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We show that the transition to a k~' spectrum in the enstrophy inertial range of
generalized two-dimensional turbulence can be derived analytically using the eddy
damped quasinormal Markovianized (EDQNM) closure. The governing equation for the
generalized two-dimensional fluid system includes a nonlinear term with a real parameter
«. This parameter controls the relationship between the stream function and generalized
vorticity and the nonlocality of the dynamics. An asymptotic analysis accounting for
the overwhelming dominance of nonlocal triads allows the k~! spectrum to be derived
based upon a scaling analysis. We thereby provide a detailed analytical explanation for the
scaling transition that occurs in the enstrophy inertial range at « = 2 in terms of the spectral
dynamics of the EDQNM closure, which extends and enhances the usual phenomenological
explanations.
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I. INTRODUCTION

As is well known, forced-dissipative turbulence governed by the two-dimensional (2D) Navier-
Stokes (NS) equation has peculiar properties that are absent in three-dimensional NS turbulence.
In forced-dissipative 2D NS turbulence, two inertial ranges coexist because there are two inviscid
quadratic invariants, kinetic energy and enstrophy. If flow is forced in a narrow band of wave numbers
around a wave number k¢, the energy and enstrophy are transferred to wave numbers smaller and
larger than k¢, respectively. The associated inertial ranges are called the energy and enstrophy inertial
ranges, respectively. According to Kraichnan-Leith-Batchelor (KLB) phenomenology [1-3], the
enstrophy spectrum in the enstrophy inertial range should take the form

ok) = C'n*Pk ", (1)

where C’ is a dimensionless constant and 7 is the enstrophy dissipation rate. The KLB
phenomenology assumes local interactions among triad wave numbers. However, Kraichnan [4]
pointed out that nonlocal triad interactions are important in the enstrophy inertial range. He then
proposed the log-corrected form of (1),

Qk) = C'n*PkInk/ ko)™ (k> k), 2)

where ki, is the bottom wave number of the enstrophy inertial range. The nonlocality of triad
interactions is a central subject in 2D turbulence studies and has been extensively reported (see,
e.g., [5,6]). The spectrum (2) has been observed in many numerical simulations forced near a
low-wave-number cutoff, i.e., the enstrophy inertial range is resolved but the energy inertial range
is not in those simulations (see, e.g., [7-9]). Note that recent high-resolution numerical simulations
suggest that spectra observed in the energy and enstrophy inertial ranges significantly deviate from
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the spectra predicted by the KLB phenomenology when both of the inertial ranges are resolved (see,
e.g., [10,11]).

The present paper investigates a generalized 2D fluid system introduced by Pierrehumbert ez al.
[12]. This system was proposed as a tool for studying the effects of nonlocality of triad interactions
on 2D NS turbulence in the enstrophy inertial range. The generalized 2D fluid system is governed
by

2;—cf—i—J(«gﬁ,q):D—i—J’:, (3a)
—(=VH*y = g, (3b)

where ¥ (x,t) is the stream function and g(x,?) is a scalar advected by an incompressible velocity
v = e, x Vi/. Here e, is a unit vector normal to the plane of motion, J is the 2D Jacobian defined
by J(a,b) = 9,adyb — d,ad,b, a is a real number, V2 is the Laplacian in 2D space, and D and
F are dissipation and forcing terms, respectively. When o = 2, this system reduces to the 2D NS
system. Moreover, for appropriate values of «, this system describes various geophysical 2D fluid
systems [13—16]. Over the past 15 years, researchers have studied not only turbulent properties of
the generalized 2D fluid system, but also linear stability of parallel shear flows in this system (see
[17] and references cited therein). In the present paper we consider the original issue in this system,
that is, the dynamics in the enstrophy inertial range in turbulence governed by (3) forced in a narrow
band of wave numbers around k¢ on an infinite plane, with appropriate decay conditions at infinity.
In particular, we focus on o > 0. In the following, we will refer to the turbulence governed by (3)
as « turbulence.

Similar to the 2D NS system, (3) has two quadratic inviscid invariants, the generalized energy &,
and the generalized enstrophy Q,,, defined as

&= —1Vq, )

Q. =142, (5)

respectively. Here the overbar denotes a spatial average over the flow domain. Hereafter, we refer to
&, and Q, as the energy and enstrophy, respectively. Furthermore, we call g vorticity for simplicity,
although the advected quantity ¢ is frequently referred to as the generalized vorticity.

As there are two inviscid invariants, the cascade phenomenon of both invariants can be inferred
in « turbulence. Applying the KLLB phenomenology to « turbulence [12], the enstrophy spectrum
Q. (k) in the enstrophy inertial range takes the form

Qo (k) oc k=727, (6)

=

In direct numerical simulations of (3) [12,18], when the forcing wave number k; is small and only
the enstrophy inertial range is resolved, the prediction of KLB phenomenology (6) is verified in
0 < a < 2, but fails for @ > 2. The simulation results suggest the form

Qo o k7! (7)

for ¢ > 2. The violation of the KLB phenomenology is attributed to the locality assumption of the
interactions in wave-number space [12,18]. That is, in the KLLB phenomenology, the enstrophy flux
M 2(k) scales as

N2(k) = (K°72% 0, ()} 2k Qu k), (8)

where the rate of strain acting on the scale k! is assumed to be dominated by eddy effects on scales
similar to k~!. Pierrehumbert et al. [12] explained the spectrum (7) by an analogy with a passive
scaler spectrum. In contrast, Watanabe and Iwayama [19] modified the KLB phenomenology by
introducing the nonlocality of the rate of strain. In their phenomenology, hereafter referred to as the
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revised KLB phenomenology, the enstrophy flux scales as

k 1/2
Mok = { / -2 QO,(k/)dk’} kQu (k) ©)
0

and (9) provides a unified form of the enstrophy spectrum in the enstrophy inertial range for all «.
That is, their spectrum reduces to (6) for @ < 2, (2) for @ = 2, and (7) for @ > 2. In direct numerical
simulations that resolve only the enstrophy inertial range, Watanabe and Iwayama [20] conducted
a detailed analysis of enstrophy transfer due to triad interactions in the enstrophy inertial range for
a =1, 2, and 3. They showed that in the enstrophy inertial range, enstrophy transfer by nonlocal
triad interactions dominates the transfer dynamics even for o = 1.

The present study investigates enstrophy transfer by triad interactions in detail using a closure
approximation equation. Although the generalized 2D fluid system was proposed for studying
nonlocality of triad interactions in the enstrophy inertial range, detailed analyses of these triad
interactions have been conducted only by Watanabe and Iwayama [20]. Moreover, their analysis was
limited to @ = 1, 2, and 3. Instead, we study enstrophy transfer due to triad interactions as a function
of «. However, analyzing the triad interactions for continuously varying « via direct numerical
simulations would consume enormous computational time, even on state-of-the-art computers. To
avoid this problem, we adopt a closure approximation equation.

Study of enstrophy transfer in the enstrophy inertial range via a closure approximation equation
aims at a further and main objective. As stated above, the power law of the enstrophy spectrum in
the enstrophy inertial range for forced-dissipative « turbulence undergoes transition at « = 2. This
transition has been explained by the revised KLB phenomenology, but has yet to be analytically
derived. In general, analytical statistical theories of turbulence predict the statistical quantities of
turbulent flows such as the energy spectrum from the governing equations or by dynamical equations
approximated by the governing equations. Noting this trend of turbulence study, we identify another
need in the present paper, that is, to derive the power-law transition of the enstrophy spectrum
in the enstrophy inertial range for forced-dissipative « turbulence from a closure approximation
equation. Furthermore, this derivation would provide a dynamical basis for the revised KLB pheno-
menology (9).

We employ an eddy damped quasinormal Markovianized (EDQNM) closure approximation
equation in this study. Among closure approximation equations, the EDQNM closure approximation
[21], or a similar approximation equation, the so-called test field model [22], has been frequently used
in analytical studies of 2D NS turbulence, because it is easy to treat compared to the other closure
approximation equations [23]. As studied by Herring and McWilliams [24], closure equations cannot
represent intermittency due to the existence of coherent vortices and fail predictions of statistical
quantities in the case of decaying problems, because the coherent vortices dominate the dynamics in
decaying problems. However, in forced-dissipative problems, predictions by closure equations are
still valid when a forcing is strong and destroys the coherent vortices.

Recently, an EDQNM closure approximation equation for the generalized 2D fluid system
was introduced by Burgess and Shepherd (BS) [25]. They investigated the validity of the KLB
phenomenology in the energy inertial range in forced-dissipative « turbulence. Their analysis
indicated that the energy flux is upscale for « < 5/2 but downscale for @ > 5/2 in the energy inertial
range with the KLB spectrum. Therefore, they concluded that the KLB phenomenology works well
for o < 5/2, but fails for « > 5/2. Indeed, in the direct numerical simulations that resolve only
the energy inertial range, the energy flux was upscale even for @ > 5/2 and the spectrum predicted
from the KLB phenomenology were observed only for « < 5/2. In contrast, the present authors
previously examined the enstrophy spectrum in the infrared range (k — 0) and the asymptotic form
of the eddy viscosity in « turbulence by the EDQNM closure approximation equation [17,26]. We
derived that the enstrophy spectrum in the infrared range should take the form Q, (k) o k> and the
asymptotic wave-number dependence of the eddy viscosity is k*~*. Our EDQNM predictions were
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verified in direct numerical simulations. Therefore, the EDQNM closure approximation equation is
a useful tool for studying « turbulence and is employed in the present study.

The remainder of this paper is organized as follows. In Sec. II we briefly introduce the EDQNM
closure approximation equation for the generalized 2D fluid system. In Sec. III we investigate how
the enstrophy fluxes in the enstrophy inertial range and the triad interactions responsible for those
fluxes depend on the parameter . From the results of Sec. III we derive the power-law transition
of the enstrophy spectrum in the enstrophy inertial range through an asymptotic analysis of the
EDQNM approximation equation in Sec. IV. In Sec. V we discuss the modeling of enstrophy flux
under conserved energy and enstrophy.

II. EDQNM CLOSURE APPROXIMATION EQUATION

We consider 2D flows in an infinite plane with appropriate decay conditions at infinity. When
we set the damping term D with the hyperviscosity of order p and the hypofriction of order s, the
evolution equation of the enstrophy spectrum is given by

2s Q
{% + 20,k + 2y, (%) }Qa(k) = - 8na“k(k) + F(k), (10)

where F(k) is a forcing localized in a narrow wave-number range around kf, k), is the friction
wave number, and v, and y; are the hyperviscosity and hypofriction coefficients, respectively. The
enstrophy flux IT S(k) is expressed in terms of the triad enstrophy transfer function TaQ(k,l ,m) by

1 o0 o0 o0
(k) = -/ dk// dl/ dm T2k ,1,m), (11)
2 Ji 0 0

where T.2(k,l,m) satisfies the detailed conservation laws of energy and enstrophy
k=T 2k, 1,m) 4+ 17T, 2(L,m,k) + m~ T 2(m,k,l) = 0, (12)

TL(k,l,m) + T2(,m,k) + T2(m,k,I) = 0 (13)

for wave numbers forming the triangle k 4+ I + m = 0, here referred to as triads (k,/,m). Moreover,
TaQ(k,l ,m) is symmetric under permutations of / and m,

T2(k,l,m) = T2 (k,m.,l). (14)

We concentrate our discussion on the enstrophy flux H{?(k), because we consider the enstrophy
inertial range in which the damping and forcing terms are negligible. Because the detailed
conservation law of enstrophy and the triad enstrophy transfer function are symmetric under /
and m permutations, the enstrophy flux can be decomposed into two parts:

Hg(k) — H§(+)(k) _ Hg(_)(k), (15a)
where
00 k l
M2 k) = fk dK’ /0 dl/o dm TLK 1,m), (150)
k 00 o8]
naQH(k):/ dk’/ dl/ dm T2k ,1,m). (15¢)
0 k 1

Here H§(+)(k) indicates the enstrophy flux into all wave numbers larger than k from interactions

with [ and m (both less than k) and IT g(i) (k) is the enstrophy flux into all wave numbers less than k
from interactions with [ and m (both larger than k).
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Using an eddy damped quasinormal approximation [23,25], the triad enstrophy transfer function
can be expressed in terms of the enstrophy spectrum as

0 2ktx+2 k
Ta (k,l,m) = ——6unm 2ak1m_Qa(l)Qa(m)
wlm (Im)~

l m
_bklmWQa(m)Qa(k) - bkm/WQa(k)Qa(l)}v (16)

where Tag(k,l ,m) = 0 outside the domain in the (/,m) plane such that k, /, and m comprise the sides
of the triangle k + 1 +m = 0;

Biim + bim
gy, = 2K & Ot (172)
2
1% — mYk® — m)V1 — x2
by = 2T MO VL Z a7 (17b)
ka+2(lm)a—2
o la koz _ lot 1 2
by = 2" X Wi=-x" (17¢)

kOH-Z(lm)O(—Z

are geometric coefficients; and x indicates the cosine of the interior angle of the triangle facing side
k,i.e.,
l-m
X =—". (18)
Im
The quantity 6y, is the relaxation time of the third-order moments associated with the triads
(k,l,m). In Ref. [25], Oy;,, was formulated as

1
lem - M_’ (1921)
kim
Hikim = Mk + Up + Ug, (19b)
e = ul 7 Qo (k)]'/2. (19¢)

In contrast, previous NS turbulence studies [4,27,28] and the revised KLB phenomenology [19]
suggest that the quantity 1, should be revised to

k 1/2

W = ,\{ / m*=2 Qa(m)dm} ) (20)
ko

The proportionality coefficients u in Eq. (19¢) and A in Eq. (20) are yet to be determined. However,

the conclusion of the present study is independent of the values of u and A. To avoid infrared

divergence, we adopt the lower bound k;, of the integral in Eq. (20), where 0 < k, < k. Note that,

in general, there are three contributions to 1, that is,

& 1/2
e = ,\{ / m*=2 Qa(m)dm} + 20,k + 2y,(k, [ K)*. (21)
ky

The first term in Eq. (21) arises from the nonlinearity of the governing equation and the second
and third terms in Eq. (21) represent the contributions of hyperviscosity and hypofriction on uy,
respectively [29]. However, the second and third terms would be negligible compared to the first
term, because the present study considers the dynamics in the enstrophy inertial range where the
nonlinearity dominates the friction and viscous effects. We thus use (20) instead of (21).
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III. DETAILED ANALYSIS OF THE ENSTROPHY FLUX IN THE
ENSTROPHY INERTIAL RANGE

Using the EDQNM closure approximation equation, we analyze the enstrophy fluxes in the
enstrophy inertial range and examine the characteristics of the triads responsible for those fluxes.
Our detailed analysis follows Kraichnan [4] and BS [25].

The triads (k',/,m) comprising [T (k) and TT27) (k) satisfy the relations m < [ < k < k' and
k' < k <1 < m, respectively. Following BS [25], we refer to the former and latter triads as type A
and type B triads, respectively. Furthermore, we refer to HO?(*)(k) and HS(’)(k) as the enstrophy
fluxes from the type A and type B triads, respectively.

Normalizing the triads of the enstrophy fluxes and considering the detailed conservation laws of
energy and enstrophy, the enstrophy fluxes from the type A and type B triads are rewritten as

1+v 1 _ w
M2 k) = k3/ dv/ Ll w“/ duu*T2(11v,lw), (22a)
J— wOl 1
1+v we — 1
M2 k) —k3/ dv/ / duu T, v, lw), (22b)
— wﬂt v

where u~! is the medium wave number normalized by the wave number of interest k, and v and w are
the minimum and maximum wave numbers normalized by the medium wave number, respectively.
Equation (22) is derived in Appendix A. Note that the form of (22) is independent of the closure
approximations.

The following analysis uses (16), (19a), (19b), and (20). Furthermore, we assume the following
power law for the enstrophy spectrum:

Qa(k) = Cak™. (23)

That is, we assume the existence of the enstrophy inertial range with infinite width and ignore that
of the energy inertial range. This assumption requires simplification of the following theoretical
analysis. Moreover, as mentioned in Sec. I, the numerical simulations verifying the KLB scaling
and the transition to the k~! spectrum support the above assumption. Then the scaling of the triad
enstrophy transfer function in the EDQNM approximation depends on the sign of 5 — 2 — n. When
5 —2a —n > 0, the triad enstrophy transfer function in the EDQNM approximation is scaled as

(1—20—3n)/2
Tag(l,lv,lw) — 1(1*2a*3ﬂ)/2TaQ(1’v’w) = <_) Tag(l,v,w). 24)
u

Inserting (24) into (22), we obtain

1
H(XQH)(k) _ k(772a73n)/2/ dv Lfm(v), (25a)
0
1+v
LD () = f dw WE2P w,w,m)TL(1,v,w), (25b)
1
1 - v
WaQ('H(v,w,n) — ﬁwa/ du u(3n+2a—9)/2’ (25¢)
— 1
1
naQ(_)(k) _ k(7—2a—3n)/2/ dv LOCT)(_)(U)’ (25d)
0
I4+v
LO?(_)(U) - / dw Wf(_)(v,w,n)TaQ(l,v,w), (25¢)
1
a_q 1
W2 (w,w,n) = vf — w ”a_/ du uPr e, (251)
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where L2®) measure the localness of the enstrophy transfer and W2 are the weight functions.
Note that in the above analysis, the enstrophy fluxes from the type A and type B triads have the same
k dependence. As the enstrophy flux H(?(k) is independent of the wave number in the enstrophy
inertial range, from (25) we obtain

_7—2a
=—

Equation (26) is exactly the KLB scaling (6). The condition 5 — 2o — n > 0 with (26) reduces to
a < 2. The weight functions are then given by

n (26)

1 — %
WO(Q(+)(v,w,(7 —2a)/3) = —vw"‘ Inw, (27a)
UQ —_ wa

o

o) 1-w" o
W7 (ww, (7 -2a)/3) = —v¥ Inw. (27b)
U(X — wO(
In contrast, when 5 — 2o — n < 0, the scaling (24) is replaced by
3—2a—2n
T2, v, lw) = (—) T.2(1,v,w). (28)
u

Furthermore, (25) is replaced by

1
M2 (k) = kS22 / dv L2 (v), (29a)
0
1 —v” w
WoD(w wn) = — 2w | du 2 (29b)
o o o
vt —w 1
1
M2 (k) = k62«2 [ dv L2O(v), (29¢)
0
@ _1 1
W2 (v,w,n) = BT e / du w277, (294d)
va — wOl v

Note that L2® are unchanged. By (29) the power-law exponent of the enstrophy spectrum in the
enstrophy inertial range is

n=3—o. (30)

Then the weight functions are equivalent to (27). Inserting (30) into the condition 5 — 2« — n <
0, the condition reduces to o > 2. Thus, merely revising the form of 6y, does not achieve the
spectrum (7).

Although we have not derived the enstrophy spectrum (7) in the enstrophy inertial range for
o > 2, we continue our discussion here and derive (7) in the next section. We first examine the o
dependence of the enstrophy fluxes from the type A and type B triads in the enstrophy inertial range.
In Fig. 1 the enstrophy fluxes from the type A and type B triads are normalized as TIS™ (k)/ 12 (k)
and TT2)(k)/ T12(k) and plotted as functions of a. Note that the net enstrophy flux [T£(k) equals the
enstrophy dissipation rate. The integrals in Egs. (25) and (29) were resolved todv = dw = 2 x 1074,
We confirmed that the results are unchanged at higher resolution (dv = dw = 1 x 107*). According
to Fig. 1, when « is small, Hg(“(k) and Hg(’)(k) far exceed the net enstrophy flux and a small
difference between them derives the net enstrophy flux downward. The upward enstrophy flux from
the type B triads exceeds the net enstrophy flux when o < 0.79. As « increases, both upward and
downward enstrophy fluxes decrease and type A fluxes dominate the net enstrophy flux up to and
beyond o >~ 2. The normalized fluxes Hf(ﬂ(k) / Hg(k) and HS(’)(k) / Hg(k) for various « are listed
in Table I.
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FIG. 1. Plot of o dependence of TT2®) (k) and T12~)(k) normalized by the net enstrophy flux IT2(k) in the
enstrophy inertial range. The bold and thin lines indicate TI2* (k)/ [12(k) and — 12 (k)/ TI2(k), respectively.
Dotted lines indicate the normalized enstrophy fluxes for « > 2, where our analysis fails to derive the
spectrum (7).

We now compare the above results with those of Watanabe and Iwayama [20], who numerically
simulated (3) for o = 1, 2, and 3. They assumed large-scale drag and hyperviscosity and adopting
forcing at small wave numbers. Their simulations adequately resolved the enstrophy inertial range
but not the energy inertial range. They also introduced a coarse-grained triad enstrophy transfer
function and its associated total enstrophy flux by dividing the wave-number space into circular
logarithmic shells. As the coarse-grained triad enstrophy transfer function satisfies the detailed
conservation laws, the associated total flux is decomposed into two parts, similar to (15a). In Fig. 6
of Ref. [20], TS (k) =~ 1.41, and TIZ (k) =~ 0.4n, for & = 1, although the plateau wave-number
ranges for enstrophy fluxes from the type A and type B triads are narrow. In the enstrophy inertial
range HD[Q(”(I() =~ 14 for o = 2 and 3. Thus, the enstrophy fluxes calculated by the EDQNM closure
approximation equation agree reasonably well with the DNS results.

TABLE L. Normalized enstrophy fluxes [12® (k) for various .

« 24300/ N2 (k) 2030/ N2 (k)
0.5 2.96 1.96
1 1.64 0.64
2 1.05 0.05
3 1.00 0.00
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Q: \/mOXQ(i)

\/mox

0.08

0.04

0.00

FIG. 2. Plot of « dependence of v at which L% (v), L2 (v), and LE(v) are maximized. Bold and thin

lines indicate v and v, respectively. The dash-dotted line indicates v .

Next we examine the characteristics of the triads responsible for enstrophy transfer in
the enstrophy inertial range. To this end, we examine the o dependence of the localness of
the enstrophy transfer. The functions LM (v), LY (v), and LE(v) = LY (v) — LY (v) are
unimodal functions that increase as v decreases and vanish at v — 1. Figure 2 plots v for which
LI (v), LY (v), and LE(v) are maximized at each . For a =~ 0, L™ and L2 are maximized
atv2H ~ 0.2, while L2(v) is maximized at v, = 0.13. The peaks of L™ and LZ shift to smaller
v as « increases, approaching 0 at & 2 1.2. Meanwhile the peak of LO?(‘) is insensitive to «. This
indicates that the enstrophy transfers through all triads and the type A triads become nonlocal as «
increases.

The above results are summarized as follows. The net downward enstrophy flux in the enstrophy
inertial range competes with the downward enstrophy flux from the type A triads and the upward
flux from the type B triads. At smaller «, both enstrophy fluxes far exceed the net enstrophy flux.
That is, very small difference between two enstrophy fluxes drives the net enstrophy flux downward.
Both enstrophy fluxes decrease as o enlarges and the type B flux almost vanishes at « = 2. When
o = 2, the net enstrophy flux comprises only the enstrophy flux from type A triads. Furthermore,
as « increases, nonlocal triads with small ratios of minimum to medium wave number contribute
significantly to the enstrophy transfer.

IV. DERIVATION OF THE ENSTROPHY SPECTRUM IN THE ENSTROPHY INERTIAL RANGE
FOR « > 2 BY THE EDQNM APPROXIMATION EQUATION

In the previous section we failed to derive the enstrophy spectrum (7) in the enstrophy inertial
range for « > 2. However, we inferred that for « > 2, the net enstrophy flux in the enstrophy inertial
range is contributed only by nonlocal type A triads. Therefore, in this section we estimate the
enstrophy flux produced by these triads and hence derive the power-law exponent of the enstrophy
spectrum in the enstrophy inertial range for o > 2.

To calculate the contribution of nonlocal triads m « [ < k < k’ to the enstrophy flux, we
asymptotically expand the flux with respect to a small parameter € = m/k’ (see Appendix B for
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details). When « > 0, the enstrophy flux produced by the nonlocal triads m < I < k < k' is given
by

Mo (k)
1 ak—l N k ak ak
~ L | 8 L2 [T 42 0 iy + ke Qa0 / m’~dm |. (1)
4 ok ke ky

=] =II

Here a is a small parameter such that 0 < ky < ak < k. The nonlocal triads contribute to the
enstrophy flux through two terms, I and II, in Eq. (31). Assuming the self-similar enstrophy spectrum
(23) and 5 — 20 — n # 0, we now estimate these two terms. Note that the following estimation is
independent of the form of 6;,,. The ratio of the terms I to II is given by

1 [ (5-20—n>0) )
I | Gtao(d) ™" 5-2a—n<0).

When the exponent of a in Eq. (32) is negative, the enstrophy flux Hfrff )(k) is contributed more by

term I than by term II, because a is small. For a physically relevant system, we require o < 3 [30].
Furthermore, now that we are considering a sufficient width of the enstrophy inertial range we may
suppose that k,/ k = O(a?) without loss of generality. Term I will then dominate over term II if, as
expected, the turbulent spectrum is steeper than the enstrophy equipartition spectrum, i.e., n > —1.
Therefore, we obtain

1 k1 Qu (k) [k
20 (k) ~ _Zekk0k3T
ky

Equation (33) is the a-turbulence version of the nonlocal enstrophy flux derived by Kraichnan [4]
for 2D NS turbulence. As the integral in Eq. (33) has dimensions of 7 2, it is interpreted as the
square of the mean shear with wave numbers less than ak. Note that (33) vanishes in the enstrophy
equipartition spectrum Qg (k) o< k'.

From (33) we derive the power-law exponent of the enstrophy spectrum in the enstrophy inertial
range. Again, we assume the self-similarity of the enstrophy spectrum (23). The form of the nonlocal
enstrophy flux depends on the sign of 5 — 2o — n.

When 5 — 2o — n > 0, the integral in Eq. (33) is evaluated as

m*=2% Qy(m)dm. (33)

ak C
/ m* 2% 0, (m)ydm ~ ——=—(ak)>2*".
& 5—20—n

Thus, one obtains

ak 1/2
C
Otkca m*2 Qg (mydm ~ ———————(a’k)* /2,
Hhak) /kh 2A/5 —2a —n

Ik~ Ok
—a% ® _ —(n 4 1)Cok ™2,

These results lead to

nHea?
HQ(+)(k) ~ ; (n+1 g5~ (1=2a=3n)/2. (34)

onl MS5—20—n

As HO%E;L )(k) has the same k dependence with Hg(i)(k) in Eq. (25), in the enstrophy inertial range,
the exponent 7 in this case should be the KLB scaling (26). Moreover, the condition 5 — 2o — n > 0

yields & < 2. As the exponent of the small parameter a in Eq. (34) is positive, the enstrophy flux
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generated by the nonlocal type A triads is negligible in this case. Note that this analysis is consistent
with the behavior of v as shown in Fig. 2. The small parameter a in Eq. (34) can be interpreted
as a small v in Eq. (25a). When v < 1, (25a) reduces to

HQ(+)(k) — 7-2¢=3m)/2 1 Q(+),, (35)
and from (34) and (35) we obtain
LED (k) oc v*277, (36)

Expressing n by (26), the exponent of v in Eq. (36) is positive for ¢ < 5/4 and negative for @ > 5/4.
Therefore, v collapses to zero when & > 5/4 as shown in Fig. 2.

When 5 — 2o — n < 0, the integral in Eq. (33) becomes

o 4-2a Co 5—2a—n
/kb m Qy,(m)ydm =~ m b .
Thus, one obtains
W o Ca’ (5—2a—n)/2
Okk(ak) /kb m Q,(m)ydm ~ mkb .
These results lead to
e n+1DC? K522 1 37)

k) >~
ant(K) 8AV]5 — 20 —n|

As the enstrophy flux is independent of wave number in the enstrophy inertial range, (37) yields
n=1. (38)

Moreover, inserting (38) into the condition 5 — 2o — n < 0, one obtains « > 2. That is, we have
identified the transition of the power-law exponent of the enstrophy spectrum in the enstrophy
inertial range. Furthermore, as the exponent of k;, in Eq. (37) is negative, the enstrophy flux due to
the nonlocal type A triads becomes significant when o > 2.

When o = 2, (33) reduces to the first term of (2.6) in Basdevant et al. [28]. To leading order,
the enstrophy spectrum in the enstrophy inertial range is then given by (2). Indeed, if the enstrophy
spectrum Q»(k) is given by (2),

ak
/ Qx(m)dm = %C’n”ﬂn(ak/kb)]”?
kp

Furthermore, we obtain

ak
3,
Okk(ak) / Q>(m)dm :\/;C V2B gk / kp)1'73,
ky
Ik Qx(k)

o — C'n* P In(k/ ko)1~ [z + %{ln(k/kw}l}. (39)

Therefore, to leading order, the enstrophy flux I'IZQH)(k) is independent of £ when the enstrophy
spectrum is described by (2).

According to the above analysis (and that of Sec. III), to derive the power-law exponent of the
enstrophy spectrum for o > 2 in the enstrophy inertial range, we require not only the revision of the
form of 6y, but also nonlocal dominance of the triad interactions. The revised KLLB phenomenology
(9) merely modifies the characteristic time scale from [k5—2 Qk]’l/ 2 to the integral form. Here we
showed that this modification embodies the nonlocal effect on 6y, and the dominant nonlocality of
triad interactions.
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V. DISCUSSION

Basdevant et al. [28] proposed an expression for enstrophy flux from nonlocal triads that conserves
both energy and enstrophy in NS turbulence. Here we discuss a generalization of their enstrophy
flux to « turbulence. In Sec. IV we found that the nonlocal enstrophy flux HQ( )(k) ceases as the
nonlocal parameter @ — 0 when @ < 2, but increases when « > 2. Therefore, we consider the case
a > 2 in the following. The enstrophy transfer function associated with the enstrophy flux Hfﬁ (k)

is given by

anl anl

As the enstrophy conservation is expressed by fo TQ(+)(k)dk = 0, (40) indicates the enstrophy

anl
Hfrff)(k) vanishes at k = 0 and k = co. From the

relation between energy and enstrophy, the energy transfer function associated with Hfﬁ )(k) is
given by

conservation provided that the enstrophy flux

d d
T () = =k M) = — (k- I (0} — ek g k). (1)
In order to satisfy the energy conservation, the second term in the last expression of (41) must be at
least rewritten as the divergence of a function. Using (33), we have

—1 ak
I Quh) [T a2 Qu(m)dm

ak—" lHQ(-‘r)(k) _—O(k2 aekk(ak)
ok ko

anl

1

_ 2—«a 0 —1 ak 4—2a
= ——ak™" — k™ Qo (k)Okk(ak) m*~ " Qq(m)dm {. (42)
4 ok o

This modification is valid for o > 2 because Oykx) f ,:k m*22 Q. (m)dm is independent of k foro > 2

in the enstrophy inertial range. When o = 2, Ok(ak) fk:k m*=22 Q. (m)dm is a logarithmic function of
k, so the modification includes a logarithmic error. Because the last expression in Eq. (42) includes
a factor k*7%, the energy transfer function associated with Hfrffr )(k) cannot be expressed in an
energy-conserving form, except when o = 2. Therefore, the nonlocal enstrophy flux proposed by

Basdevant et al. [28], which conserves both energy and enstrophy, cannot be generalized to o > 2.

VI. SUMMARY

We have comprehensively investigated the spectral nonlocality of the forced-dissipative o
turbulence by the EDQNM closure approximation equation proposed by BS [25]. Prior to the
present study, the nonlocality of energy transfer by triad interactions in the energy inertial range
in forced-dissipative « turbulence had been investigated by BS. In contrast, investigations of the
nonlocality of enstrophy transfers by triad interactions in the enstrophy inertial range were lacking.
To fill this gap, we employed the EDQNM approximation equation and investigated the enstrophy
inertial range dynamics. For o = 0, both upward and downward enstrophy fluxes far exceeded
the net downward enstrophy flux. A small difference between them drove the net enstrophy flux
downward. Both the upward and downward enstrophy fluxes decreased with increasing o. When
a 2 2 the downward enstrophy flux dominated the net enstrophy flux. Triads responsible for the
downward enstrophy flux became nonlocal, while those responsible for the upward enstrophy flux
were insensitive to «. Investigating the nature of the triad interactions responsible for the enstrophy
transfer and asymptotic analysis of the EDQNM approximation equation, we theoretically derived
the transition of the exponent of the enstrophy spectrum in the enstrophy inertial range. The
transition occurred at « = 2, consistent with previous numerical simulations and our revised KLB
phenomenology [19]. As demonstrated in the present analysis, the revised KLB phenomenology
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modifies the characteristic time scale not only through the nonlocal effects on the decay of the
third-order moments associated with the triads but also by the dominant nonlocality of the triad
interactions.

As mentioned in Sec. I, there is the another transition of the enstrophy spectrum in forced-
dissipative « turbulence. The power law of the enstrophy spectrum in the energy inertial range in
forced-dissipative « turbulence undergoes transition at o« = 5/2 [25,31]. The power-law scaling of
the enstrophy spectrum past the transition has not been theoretically derived yet; this is a subject for
future study.
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APPENDIX A: DERIVATION OF (22)

To theoretically investigate the enstrophy flux, we first normalize type A and type B triads. The
medium wave number / is scaled by the wave number of interest k. The minimum and maximum
wave numbers are further scaled by the medium wave number as /v and [w, respectively. The
normalization of type A and type B triads are given by (A1) and (A2), respectively:

, m=Ilv, k=Ilw, (A1)

. K=, m=lw. (A2)

The integrations (15b) and (15c¢) are rewritten as

0 k 1 1 1+v w k3
/ dk// dl/ dm:/ dv/ dw/ du—; (A3a)
k 0 0 0 1 1 u
k oo oo 1 14+v 1 k3
/ dk’/ dl/ dm =/ dv/ dw/ du—4, (A3b)
0 k l 0 1 v u
respectively.

Next we rewrite the triad enstrophy transfer functions in Egs. (15b) and (15c¢). From the detailed
conservations of energy (12) and enstrophy (13), the triad enstrophy transfer function is expressed
as

and

o __Jo e
K 1m) = T 2(Lm K. (A4)
k/a — mY la
Inserting the scaled wave numbers (A1) and (A2) in Eq. (A4), the triad enstrophy transfer functions
for type A and type B triads are expressed as

o

0/ 1—v e
ToK l,m) = ——w*T *(,lv,lw) (A5a)
va — u)LY

and
o

0, w*—-1 0
T, k' I,m)= —v T, I, 1lv,lw), (A5D)
v¥ — w¥

respectively. Using (A3) and (AS5), (15b) and (15¢) are rewritten as (22).
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APPENDIX B: DERIVATION OF (31)

First, we recognize the order of the integration in IT ‘?(H(k) as follows:

oo k l 00 k k k o) k
f dk’/ dl/ dm :/ dk’/ dm[ dl :/ dm/ dk’/ dl.
k 0 0 k 0 m 0 k m

We explicitly evaluate the nonlocal part of the enstrophy flux Hg‘“(k) from triads satisfying
mILl <k <k, e Q(H(k) is expressed as

anl anl

ak k+m k
n2P k) = / dm / dk’ / dI TSk \1,m). (B1)
0 k '—m

The intervals of the integrals with respect to k&’ and [ are constrained by k' +1 +m = 0.

Next we transform the variables in Eq. (B1) from / to y = k - m/km, where y is the cosine of
the interior angle of the triangle k' + I + m = 0 facing side / and y is determined from the cosine
formula

(k). Introducing a small parameter a, I1

1> =k”? +m? = 2k'my. (B2)
Thus, we obtain
k/
dl = — lmdy, (B3)
Solving (B2) with respect to y, we get
m2 + k/2 _ 12
= B4
y T (B4)
Equation (B4) expresses y as a function of /. Noting that
m2 + k/2 _ k2
T § (BS)
when! = k and y = 1 when! = k' — m, (B1) is rewritten as
ak k+m 1 Km
N2 k) = / dm / dK’ f dy=; T2(K 1,m). (B6)
0 k 3

Furthermore, we transform the integration variables from k' to &. Equation (B5) expresses & as a
function of k’; thus we obtain

Kmde = (k' — m&)dk'. (B7)

Note that & = m/(2k) when k' = k and & = 1 when k' = k + m. As m is of order of ak and a is
a small parameter, the integration with respect to £ is performed to the leading order in a over the
interval [0, 1]. Moreover, noting that £ = O(1) and m = O(ak), (B7) is approximated by

mdg ~ dk'. (BS)

Therefore, (B6) is rewritten as

o ak 1 1 k/m2
Moo (k) ~ fo dm fo dg fé dy =T 2K .I.m)

ak 1 y k/m2
= / dm / dy f dg TEK \1,m). (B9)
0 0 0 l

Next we expand the integrand in Eq. (B9) with respect to the small parameter € = m/k’. The
details of the expansion are given in Appendix C. To the leading order in e, the triad enstrophy
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transfer function TaQ(k/,l ,m) is expressed as

TQ(k/ i m) ~ 4k/y\/ 1- yzek’k’ |:{_ k/z k'~ lQa(k/)
o LA - nm‘)‘*l m

Oulm) + 21

ma—1 ka1

{Qu(K")} }H(a)

k"™ lQa(k)

/ 2
+—{ aQu(k')+k o

k' }Qa( VH (— a)] (B10)

where H denotes Heaviside’s step function. Note that to the leading order in €, k'm?/[ in the
integrand of (B9) is approximated by m?.

Finally, inserting (B10) into (B9), we integrate (B9) with respect to £ and y. When integrating
with respect to &, the lower bound with respect to k" in Eq. (B6) was replaced by 0 in Eq. (B9). Note
that the integral with respect to m covers a small interval of width O(ak). Therefore, we can replace
the independent variable k" with k and place it outside the integral with respect to &. Moreover, we
use

1 y 1
/dy/ déwl—y2=/dyy2¢l—y2=116~ (B11)
0 0 0
Then we obtain the enstrophy flux produced by the nonlocal type A triads m < [ < k < k/,
HQ(+)(k)

anl
1

~ O | =K
7 Ok k)[

—1 ak ak
W m*72 Qo (m)ydm + ak~*{ Q4 (k)} ms—“dm} H(e)
kb kb

—1 ak
+ %Gkk(ak){|a|Qa(k)+kZW}{/ m4+""Qa(m)dm}k““H(—a). (B12)
ky

Here a is a small parameter such that 0 < k, < ak < k. Further, HQ(+)(k) is dominated by the first

anl

term on the right-hand side of (B12) for ¢ > 0 and by the second term for o < 0.

APPENDIX C: DERIVATION OF (B10)

Inserting (17) into (16) and using the sine formula

V1—x2 _ V1—=y2
Ko 1 €h
the triad enstrophy transfer function (16) becomes
TaQ(k/,l, ) = il ﬁ@mm(la —m®)
o k/o( VN [
i H Qo) = 10tk >} Qulm) + mQa(l)Qa(ku].
(C2)

To expand (C2) with respect to € = m/k’, we perform some preliminary calculations. From the
cosine formula (B2), one obtains the following formulas:

[ = k“"[l —aye+ %{1 ¥ (o — 22} + 0(63)}, (C3)
[ —m® = k“"|:1 — €% —aye + %{1 + (@ — 2)y*}e? + 0(63)], (C4)
k/a _ mo( — k/ot(l _ Ea)’ (CS)
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K — 1% = k™ [aye - %{1 + (o — 2)y*)e? + 0(63)], (C6)
(1% — m*)? = k*[1 — 2€* + € + 2aye' ™ — 2aye + a{l +2(a — 1)y*}e* + 0(e})].  (CT)

Moreover, the enstrophy spectrum is expanded as

/ 1 2\ 2 3
Qa(l)=Qa(k {1—6)’4‘5(1—}’ )T+ O(e )})

aQa() {(1 z)k,BQa(k) 2k,232Qa( )

— ak/_k/
Qu(k') o Vi

} 24 0. (C8)

Using the above expressions, the quantities in the curly brackets in Eq. (C2) are written to the
leading order as

B 0u = 0w
(Im)~ (k'm)~
~ n’i—;y[e““ { —aQu(k) +K” —8,{,7;%(,{,) } — €k —8",18%‘(1")]. (C9)
To the leading order, the last term in the square brackets in Eq. (C2) is
k/ol Ol
") — o mQu(K) Qo (l) k,a Qa2 (C10)

When o < 0, the first and second terms in the square brackets of (C9) dominate, while the third term
dominates when o > 0. Inserting (C9) and (C10) into (C2), one obtains (B10).
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