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CANONICAL BUNDLE FORMULA AND BASE CHANGE

KENTARO MITSUI

ABSTRACT. We study invariants of an elliptic fibration over a complete discrete
valuation ring with algebraically closed residue field. The invariants are given
by the relative dualizing sheaf and the first direct image sheaf of the structure
sheaf. In the studies of an elliptic surface over an algebraically closed field,
the invariants appear as local invariants that determine important global in-
variants such as its plurigenera. We determine the invariants by investigating
the change of the invariants by base change.

1. INTRODUCTION

In this paper, we study invariants of an elliptic fibration over a complete discrete
valuation ring with algebraically closed residue field. In order to determine the
invariants, we investigate the change of the invariants by base change.

1.1. Canonical Bundle Formula and Invariants of Elliptic Fibrations. Ko-
daira gave a canonical bundle formula for a complex analytic elliptic surface f: X —
C' that expresses its canonical bundle wx in terms of its singular fibers {Fs}sescco
[15, p. 772]:

wx = f*L®Ox (Z:; Fs)

ses 8
where £ is a line bundle on C, ms is the multiplicity of Fs, and the following
equalities hold: (1) degL = x(Ox) — 2x(O¢); (2) as = ms — 1. The integer
X(Ox) may be determined by the configurations of the irreducible components
of the singular fibers of f. Thus, the singular fibers of f determine important
invariants of X such as its plurigenera.

Bombieri and Mumford gave an analog of this formula in the algebraic case [2].
In the characteristic zero case, no difference appears. However, in the positive
characteristic case, neither (1) nor (2) holds in general. For a closed point s on C,
we denote the length of the torsion of the O¢ s-module (R! f.Ox)s by ls. Then the
followings hold: (1’) deg L = x(Ox) —2x(Oc¢) + > ,csls; (27) 0 < as < my. The
integer x(Ox) may be computed by means of the Jacobian and the discriminants
([6, 5.3.6] and [22, p. 20]). In order to apply the formula, we have to determine the
invariants [ and as. Nevertheless, only partial results and few examples are known
for these invariants (see, e.g., [2], [13], [14], [6], and [18]).

In the present paper, we study the invariants I and as in a comprehensive and
systematic way. To this end, we consider the case where the base space is an
analog of a disk, i.e., the base space is the spectrum of a discrete valuation ring
with algebraically closed residue field, where we may apply results and techniques
in both the arithmetic geometry and the birational geometry. Our main results
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2 KENTARO MITSUI

give formulas for the local invariants I, and as (§1.2). Finally, we remark that our
local results are applicable to the global studies (7.5.5).

1.2. Main Results. Let us explain our main results (§7). Let R be a complete
discrete valuation ring with algebraically closed residue field & of characteristic p
and field of fractions K. Put C := Spec R. An elliptic fibration over C' is a proper
flat C-scheme that is regular and whose generic fiber is a geometrically connected
smooth curve of genus one. An elliptic fibration is said to be minimal if the special
fiber does not contain a (—1)-curve. Let f: X — C be a minimal elliptic fibration
with generic fiber Xg. By ,,T we denote the type of the special fiber of f where
m is the multiplicity and T is the type (Kodaira’s symbol) of the configuration of
the irreducible components. In the case p = 0, if m > 1, then T =1, (n > 0).
However, in the case p > 0, this statement does not hold in general (see, e.g., [18]).
We define integers w(7T") and v(T') by Table 1.

T [ 1, | It | II | IC | 10 |1 | IV | IV
T | 1 2 6 6 4 4 3 3
T | o 0 1 0 2 0 1 0

TABLE 1. The definition of u(T") and v(7T).

u
v

By w; we denote the relative dualizing sheaf of f. Take the divisor D on X so
that mD is equal to the special fiber of f. We study the following invariants (I, a)
of f (3.3.6 and 4.1.5).

(1) The length [ of the torsion of the Oc-module R f,Ox.

(2) The integer a in the isomorphism wy = f* fuwy ® Ox(aD) induced by the

canonical injective O x-module homomorphism f*f.wy — wy.

The inequalities 0 < a < m hold. If m = 1, then (I,a) = (0,0). Take a finite
separable field extension K'/K of degree d. Take the normalization R’ of R in K.
Put ¢ := Spec R’ and X}, := Xg xx K'. Take the minimal regular C’-model
f'e X' = C" of Xf.,. By nT" we denote the type of the special fiber of f’. In the
same way, we define the invariants (I’,a’) for f’. We study a relationship between
(I,a) and (I,a’). The study of (I,a) may be reduced to the case T =1, (n > 0)
whenever p [ u(T):

Theorem 1.2.1. Assume that p fu(T) and d = w(T). If T =1, (n > 0) or I}
(n > 0), then we put n' := dn. Otherwise, we put n’ := 0. Then the equalities
T = Ly and

w(T)(ml +a) =m'l' +d" +v(T)(m' —1)
hold.

By d¢r /¢ we denote the valuation of the different of R'/R [23, IV, §1]. The case
T =1, (n > 0) was obtained:

Theorem 1.2.2 (Liu-Lorenzini-Raynaud [18, §8]). Assume that T =1, (n > 0).
Suppose that C'/C' is the unique covering such that d = m and m' = 1 (5.3.1).
Then the equality

ml+a= dC’/C
holds.
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Assume that T' = Iy. Then there exists a finite morphism 7y : X’ — X that
is an extension of the canonical projection X, — Xg. Localizing Ox and Ox-
at the generic points of the special fibers, we obtain a finite extension of discrete
valuation rings. By dx/,x we denote the valuation of the different of this extension
(2.3.10). The remaining case T = Ij is settled:

Theorem 1.2.3. Assume that T =1y. Put d’' := dm’/m. Then the equality
d(ml+a)=m'l'"+d +m'dcjc —dx)x
holds.

We may take a covering C’/C so that d = m and m’ =1 (5.1.2). Then (I';a’) =
(0,0). In order to determine [ and a, we have to compute dx/,x. The morphism
mx: X' — X factors as the composite of the étale part and the non-étale part
(5.2.4; see also 7.5.2). If mx is the étale part, then dx/,,x = 0 (7.5.1). Thus,
we may assume that mx is the non-étale part. In general, the generic fiber Xg
corresponds to the unique element 7 of the Galois cohomology group H'(K, Er)
where Ek is the Jacobian of X. We determine dy,x by the size of a cocycle that
represents 7 (7.5.3 and 7.5.5). In this way, we finally obtain the desired invariants

(l,a).

1.3. Ideas of Proofs. The above three theorems follow from a unified theorem
including the case p | u(T) (7.2.2). Take the minimal regular models g: E — C
and ¢': B’ — C’ of the Jacobians of Xy and X%, , respectively. The difference of
the invariants of f and f’ may be described in terms of the ramifications of the finite
morphisms 7c: ¢' — C, nx: X' = X, and 7g: B/ — E if both 7x and 7 exist in
the same way as in the case of (1.2.3). However, in general, there do not exist such
finite morphisms wx and 7 even if we replace the regular models of the generic
fibers (7.3.6). In order to overcome this difficulty, we study a finite morphism
between singular models of the generic fibers, which always exists (§§3-5). The
invariants of the singular models may be compared by means of reflexive sheaves,
which are useful for studies on singular models (§6). Comparing the singular models
with the original fibrations, we determine the change of the invariants of f and f’
in terms of the ramifications of finite morphisms (§7).

Let us give more details on the generalization of (1.2.3) to the case of singular
models. We use the same notation as in (1.2.3). Put ex:,x := (dx/x +d'a—a’)/m’.
The canonical homomorphisms f*f.w; — wy and (f')* flws — wyr define divisors
Dy on X and Dy on X', respectively (4.1.1). By Dx-,x we denote the ramification
divisor of mx (2.3.10). By s” we denote the unique prime divisor on C". Then ey, x
satisfies

(1) Dxiyx +7xDy — Dpr = ()" (exr/xs).

Since g is smooth [18, 6.6], the equality ep/p = dcv/c holds (7.2.1). Thus, the
equality in (1.2.3) may be expressed as

(2) €X’/X76E’/E+dlil/:0'

We generalize this equality to the case where X, X', F, and E’ are normal (6.3.10).
In the following, we assume that both mx and 7g exist and explain the proof of
the generalized equality.

In the general case, we define ex:,x by Equality (1) (6.3.8). By Lx:/x we
denote the length of the cokernel of the double dual of the canonical O¢/-module
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homomorphism ¢: 75 R f.Ox — R'f.Ox:. Comparing f and f’, we first prove
that the equality

(3) ex/x =dcrjc — Lxi/x

holds (6.3.7). Let us explain the proof of this equality. Put 7 := f o mx. Since we
have the canonical O x,-module homomorphisms

(f)mg fawp ——= 75 f* fawy TYWs TYWf QO Wiy

(f/)*f;wf’ —wp > Wy B0y, (f/)*wﬂcv
and
TYWf QO Wy —> Wr <—— Wy Do, (f")* Wnre

(2.3.8 and 6.2.1), we may compare the images of the coherent O x/-modules (f)*n fowy
and (f')* fiwy in wr. The difference may be expressed by ex/,x and dcr/c. On
the other hand, the Grothendieck duality gives isomorphisms f.wy = (R!f.Ox)Y
and flwp = (R'f.Ox/)V. Thus, by the base change compatibility for trace maps
(6.2.2), the above difference may be determined by means of ¥. As a result, we ob-
tain Equality (3). In order to show Equality (2) in the general case, we compare f,
/', g,and ¢'. If f and g are minimal elliptic fibrations, Liu-Lorenzini-Raynaud’s re-
sult [18, 3.8] gives a canonical O¢-module homomorphism 7: R'f,Ox — R'g.Og
the length of whose cokernel is equal to I. We may generalize 7 to the case of
singular models by means of their minimal regular models. The four modules are
connected by the four homomorphisms in the following way:

R'f.Ox R'.0p

o a7

This diagram and Equality (3) give Equality (2) in the general case (6.3.10).

leiOX’ ngiOE’

2. NOTATION, TERMINOLOGY, AND PRELIMINARIES

2.1. Reflexive Sheaves.

Definition 2.1.1. Let A be a Noetherian ring and M be a finite A-module. We
define the dual of M by MV := Homa (M, A). The A-module M is said to be
reflexive if the homomorphism M — MYV defined by m — (¢ — ¢(m)) is bijective.
The A-module M is said to be of rank n if M, is a free A,-module of rank n for any
associated prime ideal p of A. The definitions are local with respect to the Zariski
topology of Spec A. Thus, we use the same notation and terminology for coherent
sheaves on locally Noetherian schemes.

Lemma 2.1.2. Let X be a locally Noetherian reduced scheme. Then the following
statements hold. (1) The dual of any coherent Ox-module is reflexive. (2) For
any coherent Ox-module F and any reflexive coherent Ox-module G, the coherent
Ox-module Homo . (F,G) is reflexive.

Proof. Statement (1) follows from [8, 5.8.5] and [1, 6.1]. Statement (2) follows from
Statement (1) and the O x-module isomorphisms Homo,, (F,G) & Home, (F,GVV) =
(F ®oy QV)V. [
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Lemma 2.1.3. Let X be a locally Noetherian normal scheme and F be a coherent
Ox -module with Supp F = X. Then the following conditions are equivalent: (1) F
is reflevive; (2) F is Z3)-closed and Z™ -pure [8, 5.9.9 and 5.10.13]; (3) F is Sy
[8, 5.7.2].

Proof. The equivalence of (2) and (3) follows from [8, 5.10.14]. The equivalence of
(1) and (3) follows from [8, 5.8.6] and [3, 1.4.1]. O

Since any connected component of any locally Noetherian normal scheme is
integral [19, Ex. 9.11], we obtain the followings (use 2.1.3 for the proofs of 2.1.4—
2.1.6; use [19, 15.1 (ii)], [8, 5.7.11 ()], [9, 5.2 (c), 5.5 (a), and 6.1] for the proofs of
2.1.5, 2.1.6, and 2.1.7, respectively):

Lemma 2.1.4. Let Z C Y be two closed subsets of a locally Noetherian normal
scheme X. Assume that Y and Z are of codimension at least one and at least two,
respectively. Put U := X\Y andV := X\ Z. Let F and G be coherent Ox-modules
and ¢y : Fu — Gu be an Oy-module homomorphism. Suppose that G is reflexive
and ¢y extends to an Oy-module homomorphism. Then ¢y uniquely extends to
the Ox-module homomorphism.

Lemma 2.1.5. Let f: X — Y be a proper flat morphism between locally Noetherian
normal schemes and F be a reflexive coherent Ox-module. Then the coherent Oy -
module f.F is reflexive.

Lemma 2.1.6. Let f: X — Y be a finite morphism between locally Noetherian
normal schemes and F be a coherent Ox-module. Assume that the coherent Oy -
module f.JF is reflexive. Then F is reflexive.

Lemma 2.1.7. Let X be a locally Noetherian scheme and F be a coherent Ox-
module. Assume that X is normal (resp. reqular). Then F is reflexive of rank one
if and only if F is induced by a Weil divisor on X (resp. a line bundle on X).

2.2. Weil Divisors Associated to Cokernels of Double Duals.

Definition 2.2.1. Let R be a discrete valuation ring and ¢: M — N be an R-
module homomorphism between finite R-modules. By ¢VV: MYV — NV we de-
note the double dual of ¢. We put Lr(¢) := length Coker(¢¥Y). We use the same
notation Lr(¢$) when ¢ is a homomorphism between coherent sheaves on Spec R.

Definition 2.2.2. Let X be a locally Noetherian scheme and ¢ be an Ox-module
homomorphism between coherent Ox-modules. Then ¢ is said to be generically
surjective (resp. generically injective) if ¢ is surjective (resp. injective) at any as-
sociated point of X. Assume that X is normal. We define a formal sum D(¢) of
prime divisors on X with integral coefficients by D(¢) := > a.[z] where  runs
through all points on X of codimension one, [z] is the prime divisor corresponding
tox, and a, := Loy, (¢:). If ¢ is generically surjective, then D(¢) is a Weil divisor.

Remark 2.2.3. Assume that ¢: F — G is generically surjective, F is a line bundle,
and G is reflexive of rank one. By ¢: Ox — Ox(D(¢)) we denote the canonical
injective Ox-module homomorphism. Then there exists the unique Ox-module
isomorphism v: F ®o, Ox(D(¢)) — G such that ¢ =y o (F @) (2.1.7).

Since any finite module over a discrete valuation ring is the direct sum of a free
module and a torsion module, we obtain the following:
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Lemma 2.2.4. Let X be a locally Noetherian normal scheme. Then the following
statements hold. (1) Fori =1 and 2, let ¢;: F; — Fiy1 be an Ox-module homo-
morphism between coherent Ox-modules. Assume that ¢o is generically injective.
Then D(¢2 o ¢1) = D(¢1) + D(d2). (2) Let ¢ be an Ox-module homomorphism
between coherent Ox-modules. Then D(¢¥V) = D(¢) and D(¢ @ F) = nD(p) for
any coherent Ox-module F of rank n. (3) Fori =1 and 2, let ¢;: F — G be an
Ox -module homomorphism between coherent O x-modules. Assume that ¢ is equal
to ¢2 at any associated point of X. Then D(¢1) = D(¢2).

Definition 2.2.5. Let f: X — Y be a dominant morphism between locally Noe-
therian normal integral schemes and D be an effective Weil divisor on Y. We denote
the canonical injective Oy-module homomorphism by ¢: Oy — Oy (D). Then f*¢
is a generically surjective. The Weil divisor D(f*¢) is called the pull-back of D via
f and denoted by f*D.

Definition 2.2.6. Let f: X — Y be a morphism between locally Noetherian
schemes and F be a coherent Oy-module. We denote the coherent Ox-module
(f*F)VV by fHIF. Let ¢: F — G be an Oy-module homomorphism between
coherent Oy-modules. We denote the induced O x-module homomorphism fI*F —

fHIG by fElg.

Lemma 2.2.7. Let f: X — Y be a dominant morphism between locally Noether-
ian normal integral schemes, F be a line bundle on Y, G be a reflexive coherent
Oy -module of rank one, and ¢: F — G be a generically surjective Oy -module ho-
momorphism. Then D(f*¢) = D(f*¢) = f*D(s).

Proof. We have only to show that D(f*¢) = f*D(¢) (2.24 (2)). By ¢: Oy —
Oy (D(¢)) we denote the canonical injective Oy-module homomorphism. We may
assume that ¢ = F @ ¢ (2.2.3). Then D(f*¢) = D(f*F @ f*4) = D(f*s) =
f*D(¢), which concludes the proof. O

2.3. Relative Dualizing Sheaves of Finite Morphisms.

Definition 2.3.1. Let f: X — Y be a finite morphism of finite presentation be-
tween schemes (see [8, 1.4.7]). We define the relative dualizing sheaf wy of f and
the trace map try: fiwy — Oy of wy as the following quasi-coherent Ox-module
and the following Oy-module homomorphism, respectively. We first assume that
X = SpecB and Y = Spec A. Put wp/4 := Homa (B, A). We equip wp/4 with a
B-module structure by b- ¢ := (V' — ¢(bb')). We define an A-module homomor-
phism trp/a: wp/a — A by ¢ — ¢(1p) where 1p is the multiplicative identity of
B. We define wy and try as the module and the homomorphism induced by wpg,4
and trp, 4, respectively. The formation of the pair (wy, try) commutes with any flat
base change with respect to Y [19, 7.11]. In the general case, we define wy and try
by gluing the local pieces.

Remark 2.3.2. For any quasi-coherent Ox-module F, the trace map try induces an
Oy-module isomorphism f, Homo, (F,wy) = Homoe, (f+F, Oy).

Remark 2.3.3. Let L/K be a finite field extension and T': L — K be a non-zero K-
module homomorphism. Then the L-module homomorphism Ar/x7: L — wr/k
defined by ¢ +— (b = T'(bc)) is bijective since Ar/k r is injective and the equality
dimg L = dimg Homg (L, K) holds.
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Proposition 2.3.4. Let f: X — Y be a finite morphism between locally Noetherian
schemes. Then wy is a coherent Ox-module. If X and Y are integral and f is
dominant, then wy is of rank one. If X and Y are normal, then wy is reflexive.

Proof. We may assume that X = Spec B and Y = Spec A. The A-module B may
be presented as a quotient of a finite free A-module. Thus, the A-module wp,4
is an A-submodule of a finite free A-module. Since A is a Noetherian ring, the
A-module wp/4 is finite, which implies that wp/4 is finite as a B-module. The
second statement follows from (2.3.3). Let us show the last statement. Assume
that A and B are normal. Then the A-module wp, 4 is reflexive (2.1.2 (1)). Thus,
the B-module wp/4 is reflexive (2.1.6). O

Lemma 2.3.5. Let A be a ring, B be a finite A-algebra of finite presentation, and
K be a ring extension of A. Put L := B, K. LetT: L — K be a K-module homo-
morphism. Assume that the L-module homomorphism Ar /i r: L — wr /i defined
by c = (b= T(bc)) is bijective (see 2.3.3). We define a B-module by Cp/a 1 :=
{c€ L|T(Bc) C A} and a B-module homomorphism pig/ar: Cpjar — wpja by
¢+ (b T(bc)). Then the following statements hold. (1) The B-module homo-
morphism g a1 is bijective. (2) Let A" be a flat A-algebra. By T': L' — K’ we
denote the base change of T': L — K wia A'/A. Then \ps g+ g is bijective, and the
formations of Cp/ar and pupsar commute with the base change of B/A via A'/A.

Proof. By ¢: wp/a — wr ik we denote the B-module homomorphism induced by
the base change via K/A. Then ¢ is injective since A C K. We regard wpg/a
as a B-submodule of wy/x by ¢. Then Cp/ar = )‘Z/lK,T(wB/A) and pp/ar =
AL/k,r|Cg, 4o Thus, Statement (1) holds. Statement (2) follows from the base
change compatibility in (2.3.1). O

Definition 2.3.6. Let B/A be a finite extension of integral domains of finite pre-
sentation. By K we denote the field of fractions of A. Put L := B®4 K. Suppose
that the finite field extension L/K is separable. Then the trace Tp,x of L/K
is non-zero. Put T := Ty /x, Cp/a = Cpjar, /s = pp/ar (2.3.5), and
Dpja:={d € L |dCpss C B}. The B-module Cp/4 (resp. Dp,4) is called the
codifferent (resp. different) of B/A.

Remark 2.3.7. If A is normal, then Dg/y C B C Cp/a since Ty, x(B) C A [19,
9.2]. If A and B are Dedekind domains, then the definition coincides with that
in [23, III, §3]. Let S be a multiplicatively closed subset of A. Then SflC'B/A =
Cs-1p/s—1a in L (2.3.5 (2)). If Cp4 is finite as a B-module (see 2.3.4), then
S_lDB/A = DS—lB/S—lA in L.

Definition 2.3.8. Let f: X — Y be a finite dominant morphism of finite presen-
tation between integral schemes. Assume that Y is normal and that the function
field extension induced by f is separable. We define an injective O x-module homo-
morphism Ay: Ox — wy in the following way. We first assume that X = Spec B
and Y = SpecA. We define a B-module homomorphism Ag,4: B — wp/a as
the composite of the inclusion B-module homomorphism B — Cp,4 (2.3.7) and
the B-module isomorphism pp/a: Cp/a — wpya (2.3.5 (1)). We define Ay as the
homomorphism induced by Ap,4. The formation of Ay commutes with any local-
ization with respect to the Zariski topology of Y. In the general case, we define Ay
by gluing the local pieces.
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Proposition 2.3.9. Let f: X — Y be a finite étale dominant morphism between
integral schemes. Assume that'Y is normal. Then the Ox-module homomorphism
Ay introduced in (2.3.8) is an isomorphism.

Proof. We have to show that Ag,4 in (2.3.8) is bijective. After localization and
strict Henselization, we may assume that A is strictly Henselian (2.3.5 (2)). Then
the A-algebra B is isomorphic to a finite direct product of copies of A. In that
case, the trace of B/A is given by the summation for all direct factors of B, which
concludes the proof. O

Definition 2.3.10. Let f: X — Y be a finite dominant morphism between locally
Noetherian normal integral schemes. Suppose that the function field extension
induced by f is separable. Then A; introduced in (2.3.8) is generically surjective
(2.2.2; see also 2.3.9). The Weil divisor D(Ay) is called the ramification divisor of
f (see 2.2.2 for D(e); see also 2.3.4).

2.4. Relative Dualizing Sheaves of Cohen—Macaulay Morphisms. Let f: X —
Y be a CM morphism of pure relative dimension r between locally Noetherian
schemes. By wy we denote the relative dualizing sheaf of f. The coherent Ox-
module wy is Oy-flat [4, 3.5.1]. The morphism f is Gorenstein if and only if wy is a
line bundle [4, 3.5.1]. If f is l.c.i. (resp. smooth), then wy is canonically isomorphic
to the relative canonical sheaf wy/y (resp. the sheaf of relative differentials €' /Y)
[4, p. 157]. When f is proper, we denote the trace map of wy by try: R fuwy — Oy
[4, 3.6.6]. The formation of the pair (wy,try) commutes with the base change via
any morphism between locally Noetherian schemes [4, 3.6.6]. If f is finite, then the
dualizing pair (wys,try) of f as a CM morphism is given by that of f as a finite
morphism (§2.3).

Proposition 2.4.1. Let f: X — Y be a CM morphism of pure relative dimension
between CM schemes. Then the coherent Ox-module wy is mazimal CM. If X is
reduced, then wy is of rank one. If X is normal, then wy is reflexive.

Proof. By r we denote the relative dimension of f. We may assume that X =
Spec B and Y = Spec A. Let us show the first statement. We have to show that
the Ox ;-module wy , is maximal CM for any point x on X. Since wy is Oy-flat, we
may assume that A is a field [19, 23.3]. Choose a presentation B = S/I where S =
Als1,...,syp]. Then there exists a B-module isomorphism I'(X, wy) = Exts™ (B, S)
[4, p. 157]. We replace B and S by the localizations at x and its image, respectively.
Then we obtain a B-module isomorphism wy , = Exts™"(B,S). By wa, wp, and
wg we denote the canonical modules of A, B, and S, respectively [3, 3.3.1]. Since
wa = A3, 337 (a)] and wg = wy ®4 S [3, 3.3.16 and 3.3.21], we obtain an S-
module isomorphism wg 2= S. Since wp = Exts™"(B,ws) [3, 3.3.7 (b)], we obtain a
B-module isomorphism wy , = wp. Since wp is maximal CM by definition [3, 3.3.1],
the Ox-module wy is maximal CM. Let us show the second statement. Assume
that X is reduced. Take an associated point n of X. Put L := Ox,. Then L is a
field [8, 5.8.5] and wy, = wy, by the proof of the first statement. Since wy = L [3,
3.3.7 (a)], the L-module wy,, is of rank one. Thus, the Ox-module wy is of rank
one. The last statement follows from the equivalence of (1) and (3) in (2.1.3). O

3. FIBERED SURFACES

Let g be a non-negative integer.



CANONICAL BUNDLE FORMULA AND BASE CHANGE 9

3.1. Pre-Genus-g Fibrations and Genus-g Fibrations.

Definition 3.1.1. Let S be a scheme. An S-curve is a separated faithfully flat
S-scheme of finite type of pure relative dimension one. A triple (X, C, f) is called
a pre-genus-g fibration if the following conditions are satisfied:

(1) X and C are excellent integral schemes of dimension two and one, respec-
tively;

(2) f: X — C is a proper morphism;

(3) the homomorphism O¢ — f.Ox associated to f is an isomorphism;

(4) the generic fiber of f is a proper smooth curve of genus g.

A pre-genus-g fibration is said to be normal (resp. reqular) if X is normal (resp.
regular). A regular pre-genus-g fibration is also called a genus-g fibration. A pre-
genus-one (resp. genus-one) fibration is also called a pre-elliptic (resp. elliptic) fi-
bration. A genus-g fibration (X, C, f) is said to be minimal if any fiber of f does
not contain a (—1)-curve.

Lemma 3.1.2. Let (X,C, f) be a pre-genus-g fibration. Then the following state-
ments hold.
(1) A point s on C is closed if and only if s is of codimension one.
(2) A point x on X s closed if and only if x is of codimension two.
(3) The morphism f is surjective and of pure relative dimension one.
(4) Any fiber of f is geometrically connected. In particular, the generic fiber of
f is geometrically integral.
(5) If C is normal, then C is reqular and f is faithfully flat. In particular, the
C-scheme X is a C-curve.
(6) If X is normal, then X is CM, C is regular, and f is CM.

Proof. Since C' is integral and of dimension one, Statement (1) holds. Statements
(2) and (3) follow from [8, 5.6.5] and [8, 5.5.2], respectively. By the assumption on
f, Statement (4) holds. Statement (5) follows from [17, 4.3.10] and Statement (3).
Let us show Statement (6). Assume that X is normal. Then X is CM [8, 5.8.6]
and C is normal [17, 4.1.5]. Since f is flat (Statement (5)), the morphism f is CM
[19, 23.3], which concludes the proof of Statement (6). O

Lemma 3.1.3. Let (X,C, f) be a triple satisfying Conditions (1), (2), and (4) in
(3.1.1). Assume that X and C are normal. Then Condition (3) is satisfied if and
only if the generic fiber of f is geometrically connected.

Proof. The only-if part follows from (3.1.2 (4)). Let us show the converse. Take
the Stein factorization 70g: X — C’ — C of f. We have only to show that 7
is an isomorphism. Since the generic fiber of f is geometrically integral and X
is normal and integral, the morphism 7 is a birational morphism between normal
integral schemes [17, 3.2.14 (c¢) and 4.1.5]. Since 7 is finite, the morphism 7 is an
isomorphism, which concludes the proof. ([l

Lemma 3.1.4. Let (X,C,f) be a pre-genus-g fibration. Let mc: C' — C be a
finite dominant morphism between reqular integral schemes of dimension one. By
m: X xgC' = X and m9: X Xc C" — C" we denote the base change of ¢ via f
and the base change of f via o, respectively. Then X x¢ C' is integral. Take the
normalization mg: X' — X xc O’ of X xc C'. Put nx := m om and f' := myomg.
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Then 7x is finite and surjective, and (X', C’, f') is a normal pre-genus-g fibration:

X

X’?X XCC’?X

Nk

¢ ——C.
]

Proof. Since o and f are flat dominant morphisms between locally Noetherian
integral schemes [17, 4.3.10], any associated point of the C’-scheme X xo C' is
contained in the generic fiber [8, 3.3.6]. Since the generic fiber of f is geometrically
integral (3.1.2 (4)), the scheme X x¢ C’ is integral. Since ¢ and m are finite,
the schemes C’ and X x¢ O are excellent, which implies that mg is finite. Thus,
the morphism 7y is finite. Since mx is finite and dominant, the morphism wx is
surjective. Finally, we show that (X', C’, f) satisfies the conditions in (3.1.1). Since
7o is finite and 7y is proper, Condition (2) holds. Since 7x is finite, the scheme
X' is of dimension at most two. By definition, the generic fiber of f’ is a proper
smooth geometrically connected curve of genus g (3.1.2 (4)). Thus, Conditions (1)
and (4) hold. Condition (3) follows from (3.1.3), which concludes the proof of the
last statement. (]

Definition 3.1.5. We use the notation introduced in (3.1.4). We say that (X, C, f)
and m¢o: €' — C induce (X',C’, f') (and 7x: X' — X).

3.2. Models of Fibered Surfaces.

Definition 3.2.1. Let X be an integral scheme. A desingularization of X is a
proper birational morphism from a regular integral scheme to X. A desingulariza-
tion Y — X of X is said to be minimal if, for any desingularization Z — X of X,
there exists an X-morphism Z — Y.

Remark 3.2.2. Any desingularization of X factors through the normalization of
X. If X admits a minimal desingularization, then it is unique up to unique X-
isomorphism. The total space Y of any pre-genus-g fibration admits the minimal
desingularization [17, 9.3.32]. Further, a desingularization g: Z — Y of Y is mini-
mal if and only if no (—1)-curve on Z is contained in the exceptional locus of ¢ [17,
9.3.32].

Definition 3.2.3 ([16, 1.1 and §13]). A point z of codimension two on a locally
Noetherian scheme X is said to be rational (resp. of type A,,) if U := Spec Ox , is
normal and there exists a desingularization f: V — U of U such that the equality
R'f.Oy = 0 holds (resp. the reduction of f~1(x) consists of n smooth rational
curves over the residue field at = whose intersection matrix is given by the Cartan
matrix of type 4,).

Definition 3.2.4. Let C be an excellent regular integral scheme of dimension one
with function field K. Let Xk be a proper smooth geometrically connected K-
curve of genus g. A pre-genus-g fibration (X,C, f) with K-isomorphism between
Xk and the generic fiber f is called a C-model of Xk . If (X, C, f) is normal (resp.
regular, resp. regular and minimal), then the C-model is said to be normal (resp.
regular, resp. reqular and minimal).
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Remark 3.2.5. Since X is projective over K, we may take a normal C-model of
Xk as the normalization of an integral closed subscheme of a projective space over
C (3.1.3). Thus, we may take a minimal regular C-model of X [17, 8.3.44 and
9.3.19]. If g > 0, then a minimal regular C-model of Xk is unique up to unique
C-isomorphism [17, 9.3.21].

Lemma 3.2.6. We use the notation introduced in (3.2.4). Let (X1,C, f1) and
(X2, C, f2) be reqular C-models of X . Then there exist a reqular C-model (Xo, C, fo)
of Xk and proper birational C-morphisms uy: Xog — X1 and us: Xo — Xo that
are extensions of the K-isomorphisms between the generic fibers.

Proof. Take the graph I' of the K-isomorphism between the generic fibers of f; and
fo. Then any desingularization of the closure of I' in X; X X5 with the reduced
structure gives desired C-model and C-morphisms. (]

Proposition 3.2.7. Let mg: C' — C be a finite Galois covering of excellent reqular
integral schemes of dimension one with Galois group G. Let (X', C", f') be a genus-
g fibration. Assume that G equivariantly acts on X'/C'. Then there exists the
quotient X of the action of G on X'. Bywx: X' — X and f: X — C we denote the
quotient morphism and the unique morphism satisfying fory = ngof’, respectively.
Then the following statements hold: (1) the formation of X commutes with the
restriction to the generic fiber; (2) (X, C, f) is a normal pre-genus-g fibration; (3)
(X,C, f) and ¢ induce (X',C', f') and wx (3.1.5).

Proof. Let us show the first statement. If C is affine, then 7¢ o f’ is projective [17,
8.3.16], which implies that any G-orbit of a point on X is contained in an affine
open subset of X. Thus, in that case, the quotient exists [7, V, 4.1]. Since the
formation of the quotient commutes with the base change via any flat morphism to
C, the quotient exists in the general case. Further, Statement (1) holds, and the
generic fiber of f is a proper smooth geometrically connected curve of genus g (3.1.2
(4)). Proposition 4 in [20] and [12, 32.7] imply that 7x is finite and surjective, f
is proper, and X is normal and integral. Thus, the scheme X is excellent and of
dimension two [19, 9.4 (ii) and 15.1]. Therefore, Statement (2) follows from (3.1.3).
Since X' is normal and 7y is finite, Statement (3) holds. O

Proposition 3.2.8. Let mg: C' — C be a finite Galois covering of excellent reqular
integral schemes of dimension one with function field extension K'/K. Let Xk be
a proper smooth geometrically connected K -curve. Put Xy, == X xx K'. Then
there exists a normal C-model (X, C, f) of X satisfying the following conditions:
(1) any closed point on X is rational; (2) (X,C, f) and w¢ induce a regular C'-
model (X', C", f") of X} (3.1.5).

Proof. By G we denote the Galois group of K’/K. Take a regular C-model (Y, C, h)
of Xi (3.2.5). The triple (Y,C,h) and the morphism 7¢ induce a normal C’-
model (Y’,C", ') of X}, and a finite morphism 7y : Y’ — Y (3.1.5). Take the
minimal desingularization hy: X' — Y’ of Y’ (3.2.2). Put f’ := A’ o hj. Then the
triple (X', C’, f') is a regular C’-model of X/.,. By the uniqueness of the minimal
desingularization, we obtain an equivariant action of G on X’/C’. The quotient
of this action gives a normal C-model (X, C, f) of Xk satisfying Condition (2)
(3.2.7). By x: X’ — X and hg: X — Y we denote the quotient morphism and
the unique morphism satisfying hg o mx = my o hy,, respectively. Since X is normal,
Y is regular, and hg is proper and birational, Condition (1) is satisfied [16, 1.2]. O
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Lemma 3.2.9. Let (X,C, f) be a minimal genus-g fibration with generic fiber
fr: Xg — Cg. Assume that g > 0. Let 7 be an automorphism of C. By T we
denote the restriction of T to Ck. Let ox be an automorphism of Xg. Suppose
that T o fx = fx o ox. Then ok uniquely extends to the automorphism o of X
satsfying To f = foo.

Proof. Since g > 0, the lemma follows from the uniqueness of the minimal regular
C-model of Xk (3.2.5). O

3.3. Invariants.

Definition 3.3.1. The multiplicity of a non-zero Weil divisor D on a locally Noe-
therian normal scheme X is the maximum integer m satisfying D = mD’ where D’
is a Weil divisor on X. Let (X, C, f) be a normal pre-genus-g fibration and s be a
closed point on C. We write f~'(s) = my Vs, where my , is the multiplicity of
F71(s) and Vy 5 is a Weil divisor on X.

Lemma 3.3.2 ([17, 9.2.2] and [10, 8.3 (1)]; use 3.2.6). We use the notation intro-
duced in (3.2.4). Let s be a closed point on C. Then the multiplicity of the fiber
of a regular C-model of Xk over s does not depend on the choice of the regular

C-model of Xk .

Definition 3.3.3. Let f: X — Y and ¢g: Y — Z be proper morphisms be-
tween locally Noetherian schemes. Put h := g o f. We define an Oz-module

homomorphism 7y 4, as the composite of the canonical Oz-module homomorphisms
ng*OY — ng*f*OX — th*OX.

Lemma 3.3.4. We use the notation introduced in (3.3.3). Assume that [ is a
proper birational morphism between locally Noetherian normal integral schemes.
Suppose that any point on 'Y of codimension two is closed and rational. Then the
Oz-module homomorphism n; 4 is an isomorphism.

Proof. The lemma follows from [16, 1.2] and the Grothendieck spectral sequence
for hy, = g« o f« and Ox. O

Definition 3.3.5. We use the notation 7, . introduced in (3.3.3) and the same
notation as in (3.2.6). Then 7,, s, is an isomorphism for ¢ = 1 and 2 (3.3.4). If
there exists a proper birational C-morphism u1: X1 — X5 satisfying w1 ouy = ug,
then Ny, f, © Nuys, f, = Tua,fz- Thus, we may identify the Oc-modules le*(’) for
all regular C-models (X C, f) of Xg. Let (X,C, f) be a C-model of X . We define
an O¢-module homomorphism 7y : R'f.Ox — R! f* < in the following way. Take
a desingularization fy: X — X of X. Put f = f o fo. Then the triple ()A( C, f)
is a regular C-model of Xx. We put ny := = Nfo.f- The definition of n; does not
depend on the choice of the regular C-model (X C, f) of Xk.

Definition 3.3.6. We use the notation introduced in (3.3.5). Let s be a closed
point on C. We put Iy, := lengthy,_ torsion (le* <)s + Lo (nr,s) (see 2.2.1
for Lo, ,(e)). The definition of [y does not depend on the choice of the regular
C-model ()?,C, f) of Xk (see 3.3.5).

Remark 3.3.7. If any closed point on X is rational, then 7y is an isomorphism (3.3.4)
and the equalities /7 s = lengthe,, _ torsion (R' f.O)s = lengthy,, _ torsion (R' f.Ox)s
hold.
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Proposition 3.3.8. Let (X,C, f) be a normal pre-genus-g fibration. By w; we
denote the relative dualizing sheaf of f (3.1.2 (3) and (6)). We denote the canonical
Ox-module homomorphism by v¢: f*fiws — wy. Then the following statements
hold. (1) If g = 1 (resp. g > 1, resp. g = 0), then the restriction of ~¢ to the
generic fiber is an isomorphism (resp. surjective, resp. zero-map). (2) The coherent
Ox-module wy is reflexive of rank one. (3) The coherent Oc-module f.wy is a
vector bundle of rank g.

Proof. Since the generic fiber of f is a proper smooth geometrically connected curve
of genus ¢ (3.1.2 (4)), Statement (1) holds [17, 7.4.10] and the O¢c-module f.wy is
of rank g. Statement (2) follows from (2.4.1). Statement (3) follows from (3.1.2 (6)
and 2.1.5). O

Proposition 3.3.9. Let (X, C, f) be a normal pre-genus-g fibration. Take a desin-
gularization fo: Y — X of X. Put h := fo fo. By wy and wy, we denote the
relative dualizing sheaves of f and h, respectively. Then the coherent Oy -modules
f(g*]wf and wy, are line bundles (see 2.2.6 for fé*]). By E we denote the exceptional

locus of fo. Put U :=Y \ E. By ¢u: fwely — walu we denote the Oy -module
isomorphism induced by the isomorphism fo|ly: U — X \ fo(E). Then there exists
the unique divisor D on'Y such that D]y = 0 and the Oy-module isomorphism ¢y

extends to an Oy -module isomorphism f(g*]wf ®oy Oy (D) = wp,.

Proof. Since f(g*]wf and wy, are reflexive of rank one (2.1.2 (1) and 2.4.1) and Y is
regular, the coherent Oy-modules f(g*]w ¢ and wy, are line bundles (2.1.7). We may
take a divisor D on 'Y so that (f([)*]wf)\/@(gy wp = Oy (Dy). Since Oy (D1)|y = Oy,
the divisor Dq|y on U is principal. We denote the function field of an integral
scheme Z by K(Z). Since the inclusion morphism U — Y induces an isomorphism
K(Y) = K(U), we may take a principal divisor Dy on Y so that D|y = Da|y.
Put D := Dy — Dy. Then the divisor D satisfies the desired condition.

Let us show the uniqueness of D. We have only to show the following: any
principal divisor D’ on Y with D’|y = 0 is equal to zero. Take F € K(Y) so
that F' defines D’. By h*: K(C) — K(Y) we denote the injective homomorphism
induced by the dominant morphism h between integral schemes. Since fo(E) is
a closed subset of codimension at least two, the following statements hold: (1)
h(E) is a proper closed subset of C; (2) h(U) = C. Since the homomorphism
Oc¢ — h.Oy associated to h is an isomorphism, Statement (1) implies that we
may take G € K(C) so that F' = h*G. Statement (2) shows that G € O¢(C)*,
which implies that F' € Oy (Y)*. Thus, the equality D’ = 0 holds, which proves
the uniqueness of D. O

4. PRE-ELLIPTIC FIBRATIONS AND ELLIPTIC FIBRATIONS

4.1. Invariants.

Definition 4.1.1. We use the notation introduced in (3.3.8). Suppose that g = 1.
We put Dy := D(vy) (see 2.2.2 for D(e)).

Remark 4.1.2. The Weil divisor Dy is effective and vertical with respect to f
(3.3.8 (1)). The Ox-module homomorphism 7; induces an Ox-module isomor-
phism f*fiws ®o, Ox(Dy) = wy (2.2.3 and 3.3.8).
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Lemma 4.1.3. We use the notation introduced in (3.3.9). Suppose that g = 1
and that any closed point on X is rational (3.2.3). Take Dy and Dy, introduced in
(4.1.1). Then fiDy+ D = Dy, (see 2.2.5 for f§).

Proof. We write D = D; — Dy where D; and D, are effective divisors on Y
with Dq|y = 0 and Ds|y = 0. Then ¢y extends to an Oy-module isomorphism
@: f([]*]wf ®o, Oy(D1) = wp ®oy Oy(D3). For i = 1 and 2, we denote the
canonical injective Oy-module homomorphism by ¢;: Oy — Oy (D;). We define
an Oc¢-module isomorphism y as the composite of the Og-module isomorphisms
fews = (R f.Ox)Y — (R'h.Oy )Y — h.wp, where the middle arrow is the dual of
the O¢-module isomorphism given by (3.3.4) and the other arrows are induced by
the Grothendieck duality. The O¢-module isomorphism x induces an Oy-module
isomorphism h*x: f5 f* fewy — h*h.wy,. Since the canonical Oy-module homomor-
phism £ f* fuws — I fuwy is an isomorphism (3.3.8 (3)), the O x-module homo-
morphism <y, induces an Oy-module homomorphism fé*]vf: fof fawy — f(g*]w -
The above homomorphisms give the following diagram of Oy-modules and Oy -
module homomorphisms:

f[*],y, « wa ®,¢, "
(%) fof* fuwp = fw, P (s @0, Oy (D))
h*Xl: ¢l:
h*hwy, o Wh wonGye wWh ®Oy Oy(Dg)

The diagram obtained by the restriction of the modules and homomorphisms in
Diagram (x) to Y \ h™1(h(E)) is commutative. Since wy, ®o, Oy (Da) is reflexive,
Diagram () is commutative (2.1.4). Since D(f(g*}wf@)l/}l) = D1, D(wp ®2) = Dy,
D(f¥y;) = feDy, and D(y,) = Dy, (2.2.4 (2) and 2.2.7; see 2.2.2 for D(e)), the
equality f; Dy + D1 = Dy, + D holds (2.2.4 (1)), which concludes the proof. O

Lemma 4.1.4. We use the notation introduced in (3.3.9). Suppose that g =1 and
that foy is the blowing-up at a reqular point. We equip E with the reduced structure.
Take Dy and Dy, introduced in (4.1.1). Then f§D;+ E = Dy,

Proof. We have only to show that D = E (4.1.3). Since X is regular by assumption,
the lemma follows from [17, 9.2.24]. O

Definition 4.1.5. Let (X,C, f) be a minimal elliptic fibration and s be a closed
point on C' with algebraically closed residue field. We use the notation f~!(s) =
my sV} s introduced in (3.3.1) and Dy introduced in (4.1.1). The vertical divisor
over s appearing in Dy is equal to af Vs, where the integer as, satisfies the
inequalities 0 < ay,s < my s [18, 5.7]. The configurations of the irreducible compo-
nents of Vy ; are classified into three categories and eight types (Kodaira’s symbol):
(1) good: Ip; (2) multiplicative: 1, (n > 0); (3) additive: T (n > 0), II, IT*, 11,
II*, IV, and IV*. The fiber f~!(s) is said to be of type ,, T where m :=my s and
T is the type of V.

4.2. Notation for Local Base Spaces. In this subsection, we introduce the no-
tation used in §4.3 and §§5-7. Let R be a complete discrete valuation ring with
algebraically closed residue field %k of characteristic p and field of fractions K. We
fix an algebraic closure K of K. Choose a finite field extension K'/K of degree
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d in K. Take the normalization R’ of R in K’. Put C := SpecR, C’ := Spec R/,
Ck := Spec K, and C, := Spec K'. The extensions R'/R and K’/K induce finite
morphisms 7¢: C' — C and 7¢, : Cj — Ck, respectively. By s and s’ we denote
the closed points on C and C’, respectively.

4.3. Quotient. We use the notation introduced in §4.2. Assume that K'/K is a
finite Galois extension with Galois group G. By pcr, /Cx (resp. pcr/c) we denote
the Ck-action of G on C%, (resp. the C-action of G on C’). Let Ex be an elliptic
curve over K. Put E}, := Ex xg K’. Take the minimal regular models (E, C, g)
and (E',C", ¢') of Ex and EY,, respectively. By Aut(E’/C") we denote the group of
all C’-automorphisms of E’. The translation of E%., by the addition of any element
of E},(K') induces a C’-automorphism of E’ (3.2.9). Thus, we may regard E'(K")
as a subgroup of Aut(E’/C’). Choose a cocycle {ay}secc € Z1 (G, Aut(E'/C")).
The base change of the action pct, Ok via the structure morphism Ex — Cg
uniquely extends to the action pg on E’ (3.2.9). We define an action p on E’ by
p(g) == ag o pr/(g) (left action) for g € G. Then ¢': E' — C' is equivariant with
respect to p and pcrjc. We may take the quotient 7y : E” — X of the action p
(3.2.7). By f: X — C we denote the unique morphism satisfying fonx = mcog’.

Proposition 4.3.1. Assume that {a,}sec € Z*(G,E'(K')). Then the Jacobian
of the generic fiber of f is K-isomorphic to Ex. If g: E — C is smooth, then the
triple (X, C, f) is a minimal elliptic fibration with special fiber of type m1o. In that
case, the quotient morphism mx is finite and flat.

Proof. The first statement follows from (3.2.7 (1)). Let us show the second state-
ment. The triple (X, C, f) is a normal pre-elliptic fibration (3.2.7 (2)). Thus, in
order to show that f is an elliptic fibration, we have only to show that X is regular.
Suppose that X admits a non-regular point. By 7" we denote the base changes of
the K-rational points of Ex via C.,/Ck. Then the group G trivially acts on the
subgroup T of E'(K’). Thus, the translation of E’ by the addition of any element of
T descends to a C-automorphism of X. Since g: E — C' is smooth, the restriction
of the specialization homomorphism E'(K’) — E’(k) to T is surjective. Thus, the
action of T on X induces a transitive action on X (k). Since the special fiber is
a curve over the algebraically closed field k, the set X (k) is dense in the special
fiber. Thus, the singular locus of X is equal to the special fiber, which contradicts
the fact that X is normal. Therefore, the quotient X is regular. Since the number
of the irreducible components of the special fiber of f is equal to one, the elliptic
fibration (X, C, f) is minimal. Since the special fiber of f is of type ,,Io [18, 6.6],
the second statement holds. Since E' and X are regular and 7y is finite (3.2.7 (3)),
the morphism 7x is flat [19, 23.1]. O

4.4. Notation for Base Change of Local Pre-Elliptic Fibrations. In this
subsection, we introduce the notation used in §§5—7. We use the notation introduced
in §4.2. Let (X, C, f) be a normal pre-elliptic fibration with generic fiber fr: Xx —
Ck. By mx,: X = X and fr,: Xy, — C}, we denote the base change of m¢y
via fx and the base change of fx via m¢,, respectively. Put nx = fx o mx,.
Let (X',C’, f') be a normal C’-model of X}.,. By ¢: Cx — C, V/: C}, — ',
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tx: Xg — X, and s, : X}, — X’ we denote the inclusion morphisms:

l,/
X

X, X x
K/

*K

s Xx o X
TK lf/
\ I \
TC e yel
Ck L C.

By T (resp. nT’) we denote the type of the special fiber of the minimal regular
C-model of Xk (resp. the minimal regular C’-model of X/.,) (4.1.5).

In §85-7, we compare the invariants of (X, C, f) and (X/ C’, ') by means of the
following normal pre-elliptic fibrations (X C, f) and (X', C’ f’) and the following
finite morphism 7 : X' — X. Let (X,C, f) be a normal C-model of Xg. The
trlple (X C, f ) and the morphism 7¢: ¢’ — C induce a normal pre-elliptic fibration
(X',C’, f') and a finite HlOI‘phlbIn Tg: X’ — X in the following way (3.1. 5) By
7 XxcC' — X and ma: X xoC' — C' we denote the base change of ¢ via f and
the base change of f via mc, respectively. Take the normalization o : X' = XxcC'
of X xcC'. Put g = mom, f = my oMy, and 7w := f07rX In §85-6, we consider
the case where X = X and X’ = X’. In §7, we consider the case where (X,C, f)
and (X', C’, f’) are minimal elliptic fibrations.

By Ex and EY%, we denote the Jacobians of Xx and X, respectively. Let
(E,C,g) and (E, C,g) be two normal C-models of Fk, and (E’,C’,¢') be a normal
C’-model of E}.,. We define a normal pre-elliptic fibration (E’, C’,9’) in the same
way as in the case of (X', ", f7).

In §§6-7, we use the following notation. Assume that the finite field extension
K'/K is separable. By D¢v/c and Dy, ,x we denote the ramification divisors of
mc and g, respectively (2.3.10). The support of D)?//)? is contained in the special

fiber of f’ (2.3.9). By d¢rjc we denote the degree of D¢ jc. By D¢ and Dz we
denote the Weil divisors introduced in (4.1.1). Put l :== Iy, ' :=1lp o, lg =1

ly =1y s, lf lf ol =lgs, 15 7= lf',s'v and ly = ly ¢ (3.3.6).

g,8»

5. BASE CHANGE
We use the notation introduced in §4.4. Suppose that (X,C, f) is an elliptic
fibration and that X = X and X' = X',

5.1. Multiplicities.

Lemma 5.1.1. There exists a prime dwisor on X whose coefficient in Vi s (3.3.1)
is equal to one.

Proof. We may assume that (X, C, f) is minimal (3.3.2). Then the lemma follows
from the classification of singular fibers (4.1.5). O



CANONICAL BUNDLE FORMULA AND BASE CHANGE 17

Proposition 5.1.2. There exists a finite separable field extension K'/K of degree
m such that X (K') # (. The relations m' | m and m | dm’ hold (see 3.3.2). If tx
18 étale, then m = dm/.

Proof. The first statement follows from [10, 8.4] and (5.1.1). Let us show that
m’ | m. By n and i we denote the cohomology classes of X and Xf., in the
Galois cohomology groups H' (K, E) and H'(K', E),), respectively. The group
homomorphism H! (K, Ex) — H'(K', E);,) induced by K’'/K maps n to n/. Since
the orders of i and 7’ are equal to m and m’', respectively [18, 6.6], the relation
m’ | m holds. Next, we show that m | dm’. Take a desingularization f}: Y — X’
of X'. Put h:= f'o f} and 7 := 7x o f}. Then the triple (Y,C’, h) is an elliptic
fibration. We use the notation introduced in (3.3.1): f=!(s) = mV} s and h=1(s") =
m'Vy, . Since R'/R is totally ramified of degree d, the equality for = 7goh gives
dm'Vy, o = m77 (V). Applying (5.1.1) to h, we obtain the relation m | dm’.
Finally, we show the last statement. Assume that mx is étale. Then X’ is regular.
Thus, we may assume that 7 is étale. Applying (5.1.1) to f, we obtain the relation
dm/ | m, which proves the last statement. O

5.2. Etale Parts and Non-Etale Parts.

Definition 5.2.1. If wx is étale, then we say that the field extension K'/K induces
a (finite) étale covering mx of X.

Lemma 5.2.2. The following statements hold. (1) If K'/K induces an étale cov-
ering of X, then K'/K is separable. (2) If two finite field extensions L1/K and
Ly/K in K induce étale coverings of X, then the composite field L1 Lo/ K induces
an étale covering of X.

Proof. Statement (1) follows from the fact that wx,. is étale. Statement (2) follows
from Statement (1) and the following fact: for any two finite étale coverings X; — X
and X5 — X, the canonical projection X; X x Xo — X is a finite étale covering. [

Lemma 5.2.3. There exists the mazimum one M/K among all finite field exten-
sions in K inducing étale coverings of X. The field extension M/K is Galois and
does not depend on the choice of the reqular C-model X of Xk .

Proof. The existence of M/K follows from (5.1.2 and 5.2.2 (2)). Since M/K is
separable (5.2.2 (1)) and any conjugate field of M/K in K induces an étale covering
of X, the field extension M/K is Galois. The last statement follows from (3.2.6)
and Zariski-Nagata’s purity [11, X, 3.1]. O

Definition 5.2.4. The field extension M/K in K given by (5.2.3) is called the étale
part (of the resolutions of the multiple fibers of reqular C-models) of X . Assume
that X (K”’) # 0. By (5.2.5) below, the relation M C K’ holds. The field extension
K'/M is called the non-étale part of Xg in K'.

Lemma 5.2.5. Take the étale parts M/K and M'/K' of Xi and X}, in K,
respectively (5.2.4). Then K'M C M'. In particular, if X(K') # 0, then M C K'.

Proof. Let us show the first statement. Take a desingularization fi: Y — X’ of
X'’. By definition, the extension M/K induces a finite étale covering 7 of X. Since
M/K is separable (5.2.3) and the base change of 7 via wx o f{} is a finite étale
covering of Y, the relation K'M C M’ holds. Let us show the last statement.
Assume that X (K’) # (. Then K’ = M’ (5.1.2). Thus, the first statement shows
that M C K'. O
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5.3. Type I, (n > 0).

Proposition 5.3.1 ([18, §8]; use 5.2.5 for the proof of (1)). Assume that (X,C, f) is
a minimal elliptic fibration with special fiber of type 1, (n > 0). Take the étale part
M/K of Xk (5.2.4). Then the following statements hold. (1) The field extension
M/K is cyclic of degree m and minimum among all finite field extensions L/K
in K satisfying X (L) # 0. (2) If K' C M, then (X',C’, f') is a minimal elliptic
fibration with special fiber of type /aldn.

5.4. Type 1.

Lemma 5.4.1. Assume that (X,C, f) is a minimal elliptic fibration. Let (Y,C,h)
be a normal pre-elliptic fibration satisfying the following conditions. (1) There exists
a K-isomorphism between the generic fibers of f and h. (2) For any irreducible
component D of the special fiber of h with the reduced structure, there exist an
elliptic curve Ep over k and a dominant k-morphism D — Ep. Then the K-
isomorphism in Condition (1) uniquely extends to the C-isomorphism X —Y.

Proof. Take the minimal desingularization ho: ¥ — Y of Y (3.2.2). Put T := hohy.
Then the triple (Y C, h) is an elhptlc fibration. By Y}, we denote the special fiber of
. Take the normalization Z of Yk The morphism hg induces a morphism 7: Z —
Y. The classification of singular fibers implies that the connected components of
Z consist of (a) a positive number of projective lines over k or (b) a non-negative
number of projective lines over k and one elliptic curve over k. Thus, Condition (2)
implies that the following statements hold: (i) there exists the unique connected
component D of Z that is k-isomorphic to an elliptic curve over k; (ii) 7 maps the
other connected components of Z to closed points on Y. Therefore, the minimality
of the desingularization hy implies that Z = D, which shows that ()A/,C', iAL) is a
minimal regular C-model of the generic fiber of h. Since Yy is irreducible, the
morphism hg is quasi-finite. Since hg is a quasi-finite proper birational morphism
between normal integral schemes, Zariski’s main theorem [8, 8.12.10] implies that
ho is an isomorphism. Thus, the uniqueness of the minimal regular C-model (3.2.5)
concludes the proof. O

Proposition 5.4.2. Assume that (X, C, f) is a minimal elliptic fibration with spe-
cial fiber of type 1. Then (X', C', f') is a minimal elliptic fibration.

Proof. By Xjrea and Xj .4 we denote the reductions of the special fibers of f
and f’, respectively. Then Xj yeq is k-isomorphic to an elliptic curve Ey over k.
Since mx induces a finite k-morphism X,;red — X red, any irreducible component
of X ,.q admits a dominant k-morphism to the elliptic curve Ey (3.1.2 (5)). Thus,
the proposition follows from (5.4.1). O

6. INVARIANTS OF PRE-ELLIPTIC FIBRATIONS

6.1. Notation. We use the notation introduced in §4.4. Assume that the finite
field extension K'/K is separable. Suppose that X=X,E=E, X =X,
and E/ = E'. For a quasi-coherent Ox-module F, by Yx: x,7 we denote the
composite of the canonical Oc-module homomorphisms 7}, R! f, F = Rlmo, i F —
RimymoumimiF — RUfln%F. For a quasi-coherent Ox,-module Fg, the flat
base change theorem for cohomology gives a canonical Oc;(,—module isomorphism
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X1, X Frc 'W*CKleK*]‘—K — R'fle, 7%, Fk- If Fx = 1% F, then the pull-back
(L/)*wX’/X,]-' induces wX}(,/XKJ:K' Put wX’/X = wX'/X,Ox and wX;(,/XK =
¢X;<,/XK,OXK-

6.2. Extension of Base Change Compatibility for Trace Maps. The mor-
phisms f and f’ are CM (3.1.2 (6)). Since m¢ and f’ are CM, the morphism
m is CM. Note that the finite morphism 7y is not necessarily flat. We refer to
§62.3-2.4 for relative dualizing sheaves (see also 3.3.8). Put w := 15wy ®0,, Wry,
W= wp ®oy, (f) e, wir = (Uy)*w, and Wi, = (Vx/)*w’. Take the canon-
ical Ox/-module isomorphism &g/ ., : w' — w, and the canonical OX}(/—module

isomorphism &ry et W = Wrye [4, 4.3.3].

Lemma 6.2.1. There exists the minimum closed subset Z of X such that both
U:=X\E and V := 73" (U) are regular. The closed subsets 7' (Z) and Z are
of codimension at least two. The restriction of w to V is l.c.i. Further, the OX;(/-
module isomorphism &x .. uniquely extends to the Ox -module homomorphism
Srnx,f i W — wx, which is an isomorphism on V.

Proof. Since mx is finite and X and X’ are excellent and normal, the first three
statements follow from [19, 9.4 (ii), 15.1, 21.2 (ii), and 23.1]. By ty: V — X’
we denote the inclusion morphism. Then there exists an Oy-module isomorphism
v 1w — Lywy that is an extension of {7, to V' [4, 4.3.3]. Since wy is reflexive
(2.4.1), the lemma follows from (2.1.4). O

Put £ := 5;,;0 0&ry.5: w— w'. Take the injective O¢s-module homomorphism
Aret Ocr = wr and the injective Ox -module homomorphism Ay, : Ox/ — wry
introduced in (2.3.8). By 7%: 7&0Oc — Ocr we denote the canonical O¢r-module
isomorphism. The above homomorphisms give the following diagram of Ogi-
modules and O¢/-module homomorphisms:

Yxrx,w * tr
(x%) R flmiwy ! Ta R fawy . Ter . 7&O0c
\Lle;(ﬂ;(wf(g)‘Wx)
leiw 7rbc =
\Lleii
R1 ’w’ Rl 'w ’ OC/.
f* lei(wf/®(f/)*)\7rc) f* f trf/

The pull-back of any arrow via ¢’ is an isomorphism between line bundles.

Lemma 6.2.2. Diagram (xx) is commutative modulo torsion (i.e., the diagram
obtained by the pull-back of the modules and homomorphisms in Diagram (xx) via
/' is commutative).

Proof. Since m¢, and fx are smooth, we obtain the O/ -module isomorphisms
* / * K

Bt mey t Tx Wi — wyr, and Bre, fi (fx) Wre, — Wry, Dy the base change

property of the sheaves of relative differentials. The pull-back (¢x,)*¢ induces

an OX}(/—module isomorphism &g/ : wgr — Wi, Further, the equality g =
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B me ®B;C1K,fx holds. The pull-backs (¢+')* Az, and (¢/x/)* Az, induce the canon-
ical isomorphisms Az, and Az, , respectively (2.3.9). Then the diagram

A

X
OX;(’ %K Wrx g
(f;(,)”TZ chK-,fKT:
(i) e
(f&)"Oc = (i) Wrey

is commutative (2.3.5 (2)) where (f4)” is the canonical Oc:_,-module isomorphism.
Thus, tensoring the inverses of the vertical arrows with Sy, ., we obtain the
commutative diagram

¥
ﬂXwaK®)“”XK

*
WXwaK ~ WK
6va"cKil“ fx/l’—v
’ *
Wrte, @Uae) Aoy '
w‘f;{/ ~ (UK/.

Therefore, pulling back the modules and homomorphisms in Diagram (xx) via ¢/,
we obtain the diagram

VX! /X e wE o tr
% K’ Bt ite " Cx K %
le}(’*ﬂ-XwaK ~ TrCKleK*WfK ~ 7TC'KOC'K
o bl
, ‘ﬂ'c =
m ., "l
1/ K’
R fK/*wf;(/ ~ OC;{/ .
The base change compatibility for trace maps [4, 3.6.5] shows that the diagram is
commutative. Therefore, Diagram (#x) is commutative modulo torsion. d

6.3. Invariants and Base Change. We use the notation Lp(e) introduced in
(2.2.1). Let (Y,C,h) be a normal pre-elliptic fibration. We denote the canonical
Oy-module homomorphism by vy : h*h.wp — wp, (see 3.3.8).

Lemma 6.3.1. Fori=1 and 2, let F; be a coherent Oy -module whose restriction
to the generic fiber is a trivial line bundle. Assume that Fo is reflevive. Then the
R-module Homo,, (Fi, F2) is free of rank one.

Proof. The lemma follows from (2.1.2 (2) and 2.1.5). O
Lemma 6.3.2. Fori =1 and?2, let F; be a coherent Oy -module such that v* R h.. F;
is a line bundle. Then the R-module Homo, (F;,wp) is free of rank one fori =1

and 2. Let k: Fi — Fo be an Oy -module homomorphism. Then Lr(R'h.k) =
Lr(Homoe,, (k,wp)).

Proof. The two pairings of O¢-modules in the diagram

h* HOIHOY (]:1, wh)®oc Rl h*]:l

N

h« Homoy, (k,wh) R'h.k th*wh

/

h HOmoy (]:2, wh)®oc R! hFo
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are compatible with h, Home, (k,ws) and R*h,k. Thus, the trace map tr;, induces
a commutative diagram

h* ’HomoY (.Fl,wh) —— (th*fl)v
hy Homo,, (m,wh)T T(th*n)v

P HOHIOY (]:2, wh) I (th*fg)v.

The Grothendieck duality shows that the horizontal arrows are isomorphisms. By
assumption, any coherent O¢-module in the above diagram is a line bundle. Thus,
the above commutative diagram shows the lemma. ([l

Lemma 6.3.3. Let £ be a trivial line bundle on Y. Then the R-module homomor-
phism Homoe,, (L,7n) is bijective.

Proof. The injectivity follows from that of 7, (3.3.8 (1) and (3)). Thus, we have
only to show the surjectivity. By ¢: h*h,L — L we denote the canonical Oy-
module homomorphism. Take an Oy-module homomorphism k: £L — wy. Put
Y := h*hyk: h*he L — h*h,wy,. Then ko ¢ = v, 0. Since L =2 Oy and the
homomorphism O¢ — h,Oy associated to h is an isomorphism, the Oy-module
homomorphism ¢ is an isomorphism. Thus, the equality Homo,, (£, v,) (¢ o ¢~ 1) =
K concludes the proof. [l

Lemma 6.3.4. Fori =1 and 2, let L; be a trivial line bundle on Y. Fori =1
and 2, we fix a trivialization k;: Oy — L; of L;. Let k: L1 — Lo be an Oy -module
homomorphism. By kg we denote the Oy -module endomorphism Rz_l okoKy of
Oy . Then there exists the unique element r of R such that kg is given by the
multiplication of Oy by r. Moreover, the equality Lr(R'h.k) = lengthp R/rR
holds.

Proof. The diagram of R-modules and R-module homomorphisms

Homoy, (£2,71)

HOHloY ([:2, h*h*wh) Homoy (ﬁg, wh)

¢:=Homo,, (n,h*h*wh)l iHomoy(n,wh)—:w

Homoy, (L1,7n)
Homo, (L1, h*huwy) o T

Homoy (51, UJ}L)

is commutative. Since h*h.wp, = Oy and the horizontal arrows are bijective (6.3.3),
the equalities Lg(h.(r)) = Lr(¢) = Lr(v)) = Lr(R'h.x) hold (6.3.2). Thus, the
lemma follows from the fact that the homomorphism O¢c — h,Oy associated to h
is an isomorphism. (I

Lemma 6.3.5. Lg(R'h.v,) = 0.

Proof. Put L := Home,, (wh,wr), M := Homoe,, (h.wp, hewp), and N := Home,, (h*h.wp, wp ).
Then the R-modules L, M, and N are free of rank one (6.3.1). The image of the
identity of h.wp, under the canonical R-module isomorphism M — N is equal to yp,.
Since the identity of h,wy, generates M, the image v, generates V. Since the image
of the identity of wy under Home,, (yn,wp): L — N is equal to vy, the R-module
homomorphism Home,, (v, wp) is surjective, which implies that Home,, (v, wn )"
is surjective. Thus, the lemma follows from (6.3.2). O

Lemma 6.3.6. LR’('lZ)X’/X,UJf) = LR/(Q)Z)X//X) -+ LR/(leiﬂ'}’}/j)
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Proof. The diagram of O¢-modules and O¢r-module homomorphisms

5 R fuy
LR f f* faws < ! o R fuwy
wX’/X,.f*.f*wa/ \L"/fx’/x,wf
le,iﬂ'* ~
Rl [* fawy X R flmiwy

is commutative. Since Lr (Yx//x,f+f.w;) = Lr/(¥x//x) by the projection formula,
the lemma follows from (2.2.4 (1) and 6.3.5). O

Theorem 6.3.7. The Weil divisor Dx//x + 75 Dy — Dy is equal to the pull-back
of an effective divisor D on C" via f' (see 2.2.5 for 7% ). Moreover, the degree of

D is equal to dc//c — LR’ (¢X’/X)
Proof. We define coherent O x/,-modules F; in the following way:

Fii=mx [ fawy; Fo 1= mxwy;
F3i=w=mxws Q0 ,, Wry; Fri=w =wp Qo (f)wre;
Fs = (f) fiwp @0, (f') wnes Fo 1= wyr.

For any i, the pull-back (tx,)*F; is a trivial line bundle. We define Ox/-module
homomorphisms &;;: F; — F; in the following way:

* *
K12 1= TXYf; K23 1= TxWs @ Apy;
K34 = §; K24 1= K34 O K23;

— ) — N
K14 1= K24 O K12; ksa =Y @ (') wres

wea 1= wWp @ (f) A

Take the unique Ox -module homomorphism k15: F; — F5 satisfying k14 = k54 ©
k15 (6.3.3). By definition, the equality ;i o ki; = K holds for any x,; and any
kjk. Thus, the following equalities hold:

DX’/X +7T;(Df — Df’
= D(Ary) + 7% D(v5) — D(yy)  (by definition)
—D(H23)+7TXD(W) D(ks4) (224 (2))
(lﬁlgg) + D(ng) D(Ii54) (2 2. 7)
D(r15) — D(ra) (224 (1)
D(k15) (6.2.1).

Since both F; and F5 are trivial line bundles, the Weil divisor D(k15) is equal to
the pull-back of the divisor on C’ of degree Lg/(R! flr15) via f’ (6.3.4). Thus, we
have only to show that the equality

(3 * %) derjc — L (¥xr/x) = L/ (R flk1s5)

holds. The projection formula gives do/ /o = L (R'f!ke4). The diagram

Yxrx,w 5 tr
wf f
R'fiFs TR fuwy = m50c
\Lleiﬂm ﬂ"ci”
R'flKea tr g
R'fLF4 R'flFs Oc
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is commutative module torsion (6.2.2). Since (¢ try)"" and try are isomorphisms
[4, 4.4.5], the equality dC”/C’ — Lp ('(/)X’/X) = LR/(leiﬁlg) + Lp (le;/i24) holds
(2.2.4 and 6.3.6). The following equalities hold:

Lr/(R' fik12) + L/ (R" ko)
= LR’ (leili15) + LR/(le:{K)54) (224 (1))
= Lp/(Rflk15) + Lr/ (R  fly¢)  (the projection formula)
= LR’ (leilim) (635)

Therefore, Equality (* * %) holds, which concludes the proof. |

Definition 6.3.8. By ex/x we denote the degree of the divisor D on C" satisfying
(f')*D = Dx//x + 75Dy — Dp (6.3.7).

PI‘OpOSitiOIl 6.3.9. LR/ (d)X’/X) — LR/ (wE//E) = d(lf — lg) — (lf/ — lg/).

Proof. Take the minimal regular models ()/(:, C, ]?), (E, C,9), ()Z"7 c’, f/), and (E', C',q)
of the generic fibers X, Ex, Xy, and E}.,, respectively. There exist an O¢-
module homomorphism T3 R'f,0% — R'9.0g and an O¢,.-module isomorphism
Tre t R fkeOx,c = R'gr.Op, satisfying the following conditions [18, 3.8]: (1) the
diagram

R0 — 1 = RGO,

L*leK*OXK % L*ngK*OEK
is commutative where the vertical arrows are induced by the base change via ¢; (2)
the formation of 7, commutes with the base change via any field extension. In
the same way, we define Th and Tfr
Take n¢, ng, Ny, and 1y introduced in (3.3.5). We have the following diagram
of O¢r-modules and O¢-module homomorphisms:

—~ TET s
(55 53) R0 7t RY5.0;
. WcﬂgT -
TEMy le;O;(, —‘> le]\;OE,
WEle*OX My Wéng*OE Mg’
Tﬁx//x\ wE’/E\
le;OX/ ng;OE/.

The pull-back of any arrow via ¢ is an isomorphism between line bundles. By
the vertical arrows, we identify the pull-backs of the four top modules with the
pull-backs of the four bottom modules, respectively. Then the other arrows induce
a commutative diagram of OC;(,—modules and OC}(/—module isomorphisms. Thus,

Diagram (x x *x) gives the equality

Lr(Yx)x) = Lr (Ve /E) = d(LR(Tf) + Lr(ng) — Lr(ng))
—(Lr/(1p) + Lre(ny) = L (1g7))-
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Put lf = lf,sv lg =15, lf, = lf, s, and lg ==z o (3.3.6). The equality

d(ly —1g) = Iy = lg) = d(lAJF Lr(ns) —1lg— LR(Wg))
— (g + Lr(nyr) = lg — Lr:(ng'))

holds by definition. Note that [z = 0 and Iz = 0 (Proposition 1 in [20]). Since
lz=Lg(r7) and I = L/ (77) [18 3.8], the desired equality holds. O

Corollary 6.3.10 (use 6.3.7 and 6.3.9). Take ex:/x and eg/ g introduced in
(6.3.8). Then ex/x —€p//E + d(ly —=1g) =y —=1y) =0

7. INVARIANTS OF ELLIPTIC FIBRATIONS

7.1. Notation. We use the notation introduced in §4.4. Assume that the finite
field extension K'/K is separable. Suppose that (X,C, f), (E,C,g), (X',C", f'),
and (E’,C’,¢’) are minimal elhptlc fibrations. By Xy, X, Xk, and Xl,’C we denote

the special fibers of f, f, f, and f’ respectlvely Put d' := dm’/m. Then d’ is an
integer (5.1.2). Put a :=ay, and a' := ap o (4.1.5). We define (@—Cartler divisors
b/y Vi = Xj/m and .V~, = Xé/m’. Put Fz 5 =Dz +ﬂ; (Dy—aVy)—(Dj —
a fo)- Take eg, 5 introduced in (6.3.8). Put dg, )z =m eX,/X d'a+d'. By
definition, the equality d)?'/i Vf/ = FX’//)? holds. In the same way, we define €5 B

and dE,/E

7.2. Invariants and Base Change.
Lemma 7.2.1. Assume that m = 1. Then d)},/;( = ez 5% Further, if X' =
X x¢ C', then g 5 = doryc

Proof. Since m’ = 1 (5.1.2), the equalities @ = o’ = 0 hold (4.1.5), which gives
the first equality. Suppose that X’ = X x¢ C’. The flat base change theorem
for cohomology gives Lr/(¢vg,,z) = 0 (see 2.2.1 and §6.1 for Lp/(e) and ¢, 5,
respectively). Thus, the last equality follows from (6.3.7). O

Theorem 7.2.2. Putl:= l7—1g and I := lj —lg. Then d'(ml+a) =m'l' +a +

E'/E d)?'/)?; “
(see 3.2.8), then =1 andl' =1’.

m'dz Moreover, if any closed point on )Z', E, X”, and E' is rational

Proof. The equality dE,/E =€5B holds (7.2.1). Thus, the equality dg,/)} +da—
a 4+ m'(— di i+ dl — 1) = 0 holds (6.3.10), which proves the first statement.

Since I, = 0 and I = 0 (Proposition 1 in [20]), the last statement follows from
(3.3.7). O

Proposition 7.2.3. Assume that X = X and X' = X'. Suppose that wx is étale.
Then d' =1 and dx./x = 0.

Proof. Since 7y is étale, the equalities Dx//x = 0 and d’ = 1 hold (2.3.9 and 5.1.2).
Since Dy = aV; and Dy = a'Vys, the equality Fx//x = Dx//x holds, which gives
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7.3. Reduction to Type ,,I,,. We define integers u(7T") and v(T) by Table 1 in
§1.2.

Lemma 7.3.1. Assume that p fu(T). Then the following statements hold. (1) If
d | u(T), then m’ =m. (2) Suppose that w(T) | d. If T =1, (n >0) or I} (n>0),
then T' = 1g,. Otherwise, the equality T' = Iy holds.

Proof. Let us show Statement (1). We may assume that w(7') > 1. Then T is
additive, which implies that m is a power of p [18, 7.4]. Since p f d by assumption,
the equality m’ = m holds (5.1.2). Let us show Statement (2). We have only to
show the case where X = F and X’ = E’ [18, 6.6]. Since p fu(T) and u(T) | d
by assumption, Statement (2) follows from Equalities and Tables in [25, §2 and
4]. O

When p [ d, we denote the Galois group of the cyclic extension K'/K by G.
The group G equivariantly acts on X'/C” (3.2.9).

Lemma 7.3.2. Assume thatp Ju(T) and d = uw(T) > 1. Then the fized locus of
the action of G on X' does not intersect the singular locus of the reduction of Xj,.
Further, the actions of the non-trivial stabilizer subgroups of closed points on X'
are given by Table 2.

i 1T T
2,2,2,2 2,37.67 | 2,37,6°

T I IV V"
2,47, 4% | 2,4-,4- | 3%,3F,3F | 3-,37,3"

TABLE 2. The actions of the non-trivial stabilizer subgroups of
closed points on X’. The actions in the table are given for each
orbit by 2(z1,22) = (—x1, —22), nT(x1,22) = ((pw1,Cnw2), and
n=(x1,72) = ((nx1,(, to) where {21, 22} is a system of local pa-
rameters and (, is a primitive n-th root of unity.

Proof. Put Y := X'/G. By Y} we denote the special fiber of Y/C. We may
determine 7" from T (7.3.1 (2)).

First, let us show the case T =TIf (n > 0). In that case, the equality 77 = I,
holds. Take the generator ¢ of the group G of order two. Suppose that o fixes a
singular point on the reduction of Xj. Then any irreducible component of X is
stable under the action of G' (A.4), which implies that Y is regular (A.5 and A.6 (1)).
Since Y} contains a cycle of projective line, the special fiber X} contains a cycle of
projective lines. This contradicts the assumption on T. Thus, the element o fixes
no singular point on the reduction of Xj. Suppose that no irreducible component
of X, is stable under the action of G. Then Y is regular. Since Y}, contains a cycle
of projective line, the special fiber X contains a cycle of projective lines. This
contradicts the assumption on 7. Thus, there exists an irreducible component of
X, that is stable under the action of G. Since T = I, (n > 0), there exist exactly
two irreducible components of X|, that are stable under the action of G. Further,
on each of the two irreducible components, there exist exactly two fixed points.
Therefore, the case T =TI} (n > 0) follows from (A.4).
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Let us show the other cases. In those cases, the equality 77 = Iy holds. Thus,
we have only to show the last statement. By H we denote the maximum normal
subgroup of G that trivially acts on X'(k). Put e := #(G/H). Then X'/H is a
minimal elliptic fibration over C'/H with special fiber of type /Iy (A.6 (1)). By ¢
we denote the finite dominant k-morphism from the reduction of the special fiber
of X'/H to the normalization of Y. By the definitions of H and e, the k-morphism
¢ is separable of degree e. Since T is additive, the k-morphism ¢ is not étale. Since
G/H is cyclic, the k-morphism ¢ is a cyclic covering of the projective line over k
by an elliptic curve over k. By n we denote the number of the branch points of ¢.
Over each branch point of ¢, the ramification indexes are equal to each other. We
denote the combination of these numbers by I = (ey ..., e,) where e; < e; if i < j.
The Riemann-Hurwitz formula gives Y 7" | e; !' = n — 2, which implies that n = 3
or 4. If n =3, then I = (2,3,6), (2,4,4), or (3,3,3). If n = 4, then I = (2,2,2,2).
If I =1(2,2,2,2) (resp. (2,3,6), (2,4,4), (3,3,3)), then u(T) = 2 (resp. 6, 4, 3) (A.4
and A.6 (2) and (3)). Since ¢; | e, e | d, and d = u(T), the equality e = d holds,
which implies that H is trivial. Thus, the lemma follows from (A.4 and A.6 (2) and
(3))- O

Lemma 7.3.3. Assume thatp fu(T) and d = uw(T). Suppose that T =15 (n > 0),
IT*, III*, or IV*. Put X' := X' and X = )}’/G (3.2.7). Then any closed point on X
is l.c.i. and rational. The scheme X may be given by the minimal desingularization
of)? (3.2.1). Moreover, the equalities m = m/’, sz an, Df/ =a'V;, Ds

f"v/; X//)?:O7
and Fg,/g =0 hold.

Proof. The first two statements follow from (3.2.2, 7.3.2, and A.6 (2)). The equality
m = m' follows from (7.3.1 (1)). The equalities Dy = aV; and Dy, = o'V}, follow
from (4.1.3). Since 75 is étale in codimension one, the equality D, /% = 0 holds.
These equalities give F'g, /X = 0. O

Lemma 7.3.4. Assume that p fu(T) and d = w(T). Suppose that T = 11, 111,
or IV. By f}: X' = X' we denote the blowing-up of X' along the non-free locus
of the action of G. By the universal property of blowing-up, the action of G on
X' induces that on X'. Put X := X'/G (3.2.7). Then X is regqular. We define
integers (e, eq,es3) by Table 3. Take the orbits (P1, Pa, Ps) of the action of G on
X' where the orders of the stabilizer subgroups are given by (eq, ea, e3), respectively.
For each i (1 < i < 3), by D} we denote the union of (—1)-curves (f})~1(P;).
By Dy we denote the strict transform of the reduction of X, wvia fy. For each i
(0 <i < 3), by D; we denote the image of D; under the quotient morphism g
with the reduced structure. If T =11 (resp. T = 111, resp. T = 1V), then X may
be given by the successively blowing-downs of Dy, D1, and Ds (resp. Do and D,
resp. Dy). Moreover, the equality m = m' holds, and we obtain Table 3.

Proof. The first two statements follow from (7.3.2 and A.6 (3)). The equality m =
m’ follows from (7.3.1 (1)). Let us show that the equalities given by Table 3 hold.
Put eg := 1. For any i (0 <4 < 3), the ramification index of 7 ¢ along D; is equal to
ei (A6 (3)). Thus, the equalities for D, , ¢ hold. Further, for any i (0 < < 3), the
equality ’/T}Di = ¢; D} holds. Thus, the equalities for ’/T}(D ffan) and D 7 —a Vf/
follow from (4.1.4). These equalities give the equalities for F'g, e O
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T II 111 I\
€1,€2,€3 2,3,6 2,4,4 3,3,3
Dzix 0,1,2,5 1 0,1,3,3 ] 0,2,2,2

7=(D;—aV7) | 4,430 | 2,2,0,0 | 1,0,0,0
D7 —d'V; | 01,11 | 0,1,1,1 | 0,1,1,1
Fe < 4444|2222 1,1,1,1
TABLE 3. The definition of (ej,e2,e3) and the coefficients
(ao, a1, as,a3) of the divisors Z?:o a; D} on X'

Corollary 7.3.5 (use 7.3.3 and 7.3.4). Assume that p Ju(T) and d = u(T). Then
there exists X such that any closed point on both X and X' is l.c.i. and rational,
and the equalities m' = m and dg 5z = v(T') hold.

Proof of (1.2.1). The first equality follows from (7.3.1). The last equality follows
from (7.2.2 and 7.3.5). d

Example 7.3.6. In general, we cannot take a C-model X so that both X and X’
are regular. For simplicity, we assume that R is equi-characteristic. Suppose that
p # 2, misodd, T = III*, and d = 4 (see 7.3.3). Then X admits a closed point
where the completion of the local ring is isomorphic to k[[u,x,y]]/(z™y*™ — u)
where u defines X;. Take a regular C-model X of X k. Then there exists a
proper birational morphism X=X , which factors as a finite succession of blowing-
downs of (—1)-curves [17, 9.2.2]. Thus, the scheme X admits a closed point where
the completion of the local ring is isomorphic to k[[u, z, 2]]/(z>™"+t™22™ — ) for
a non-negative integer m (z corresponds to y/z™). Therefore, the base change
X x ¢ C" admits a closed point where the completion of the local ring is isomorphic
to k[[v, z, 2]]/(z¥mnFtmz2m — 1) where u = v*. The normalization of this ring is
isomorphic to k[[s,t, z]]/(sz — t2) (s and t correspond to v?/z(2mrtm=1)/2,m and
v/s(2mntm=1)/2,(m=1/2 " respectively; s = x and t* = 22?), which is not regular.

74. Type 1, (n > 0).

Proof of (1.2.2). Recall the following [5, 2.3 and 8.4]: any closed point on any
minimal Weierstrass model over R is rational (3.2.3). Thus, we may assume that E
is a minimal Weierstrass model of the generic fiber of g. Then E' =F x ¢ O since
E x¢ C' is a minimal Weierstrass model of the generic fiber of ¢’ (Table 2 in [25,
§4]). Thus, the equality dE'/E = d¢r /¢ holds (7.2.1). The equalities m’ = 1, I’ = 0,
and o/ = 0 hold. By (5.3.1), we may assume that X = X and X’ = X’. Since 7x
is étale, the equalities d’ = 1 and dg, ;¢ = 0 hold (7.2.3). Therefore, the theorem
follows from (7.2.2). O

7.5. Type ;,Ip. In this subsection, we assume that T = Iy. We may assume that
X=X,F=E, X' =X',and E' = F' (5.4.2).

Proof of (1.2.3). Since E' = E x¢ ', the equality dg/)p = dc/jc holds (7.2.1).
Thus, the theorem follows from (7.2.2). O
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Corollary 7.5.1 (use 1.2.3 and 7.2.3). Assume that T = Iy. Suppose that wx is
étale. Then m =dm/', dx/x =0, and ml +a =m'l' +a' +m'dc/c.

Lemma 7.5.2. Assume that T =1y. Take the separable closure K*°P of K in K.
By Gk we denote the Galois group of K5P /K. Byn we denote the mazimal ideal of
the valuation ring of K5P. By E we denote the formal group law over R associated
to E/C. Then the exact sequence of G x-modules 0 — E(n) — E(K*°P) — E(k) —
0 [24, VII] induces an exact sequence

0 —— HY(Gg, E(n)) —> HY(K, Ex) —> Hom(Gg, E(k)).

Take the element n € HY (K, Ex) corresponding to Xg. Then u(n) = 0 if and
only if the étale part of Xk is trivial (5.2.4). Assume that p(n) = 0. Suppose that
d=m and m' =1 (see 5.1.2). Take a finite Galois extension L/K in K% so that
K' Cc L. By Gr, G, and H we denote the Galois groups of K*P/L, L/K, and
L/K’', respectively. By m we denote the maximal ideal of the valuation ring of L.
The inflation-restriction exact sequence

~ Infy x ~ Res ~
0 —— HY(G, E(m)) —& HY (G, E(n)) —% HY(Gy, E(n))

gives an element ¢ € HY(G, E(m)) satisfying A o Infy /i (§) = n. Then there exists
a representative {a4}gec € Zl(G,E(m)) of & such that ap, =0 for any h € H. In

particular, the map G — E(m) defined by g — a, factors through the canonical
projection G — G /H.

Proof. Since Gk trivially acts on E(k), we obtain a canonical isomorphism be-
tween abelian groups H'(Gk, E(k)) = Hom(Gg, E(k)). Since g is smooth, the
specialization homomorphism E(K) — E(k) is surjective, which concludes the
proof of the first statement. The second statement follows from (3.2.7 and 4.3.1).
Assume that p(n) = 0. Since the image of ¢ under the restriction homomor-
phism H(G,E(m)) — H(H,E(m)) is equal to zero, we obtain a desired rep-
resentative {ag}gec of . Thus, the last statement follows from the equalities
agn = ag + gap = a4 for any g € G and any h € H. O

Theorem 7.5.3. Assume that T = 1y. Suppose that the étale part of Xk is trivial
(5.2.4) and that m = d and m' = 1 (see 5.1.2). Then ml + a = derjc — dx//x-
Toke L, H C G, and {ag}tgec € ZY(G, E(m)) in the same way as in (7.5.2).
By vy, we denote the valuation of L whose value group is equal to the additive
group of integers. Then dx//x = ., vi(ag)/[L + K'| where g runs through all
representatives of (G/H)\ {H}.

Proof. Since m = d, m’ = 1, I’ = 0, and o/ = 0, the first equality follows from
(1.2.3). We use the notation introduced in (7.5.2). Take the normalization S of
R in L. Put Cg := Spec S and Fg := E x¢ Cg. The elliptic fibrations (X, C, f)
and (X', C’, f') are given by the quotients of the equivariant actions on Eg/Cg
induced by the cocycles {a4}4ec and {ag}4en, respectively (4.3.1). The actions
fix the special fiber of Eg/Cyg since a, € E(m) for any g € G. Since aj, = 0 for
any h € H, we may identify X’ with E’. By 1o we denote the origin of the special
fiber of Es. Note that B/ = E xc C’. We denote the images of yg on X, X', E,
and E' by z, =, y, and ¢/, respectively. Then Ox , C Oxs » = Opr v D Op,, and
OE',Z/’ - OEsyyo'
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Take a defining function z € Og,, of the zero section of E. Then z € Ox o =
Op , defines the zero section of E’. Take a defining function 7 € Ox , of the unique
vertical prime divisor on X. Since m = d and m' = 1, the element 7 € Ox/ . is
a defining function of the unique vertical prime divisor on X’ (see the proof of
(5.1.2)). Thus, the set {z,7} is a system of parameters of Ox/ ,/. Since 7x is a
finite flat morphism of degree d (4.3.1), the quotient ring Ox/ ,+/(7) is a finite flat
extension of Ox ,/(7) of degree d between discrete valuation rings with the same
residue field k. Thus, the set {z* f;ol is a basis of the k-vector space Ox/ 4 ®oy , K,
which implies that {z* ;-1;01 is a basis of the free Ox ;-module Ox/ .

The base change of the C-action of G on Cg via E/C induces an Og ,-action
pEs of Gon Ogg 4. The cocycle {a4}4ec induces an Ox ,-action p of G on Ogg 4,
where p(g) is the composite of the automorphism pg.(g) and the automorphism
p'(g) induced by the translation of Eg by the addition of a4 € E(m) (§4.3). Since
pEs(9)(2) = z, the equality p(g)(z) = p'(g)(2) holds. Put F(T') := ] (T'— p(9)(2))
where g runs through all representatives of G/H. Since F(T) € Ox ,[T] and
deg F(T) = d, the polynomial F(T') is the minimum polynomial of z over Ox ,.
Thus, the Ox ;-algebra homomorphism Ox ,[T]/(F(T)) — Ox 4 defined by T +—
z is bijective. Localizing the extensions Opg y,/Ox/ 2 /Ox » at the generic points
of the special fibers, we obtain finite extensions Vg /V”/V of discrete valuation rings.
Since m’ = 1, a prime element 7 of R’ generates the maximal ideal of V’. Thus,
the equality F'(2)V' = 79x'/x V" holds (Corollary 2 in [23, III, §6]). The formal
group law E is given by a formal power series G(z1, 22) € R[[21, 22]] [24, IV]. Since
there exists H(z1,22) € R[[z1, 22]] such that G(z1,22) = 21 + 22 + z120H (21, 22),
the equalities F'(z) = [[,(z — p(g)(2)) = u[], ay hold where u € Vg and g runs
through all representatives of (G/H)\ {H}. Thus, the last equality holds. O

Remark 7.5.4. The morphism 7x induces a finite flat morphism 7x ; of degree d
between the reductions of the special fibers since m = d and m’ = 1. The morphism
7x,k is purely inseparable since the equivariant action on Eg/Cys induced by the
cocycle {a4}q4ec fixes the special fiber of Eg/Cs.

Remark 7.5.5. Vvedenskil gave lots of examples of {vr(ag)}sec by explicit calcu-
lations ([26] and [27]). As an application of the above theorem, we obtain elliptic
fibrations with lots of combinations of the invariants (I,a). By the same method
as in [21], we may construct elliptic fibrations over proper smooth curves over an
algebraically closed field with such multiple fibers.

APPENDIX A. QUOTIENT SINGULARITIES
We describe quotient singularities of fibered surfaces for §7.

Lemma A.1. Let n be an integer satisfying n > 2. Let Sy be a regular local ring
of dimension d > 3 with system of parameters {x;}¢_,. Put S := Sp/(x172 — 2%).
Then S is l.c.i. and normal. If d = 3, then the singularity of S appears only at the
closed point, which is of type A,_1 and rational (3.2.3).

Proof. Since the localizations S, and S, are regular, the ring S is regular in codi-
mension one. Since S is l.c.i., the ring S is CM. By Serre’s criterion for normality [8,
5.8.6], the ring S is normal. Assume that d = 3. Then an explicit desingularization
shows that the singularity is of type A,,_1, which concludes the proof [16, 27.1]. O
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The proof of the following lemma is straightforward.

Lemma A.2. Let S be a ring, I be an ideal of S, and o be an automorphism
of S of finite order d satisfying ol = I. Let ¢ and x be elements of S satisfying
(*=1,0(=¢( and ox = Cxmod I. Puty := Ef;ol ("tolz. Then oy = Cy and
y =dzr mod I.

Lemma A.3. Let A be a ring, G be an affine A-group scheme, and S’ be an A-
algebra with A-action of G. Put S := (S")%. Assume that S is a Noetherian ring
and that S' is finite over S. Let I be an ideal of S. Put I' :== S'I. By S and S'
we denote the completions of S and S’ with respect to I and I', respectively. Then
the base change of the A-action of G on S’ via §/S gives an A-action of G on S,
Further, the equality S = (§’)G holds where we regard S asa subring of S

Proof. By ¢: S — S’ we denote the inclusion ring homomorphism. We write G =
Spec B. The A-action of G on S’ is given by an A-algebra homomorphism p: S’ —
B ®a S'. Since S = (S")¢, the ring homomorphism p is S-linear. Tensoring ¢ and
p with S over S, we obtain a ring homomorphism 7: S — S and an §—algebra
homomorphism p: S 5 B®4S [19, 8.7]. The §-algebra homomorphism p defines
an A-action of G on §'. Since S is flat over S [19, 8.8] and the kernel of p — 1 is
given by ¢, the kernel of p — 1 is given by 7, which proves the last statement. O

In the following, we concentrate ourselves to the case of complete local rings by
(A.3) (see also [19, 21.2 and 32.2] and [16, 16.5]).

Lemma A.4. Let R'/R be a totally ramified finite extension of complete discrete
valuation rings of degree d. By p we denote the characteristic of the residue field
of R. Assume that p [ d. Put S := R'[[2},z}]]. Let S’ be an R'-algebra that
admits a presentation S’ = S| /(7' — (xf)™ (x4)™2€') as an R’'-algebra where ' is
a prime element of R', my is a non-negative integer, ms 1s a positive integer, and
€ is a unit of S{. Let o be an R-algebra automorphism of S’ of order d. By G
we denote the group of R-algebra automorphisms of S’ generated by o. Suppose
that the subring R’ of S’ is stable under the action of G. Assume that o(q = (4
and on’ = (qn’ where {4 is a primitive d-th root of unity. Then we may replace
the system of generators {x}, x4} of Si over R’ and the unit € of S| so that the
above presentation of S’ is preserved and there exist integers uy and us satisfying

oxh = (tal, oxhy = (Pah, o€ =€, and uymy + ugme = 1 mod d.

Proof. We first note that S’ is a regular local ring with system of parameters
{z,x4}. By n we denote the maximal ideal of S’. Put k := S’/n. The canonical ring
homomorphism R’ — S’ induces an isomorphism R’/(n’) — k between the residue
fields. Since R’/R is totally ramified, the group G trivially acts on k. The elements
x} and z, define prime divisors Dy and D5 on Spec.S’, respectively. Since the spe-
cial fiber of Spec S’/ Spec R’ is equal to m1D1 + moDo, the divisor mi Dy + mg Do
is stable under the action of G. We first show the following: after replacing z and
¢’ if necessary, we may assume that both D; and D, are stable under the action of
G. Case 1: m; = 0. The divisor D, is stable under the action of G. We may take
a d-th root of unity ¢ in R so that oz} = (2} mod n%. Thus, by (A.2), we may
replace x} and € so that the presentation of S’ is preserved and both Dy and D5 are
stable under the action of G. Case 2: m; > 0. Suppose that ¢ exchanges D; and
Dy. Then d is even. Since m1Dq + moDo = moDy + mq Do, the equality mq = mo
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holds. Put m := my, ¢ = d/2, and €;; := oxj/z} for (i,j) = (1,2) and (2,1).
The equalities 2} = olr)] = €5, 27 mod n? give the equality €,e5, = 1 mod n.
Since 7' = (2} z4)™€ in S’, the equality (on’/7')¢ = (0€’/€')® mod n holds, which
contradicts the equalities o’ = {47’ and o¢’ = ¢ mod n. Thus, both D; and D,
are stable under the action of G.

In the following, we consider the general case m1 > 0. Put ¢ := oz}/z for
i =1 and 2. The equalities 2} = 0%} = %z mod n? give ¢/ = 1 mod n. Thus, by
(A.2), we may replace xh, a:’2, and €’ so that the prebentatlon of S’ is preserved and
the equalities o) = ('@} and oy = (?25 hold. Since 7’ = ()™ (x5)™*€ in
S, the equality on’ /7" = (4™ 722 (g€’ /¢') mod n holds. Since on’ = (47’ and
o€’ = ¢ mod n, the equality uymi + uoms = 1 mod d holds. Thus, the equality
(x])™ (xh)™2 (o€’ —€’) = 0 holds. Since both z) and zf are non-zero in the integral
domain S’, the equality o€’ = ¢’ holds. O

Lemma A.5. We use the notation introduced in (A.4). We replace x', x4, and
€' in the same way as in (A4). Assume that d =2 and my; = mg. Put m := my,
S = (8"Y, and 7 := (n')%. After exchanging x| and !, if necessary, we may
assume that up = 1 and ug = 0. Put Ry := R|[x1,x3]]. Then the R-algebra
homomorphism Ry — S defined by x1 — (21)? and x — 2 induces an R-algebra
isomorphism Ra/(m — z'x3™e) — S where € € RS . In particular, the invariant
ring S is reqular.

Proof. We define an R-algebra automorphism og of Sj by «’ — —n', 2] — —af,
and x5 — z5. The R-algebra automorphism oy is a lifting of o and induces an R-
action of G on Sj). Put Sy := (S))%, R3 := R[[x1, 2, 73]], and Tj := R3/(x2 —7T$1).
We define an R-algebra homomorphism v : Ty — S{ by z1 — (2})?, 22 + o, and
x3 — 'x}. Since both Ty and S| are integral domains of dimension three and ) is
finite, the ring homomorphism ¢ is injective. We regard T, as a subring of S} by
1. Then we obtain finite extensions of integral domains Ty C Sy C S;. We denote
the field of fractions of an integral domain A by Q(A). Since [Q(S]) : Q(Tp)] < 2
and [Q(S]) : Q(So)] > 2, the equality Q(Tp) = Q(So) holds in Q(S}). Since both
Ty and Sp are normal (A.1 and [12, 32.7]), the equality Ty = Sp holds.

Put € := €'oge’ in Sj. Then € € Sy. By ¢: S; — S’ we denote the canonical
surjective homomorphism. Since o€’ = €, the equality ¢(e) = (¢')? holds. Since G
trivially acts on the residue field of S}, Sy is Henselian, and p # 2, we may take
n € Sp so that 2 = € and ¢(n) = €. Take a lifting of 1 in R3. We denote this lifting
and its square by the same notation 7 and €, respectively. Put n := (m + 1)/2,
f =7 —ata3m, g == x3 — atafn, and T := So/(f,g). Then we obtain the
Rs-algebra isomorphism T' = R3/(f,g) since 2% — nx1 = (w3 + 2tal'n)g — v f
in Rz, which implies that T is a regular local ring with system of parameters
{1, 22} Note that ¢(f) = (7' — (21)™ (z5) ™€) (7' + (27)™ (25)™€’) = 0 and ¢(g) =
xh (7' — (27)™(xh)™€e") = 0. Thus, the restriction of ¢ to Sy factors as the composite
of the canonical surjective homomorphism Sy — 7" and a ring homomorphism
¢: T — S'. Since both T and S’ are integral domains of dimension two and ¢ is
finite, the ring homomorphism ¢ is injective. We regard T as a subring of S’ by ¢.
In the same way as in the proof of the equality Ty = Sy, we may show that T = .5,
which concludes the proof. (I
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Lemma A.6. We use the notation introduced in (A.4). We replace ', x}, and €
in the same way as in (A.4). Assume that my = 0. Put m :=my, S := (S')%, and
7 := (1)L Then the following statements hold.

(1) Assume that vy = 0. Put Ry := R[[x1,22]]. Then the R-algebra homo-
morphism Ry — S defined by 1 — ) and xo +— (x5)? induces an R-algebra
isomorphism Ry /(7 — x5'€) — S where € € Ry . In particular, the invariant ring S
s regular.

(2) Assume that uy = —ug. Put R3 := R[[x1,x2,23]]. Then the R-algebra
homomorphism Rz — S defined by x1 — (27)%, zo +— (25)?, and x3 — 2|2}
induces an R-algebra isomorphism Rs /(w179 — 2%, 7 — 25%€) — S where e € Ry . In
particular, the singularity of S appears only at the closed point, which is l.c.i., of
type Ag—1, and rational (3.2.3).

(3) Assume that uy = ua. Put Y’ := SpecS’. By Y" and E we denote the
blowing-up of Y' at the closed point and the exceptional locus on Y, respectively.
By the universal property of blowing-up, the action of G on'Y' induces that on Y.
The fized locus of the latter action is equal to E. Further, the quotient Y" /G is
regular. The image D of E under the quotient morphism endowed with the reduced
structure is isomorphic to the projective line over the residue field of R. The self-
intersection number of D is equal to —d.

Proof. The last statement of (2) follows from (A.1). The statements of (3) may be
shown by using the equality xjcxf = zhox). The other statements may be proved
in the same way as in the proof of (A.5). O
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