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RAISING OPERATORS OF ROW TYPE
FOR MACDONALD POLYNOMIALS

YASUSHI KAJIHARA AND MASATOSHI NOUMI

Department of Mathematics, Kobe University

ABSTRACT. We construct certain raising operators of row type for Macdonald’s
symmetric polynomials by an interpolation method.

1. INTRODUCTION

Throughout this paper, we denote by Jx(x; q,t) the integral form of Macdonald’s
symmetric polynomial in n variables z = (z1,... ,2,) (of type A,_1) associated
with a partition A ([]). For each m = 0,1,2,..., we consider a ¢-difference operator
B,,, which should satisfy the following condition: For any partition A = (A1, Aa,...)
whose longest part A1 has length < m, one has

J(m,)\) (Ia Q7t) if K(A) <mn,

0 if () =n, (L)

BmJ)\("E;(Lt) = {

where (m, \) = (m, A1, Ag, ...) stands for the partition obtained by adding a row of
length m to A. An operator By, having this property will be called a raising oper-
ator of row type for Macdonald polynomials. With such operators, the Macdonald
polynomial Jy(x;q,t) for a general partition A = (A1, A2,...,\,) can be expressed
as

BAIB)Q...B)\TL.IZJA(ZE;L],t) ()\12)\222)\7120) (12)

Namely, one can obtain J)y(z;q,t) by an successive application of the operators B,
starting from Jy(x;¢,t) = 1.

The purpose of this paper is to give an explicit construction of such operators
B,, (m =10,1,2,...). These operators B,, can be considered as a dual version of
the raising operators of column type introduced by A.N. Kirillov and the second
author [[f], [[. We remark that, as to the Hall-Littlewood polynomials (the case
when g = 0), such a class of raising operators By, of row type has been implicitly
employed in Macdonald [[f], Chapter II1, (2.14):

n

- m Ty — tZZ?j
i=1 J#i
form =1,2,..., where Tp 4, is the “0O-shift operator ” in x;, namely, the substitution

of zero for z;. Our raising operators of row type for Macdonald polynomials can be
considered as a generalization of these operators for Hall-Littlewood polynomials.
1
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We will propose first a theorem of unique existence for raising operators of row

type. For each multi-index o = (av1,... , ) € N*, we set |a| = a1 + -+ + a,, and
v =yt g, T, =T T (1.4)

where T} ., is the g-shift operator in z;, defined by
Toaf (@i, . iy zn) = flo1, ... ,q@i, ..., Tn) (1.5)

fori=1,...,n.
Theorem 1.1. For eachm = 0,1,2,..., there exists a unique q-difference operator
Bpn= Y b"(2)17, (1.6)
lv|<m

of order < m satisfying the condition (EI), where b(ym)(x) are rational functions in
x with coefficients in Q(q,t). Furthermore, the operator By, is invariant under the
action of the symmetric group &,, of degree n.

We will also determine the operator B,, explicitly by an interpolation method.
In the following, we use the notation o < 3 for the partial ordering of multi-indices
defined by

a<f = o< (G=1,...,n). (1.7)
In order to describe the coefficients of our raising operators, we introduce a variant
of g-binomial coefficients Cq g(z;q) including the variables x = (x1,... ,z,). For

any pair (a, 3) of multi-indices such that a > [, we set
I (™ Pt /z))s,

P2 /2,)s,

_ ﬁ (¢ P g, 7 (¢ Py ),
@p;, i (@i fzg)s,

Capl@;q) = (1.8)

with the notation (a)x = (a;q)x = (1 — a)(1 —aq)--- (1 — ag®~1) of the g-shifted

factorial. We remark that, if n = 1, Cy g(2;¢) reduce to the ordinary g-binomial
a

coefficients .
i,

Theorem 1.2. The g-difference operator By, of Theorem @ can be expressed in
the form

Bpn= > b(2) o0 (:Ty.0), (1.9)
|a]=m
where
b (x) = (—1)1*1gZ: (F)a 37 (-1) () 0y (a5 ) (1.10)
p<a
(tq P aifx)p, (T wi /35) 0,8,
ij=1 (g% 2 /),
and
(m) laf—18] (117471 8
¢a (x;TQ>1): Z(_l) q 2 Caﬁ(x;q)Tq,x (111)

BLa
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for each o with |a| =

In the course of the proof of Theorem [1.94, we will make use of a variant of
the g-binomial theorem for our C, g(x;q), which might also deserve attention (see
Proposition .9 in Section 5).

Theorem 1.3. For any o € N, one has
> (g Co (@l = (). (1.12)
Bl

We remark that formula () also implies a generalization of q-Chu- Vandermonde
formulas

i e e A

for any o with |« :nandOﬁrSn.

After recalling some basic facts about Macdonald polynomials in Section 2, we
will prove the uniqueness and the existence of raising operators of row type in
Section 3 and in Section 4, respectively. Explicit formulas for the g-difference
operators ¢4 (x;Ty,) and the coefficients b (2) (la] = m) of Theorem [L.9 will
be given in Section 5 and in Section 6, respectively.

2. MACDONALD POLYNOMIALS

In order to fix the notation, we recall some basic facts about Macdonald’s sym-
metric polynomials of type A,,_1. For the details see [ﬂ]

Let K[z] = K[z1,22,...,2,] be the ring of polynomials in n variables z =
(v1,22,... ,7,) with coefficients in K = Q(q,t), and K[z]®" the subring of all
invariant polynomials under the natural action of the symmetric group &,, of degree
n.

Macdonald’s commuting family of g-difference operators Dy, Do, ..., D, is de-
fined by the generating function

Dy(uiq,t) = Y (—u)'D, (2.1)
=0
IK| 1—tx;/x;
R SRR ET VCON | ﬁ//xj I 7.
Kc{l,...,n} €K, j¢K YT ek
Note that D, (u; ¢, t) has the determinantal formula
1 n—i n—i
D, (u;q,t) = Mdet(xj (1 —wt" " Ty 0,))ij (2.2)
1 - n—u n—i
- i@ > ewyw(J] 27 1 - ut" T, 1),
wWES, i=1

where A(z) = [[;_;(#; — x;) . Macdonald’s symmetric polynomials Py(z) =
Py(x;q,t) are the joint eigenfunctions of the operators Dy, ... , D, on K[z]®", sat-
isfying the equations

D, (u)Py(x H (1 — ug ") (2.3)
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each Py (z) is normalized so that the coefficient of z* should be equal to 1. The
integral form Jy(z) = Ja(x;q,t) of P\(x) is defined as

I(w30,t) = exPa(wiq,t), on = [J(1 = gD, (2.4)
SEA

It is known in fact that Jy(x) are linear combinations of monomial symmetric
functions with coefficients in Z[g, t] (see [] for example).
We recall that the Macdonald polynomials have the generating function

T +=iy) = Paasa. )Py (yit.g), (25)
i=1j=1 A

for another set of variables y = (y1,...,ym), where X stands for the conjugate
partition of A, and the summation is taken over all partitions A such that I(\) =
A1 < m, I(A\) = N1 < n. This formula will be the key to our study of raising
operators of row type. Notice that the dual version of the generation function (E)
has been employed in [E] for the construction of raising operators of column type.

3. RAISING OPERATORS OF ROW TYPE AND THEIR UNIQUENESS

Fixing a nonnegative integer m, we will prove in this section the uniqueness of
a g-difference operator

= 3 U@, ) € K@) (3.1)

[v|<m

of order < m such that
J 1q,t it I(\) <m, (A
Buda(aiq.t) = § Arn (@) L) S m IO <n g
0 it (X)) <m,l(\) =n,

where (m,\) = (m, A1, A2,...). We remark that the invariance of B,, under the
action of G,, follows immediately from the uniqueness theorem. Existence of such
an operator will be established in the next section.

Lemma 3.1. A q¢-difference operator By, of order < m in the form (@) satisfies
the condition (@) if and only if the following equality holds:

BWHH (1+ziy;) = (15, q) HH (1 + ziy;). (3.3)

1... ym
Proof. Note first that, for each partition u = (u1, ... , ttm) of length < m, one has
1 m t 1—gm— Zt'“‘l if - 07
————Dy(1;t,q) Pu(y; t, q) = Py (gt ) [1iZ: (1 — g ) if i >
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Hence we obtain

1 n o m

“Ym

= Y B@mat Pyt [ (- g
=1

(v)<n,l(v")=m
= Z P(m k)(x q,t P)\, y7t,q H — g™ zt()\ )i +1)
(AN <n—1,I'/(AN)<m i=1
This implies that equation @) is equivalent to the condition
0 (ifI(A) =n)
B, P\(x;q,t) = m - ] 3.6
e {Pm;q,t) [, (1=t (it <) &

for any A with [(\) < m. It is easily seen that this coincides with condition (jB.2)
in terms of the integral forms. O

By making the action of D, (1;t,¢) in (B.d) explicit, we obtain

Proposition 3.2. A q¢-difference operator B,, of order < m is a raising operator
of row type for Macdonald polynomials if and only if its coefficients satisfy the
following identity of rational functions:

L+ g7 wiy;
> " HH Trmy (3.7)

[v|<m i=1j=1
1 51 1 —qu/yi 11 1+ twiyy
_ K|
Y Ym > oM ] —yk/yz 181 e 1+ 2oy
Kc{1,...,n} keEK,l¢K i=1keK

Remark 3.3. By the determinantal representation of D, (1;t,¢), equality (B.7) can
also be rewritten in the form

n

m 1+ v ?
> @ I e (3.8)

Iyl <m i=1j=1

1 1+tx,y
= —— _det [y (1 —¢gm" — .
Y1 ymAY) < ( El 1+:vryg)>ij
Let now B and B’ be two ¢-difference operators of order < m and suppose that

they both satisfy the condition (B.3) of raising operators. Then by Lemma [3.1 one
has

By) H H (1 + 2y;) (3.9)

Hence the uniqueness of B,,, of Theorem E follows immediately from the following
general proposition on ¢-difference operators.

Proposition 3.4. Let P = ZMSm ay(:v)TqV)m be a q-difference operator of order
< m with coefficients in K(z).
(a) If P T[T, [T, (1 + 2iy;) = 0, then P =0 as a g-difference operator.
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(b) If Pf(x) = 0 for any symmetric polynomial f(x) € K[z]®" of degree < mn,
then P =0 as a q-difference operator.

Since the statement (b) follows from (a), we give a proof of (a) of Proposition. For
each multi-index o € N™ with |a| = m, we define a point p,(z) € K(x~)™ by
pa(I) = (_1/I1,—1/q171,..- 7_1/qa1_1:1717"' ) (310)
—1/p, —1/qEp, ..., —1/¢*" " 1x,).

Then we have

Lemma 3.5. For any multi-index v € N, one has

n n Otj—l

ITIJa+ Yy ) = I II G =avvai/zy)  (3.10)

i=1j=1 i=1j=1 v=0
= (@~ @i/ 25)a, -
1<i,j<n
In particular, one has T[[_, [T~ (1 + q%xiyj)’y:pa(z) =0 unless v > a.
Under the assumption of Proposition B.4,(a), we may assume that a(z) # 0 for
some o € N with |a|] = m without loosing generality. (If P is of order | < m, set

Yit1 = -.. = Ym = 0 and apply the following argument by replacing m by [.) The
assumption on P implies

> ay H H (14 q"zy;) = 0. (3.12)
)
(q

[v[<m
Evaluating this equality at y = p,(x), we have

aa(x) H

1<i,j<n

aliajJrl{Ei/Ij)aj =0 (313)

by Lemma @, since, if |y] < m and v > «a, then v = «. This contradicts to
the assumption a,(z) # 0. This completes the proofs of Proposition @ and the
uniqueness of By, in Theorem .

4. EXISTENCE OF B,,

In this section, we discuss the existence of a raising operator B,,.

We begin with a lemma which will play an important role in the following argu-
ment.

Lemma 4.1. Let F(y) € K(z)[y]®™ be a symmetric polynomial iny = (y1,- -, Ym)
with coefficients in K(z), and suppose that F(y) is of degree < n—1 in y; for each
j=1,...,m. If F(pa(x)) =0 for all « € N with |a| = m, then F(y) is identically
zero as a polynomial in y.

Proof. We prove Lemma by the induction on m. The case when m = 1 is obvious
since F(y) is of degree < n — 1 and has n distinct zeros —1/z1,...,—1/x,. For
m > 2, we first expand F(y) in terms of y,, as follows:

F(y) :F(yl7"' 7ym) :Z‘F‘i(y:L?"' 7ym—1)y:n7 (4'1)
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where each coefficient F;(y1,... ,ym—1) hasdegree <n—1linally; (j=1,... ,m—
1). Let 8 € N™ a multi-index with |3| = m — 1 and consider the polynomial
n—1 )
fym) = Fps(@),ym) = Y Fi(ps(@))ys,, (4.2)
i=0

by evaluating F(y) at (y1,...,Ym—1) = pg(x). From the assumption on F(y),
it follows that the polynomial f(y,,) has n distinct zeros y,, = —1/¢%z; (i =
1,...,n). Hence f(y,) is identically 0 as a polynomial in y,,. This implies that
Fi(pg(z)) = 0 for each ¢ = 0,...,m — 1 and for any 8 € N" with |3] = m — 1.

By the induction hypothesis, we conclude that the coefficients F;(y1, ... ,Ym—1) are
identically zero as polynomials in (y1,...,Ym—1), namely, F'(y) is identically zero
as a polynomial in y = (y1,... , Ym)- O

In view of Lemma @, we propose to construct a g-difference operator

B= Y ba(x)T, (4.3)

la|<m
of order < m such that
B, HH 1+ zy,) = . 1tqHH 1+ zy;). (4.4)
P e Pt

In the following, we denote the left-hand side and the right-hand side of this equality
by ®(z;y) and by ¥(z;y), respectively. In terms of the coefficients b, (z), ®(z;y)
is expressed as

= Z ba(x) H H L+ ¢ zy;). (4.5)

la <m
Note also that ¥(x;y) is a polynomial in y = (y1,... ,ym) and has degree <n — 1
in each y; (j =1,...,m) as can be seen from (B.4). Hence, by Lemma [i.1, we see

that B satisfies the desired equality if and only if

1. ®(z;y) is of degree <mn — 1 in each y; for j =1,...,m.
2. O(x;pa(x)) = VU(x;pa(z)) for all @ € N with || = m.

Suppose now that the operator B has the property (1) mentioned above. Since

the degree of ®(z;y) in y; is less than n for each j = 1,...,m, we have
y) H H 1 + xlyj 1|y1"°°7”' Y —00 = 0. (46)
i=1j=1

Hence by ([L.5) we obtain
> ba(@)g®™ =0, e, bo(x)=— > balx)g"™ (4.7)
la|<m 0<|a|<m

This implies that B can be represent as

B= Z ba(x)(T;jm - q|a\m) (48)

1<|a|<m



8 YASUSHI KAJTHARA AND MASATOSHI NOUMI

Note that a general B of order < m has an expression of this form if and only if

Fi(x;1) H H (1 +295) Hys—moor... ym—oo (4.9)
is of degree < n — 1 in y;. We now show inductively that, for { = 0,1,... ,m, B

can be represented as follows:
B = > ba(@)ral®, Tpa), (4.10)

I<|a|]<m
where
(bl?a(‘r’ TQ@) = T;jx + Z ¢l§a,ﬁ(x)TqB,x' (411)
B<e, |BI<I

Assume that we have constructed such an expression for [ with [ < m. Note that

(zy) = Y. ba(x)<HH(1+q“"xiyj) (4.12)

I<|al<m i=1j=1

+ Z Plia,p(T HH1+q51xzy]>

B<a, |B]<l i=1j=1

Since property (1) of ®(x;y) implies
y) H H 1 + ‘/L.ly] |yl+1—>007~~~7ym—>00 = 07 (4"13)

we obtain the relation

n 1
Z b (x ( lal(m—=1) HH 1+ ¢%a;y;) (4.14)

I<|a|<m i=1j=1
n 1
+ Y Grap@d T T+ qﬁ%wﬂ) =0.

B<a, |B]<l i=1j=1
In this formula we consider to specialize y’ = (y1,...,y1) at py(x), with the notation
of (B.10), for each ~ with |y| = [. By Lemma B.4, H H(l + qﬁ"xiyj)|y/:pw(w) =0

i=1j=1

unless 3 > v. Hence formula ({.14) with 3/ = D~ () gives rise to

by(@)g" " T (@ /), (4.15)

1<i,j<n
+ 3 ba@g T (@ ), =0,
|ae|>1 1<4,5<n

From this we have

== ba(@)ta( (4.16)

a>y
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where

i) (g% % i fx)),,
Vary(r) = q(|0¢\ IvD (m—=1v1) — J (4.17)
! 1§£‘Ign (@7 [2)s,

- q(la\*\vl)(m*\vl)caﬁ(x;q)

with the notation of (1.8). Note that 14 ~(z) depends on m but does not on B.
Thus we obtain

B = Y by(@)iny (@, Tye) + Y. ba(@)dra(@, Tye) (4.18)
vI=t I<|al<m
= Z ba () Pr41:0(2; To,0)-
I+1<]|a|<m

where ¢ry1.4(x, Tg0) (I +1 < |a] <m) are determined by

¢l+1;0¢(517a Tq,m) = le;a(vaq,z) - Z 1/’04 ~ ¢l,'y(33 Ty, z)
y<aly|=t (4.19)

In other words, the coefficients of ¢;y1.(x; Ty ) are determined by the recurrence
formula

G111:0,8(T) = Gras(®) = D Van(2)dims(@) (4.20)
B<y<a, |v|=1

for all 8 such that 8 < « and || < I. In this induction procedure, it is also seen
by Lemma that a general B of order < m has an expression of this form ()

with (JL.11)) if and only if

n m
F(zy1, ... ym) = (z3y) H H (1+ ziy;) |yz+1ﬂooym sYm =00
i=1j=1 (4.21)
is of degree <n —1in y; foreach j =1,... L.

In this way, we can define the g-difference operators ¢p. (x;Tg.) (I < |a| < m)
for I = 0,...,m, inductively on [ by () Note that these operators depend on
the m that we have fixed in advance, but do not on the operator B. By using the
operators we obtained at the final step | = m, we have the expression

B= Z ba (2;T,.2) (4.22)
o=
for B, where ¢{™ (2 Tg2) = Gma (@3 Ty ) -
From this construction, we obtain the following proposition.

Proposition 4.2. For each o € N™ with |a| = m, define the g-difference operator
E{”’(x;Tq)w) as above. Then, for any q-difference operator B of order < m with
coefficients in K(z), the following two conditions are equivalent.
(a) ®(z;y) = B, [, H;nzl(l—kxiyj) is of degree < n—1 iny; for each
j=1...,m.
(b) B is represented as

B = Z bo (2)00™ (2, T,..) (4.23)

o=

for some by (z) € K(x).
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We now consider a ¢-difference operator B of the form Proposition @, (b), so
that ®(z;y) is of degree < n —1ineach y; (j = 1,...,m). With ¥(z;y) being
the right-hand side of (f.4), the equality ®(z;y) = W(x;y) holds if and only if
D (x;p0 () = U(x;po(z)) for any o with |a| = m, as we remarked before. Since

®(z;pa(z)) = ba(z) H (qai_aj-i_lxi/xj)aj (4.24)
1<i,j<n
by Lemma @, the coefficients b, () are determined as
balw) = U(z;palz)) ] (¢ ai/ay);) (4.25)
1<i,j<n

for all a with |a] = m. This completes the proof of existence of a raising operator
Byy.

From the recurrence formula (f.2(}) we see that, for any a with [ < |a| < m, the
coefficients ¢r.o, () of ¢r.o(x; Ty,) are expressed as

l

Da,p(z) = Z(_l)r Z Vo ()1 72 () s,y 1, (2)

r=1 a>y1>..>v=0; 1<l (426)
for all 8 with 8 < «, |8] < l. In particular, we have

Proposition 4.3. For any pair (a, 8) of multi-indices with 8 < «, define a rational
function w((:g (x) by

WM (@) = qlel=IBDm=18D ¢, s (a:q) (4.27)

i =B+l /o
SEEICS I ) i T Dy
(qﬁi_ﬁj"rlxi/xj)ﬁj

1<i,j<n

Then, for any o € N™ with |a| = m, the coefficients of the q-difference operator

S (25 Ty) = > 609 (2)T7, (4.28)

B<a

are determined by the formula

m

dup@ =317 3wl @) (@),

r=0 a=v0>71> ... >7, = (4.29)

where the summation is taken over all paths in the lattice N* connecting a and (3.

In the next section, we will give explicit formulas for these coefficients gb((lmﬁ) (x).

5. EXPLICIT FORMULAS FOR 4" (2;Tq.2)
The goal of this section is to give the explicit formula

U (25T, ) = Z (_1)|a\—\ﬁ|q(

B<a

lal=18]+1
a I )

Caplz;q) TP, (5.1)
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for E{”’(x,Tq)w) (o] = m) as in Theorem [L.d With the notation of Proposition
@, this formula is equivalent to

olM(@) = (~1)lel-islgl Cap(@: ) 2

_ (_1)|a‘,‘5|q(\a\f\zﬁ\+1) H (qai_ﬁj"'lxi/x]‘)gj'
(@ =Pitra /28,

lal=|B8]+1
a ! )

1<i,j<n

for 6 < a.

In view of the dependence of 77[11(1“}3) (z) on m (see Proposition [£.3), we define a
function ga g(x) by

Jap(x) = ¢~ 1IDIPL G, 5(a3 q) (5.3)

for any a, 8 € N® with § < «, so that w(m) x) = qUel=1Bmg . 5(x). With these
a,B B
Jo,8(x), we also define a function f, g(z) by

o] 18]
fap(x) = Z (=1)" Z G0 (@) Gy 1y, (@) (5.4)
r=0 a=yp>y1>...>7,=
for any «, 0 € N with 8 < . Then by Proposition @ we have
o @) = gl £, () (5.5)

if [a| = m and 8 < a. Hence, the formula (f.9) follows from the following proposi-
tion.

Proposition 5.1. Define the rational functions fo g(z) (8 < a) by the formulas
(B4) together with (5.3). Then they can be determined as

faplw) = (=1)lol=181q= () =Uel=1IA] ¢ (a5 ) (5.6)
for any o, B with B < a.

For the proof of Proposition f.1], notice that the functions f. s(z) are defined
as the matrix elements of the inverse matrix of the lower unitriangular matrix
G = (90,8())a,3- Hence we have only to show the inverse matrix of G is given by

G = (fa,s(2))a,s with

~ 18l —(1e1=181y _(1q|—

Fap(@) = (~1)lel=18lg=(“LPN)=0al=1I81 ¢, 4 (a; ). (5.7)
Proposition Ell thus reduces to

Lemma 5.2. For any «, 3 with a > (3, one has

Z faﬁ(x) gv.8(x) = 0. (5.8)

azy2p
By the definition of ga, g(z) and fa g(z), we have

37 fan(@)gys(@) (5.9)

a>y>f3

il (1= (] — (]
= 3 (lelhlg= () ~lel= Dl =(=108I ¢, (33.9) €y (53 )

azy>p
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Just as in the case of binomial coefficients, it is directly shown that our Cy g(z;q)
satisfy the following identity:

(P i [25) 0,y

Oa.,'y('r; Q) C’Yﬁ (Ia q) = Oa.ﬂ('r; Q) g (q”i_WHIi/Ij)aﬁ»ﬁ (510)
= Ca,ﬁ (LL'; Q) Ca—ﬁ,a—v(l/qax; Q)
where 1/¢%x = (1/¢* 21, ... ,1/¢*x,). Hence we obtain
37 far(@)gys(x) = g 1T C, () (5.11)
azy>p3
3 (=1)lel=hlg=(*")=tal=r=18Dc, 4 . (1/¢%; q).
azy>p

Setting o — 8 = A and o — v = p, the last summation can be rewritten in the form
Z (_1)I#Iq\#\(1f|>\\)q(\g\)O)\.’#(l/qax)' (5.12)
0<p<A

Hence Lemma @ is reduced to proving that this formula becomes zero. It is in
fact a special case of the following analogue of the g-binomial theorem. (Replace x

by 1/¢%z and set u = ¢*~1* in (F.1J) below, to see that (5.13) becomes zero.)
Proposition 5.3. For any A\ € N™, one has

3 ()30 u(@sq) = (), (5.13)
0<pu<A

where u is an indeterminate.

Proof. This “g-binomial theorem” follows from an identity for Macdonald’s g¢-
difference operator D, (u;t,q) in N variables z = (z1,... ,2zn) with N = |A|. Since
D, (u;t,q).1 = (u) N, we have

Z (—u)Elg('2) H LW:(U)N. (5.14)

1-— zk/z[
Kc{1,...,N} kEK;I¢K

For a multi-index A € N with |\| = N, let us specialize (p.14) at z = px(x)
with the notation of (B.1(J). Note that, when we specialize z at py(z), the in-
dexing set {1,..., N} is divided into n blocks with cardinality Aq,...,\,, respec-
tively. Furthermore, for a configuration K of points in {1,..., N}, the product
[reragr (1 — azi/z)/(1 — z/z) becomes zero unless the elements of K should
be packed to the left in each block. Such configurations K are parameterized by
multi-indices p < A such that |u| = |K| and that p; denotes the number of points
of K sitting in the i-th block for ¢ = 1,... ,n. For such a K, one has

1— 1— a—b+1,.. .
I1 L= qz/a I1 I1 S 4 Tl zi/ ) 5.15)
1-— zk/zl _ s 1-— 1 i
kEK;I¢K z=px(x) 1<i,5<n i <a<A;;0<b<p;
-] (1t x5)
1<i,j<n (qs—ritta; [x),,

(The indices are renamed by k — (j,b), | — (i,a).) Hence we obtain (f.13). O

= C)\,u(x; Q)'

This completes the proof of formula @)
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Remark 5.4. In the case of one variable, equation () reduces the ordinary g¢-
binomial theorem

l
S (1)t [’i] — (u)s. (5.16)

k=0
If we take the coefficient of u* in formula (f.13), we obtain

>\ —pi+1 o /o
() e Ul
n<\ | pl=kj=1 J qi#j q i/ b q
fork =0, 1, .,JAl. This gives a generalization of the ¢-Chu-Vandermonde formula.

From (p.13), we also obtain another type of ¢-Chu-Vandermonde formula for our
Ca,p(7;q):

S QI EC, (e q)Cp (22 q) = Pf”‘kf'ﬁq , (5.18)

p<a,v<p q
lul+lv|=k
6. DETERMINATION OF b&m)(:v)
We have already proved that our raising operator

= > (@)1, (6.1)

lyI<m
of row type for Macdonald polynomials has an expression
B,, = Z b ()™ (25 Ty ), (6.2)

le|=

with the g-difference operators ¢((1m) (x;Tq,0) of (@) In this section, we give explicit
formulas for b3™ (2) for all & with || = m.

As we already remarked in Section 4, the coefficients b(m)( ) (Ja] = m) are
determined by
balw) = U(wipa(z)) [] (¢ wi/a).), (6.3)
1<i,j<n
where
1 n m
U(z;y) = y (15, q) H H (14 zy;). (6.4)
Yy ... yn =1 =1

(See ()) Recall that
Uy = —— 3 (s [ loawiw

YrUm pelti my keK 1K L=yi/y1
H { H (1 + tziyg) H(l + xlyl)}
i1 \keK 1gK

We specialize this formula at y = p,(x) for each o with |a| = m, in the same way as
we did in the proof of Proposition @ All the subsets K that give rise to nonzero
summands after the specialization y = p,(z) are parameterized by the multi-indices
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B such that 8 < a and |§| = K. With this parameterization, we already showed
that

= Ca,p(x;9)- (6.5)

y=pa(z)

H L —qyr/m
1 —yr/m

kEK,I¢K

Renaming the indices by k — (4,b), we have

I1 { IT 0+ tzig) [T+ xiyz)} (6.6)

i=1 \keK 16K
Bj_l Otj—l
= ] TIa-tatai/z) [] 0 —q  wi/ay)
1<i,j<n b=0 b=5;
=TI a7 ai/a)s, (@ ai/2))a; -5,
1<i,j<n

Hence we have

U(wipa(e) = (1" (Do 37 (=1)Plg( ey (a3 9)

BLa

IT (b % wi/ay)s, (a0 i /), s,
1<i,j<n

By (6.3), we finally obtain
) 4 al—1a] (18!
W) = = (e 37 (1) Plg(5)C, p(asg)

I1 (tq= P i fy)p, (a9 @i ) 2)) 0,5,
(qai—aj-'rlxi/xj)aj
g%+ (P 37 (—1)lel=1914(2)
f<a
I (tq P ai/x)p, (@i ) 35) 0,5,
(¢ =Pt f)p, (g% = 2 [25) oy,

for any a with || = m. This completes the proof of Theorem .

1<i,j<n
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