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Abstract

This study gives a simple derivation of the efficiency bound for conditional moment restric-
tion models. The Fisher information is obtained by deriving a least favorable submodel in an
explicit form. The proposed method also suggests an asymptotically efficient estimator, which

can be viewed as an empirical likelihood estimator for conditional moment restriction models.
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1 Introduction

Models specified via conditional moment restrictions are common in econometrics, and several
estimators have been proposed in the literature. Contributors include Newey (1990), Carrasco
and Florens (2000), Donald, Imbens, and Newey (2003), Zhang and Gijbels (2003), Dominguez
and Lobato (2004), Kitamura, Tripathi, and Ahn (2004), and Lavergne and Patilea (2013).

The efficiency bound for conditional moment restriction models was originally derived
by Chamberlain (1987), who utilized the fact that any distribution can be approximated
arbitrarily well by a multinomial distribution. Severini and Tripathi (2001), who provided a
general framework to derive the efficiency bound for semiparametric models using a Hilbert
space theory, obtained the efficiency bound for conditional moment restriction models as a
special case.

This study gives a simple and constructive method to derive the efficiency bound for
conditional moment restriction models, based on the viewpoint of Stein (1956), who stated
that the Fisher information in a semiparametric model is not larger than that in any parametric
submodel that satisfies the semiparametric assumption and contains the truth. A submodel is
called least favorable if its Fisher information takes the infimum of the Fisher information over
all smooth submodels, and the Fisher information in the semiparametric model is defined by
that in the least favorable model. We calculate the Fisher information in conditional moment
restriction models by deriving a least favorable model in an explicit form. Severini and Wong
(1992) (hereafter: SW, 1992) showed that a least favorable submodel is obtained by finding
the minimizer of the Kullback—Leibler discrepancy from the model to the true probability
measure. Combining this result with a duality theorem in the convex analysis, we obtain the
efficiency bound.

Furthermore, the proposed method suggests an asymptotically efficient estimator, which
is essentially the same as the estimator of SW (1992) for conditionally parametric models.
Moreover, our estimator can be viewed as an empirical likelihood (EL) estimator for conditional
moment restriction models. We will observe a connection between our estimator and the
smoothed EL (SEL) estimator of Kitamura, Tripathi, and Ahn (2004).

2 Fisher Information

Let (X1,721),...,(Xn, Z,) be independent copies of (X, Z) that takes values in X x Z. The
joint law of (X, Z) is denoted by px z. Furthermore, we write ux z = pz| xpx, where iz x
is the conditional law of Z given X and px is the marginal law of X. The parameter of
interest, 8y € © C RP| is characterized as a unique value that satisfies the conditional moment

restriction
En(Z.00)/X] = [m(z00)duzix =0 as px.

where m : Z x © — R! is a known function. We assume that px does not provide any infor-
mation on . The model is semiparametric in the sense that iz x is the infinite-dimensional

nuisance parameter. Our aim is to find the efficiency bound for estimating 6.



The model can be represented as a set of conditional probability measures {Fp,,} that is
indexed by the scalar parameter § and the infinite-dimensional nuisance parameter 7. We
employ a setting that is used in Kitamura (2003) and Otsu and Whang (2011). Let vz, be a
conditional probability measure on Z given X = x. Because a model for the marginal law of

X is not specified, our model is written as
PZ|X = {Pgm :0eO,ne 7'[97)(},

where

Ho x = {(Vzu)xex : /m(z,@)dVZ|X =0 a.s. MX}-

Note that Hp x is the set of conditional probability measures that satisfies the conditional
moment restriction for a given 6 € ©.

The Fisher information for p in Py x is the infimum of Fisher information over all para-
metric submodels of Py x. Let 1 be the true nuisance parameter that satisfies iz x = Py, 1, -
Moreover, let g be a smooth curve of § that satisfies 79, = n9. Then we obtain a paramet-

ric submodel {Py ,, : 0 € U}, where U is a neighborhood of 6. Fisher information in the

dlog Py, dlog dP;., '
E —_— Y —_ Y ,
b o, a0 o,

where the symbol E denotes the expectation with respect to ux z. A curve n; that gives the

submodel is

infimum of the Fisher informations is called a least favorable curve. The model {FPp ;- : 0 € U}
is a least favorable submodel.

SW (1992) showed that a least favorable curve is obtained by minimizing the Kullback—
Leibler discrepancy from Py, to Pg, ,, with respect to 1. Let Hp , be the set of conditional
measures that satisfies the conditional moment restriction for a given § € © and z € X. The

least favorable curve is obtained by solving

. dPy ) dn
— /1 ) dpy, = — /1 diiz),
i /og (duz) Hzle = i /og (duh) [iz|;

for each € and x. Moreover, a duality theorem implies that the infinite-dimensional minimiza-

tion problem is equivalent to the finite-dimensional dual problem:

log(1 + N'm(z,0))dpz|s-
rAneal}g/ og(1+X'm(z,0))duz|s

For instance, see Kitamura (2003).
The duality theorem implies that the least favorable submodel {Pp s} is equivalently

written as { Py, } whose piz|,-density is given by

APy _ APy
d,uZ|a: dMZ|a:

= (1+ Xg(2)'m(2,0)7", (2.1)

where
Ao(1) = arg max/log(l + N'm(z,0))dp g,
AER!

The new nuisance parameter, )\, is finite-dimensional for fixed x.



The Fisher information in {Py 5, } is

)(MMWAWH) )1
0=0, do 0=0,

<8€(Z;GO,A90 (X)) | [6)\90 (X)}’ 8€(Z;90,)\90(X))>

E

db

(de(z; 0, \o(X))

= FE

00 06’ OA

OU(Z:00. 00 (X)) [0ay (X)]' 0U(Z: 00, 20y (X)) )
X( 26 +[ ' } o )]

where £(z;0,\) = —log(1 + X'm(z,0)). By the implicit function theorem, we have

Mg(z) O2(Z;0,0(X)) 17 L [0%(Z;0,20(X)), o
00 _E[ aon  x=r B v
Because (2.1) implies Ag, (z) = 0 for all z € X, some calculation yields that
8)\90 (l‘) —1 8m(Z, 9)
50 —E[m(Z,00)m(Z,00)'|X =x] " E [30’X =x|.

Thus, Fisher information in Py x is

Ty, = E

E {améi;%NX]/E[m(Z, 00)ym(Z,00)|X] " E {3’”(2’90)|X” .

The asymptotic variance of any regular estimator for 6 is not less than Z,_ L

3 Efficient Estimator

SW (1992) proposed an asymptotically efficient estimator for conditionally parametric mod-
els, in which a nuisance parameter is a Euclidean parameter once the value of a conditioning
variable is fixed. Our original model is not conditionally parametric because 7 is infinite-
dimensional even for a fixed value of X. However, the model in the dual problem is condition-
ally parametric, and thus the estimator of SW (1992) is applicable.

An infeasible efficient estimator for 6j is the maximum likelihood estimator that maximizes
Yo U(Zi;0,M0(X;)). Because A\g(x) is unknown, we replace it with a sample analog. Suppose
that X is compact. Then we can estimate A\g(z) by

n

5 r—X; .
Ao(x) = arg;ﬂ;ﬁgj:lf(< - )E(Zj,H,A),

where K (+) is a kernel function and h is a bandwidth. Our estimator for 6 is
j— 70\ (X,
0 argrgleag;é( 1160, M (X)),

which is essentially the same as the estimator of SW (1992).
Our estimator can also be viewed as an EL estimator. Indeed, if the model is specified
via the unconditional moment restriction E[m(Z,6p)] = 0, then a least favorable submodel is

obtained as
dP@,ke

= (1 / —1
ot = (L Xm(z,0) 7,



where
g = argmax/log(l + XNm(z,0))duz.
AER!

Thus, the resulting estimator coincides with the EL estimator of Qin and Lawless (1994). See
also DiCiccio and Romano (1990) and Bertail (2006) for a connection between EL estimators
and least favorable submodels.

Under certain regularity conditions, we have 6% 6, and
Vil —6o) % N(0,Z;1).
Thus, the estimator is asymptotically efficient. Note that replacing Ay with Ao does not affect
the asymptotic distribution of the estimator. This is because \g is a least favorable curve (see
Section 4 of SW, 1992).

Because regularity conditions and proofs are given in SW (1992), we do not reproduce
them. To show the asymptotic results, we need to establish uniform consistency of Mo (z) and
its derivatives over # € © and x € X. Thus, if X is not compact, we need to introduce a
trimming function to avoid the random denominator problem.

Finally, we note a connection between our estimator and the SEL estimator of Kitamura,
Tripathi, and Ahn (2004). In our notation, the SEL estimator solves

Ienea@))( Zz:; ; wiil(Z;; 6, M(X5)),

where
G
- n XifX]' ’
Thus, the difference between two estimators is in whether the log-likelihood is smoothed when
the “outer loop” is solved. The local likelihood method of Tibshirani and Hastie (1987)

suggests that smoothing in the outer loop is necessary when 6 is a function of x, which is the
case considered by Zhang and Gijbels (2003).
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