @) as
= (gsxi/doda; q)a, (qsi/did2; q)a,

3 01,-..,0 . .
-wm ( ’ ’ m‘87007cl7027d07d17d2>7

T1y-+-3Tm
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fora;=q¢ >, 0; eN(i=1,...,m).
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