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ON A RELATION BETWEEN CONWAY POLYNOMIALS OF
(m,n)- AND (n,m)-TURK’S HEAD LINKS

ATSUSHI TAKEMURA

ABSTRACT. The (m,n)-Turk’s head link is presented by the alternating dia-
gram which is obtained from the standard diagram of the (m,n)-torus link
by crossing changes. In this paper, we show that for any integers m > 1 and
n = 2,3, the coefficients of 2* in the Conway polynomials of the (m,n)- and
(n, m)-Turk’s head links coincide for ¢ = 0,1 (mod 4) and differ by sign for
i =2,3 (mod 4). We conjecture that this property holds for any n.

1. INTRODUCTION

The (m,n)-Turk’s head link is presented by the alternating diagram which is
obtained from the standard diagram of the (m,n)-torus link by crossing changes.
There are several studies on Turk’s head links (cf. [3, 4, 6, 8]).

It is well-known that the (m,n)- and (n, m)-torus links have the same link type,
and hence, their invariants are the same. However, the (m,n)- and (n,m)-Turk’s
head links have distinct link types ([8]) and their invariants are not the same gen-
erally.

The Jones polynomials V7 () and the Alexander polynomials Ar gy, ) for
{m,n} = {6,2} and {5, 3} are calculated as follows.

_I _3 _3 _1
VTH(6,2) = —t 2 +3t 2 —6t 2 +9t 2
11 13

1 3 5 7 9 13
—11t2 +12¢2 — 11¢2 + 8t2 —6t2 +2t2 —t2
5 9 1 13 15 17T
Vrmee = —t2 =12 +t2 =12 +t2 —t2,
Vrpss) =t 0 — 6675 + 16t7* — 30t 73 + 442 — 54¢ 71
+59 — 54t + 44t? — 30t® 4 16t* — 6t° + 15,
Vrgss =—t 2+ 5674 =106 + 1562 — 19¢
+21 — 19t + 15t2 — 10t3 + 5t* — 12,

3 3 1 1 3 5
Arpee =t 2 —9t72 425t72 —25t2 4 9t2 —t2,
5 .3 1 1 3 5
Arpe =t 2 =12+t 2 2 +12 —t2,
{ Arpsa =t — 10673 +39¢72 — 80t~ 1 4 101 — 80¢ + 39¢% — 103 + ¢4, and

Arpzs) =t 4 —6t73 + 15672 — 24171 4 29 — 24¢ 4 15¢% — 6t° + ¢4
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2 ATSUSHI TAKEMURA

The Jones polynomials of the (m,n)- and (n, m)-Turk’s head links are quite differ-
ent. Although the Alexander polynomials also look different, their Conway poly-
nomials are similar as follows.

VTH(&Q) = —32 + 42:3 — 25,

Vraee = —32 — 423 — 25,

Vraess =1+ 222 — 24 — 226 4+ 28, and

Vruas =1— 222 — 24 + 225 4 28.
We observe that the coefficients of 2% in VrH@mm) and Vg, m) coincide or differ
by sign. In addition, we calculate the Conway polynomials of Turk’s head links for
n = 2,3 as follows.

{ Vrre) =1-— 2%
Vrnes =1+2%
Virnaz) = —22 + 2%,
Vrmea = —22 — 23,

Vrnee) =1-322 4+ 24,

Vrnes = 1+322 + 24,

VrH(10,2) = =5z +202% — 2125 4+ 827 — 27,
V@10 = —52 — 2023 — 212% — 827 — 29,
Vrnas) =1—22 — 2t + 25,

Vrneae =1+22 — 24 = 25,

Vrne,s) = 42* — 328 + 210,

Vrnse) = 42 — 328 — 219,

Vrmos) =1 — 322 — 62% + 1820 4+ 1125 — 20210 4 2212 4 14214 — 7516 4 18,
Vrmeao) = 1+ 322 — 62% — 1825 4 1128 + 29210 4 2212 — 14214 — 7516 — 318,

VTH(272) = —Z, and

—N————

Vrmss) = 2
Observing these equalities, we prove the following.

Theorem 1.1. For any integers m > 1 and n = 2,3, the Conway polynomials

VTH(m,n) (Z) = Zaizi and vTH(n,m)(Z) = szzl
=0 =0

of the (m,n)- and (n,m)-Turk’s head links satisfy

a;=0b; fori=0,1 (mod4), and
a; =—b; fori=2,3 (mod 4).

This paper is organized as follows. In Section 2, we review braids, Turk’s head
links, and the Conway polynomial. In Sections 3 and 4, we prove Theorem 1.1 for
n = 2 and n = 3, respectively. In Section 5, we give supporting computational
evidence for the conjecture that Theorem 1.1 holds for any n > 2 by the program
“knotGTK” (]9]), which is the Windows version of the program “KNOT” ([5]).
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2. DEFINITIONS

A braid is a collection of n parallel strands such that adjacent strands are allowed
to cross over or under one another (cf. [1, 2]). Two braids on the same number
of strands can be composed by placing them end to end. The braid group on n
strands has a presentation with generators o1, 09,...,0,_1 and the relations

0;0i4+10; = 0;410;0;4+1, and 0,0 = 004 for |Z —j| Z 2.

Here o; is the braid as shown in Figure 1. In this paper every braid is oriented
from top to bottom.

1 1 1+1 n

FIGURE 1

Given a braid «, the closure of « is the oriented link obtained by connecting the
top and bottom of « simply as shown in Figure 2. We denote it by Cl(«).

-

(07

Cl(a)

FIGURE 2

A Markov move of type 1 takes an n-strand braid to another n-strand braid via
conjugation by o; for some i € {1,2,...,n—1}. A Markov move of type 2 takes an
n-strand braid to an (n + 1)-strand braid by adding o, or o, to the end. In other

words, an n-strand braid o becomes ao, or ac, .

Theorem 2.1 ([7]). The closures of two braids present the same knot or link if
and only if one braid can be deformed into the other by a finite number of Markov
moves or their inverses. 0

We denote by A,, and A}, the m-strand braids as shown in Figure 3.

Definition 2.2. For m,n > 1, the (m,n)-Turk’s head link is the closure of the
m-strand braid (A,,)". We denote it by TH(m,n).
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m strands m strands

FIGURE 3

We remark that the number of components of T'H(m,n) is the greatest common
divisor GCD(m,n).

The Conway polynomial V1 (z) of an oriented link L is a polynomial on z, which
is computed by the following recursive formulas:

{ Vi, (2) = Vi (2) = 2V, (2), and
Vol(z) =1,

where () is the trivial knot and (L4, L_, Lg) is a skein triple of oriented knots or
links that are identical except in a crossing neighborhood where they look as in
Figure 4. We often abbreviate V,(z) to V.

ARATA

FiGURE 4
We denote by L* the mirror image of a link L. The Conway polynomial V.«
satisfies

v { V if the number of components of L is odd,
L =

—V if the number of components of L is even.

3. THE CONWAY POLYNOMIALS OF T H(m,2) AND TH(2,m)
In this section, we prove Theorem 1.1 for n = 2.
Lemma 3.1. The Conway polynomial of TH(m,2) satisfies
Vrmae =1,
Vrr@e2) = —%, and

Vram2) = Vram-22) — (=1)"2Vrgm-1,2) (m > 3).
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Proof. Since TH(1,2) is the trivial knot, we have Vrg12) = 1. By the skein
relation, it holds that
Vru@2.2) = Vi(eio)
= vCl(Uflcrl) - ZVCZ(Ul)
= —z.
By the skein relation as shown in Figure 5, where a crossing in the skein relation is
marked by a dot, we have
VrHm,2) = VTHm=2,2) — 2VTH*(m—-1,2)
for m > 3. Since the number of components of TH(m —1,2) is GCD(m —1,2), we
have
VTH*(m—l,Z) = (71)mVTH(m—1,2)-

-\?\ /[ — w2
L A, TH(m —2,2)
[ |A

[

Y |
TH(?’TL, 2) A7n—2 Am—2
Am—2 Am—2
| [ ...
TH*(m —1,2)
FIGURE 5

Lemma 3.2. The Conway polynomial of TH(2,m) satisfies
Vraen =1,
Ve = —2, and

Vruaem) = Vraem—2) — 2VrHEm-1) (M > 3).

Proof. Since TH(2,1) is the trivial knot, we have Vg (21) = 1. The second equa-
tion is given in Lemma 3.1. For m > 3, we have
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Vru@em) =Vaoiem)

:vCl(gIn72) — ZvCl(a{”’l)

=Vrr@2m-2 — 2VTH2m-1)-

Theorem 3.3. For any integer m > 1, the Conway polynomials

VrTH(m,2) = Z a;iz' and Vru@m) = Z bzt
i=0 =0

satisfy

a;="b; fori=0,1 (mod4), and
a; =—b; fori=2,3 (mod 4).

Proof. We prove the theorem by induction on m. For m = 1, we have

Vrua2 = Vrren =1

Hence it holds that ag = by =1 and a; = b; = 0 for i > 1. For m = 2, we have

Vrmes) = —2.

Hence it holds that a; = b; = —1 and a; = b; = 0 for i # 1.
Assume that the theorem holds for m = &k — 2 and & — 1 with k& > 3. In other
words, there are polynomials f; and g; € Z[z*] (i = 0, 1,2, 3) such that

Vrrg—22 = fo+z2fi + 22 fa+ 22 fs,
Vrrer-2 = fo+zfi — 22 fa — 22 fs,
Vrr@k-1,2) = 90 + 291 + 2°g2 + 2°g3, and
Vrr@ekr-1) = 90 + 291 — 2°g2 — 2°g3.

By Lemmas 3.1 and 3.2, we have

Vrrwsz) = Vrug—22 — (1) 2Vrak-12

= (fo+ (=" '2lgs) + 2(f1 + (-1)*'g0)

+22(f2 + (1) g1) + 22(fs + (1) 'g2), and
Vrraek = Vraek-2) — 2VTH2,E-1)

= (fo+2%g3) + 2(f1 — 90) — 22 (f2 + 1) — 2(f3 — g2).

(i) Assume that k is odd. The number of components of TH(k — 2,2) and
TH(k — 1,2) are one and two, respectively. Hence we have

i=fs3=g0=g2=0,
Vrrge) = (fo+ 2'g3) +2°(f2 + g1), and
Vrrer = (fo+ 2*gs) — 2%(f2 + g1).

Therefore the theorem holds for m = k.
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(ii) Assume that k is even. The number of components of TH(k — 2,2) and
TH(k —1,2) are two and one, respectively. Hence we have

Jo=fo=g1=93=0,
Vruke) = 2(f1 — g0) + 2°(f3 — g2), and
Vruer = 2(f1 — 90) — 2°(f3 — g2).

Therefore the theorem holds for m = k. O

4. THE CONWAY POLYNOMIALS OF TH(m,3) AND TH(3,m)

In this section, we prove Theorem 1.1 for n = 3.

Lemma 4.1. The Conway polynomial of TH(m,3) satisfies

Vraas =1,
VTH(273) =1+ 22, and
Vrrms) = (—1+2)Vrum-1,3 — Vram-23) +2 (m > 3).

Proof. Since TH(1,3) is the trivial knot, we have Vrp(; 3 = 1. By the skein
relation, it holds that

VrH@2:3) = Veied)
= Vai(o) = 2Vaoi(e2)
=1+ 22

For m = 3, we have

Vw3 = Vasplit link — 2(Vrr2.2) +2V7rH@3,2)
= —Z(—Z + Z(VO + ZVTH(Q’Q)))
=222 + 2*
= 24
as shown in Figure 6. Then it holds that

(=14 2°)Vrmes — Vouas +2=(-1+2%)(1+2%) =142
=—1+4+2'-142
=V7H@3,3)
Let P(m) be the link Cl(o; " A3,). By the skein relations as shown in Figures 7
and 8, we have

Vram3) = Vras(m-33) + 2Vpm—2) — 2Vpun) for m >4, and
Vpm) = Vpr(m-1) — 2VTH*(m-1,3) for m > 3.
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(
f

)
K ~  the trivial knot

FIGURE 6

We remark that the numbers of components of TH(m,3) and P(m) are odd and
even, respectively. Then it holds that

VrHam,3) =VTH*(m-33) T 2V P(m-2) — 2V P(m)

=Vra(m-33) T 2Vpun-2) = 2(Vprm-1) = 2VrH-(m-13))
=VrH (m-33) T 2V P(m-2)

= 2((=Vpem—2) + 2VrHa-(m-23)) = 2VrH*(m-1,3))
=V (m-33) T 2V Pm-2)

+ 2V pr(m—2) = 22V (m—23) + 2°V1H(m-1,3)
=VrH(@m=33) T 2V Pp@m—2)

— 2V pn—2) — 22V rH(m-23) + 2V TH(m-13)

=VrH(@m-33) — Z2VTH(m—2,3) + ngTH(m—l,S)'
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Hence we have
Vrums) + (1= 2)Vrrmm-13) + Vrrm-2.3)
= Vrum-13 + (1= 2)Vrum-23 + Vru(m-33)
= Vrum-23 + (1= 2)Vrum-33 + Vra(m-13)
=Vrues + (1= 25)Vrues) + Vrua,s)-
Then we have
Vrums) + (1= 22)Vrumm-13) + VrH@m-23)
=Vrueas + (1= 2)Vrues) + Vrua,s)
=2+ (1 -2+ +1
=2.

Lemma 4.2. The Conway polynomial of TH(3,m) satisfies

Vraey =1,
VTH(3,2) =1- 2’2, and
Vruam) = (=1 = 2)Vru@m-1) — Vru@m—2 + 2 (m > 3).
Proof. Since TH(3,1) is the trivial knot, we have Vrg(31) = 1. By the skein

relation as shown in a lower part of Figure 6, it holds that

Vruae2 = Vo +2Vraes)
=1-22
For m = 3, it holds that
(—1=2)Vrue2) — Verey +2=(-1-2°)(1-2) - 142
:Z4
=VrH3,3)
Let Q(m) and R(m) be the links Cl(o10102A%") and Cl(o101AY"), respectively.
By the skein relations as shown in Figures 9 and 10, we have
Vra@m) = Vem-3) + 2(Voum—2) + 2VR@m-2))
= VR(m_g) + ZVQ(m_Q) + Z2VR(m_2), and
Vi) = Vruaem = 2(Voum-1) + 2VRm-1))
= Vruem —2Vqm-1) = 2*VR(n-1)
for m > 4. By Figure 11, we have
V) = Vam-2) = VrH@2) = —%
Then it holds that
Vra@m) = VR(m—3) — 22 + ZQVR(m,Q) for m > 4, and
{ Vi) = Vru@m) + 22 — 22V gm-_1) for m > 2.
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A3 A s
A;':I’L—3 A:(n—3
N
/ Al s Al 3
A3 A3 ! e
L N TH*(m — 3,3)
A3 A3
Q e \Z
/ A s A s
:7173 e e A;73 :7173
.\ N
Al s A3 Al s
IR | §
A3 A3 A3
I '] A;kn 3 A::n 3 I '] I "
TH(m,3) N P(m —2)
A;':I’L—3 A:(n—3
A
A:n—?) A:n,—?)
naa I "
P(m)
FIGURE 7
By these equations, we have
1
VR(m-2) = pr— (2°Vru@m) — VraEm—2) + 21— 22), and
VR(m-3) = . 1(—VTH(3,m) + 22Vru@Em-2) + 2 — 22).
Therefore we obtain
2PVraem) — Vraem—2 = —Vru@men) + 2 VrmEm—1) form >4

and hence
Veu@men + 1+ 22)Veu@m) + Vrrem-1)
=Vruem + 1+ 2)Vraem-1) + Vraem—2)
=Vrues + (1+23)Vruee) + Vrrs)-
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Al s Al s
\/ ~Y
Afn—3 Afn—3
il Rl v A
A;kn 3 | wnn | . n
N P*(m —1)
A:n—?)
TN y
Amfd
e Al A3
P(m) ~
Ajn—3 Ajn—3
Al s Al s
| wnn | . n
TH*(m —1,3)
FIGURE 8

Then we have
Vruem + 1+ 2)Vra@m-1) + Vrrem-2)
=Vrues + (1+2°)Vrase) + Vrrsa)
=24+ 1+2)1-22)+1
= 2.

Theorem 4.3. For any integer m > 1, the Conway polynomials
oo oo
VrHm,3) = Zaizi and Vrg3,m) = Z b2t
i=0 i=0
satisfy
a;=b; fori=0,1 (mod4), and
{ a; =—b; fori=2,3 (mod 4).

Proof. We prove the theorem by induction on m. For m = 1, we have

Vruaa,s) = Vruen = 1.
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J |
s
T N

| Ay
A g
2

A2

Rim —2)

FIGURE 9

L
S -
.S / ! TH(!’),m) %J

A7 \zx J / At
R(lm) I\jg,, ~ § . Q(mt 1)
I Ag”‘l z J
I \ §
Apt
R(mlf 1)
FIGURE 10

Hence it holds that ag = bg = —1 and a; = b; = 0 for i > 1. For m = 2, we have

VTH(Q,S) =1+ 2’2, and
Vruee =1- 2%
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(m:odd)
FIGURE 11

Hence it holds that ag = by =1, as = —by =1 and a; = b; = 0 for i # 0, 2.
Assume that the theorem holds for m = k — 2 and k& — 1 with k& > 3. In other
words, there are polynomials f; and g; € Z[2*] (i = 0,2) such that

Vruk—23) = fo+ 22 f2,
= fo— Z2f27
Vrr@k-1,3) = g0 + 2292, and

VrH@3k-2)

VrH@EkE-1) = 90 — 2292

By Lemmas 4.1 and 4.2, we have

= (=14 2°)Vrumk-13) — VrH@K-23) +2

(—fo—go+ 292 +2) + 2%(—f2 + go — g2), and
Vruek = (1= 23)Vruer—1) — Vrusk—s) + 2

(—fo—g0+2%g2 +2) = 2*(=f2 + g0 — g2).

VrH®k,3)

Therefore the theorem holds for m = k. O
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5. CONJECTURE
By computer calculations, we have

Vrras) =1+ 522 +62* — 320 — 625 4 210 + 212,
Vrnea =1—52% 4621 + 320 — 628 — 210 4 212
VrH@e = —62 — 523 +142° + 1127 — 1027 — 721 + 2213 + 215,
VrH@,) = =62 +52° +142° — 1127 — 102° + 721 4 2213 — 215,
Vrnes =1 —82% — 224 + 8220 4+ 5728 — 156210

—1132'2 + 10624 + 72216 — 26218 — 15220 4 2222 4 224
Vrnrs =1+ 822 — 22% — 8220 4 5728 4 156210

—1132'2 — 1062 + 72216 + 26218 — 15220 — 2222 4 224,
Vi@ = —42° + 29,
Vrus) = 2528 — 1022 + 219, and
Vrne,e) = —1442° + 232213 — 105217 + 18221 — 275,

By these equations, we conjecture the following.

Conjecture 5.1. For any integers m > 1 and n > 2, the Conway polynomials

i o0
VrH@mn) = Z aiz" and Vg (nm) = Z bz
=0 =0
satisfy
a; =b; fori=0,1 (mod 4), and

a; =—b; fori=2,3 (mod 4).
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