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We study inflation driven by a dilaton and an axion, both of which are coupled to a SU(2) gauge field.
We find that the inflation driven by the dilaton occurs in the early stage of inflation during which the gauge
field grows due to the gauge-kinetic function. When the energy density of magnetic fields catches up with
that of electric fields, chromonatural inflation takes over in the late stage of inflation, which we call delayed
chromonatural inflation. Thus, the delayed chromonatural inflation driven by the axion and the gauge field
is induced by the dilaton. The interesting outcome of the model is the generation of chiral primordial
gravitational waves on small scales. Since the gauge field is inert in the early stage of inflation, it is viable
in contrast to the conventional chromonatural inflation. We find the parameter region where chiral
gravitational waves are generated in a frequency range higher than nHz, which are potentially detectable in
future gravitational wave interferometers and pulsar-timing arrays such as DECi-hertz Interferometer
Gravitational wave Observatory (DECIGO), evolved Laser Interferometer Space Antenna (eLISA), and

Square Kilometer Array (SKA).
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I. INTRODUCTION

Primordial fluctuations of matter produced quantum
mechanically during inflation [1] elegantly explain the
origin of the cosmic microwave background (CMB)
anisotropy and the large-scale structure of our present
Universe. On top of the primordial fluctuations of matter, it
is well known that inflation quantum mechanically gen-
erates fluctuations of spacetime, so-called primordial
gravitational waves. The current constraint on the ampli-
tude of primordial gravitational waves in terms of the
tensor-to-scalar ratio r comes from the observation of the
CMB. The latest joint analysis of the BICEP2/Keck Array
and Planck data provided an upper limit on the tensor-to-
scalar ratio as r|;ys < 0.07 at 95% confidence level [2,3].
Remarkably, the amplitude of primordial gravitational
waves is directly related to the energy scale of inflation.
The energy scale probed by the CMB observations is
around the scale of grand unification theory (GUT),
10'® GeV. Hence, once primordial gravitational waves
were detected, they would be a powerful probe of the
physics in the early Universe such as the GUT, super-
gravity, and superstring theory.

From the perspective of the rapid progress of cosmo-
logical observations, it is necessary to adapt inflation to
the percent-level precision of observations. This should be
done based on fundamental theory. As a consequence,
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it is expected that qualitatively new phenomena in inflation
are found, and those should be probed by primordial
gravitational waves. Since supergravity is the low-energy
limit of superstring theory and the GUT might be
embedded into supergravity, it is legitimate to investigate
inflation based on supergravity. Indeed, there have been a
lot of efforts to construct models based on supergravity [4].
However, in the previous study, the gauge sector in
supergravity has been overlooked. In fact, it was legitimate
to truncate the gauge sector because it apparently gives rise
to tiny effects on observables. From the point of view of
precision cosmology, however, it is worth exploring the
role of the gauge sector in inflation. In supergravity, there
exists a complex scalar field; we call its real part a dilaton
and its imaginary part an axion. These two scalar fields are
candidates for an inflaton, and their couplings to the gauge
sector are of interest to us.' There are two ways in which an
inflaton field is coupled to the gauge field. One is the
dilaton coupling to the gauge field through a gauge-kinetic
function. The other is an axion coupling to the gauge field.
Thus, the issue to be clarified is if we can probe the gauge
sector in inflation with the primordial gravitational waves.

Once we introduce the dilaton field and its gauge-kinetic
function, there are interesting phenomenologies such as the

'Even in nonsupersymmetric models, it is worth studying the
role of such a gauge-kinetic function in the early Universe since it
naturally appears when we consider radiative corrections of
charged scalar fields, models obtained by dimensional reduction
from higher dimensions, and so on.

© 2016 American Physical Society
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generation of primordial magnetic fields [5]. In particular,
recently, it has been found that a nontrivial gauge-kinetic
function could trigger the growth of the gauge field which
stops at the saturating point and the amplitude of the gauge
field is sustained during inflation [6]. The surviving gauge
field results in the statistical anisotropy in the primordial
fluctuations [7,8]. In the Abelian gauge field cases, it
accompanies anisotropic inflation [6,9]. In the non-Abelian
gauge field cases, the isotropic configuration is an attractor
[10]. However, since its convergence is quite slow, the
statistical anisotropy depending on the initial conditions
would appear [11,12]. Thus, we can expect the cross-
correlation between gravitational waves and curvature
perturbations on top of the statistical anisotropy in the
autocorrelation of gravitational waves [8]. It is also possible
to generate gravitational waves from the particle production
of gauge fields by the dilaton [13].

In the presence of the axion coupling during inflation,
there occurs the transient tachyonic instability in one of
helicity modes of the gauge field near the horizon crossing.
Remarkably, the parity-violating gauge field produces the
circular polarization of gravitational waves, namely, chiral
gravitational waves [14-25]. We can test this interesting
outcome by observing the correlation between CMB
temperature anisotropy and B-mode polarization [26-28]
or by analyzing the residual signal of pulsar-timing arrays
[29]. In the case of the Abelian gauge field, however, the
gauge field also produces curvature perturbations with
large non-Gaussianity. As a result, this effect easily violates
the current observational bounds on the non-Gaussianity of
the CMB anisotropies [14,15,30-32]. More seriously, the
strong interaction of the axion to the gauge field breaks
perturbative descriptions in the in-in formalism [33].
These constraints severely constrain amplitudes of chiral
gravitational waves and make them invisible on CMB
scales. In the case of the non-Abelian gauge field, there is
another effect of the axion coupling. Indeed, the inter-
action of the axion with the non-Abelian gauge field gives
rise to an effective Hubble friction and generates a slow-
roll inflationary solution for a wide range of parameters
[34] (see also related models [35]). In the presence of the
background gauge field, the non-Abelian gauge field
perturbations have tensor perturbations, and one of
circular polarization states experiences the tachyonic
instability near the horizon crossing, which produces
chiral gravitational waves. However, this inflation model
is in conflict with CMB observations because either the
spectral index of the curvature perturbations is too red or
gravitational waves are produced too much [22-24]. This
result stems from the fact that the strength of the
interaction between the axion and the gauge field is
almost constant during inflation. Hence, sizable chiral
primordial gravitational waves cannot be reconciled with
the constraints on CMB scales.
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As we have explained in the above, recent works have
revealed roles of two types of the coupling between the
inflaton and the gauge field separately. From the point of
view of supergravity, however, we should incorporate both
the dilaton and the axion into a model at the same time. In
this paper, we will focus on this possibility and find a novel
effect induced by the presence of both couplings, which can
be probed by primordial gravitational waves. The point is
that the gauge-kinetic function of the dilaton makes the
gauge field increase and controls the strength of the axion-
gauge field interaction. For initial conditions, we choose the
gauge field small enough so that we can ignore an effective
coupling of the axion to the gauge field in the early stage of
inflation. Therefore, the tachyonic instability plays no role
when primordial fluctuations on CMB scales are generated.
However, the gauge field grows due to the dilaton coupling
through the gauge-kinetic function until the nonlinear effect
of the gauge field appears in the background dynamics.
Eventually, the gauge field settles in an attractor and realizes
delayed chromonatural inflation [34] in the late stage of
inflation, Remarkably, sizable chiral gravitational waves are
generated only on small scales, the amplitude of which can
be detectable by future space interferometers and pulsar-
timing arrays such as DECIGO, eLISA, and SKA [36-38].

This paper is organized as follows. In Sec. II, we present
an inflation model with a dilaton and an axion, both of
which are coupled with a SU(2) gauge field. We then
derive equations of motions for the homogeneous fields and
study the background dynamics. We show that two differ-
ent inflationary stages are realized in Sec. Il A. In Sec. III,
first we decompose perturbations into scalar, vector, and
tensor perturbations and give the gauge conditions. Next,
we analyze tensor dynamics and show that chiral gravita-
tional waves are produced on scales smaller than CMB
scales. In Sec. IV, we also discuss the dynamics of scalar
perturbations. We estimate the amplitude of curvature
perturbations on CMB scales and check the stability of
scalar dynamics on small scales. In Sec. V, we discuss
phenomenological predictions in this model. The final
section is devoted to the conclusion. In the Appendix,
we list equations used in the numerical calculations.

II. INFLATION MODEL WITH DILATON AND
AXION COUPLED TO SU(2) GAUGE FIELD

In this section, we present an inflationary model and
derive equations of background motions. Specifically, we
consider a dilaton field ¢ and an axion field o, both of
which are coupled with an SU(2) gauge field Aj. The field

strength of the gauge field F7y, is defined by
Fé, = 0,A% — 0,A% + ge®* ADAL, (1)

where g is its gauge coupling constant and €€ is the Levi-
Civitd symbol of which the components are structure
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constants of the SU(2) gauge field. The dual field strength
tensor F* is defined by

~ 1
aupv __
Fo = \J=ge" Fig.
1
123 _ 15 2 _
01 = glaglP 2t e 5 = vt (2)
where €,,,, 1S an antisymmetric tensor. The action reads

S = Sgn + Sditaton T Saxion + Sgauge + Scs

1

-/ dx4\/_[ R~ (0,0)° = V(p) =5 (0,0)°

1
— W(o) ——1(p)*F*F4, ——/1 9 fow pa , 3
where we used units 2 = ¢ = 1 and M) = (87G)~1/? = 1.

Here, g is a determinant of a metric g, (note that it is not
related with the gauge coupling constant), R is a Ricci scalar,
and f is a decay constant of the axion. Moreover, we
introduced a coupling constant of the axion to the gauge
field 4. We have also introduced the potential functions V(¢)
and W(o).

As to the metric, we adapt the Arnowitt-Deser-Misner
parametrization

dS2 = —detz + qij(dxi + N’dt)(dxj + N]dt), (4)

where N is a lapse function and N' is a shift function, which
are Lagrange multipliers of the system. An induced metric
g;; on the three-dimensional spatial hypersurface is used to
raise or lower the index as

q*q; =48, N =4q'N; (5)

Thus, the metric can be expressed by

(—N2+N,»Ni N,-)
Gu = ],
- N; qij
—-N—2 NN/
v __
gv = (N—ZNi qij _N—ZNiNj> <6)

Using these variables, we can rewrite the action (3) as
/dx“N\/_{ (R4 K; K’J—Kz)}, (7)
1, .
Sdilaton = /dx“N\/_{ < (.0 —N’(P% E(Nléﬂ,i)z)
1.
~ 59799, +V(0) )|, (8)
4 /1, i Lo
Saxion = dx N\/a W 56 —NUG.I' +§(N G,i)
1 ..
- (Ja0i0,+ wo) | ©
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1 . .
Sgauge = /dx“N\/ﬁ [2—1\,2 I(@)*q™(F§; + F{,N/)

1 .
x (Fo+ FuN') = 41 (rp)zq’kqﬂF;?,Fz,} . (10)

1
Scs = / dx* {——/lfe”kFglF’;k] (11)

Note that Chern-Simons interaction does not include metric
variables. Here, ¢ is a determinant of the metric g,;;. We
defined the extrinsic curvature of a hypersurface

1
Kij =33 (qu 2N (l\])) (12)

2N

and the Ricci scalar of the hypersurface

IR = (g0 + am T OTi) (g7 = glig). (13)

. 1 .
O = =" (@i + qmj — aje)- (14)

2

Let us consider the homogeneous background dynamics

in this setup. For the metric, we use a spatially flat metric

N:N(t), Ni :0, ql] :a(t)zéij. (15)

After taking the variation of the action, we set N(7) = 1.

Thus, the time function ¢ becomes the cosmic time. For

the dilaton and the axion, we take homogeneous configu-

rations ¢ = ¢(f), o = o(t). For a gauge condition, we
choose the temporal gauge

Af = 0. (16)
We also take an ansatz,

A} = A(1)5) = a(1)Q(1)87, (17)
which is invariant under the diagonal transformation of the
spatial rotation SO(3) and the SU(2) gauge symmetry. Note
that Q(¢) is a scalar under the diagonal transformation, and
we use this variable later. Thus, their field strength Fyj, can
be deduced as

dA
Fo =9 = aE(1)5¢,
_ abc Ab pAc 2 2
F, = ge®CAJAS = gA%ef; B(t)e? €, (18)

where we defined electric and magnetic components E(t)
and B(t). Substituting these configurations into the action,
we obtain the background action

123502-3
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3 -2
_ T P T RN SR ST S
S—/de{3a2+2¢ NV+20 N*W

+%IZ(E2—NQBZ) —3N%5EB , (19)

where a dot denotes a derivative with respect to the cosmic
time t. Taking the variation with respect to N and setting
N =1 after the variation, we obtain the Hamiltonian
constraint

1. 1.
3H2:E(,02+V+E(72+W+pE+/)B, (20)
where H = a/a is the Hubble parameter. Here, we defined

the following energy densities of electric and magnetic
fields:

3 3 A? 3 3 ,g°A"
PEE§12E22512¥7 /’855123225127' (21)

The equations for the dilaton, the axion, and the gauge field
read

. 1
$+3Hp+V, =2 (pr = ps), (22)
.. . A
6+3H6+ W, = —3?EB, (23)
. I\ - A 4, A?
A+ H+2-|A+2¢— ==-69—, 24
+< + 1) 20 A= 0 (24)
where

av aw dl
VvV, =—, WD_E—, I1,=—. 25
? de do ? dy (25)

The equation for the scale factor a(t) is given by

. 1. 1. 2
fH=-(3 458450t ow). (0)
Now that we have obtained the basic equations, we can
discuss the inflationary dynamics.

A. Inflationary dynamics

In this section, we analyze the background dynamics
which eventually produces chiral gravitational waves on
small scales.

First, we discuss initial conditions. We assume that the
dilaton is energetically dominant and plays the role of an
inflaton in the early stage of inflation. The dynamics during
inflation can be described by slow-roll equations

3H2=V,  3Hp+V,=0. (27)

PHYSICAL REVIEW D 93, 123502 (2016)

In addition to those, we assume that the axion also satisfies
a slow-roll equation,

3HG+ W, =0. (28)

Now, we introduce the slow-roll parameters in this system,

H
eHE—m:e(/,+eg+€E+€B, (29)
€
rlH_Hé'H
€, O €, 0 € 1 E
=2 e ¥ 0 7 4 E( - 4 7
<€H VenHo TenHe en (HI+ HE)

€p ] B
+ () ) (30)

where we defined slow-roll parameters

14P 16
“Zow T am
_2pE _2ps
€ zgﬁ, €p :5? (31)

Here, we assume the relation €, < ¢y, which can be
realized easily. We can express the scale factor as a function
of ¢,

a = ayexp [— A Vl(ﬂdqa} — a(p), (32)

where the index O represents an initial value. Inspired by
this result, we put the gauge-kinetic function as’

I(p) = Iyexp [—n/o‘}/d(p} (33)

4

where I, is a constant. Thus, we have an approximate
relation /(@) o a” during slow-roll inflation. Note that n is a
parameter and it controls the strength of the gauge coupling.

In this paper, we consider a gauge field with a weak
coupling constant. Namely, /(¢) is a decreasing function
(n < 0), and we choose its initial value I very large in
order to get ¢!/ ~O(1) at the end of inflation. This
assumption is necessary to avoid the strong coupling
problem. Hence, the electric and magnetic components
must be very small in order to satisfy slow-roll

*Note that this specific choice is due to the analytical
convenience for our discussion below. In principle, we can
consider a more general functional form for the gauge-kinetic
function. We expect that the results do not change even for other
choices as long as the functional shape is similar in the relevant
range of the dilaton field.
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equations (27). The naturalness of this requirement depends
on the effective potential of the gauge field, as we discuss
later. Because of this assumption, we can neglect non-linear
terms in the EOM in early periods. Then, Eq. (24) can be
reduced to

. I\ -
A+ <H+21>A20, (34)
which can be integrated as
al*A = const = C. (35)

Thus, the energy density of the electric field evolves as

3¢?

_ Sp & a—2(n+2)
a

PE . (36)

Since we are interested in the solution in which the energy
density of the gauge field does not decay, we consider the
n < =2 region. On the other hand, the growing mode of the
magnetic energy density is proportional to a=2(3"+4) 5o that
pp rows more rapidly than pg. Therefore, we can separate
the inflationary history of this model into two stages. In the
early stage of inflation, pp is negligibly small compared to
pPE, so its effect on the dynamics can be ignored in the
background motion. We assume that primordial fluctua-
tions on CMB scales are generated during this stage. In the
late stage of inflation, however, pp grows sufficiently first
and catches up with pz. As we explicitly show later, during
this stage, the interaction between the gauge field and the
axion becomes important, and an inflationary dynamics
goes into an attractor solution, which is quite similar to the
dynamics of chromonatural inflation [34]. From now on,
we explain these two inflationary stages separately.

1. Early stage of inflation

In an initial period, the energy density of the gauge field
is so small that only a dilaton contributes an inflationary
dynamics. However, when pg grows sufficiently, the slow-
roll condition for ¢ will no longer be valid and will be
modified as

I
3Hp+V, = 27"’pE. (37)

Substituting Eq. (36) into Eq. (37), we can solve this

equation [6] and find the gauge-kinetic function as

2 n> 3C?
n—+22e,V

4

a*l (14 Dya?"*2),

(38)

where D is a constant of integration and ey = 1 (%)2 is the
slow-roll parameter in terms of the potential. Here, we note
the relation

PHYSICAL REVIEW D 93, 123502 (2016)

2(n+2)
€g = —Té‘v.

(39)

We neglected the time dependence of €,V in the above.
We can see that the second term in Eq. (38) soon becomes
negligible when n < —2. Thus, pp settles in a nearly
constant value during this period,

o on+2
PE l’l2

€VV. (40)
That implies the effective n goes to —2 [39]. At this time,
the relation between ey and €, reads

neg

= Jev +——. 41
\/e_(/; €y + \/E ( )
Remarkably, an electric component of the gauge field
finally supports the slow-roll inflation in this period.
Then, the Hubble slow-roll parameters read

ey =€, +e€g, (42)

€ (p €E j E
~2 o ? JCEML L =YY (43
H <€” T enHo en (HI HE)) (43)

2. Late stage of inflation

Up to here, we have neglected the nonlinear effect of
the gauge field. However, the energy density of magnetic
field pp grows and eventually becomes greater than pg for
n < —2. As the nonlinear effect becomes important, we
cannot use Eq. (35). Instead, we have to consider the full
equation of motion for the gauge field (24). Here, we
rewrite Eq. (24) into the equation for Q defined by (17)

. 21 . 1

4. g0
+24°0° —?01—2),

which looks like an equation for a scalar field. Hence, we
can interpret the right-hand side of Eq. (44) as an effective
potential force of the gauge field. It is easy to read off the
effective potential from Eq. (44) as

(44)

; 3
I) 11,.90° 1 (45)

_ ANy LA 907 1,y
Ueff(Q)—<1+HIHQ 3f012 +29Q-

Note that we neglected the slow-roll corrections.

We can understand a background dynamics of the
gauge field from this effective potential. Let us focus on
the coefficient of the Q% term. Before inflation occurs, we
assume that its coefficient was positive and Q is near an
origin of its potential. However, we assume that at a certain

123502-5
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time -7 =n < =2 is realized and Q starts to roll down on

the potentlal Even if py modifies slow-roll dynamics, 15 7
-2+ O(ey) holds due to (38). Therefore, in an early
period, Q grows because of the negativity of the Q? term.
However, Q stops its growth when the nonlinear magnetic
0* term becomes important. Moreover, due to the axion-
gauge interaction Q3 term, this effective potential gets two
different minimum values, so we expect that there is a
trajectory where the gauge field finally settles in a deeper
bottom of this potential. At this time, ¢ and Q obey slow-
roll equations

1.
-3=(0+ HQ)g0* (46)

3Ho + W, =
f
21 I 1. g0?
14+-—|3H 2 H? 2070 =—675-.
< +3HI) 0+ < HI> 0+2g°0Q °r
(47)
Diagonalizing this system, we have
21
NI EHER EYHE
< +3HI+ )3 c
21 A
1+>— ) (W,+3=-Hg0Q?
(143 (e 250)
1 A
—-2( 1+ “HgQ? =0, 48
(1452 % ) 3o (48)
21
14+=-— AN’m2 |3H
( +3HI+3 )3 0
1 I 1A2 1 )m? |2H?
+ +m+ A+ 1 |my 0
31AmQW =0, (49)
where we defined two model parameters
A 99
A=— ==,
e me=y (50)

If A>> 1 and m > A~ hold, we get the following
results:

Wo' 1/3
Q = Qmin = _<3{;QH> > (51)
11 6 s il

Remarkably, the background gauge field settles in a
minimum value of its effective potential. This is essentially

PHYSICAL REVIEW D 93, 123502 (2016)

an attractor solution in chromonatural inflation [34]. In
our model, however, the condition A > 1 and the slow-roll
equation (52) can be controlled by the gauge-kinetic
function. So, we can realize this slow-roll trajectory for
a broad parameter region compared to the original chro-
monatural inflation. Interestingly, this inflationary dynam-
ics generates parity-violating chiral gravitational waves.
We discuss the detail of this mechanism later.

Finally, let us check the evolution of the gauge-kinetic
function during this period. In this period, the energy
densities of the electric and the magnetic fields are given by

3 3
PE 212H2 min® P = Elzng?nin = szpE (53)

Hence, if my 2 1 holds, the slow-roll equation for ¢ reads

, I
3Hp+V,= 27¢(pE —pp). (54)

Substituting Eq. (53) into the above equation, we obtain the
time evolution of /(¢) as

3H2 min 2 —2nV/3H? -2
I = W(mQ—l)—l-Dza / s (55)

where D, is a constant of integration. Note that we
neglected the terms which are suppressed in the slow-
roll approximation. The first term in the parentheses is
almost constant. Moreover, when the energy density of the
axion becomes dominant in the late stage of inflation
3H? = W >V, the second term in the parentheses is also
almost constant. Hence, I decreases very slowly.

B. Numerical analysis

As a numerical example, let us show this background
dynamics by using the potentials

V(p) = Ay exp [r), (56)

W(o) = A4 [1 — cos (%)] : (57)

where A, and A, characterize energy densities of the
dilaton and the axion. Here, f is the decay constant, and r is
a parameter. It is well known that single-field power-law
inflation is in conflict with CMB observations. However, in
this model, the background gauge field modifies the slow-
roll dynamics, and consequently the tensor-to-scalar ratio is
suppressed. Hence, there is a room the model becomes
viable for CMB observations as we will discuss later.

In Fig. 1, we plotted the time evolution of the energy
density of the gauge field in terms of ez and € and the time
evolution of the gauge field Q(f). As you can see, pp
catches up with pg after 15 e-folds, and the transition of the

123502-6
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FIG. 1.
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(Left figure): we plotted time evolutions ez (blue line) and ep (red line). Around at 15 e-folds, pp catches up with pg,

and the transition of the dynamics of the gauge field happens due to the nonlinear effect. After 20 e-folds, the gauge field
settles in an attractor, and both ez and €5 decrease as I?. Note that the period when primordial CMB fluctuations are generated
is about from 5 to 10 e-folds in this plot. (Right figure): the time evolution of the amplitude of the gauge field Q(r). At first, it
continues to grow until 15 e-folds. After the transition, it settles in a constant value. In both figures, we used initial conditions
(¢0.00/f) = (4,x/3) and the parameters (A,,A,,r.n,g.4, f) = (1072,2x107,1,-2.01,107%,107", 10).

dynamics of the gauge field happens due to the nonlinear
effect. We can also see that Q(r) stops its growth and
oscillates when the magnetic energy density grows suffi-
ciently and finally settles in a constant value. Note that we
used a super-Planckian decay constant f > M, in the plot
by assuming it can be effectively produced by the combi-
nation of sub-Planckian decay constants derived from
aligned multiple axions [40].

In the next section, we show that, in the late stage of
inflation, one of circular polarization states of gauge field
fluctuations are enhanced due to the tachyonic instability
and the rapid growth of the gauge field produces sizable
circularly polarized gravitational waves.

III. CHIRAL GRAVITATIONAL WAVES

In this section, we consider a perturbed universe. To
analyze the dynamics, we need to define perturbed quan-
tities. First, for the metric, we use the variables

N=1+2¢p. N;=0p+p; qi=a(t)*(5;+7)
(58)
where the spatial metric is further decomposed as

Note that f; and W; are transverse vectors and h;; is a
transverse traceless tensor. We choose the flat-slicing
gauge

w=E=W,=0. (60)

Next, we decompose the non-Abelian gauge field as

Ag =a(1)]0,Y + 7Y, (61)
A? = a(t)[(Q(t) + 5Q)6u1 + eiac(acU + UL)
+ 8l(aaM + Ma) + Tai]? (62)

where Y, U,, and M, are transverse vectors and 7, is a
transverse traceless tensor. Here, we did not discriminate
between the index a and the spatial index i. This is allowed
because the diagonal transformation of SU(2) and the
rotation SO(3) remains the symmetry in the background.
Remarkably, not only scalar and vector but also tensor
perturbations exist. As is usual, scalar, vector, and tensor
perturbations are decoupled at the linear level. We will see
that ¥ and Y, are nondynamical variables.
Because of SU(2) gauge symmetry, there is the gauge
transformation
AL — Al + g7l 0,a" + e Al (63)
where a“ are gauge parameters. We can eliminate 3 degrees
of freedom using this gauge freedom. So, we fix its gauge
by setting
M=M,=0. (64)
Finally, we decompose (pseudo)scalar fields into their
background and perturbation variables

@ = ¢(t) + o0,
O

= 5(t) + 6. (65)
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A. Tensor perturbation dynamics

Let us analyze the dynamics of tensor perturbations in
this model. Using a new variable y;; =a(z)h;;, the
quadratic action Sgp for tensor perturbations is given by

{r . |
0Sgn = /dxdri |:Zl///l]l//:'j_11//l]’kl//ij,k

3a" 1 /[/d\?\ ..
RGNS

where a prime represents a derivative with respect to a
conformal time z. We also have contributions to the
quadratic action for tensor perturbations from the
(pseudo)scalar actions as

(66)

a’ .
OS ditaton T OSaxion = dxdr <_ I l//ljl//ij>

1
< | @747 = V() - W),
2a
(67)
Moreover, using a new variable 7, = a(7)I(p)T,;, we

obtain the quadratic actions for the tensor perturbations
from the gauge sector

5Stensor = 5SEH + 5Sscalar + 5Sgauge + 5SCS

PHYSICAL REVIEW D 93, 123502 (2016)

”
S gauge :/dxch(—‘l_l)[ , (aQ) i

2 471
3 o I//
+5a? Py Qhyy ;-2 <t’?t’? + f?t?>

2
+ 20818 — 4agQe™' 1014,
41(“Q) < —ITIIij) —4019Q2U/’m€,,lﬁ1,
- 4a2192Q31//ijt,»j] (68)
and that from the Chern-Simons sector
A, . .
8Scs = / dxdr — 212 70 o' (e eiel ; — agQ1it;).  (69)

Using the slow-roll parameters and the approximate scale
factor

a(r) = - (70)

Ht'

we can write the total quadaratic action for tensor pertur-
bations at the second order as

[N L s Ui
= / d3xdz'§ ZU//UW;‘J‘_Zl//lj’kl/’ij,k_"ﬁwul//i/]

2’ 2 T\ T

(1 1 1 /1"
+/d3xdr e T LE +—(——

2mQ§ 1 i
- )t;‘t;‘ - (mg +&)e /kt?t‘,j’j}

€ .. 4 € €gm
+/d3xdr @w”(t,, 7l ) \/T_Bl//”"e,,tﬁu % ”tu+ l/f”w,,], (71)
where we defined a new variable,
. &Pk .
A 5 tixt) =2 / —— (1) e, (75)
gzﬁf_H' (72) =) (2x)

We shall use the interaction picture. We treat y;; and 7;;
as free fields in the de Sitter background at the leading
order. We can regard the last line in the action (71) as the
interaction part. To calculate the power spectrum of

gravitational waves, we quantize these variables. The
canonical quantization gives rise to the expansion
i (1) e*
wii(x.7) ZZ/ e Wi (r)e™™, (73)

= 2;/ éﬂl; [eg'(if)l//?(f)aé + eg*(—i()y/i‘*( e,

(74)

(e (k)1 (2) bt + el (—h) 1 ()b e,

:Z/ (27)?

(76)

where e’l-“j (IAc) are the polarization tensors which satisfy the
following normalization relation, e/ (I})ef;(—fc) = 58, and
the index “A = {+, }” represents a circular polarization
state defined by zk’efj e’ ]m (k) = +keZ,, (k). The creation and

annihilation operators ak, b,/j satisfy the following commu-
tation relations:
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laf,a®] = (b, b%)] = (27)36,50° (k + k'),
la, bB] = [a, b"]] = 0. (77)

Moreover, ¢ and 7 are mode functions which satisfy the
following equations of motion in the de Sitter spacetime:

d*yt 2
s (1-2)wi =0 (79)

2 p tr=0. (79)

Pt 21/dx
Ty (2
i " ( I

| 2mo_2(mg +§)> .

Here, we used a dimensionless time variable x = —kz. In the
in-in formalism [41], the in state is given by

lin) = T exp <—i /_ ;(He) d%H,(%)) 0),  (80)

where T represents the time-ordered product and |0) is a
vacuum state defined by
ag|0) = bp[0) =0, (0[0) = 1. (81)

The interaction Hamiltonian can be read off from the action
(71) as

\VEE \/€B
HI(T)——/d3x [TWU”U_T'I/We?/tZu
1/63 ;
+ = g ’t,,+ l// l//,,]

Pk €p—¢€
= _ZZ / (27)3 {ng/’ék + Ezrz B‘/’?Wék} . (82)
At

where we used new variables,

I r
’Uij—t;j 7ti]’ U? :t£/_7t£’ (83)
E€E 1/eBm k,/eB

The amplitude of a helicity mode of gravitational waves in the
in state is given by

(27)*6(k + K') (in| bt (7)?|in)
E dr;... o dr
= [ [ [
x (O[[[[hg (0)hgp (2), H(71)]. Hy(72)]..... Hi(zx)]]0).
(85)
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Expanding Eq. (85) up to the second order in H;, we have

(85) = % (Oly () (2)[0) (86)
i / " e (0] (D) (). Hy (2,)][0) (87)

- / “dn, / " ey 0|y (2w (2). Hy ()], Hy(22)][0)
(88)

+ (higher order). (89)

Using commutation relations (77) and normalization con-
ditions for the polarization tensors, we get

(87) = (2x)38(k + k)

x 16H2721m[/1d11%1%%w§3( 2w () ]
1

(90)
(88) = (27)5(k + k') x (—32H27%) / dr, / dr,
X [Gi(7. 7)) Gy (7. 72) T2 (7)) TA(z)
+ Gl 7)) Fi(r. 2wy ()], (91)
where we defined the functions
Gy(z.7;) = 2ilm(y (7)yri (7)) (92)
Fi(t1.75) = 2im[J4 (7, )J2% (z,)] (93)

which came from the commutation relations of ¢4 and J4.
As to the mode functions for the metric, we can take the
Bunch-Davis (BD) mode functions

1 i\ .
+ - - ix
Wy = m(l +x>e : (94)

For the gauge field, it is difficult to give an analytic solution
for 1 because 1(p), mp, and & in Eq. (79) are not known
analytically. Therefore, we approximately solve 7 in each
inflationary stage as discussed in Sec. Il A and estimate
the Gravitational Wave (GW) spectrum analytically in
each stage.

B. Tensor spectrum in the early stage of inflation

Let us estimate the GW spectrum in the early stage of
inflation. During this stage, m, and ¢ are negligible so
that the equation of motion for #if (79) is approximately
given by
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2t 2 2
dtk+ 1_dI/dx A0
dx? 1 k '

The time evolution of /(p) depends on n and an initial
value of the gauge field. If the gauge field grows suffi-
ciently, however, we obtain the transient attractor I a2

(95)

PHYSICAL REVIEW D 93, 123502 (2016)

97)

Substituting Eqgs. (94) and (97) into Eq. (85), we can
evaluate the power spectrum. Here, we use the cosine and
sine integrals

as we showed in Eq. (38). Therefore, we can approximately
calculate

Ci(x) = — /°° dxcojx —y+Inx+0(x2), (98)
dl/dx 2 d*1/dx* 2
~—, ~5. (96) x o osinx
I x I x Si(x) E/ a3 _ o), (99)
0 X
Thus, the mode fluctuations for the gauge field in this stage
are where y is an Euler number. Then, we get
|
- 11
(90) x (16H?7*)~! = e 3 i [—2 - <Ci(2x) sin 2x — Si(2x) cos 2x + gcos 2x>
X X
-1 P 3
+ Een <Ci(2x) cos 2x + Si(2x) sin 2x — 3 sin 2x>] , (100)
X
and
7> 4m 4m? x24+1 JEr€p Mp€ER\ §
(91) x (=32H°2)™" = - [65 —TQ\/%Jr (1 +TQ)63] ( = ) - ( j L 1QzB> ;A
13 2my 1 2m 1 [11 sa 2mg  3sy
- {EeE_T e - (E_W PR [T b rarrey MO

2
samg 1 Smy  symyg 2 7 1 554 mg
0 B saree )] TR [(5Tge) o (3me T T Ve

1
) 63] [Ci(Zx) cos 2x + Si(2x) sin 2x — o sin Zx]

54x2

1 1 X2+ 1

1 1
g€~ ng\/eEeB + 3B + EszeB) (T) [Ci(2x)? + Si(2x)? — #Si(2x)]

1
x [Ci(2x) sin 2x — Si(2x) cos 2x] + Re [(%E - <% + i%) VE€EEB — <Z - iSA;nQ> €B)
2i 1 [ 1 . . T
x (1 _ ; _ x_z) e—21x/ dx, x—l (Cl(le) + lSl(2X1) - l§>:| .

Note that we omitted (27)35(k + k) in the above results. Moreover, we approximately treated the slow-roll parameters as
constants since their time dependence is suppressed by the slow-roll parameters. In the superhorizon limit x — 0, we have

(101)

2

Pi (k) = (in|hi (t)?|in) = 2k_I-£ [1 + 4(65 — mg+/egep + ngQSB> (lnx)z} . (102)

The power spectrum of the gravitational waves is not constant in the superhorizon due to the interaction with the gauge
field. However, its modification will not be so serious unless the duration of this period is too large. This tensor spectrum in
this stage is generated around CMB scales, and we can see no parity violation in the spectrum.
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C. Chiral gravitational waves in the late
stage of inflation

Now, we calculate the spectrum in the late stage of
inflation. In this stage, & and m,, contribute the background
dynamics. From the slow-roll equation (52), we have

1 1

As to the gauge-kinetic function, it
x~"V/3H (-+(55)). Hence, we can calculate

evolves as

dljdx n  d’I/dx* n(n+]1)
1 x’ I xr

n=nV/3H*<1.

(104)

Note that the energy density of the axion is greater than that
of the dilaton in this stage. Then, Eq. (79) reads

d’tf A _2B\ ,
W+<1+F¢7>zk—o, (105)
where
_ ) nn—1) _ 1

(106)

We can neglect time dependence of A and B. Here, we
consider the parameter region where both A and B have
positive values. We can see that the mass term of 7 is
always positive, so this mode is stable. On the other hand,
1 has the tachyonic instability during the time interval

%(B—m><x<%(3+\/32—14>, (107)

and this instability can enhance one of the helicity modes of
gravitational waves.

Let us focus on the #; mode. It is known that solutions
are given by Whittaker functions

1 . .
f(x) = \/—Z_k (CiM ., (2ix) + C W, ,(2ix)), (108)
where C; and C, are constants and
. , 1
Kk = iB, u EZ—A. (109)

In the subhorizon limit x — oo, these functions have
asymptotic expansion

PHYSICAL REVIEW D 93, 123502 (2016)

r(1+2 (et
Moy (2ix) = 2 iyt
: P(G+p—x)
r(1+2, (et
M (—1)zt#x(2))keilxtixinx)
TG+ u+x)
(110)
Wi (2ix) = (i)fetermm. (11

For the mode function to describe the BD vacuum, the
constants C; and C, should be

PE+u—x)
Cr =Tt

. F(%+ﬂ_7<) K (1 \btu—x
(5_—FgI;:B@0(1)+ . (112)

Now, we can calculate the power spectrum of gravitational
waves in this stage. The dominant contribution comes from
an integration (91) where the gauge field fluctuations
experience the tachyonic instability near the horizon cross-
ing. In this region, the Whittaker M function is a decaying
mode and irrelevant for the integration. Moreover, during
this stage, we can regard the complex phase of 7, as nearly
constant due to its enhancement and approximately treat 7,
as a classical variable.’ As a result, the contribution from
C\M,,(2ix) and the commutators including J;” will be
numerically negligible. Hence, we can use

tl-:(x) = CZWK,;t(zix)a (113)

Fi(1.75) =0 (114)

in the integration (91). Then, we can evaluate the integration
as

(91)=(27)35(k+k') x (16H?7?) /Tdrle(T,Tl)J’é (71) 2.

(115)

We can perform this integration by using the identities

/ dxx"e" W, ,(2ix)

1+k

—-n,

x”+1G2’2<2ix )
B >3 I H %—I—ﬂ, —1-n 116
(2 K /'4) (2 K+:“)

3The detail is discussed in Refs. [17,42].
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/dxx"e"‘xWK!M (2ix)
-n, 1 -k

= x”“G%’é <2ix
. 1

4 + M’
2

. ) (117)

where G is the Meijer G function. Thus,
the GW power spectrum. For the

1
27

we get
stable circular
|

Py (k) = (in|h{ (z)%]in)

PHYSICAL REVIEW D 93, 123502 (2016)

polarization obtain the conventional

spectrum

state, we

P (k) = (inlhy (e2lin) = =5 (118)

For the other circular polarization state, due to the enhance-
ment of the gauge field fluctuations, we have

= 2 1+ ICPIVEETo(mg) = VT (mg) + (1t /) T (o)l

where we defined

To(mg) =

2
= 2k_1_§ [1+8|Co 05in [ Zo(mg) — m T (mg)+mpTy(mg) ), (119)
(=3 =p(=3+4) ((:&—uz —40) G =) +8x(1+x) (5= +40) (G - p7) — 8kl —K>) (120)
’ r(1-x) PG—p=RlG+ =Rl (=)")"
_D(=3-w(=5+p) (3-# -2 1K+ 2
Iy(mg) = 5 (F(l— +F(%—,u—K‘)F(%—I—,M—K)F(—K)_l>’ (121)

1-2(1 =) 2)

12<mQ>:ir(_l_,,)r<_1+ﬂ>(1—2<1+K><ﬁ—u2>+ |

2

We plotted the ratio of spectra (118) and (119) in Fig. 2. We
can see that chiral gravitational waves are more enhanced
as my is increasing. This qualitative feature is the same as
that of chromonatural inflation [24].

10g10 P+h/P_h
12

10

2 3 4 5 6 Mo

FIG. 2. The behavior of the ratio of the GW spectra as a
function of my for Qi = 1072 (blue line), Qyin = 107! (red
line), and Q,;, = 1 (yellow line).

FG—pu—x)LG+p—x)(1 _K)—l>‘ (122)

Remarkably, this model can avoid the overproduction of
chiral gravitational waves on CMB scales discussed in
previous works [22,24] and produce sizable circularly
polarized gravitational waves on small scales. In the next
section, we also study the dynamics of scalar perturbations
and show that this model is stable under the scalar
fluctuations and consistent with the CMB data.

IV. VIABILITY OF THE MODEL

In this section, we check the dynamics of scalar
perturbations. Specifically, we compute the curvature
perturbation and its spectrum in the early stage of inflation
where fluctuations on CMB scales are created. Moreover,
we discuss the stability of scalar perturbations in the late
stage of inflation.

Let us derive the quadratic action for scalar perturba-
tions. The Einstein-Hilbert action gives

8Sgy = / drdx[-12a*H*¢* — 4a’Hpo*p),  (123)

where ¢ and f are perturbed lapse and shift functions
defined in (58). The (pseudo)scalar quadratic actions are
given by
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PHYSICAL REVIEW D 93, 123502 (2016)

. . . 1 1 1
8S ditaton = / drdx [2a4¢2¢2 = 20(a*pdep’ + a*V ;69) + a*pPp0*Sp + = a’S¢” + = a*5pd*Sp — = a*V ;607

) ) ) 1 1 1
88 aion = / drdx [2a462¢2 —2¢(a’556" + a*W;66) + a>6p0%66 + 3 a*sc” + 5 a*660*5c — 3 a4W55502] )

For the quadratic action 6Sg,,gc,

2 2 2 ] ’

(124)

we split it into two parts 5S1gauge + cSAS‘gauge the former one includes only gauge field

fluctuations
3 1
5Shauge = / drdxI? [E (a6Q)? — (aU)' ?*(al)' + §a4Y84Y - a*PQ’Yd*Y

—a*y (82(a5Q)’ +2agQd*(al)' - 2a° (a Q) =2 g0? ) + a?6Q0°6Q — a*sUd*sU — 6a°gQ58Q0*U

—a*?Q*(96Q* - 2U82U)] ,

and the latter one has the interaction with other fields,

S SH

(125)

2 I; '
Bauge = / drdx [4614/)5452 - gazﬂgﬂéﬂﬂ - 4a4¢ (pE + pB)Sep + 2pal? (( aQ) ad?*8Q + gQ*(ad*U) + > Q°0*Y

(“aQ) 290U > 2421 (¢ - 17%(,)) (a0) (3(a6Q) — a23?Y) — 4a* 2 (¢ + 17<7’5(p) 902(3agQ50 + 9*U)

Ly 13 45 2
+{= ) e —pe)a‘ée”|.

Finally, the quadratic action 8Scg reads
A6
8Scs = / adrdx{ 7 (26Q0%U +agQ(35Q> - UOU))

+;(Yang28250+6agQ250’5Q—2(aQ)5082U) .

(127)

A. Curvature perturbation spectrum
in the early stage of inflation

The curvature perturbations in the uniform density gauge
is defined by [43]

H
—{=y+—=dp. (128)
p

where we defined the energy density of matter fields as p =
p + 0p. The energy-momentum tensor of matter is given by

2 58
Tu === (129)
= (p + P)u/,tuu + Pgﬂl/’ (130)

(126)

|
where P is the pressure of matter and u” = % is the
4-velocity which satisfies

wu, = —1. (131)

Therefore, the background energy density reads

p=-1
Loy oy
=59 +V((p)+§6 +W(G) +pe +pp. (132)
and its fluctuation at the first order is given by
sp = =T} (133)
= 5pdilaton =+ 5paxion + 5pgaugev (134)

where we split 5p into three variables in the second line, which

are derived from each action Sgjaions Saxion> aNd Sgauee- More
concretely, we have
1 =S,/ 2 =12
Fpaiaon = @3¢ + Voo ——%¢.  (135)
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and estimate the power spectrum of the curvature pertur-

— 1 =/ / 2 =12
OPasion = 2° 90" + W00 — 2° ¢ (136) bation. We can easily eliminate f and solve ¢ as

and .
1
. - b= 2< 50+ 760 +2(g)126Q> (138)
P gauge = OI (an) ¢+3 <(a%) + g2Q4> 11,60
a. Eliminating ¥ and defining the variables
5
+ 2 (aQ) < (a 0) — Y ) A, A,
a a op = —, o0 = —,
25 o 2.20)3 y ¢
+-=1 0°U + 61 00. 137 A A
p 90 90760 (137) 50 =22 —_2u (139)
\/Eal \/ial

In the early stage of inflation, the background effect of
the magnetic field is negligibly small. So we can set g =0  we get the quadratic action for scalar perturbations,
|

5Sscalar = 5SEH + 6Sscalar + 6Sgauge + 5SCS

1
- / d3xdr5 (A7 + 8,070, + A7 + A07 8, + AG + A0 Ag — AyIZAY — AydiAy]

1 \/2 1.
_ / d3xd15 [M3A7 + MZAZ + MBAL — M AT Ay] + / d3xd1[ €g w ALA,
+ /d3xd1[M¢(,Aq,Ag + M, 00,00 + M oA A, — MGUAGQZAU - MQUAQG%AU], (140)
|
where we defined effective mass parameters epl; (8—€r) /eEe,/,(—3 +e,+€,+ €E)
Mo=\o7 2 z
2 €
Mi=-—+-—>5(6—¢,—€,—€g) (141) e Vo
0 2 T T EED — = , 146
27 E_t (146)
2
M%] =--. (142)
T Mo — €p€s(—3+ €, + €, +eg) ep W (147)
00 = 2 2 H222
e 2 +V¢¢+fv(,,\/— H%(e, + €, +ep)e,
) H22
€ & 2 . A. vV 2€E
—2< o~ ( > ~Vale \/7> (143) Moy = =g (148)
2 Was+ V2W, /e, — H (e, + €, + €g)e
2 _ _“ GG AVALS ) c c &
M; = 2 + H212 My == (149)
(144)
Note that in the above calculations we used
and
I 2 " 2
6 GEI = 7"’;, 7"‘? (150)
HZ 2 H2 2
\/_(6 +¢€,+ex) (145) and assumed @, 5 > 0 so that we could get% = ,/2¢, and
= ' % = /2¢,. The fluctuation of the energy density is given by
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1 [+/2¢€ /2 v/ 2 2
dp=—— | V0N 4 VAL L VEE (A S
a3 T ¢ T T 0 T 0
\/2¢, I;ep V2e,
+( = —a*V, - = 2>A +< 2 —a’W; A,

€, €, —2eg

—5—542(\ /2e,A,+\/2e,8, + \/2€EAQ)] .

(151)

To estimate the curvature perturbation at the leading
order, let us compare the magnitude of each coefficient
(slow-roll parameters) in dp. From the discussion in
Sec. ITA1, €, and eg are dominant in the early stage of
inflation while ¢, is negligible. Hence, ¢ in the flat slicing
gauge is approximately given by

/ !/ 2
=1 (14 &) [(,,+EE<AQ—;AQ>

1
+4 +g EA } (152)
T
where we defined a new variable,
&y = [E. (153)
€y

We can see that £ can be of order unity.
Let us calculate the power spectrum of { by using the in-
in formalism. We canonically quantize the fields as

&Pk, 4
A,x,7) = /WA,,,k(r)e’k"‘

3
:/éTky[Awk(T)Ck+A;k(7>cik}eik'x’ (154)
3
Ap(x,7) —/(;iig AQk( Jetx
/d3k % t ik-x
) (@) [Agi(®)di + Agi(7)dJe™™,  (155)

where A, and Ap, are mode functions in de Sitter
spacetime. From Eq. (140), we can choose mode functions
corresponding the BD vacuum as

1 i
A 14— |e” 1
ok m < + .X)e s ( 56)
1 0\ i

The creation and annihilation operators ¢; and dj, satisfy

PHYSICAL REVIEW D 93, 123502 (2016)

ekl y) = di ] = (228 (ke + &),
[ex. die) = [ex. dp) = 0, (158)
and the vacuum state is defined by
ck|0) = di|0) =0, (0]0) = 1. (159)

The interaction Hamiltonian at the leading order reads

H,(T):4/dxFEA2 iE (A’ —2AQ>A ] (160)

Thus, we expect that in the superhorizon limit x — O the
power spectrum of ¢ takes the form

Pe(k) = (in|¢i(2)?|in) = (1+ A&%(Inx)?), (161)

H

3
€,k
where A ~ O(10) is a numerical factor. Here, note that we
neglected the time derivative of slow-roll parameters in the
above estimation. This result is consistent with that for
dilatonic inflation coupled to a triad of gauge fields [44].
This power spectrum is also not constant in the super-
horizon due to the interaction with the gauge field.

B. Scalar perturbation stability in the late
stage of inflation

We are interested in the stability conditions of scalar
perturbations in the late stage of inflation when the back-
ground gauge field settles in the attractor value and chiral
gravitational waves are generated. For simplicity, we take
the background gauge field function Q(¢) to be fixed in
the following calculations. Moreover, we neglect the
perturbations of the metric and set ¢ = = 0 because
these contributions are suppressed by slow-roll parameters.
This truncation is known to be valid from the previous
works on the stability of chromonatural inflation [22,24].

After the elimination of Y, we can define the following
canonical fieldsL.

A A A
Sp=="L. So=-C2,  60=—2,
?= a Q V2al
1 agQ k* +2a*q* Q?
= —Ap+ | ———Ay |. 162
ﬂku( ke i v (162)

We derived the equations of motion for these scalar
perturbations in the Appendix. We are interested in the
stability condition of scalar perturbations in the region
mg 2 O(1) where sizable chiral gravitational waves are
produced (see the previous section). For the time window
mg < x S A, the equations of motion for perturbations at
the leading order are given by
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d*A 41207
dxz"’ + (1 + ;2 >A(I, =0, (163)
2 A>m? Amg dA
Pl (1+200), - S Amedbe V2N,
dx X V2 x  dx x
(164)
A, 5 AmgdA
—=+A — 7=, 165
dx? A0 +\/§ x dx (165)
d*Ay V2A
—+ Ay ——A,=0. 166
dx2 + U X o ( )

Note that for the coefficient of gauge-dilaton interactions
1,0 we assumed that the background parameter region
satisfies |I,0| << A and neglected them in the above
derivation. This assumption can be justified since I needs
to become small enough to get a large A value, which is
proportional to I~!. Hence, dilaton perturbations do not
affect the stability on subhorizon scales. To check the
stability condition of the scalar dynamics, we focus on one
peculiar solution. We use the Wentzel-Kramers-Brillouin
(WKB) method for analyzing these equations. Substituting

A, = C,(x)elSt), A, = Cy(x)eSH),
Ay = C3(x)eS™, Ay = Cy(x)eS™ (167)
into Egs. (163)—(166), we get
412 0?
<1 +—2Z —S)%>c1 =0, (168)
X
AZm? 5 Am V2A
0 0 . _
<1+ x2 —S)%)CZ—E leC3— X C4— s
(169)
5 Am
1-82)C; +——"2is.C, =0, 170
( ) 3 \/i 2 ( )
2A
(1 —53)04—Lc220, (171)
X

where S, = dS/dx = w is an angular frequency and we
neglected the time dependence of C;(x). Let us focus on the
solution with C; = 0. Then, from Egs. (169)-(171), we get
the relation

<1+ Q_a)z)(l—aﬂ)—— 0,2 2Ny,
X

Thus, we have two modes:
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1 27
2 _ 2 2,2
wi—2x2<2x +2AmQ

8x2  (25m} +4
1+4/1 . 173
x ( \/ +27A2m2Q < 27m3, >>> (173)

Recalling that we are considering the region x < Amy, the
plus mode w? is approximately given by

27N> m>
~ 9

Apparently, this mode is positive and stable. On the other
hand, for a minus mode w?, by expanding the square root in
Eq. (173) with respect to x*/A®mg, we get

2(mg —2)
2
27mQ

0 &

(175)

Thus, this mode has the instability in the region my < V2.
We get the same result as in the previous works [22-24]
because the interaction of dilaton perturbations is not
dominant in this stage. To confirm this instability, we
numerically solved the full scalar equations of motions
(A1)~(A4). The time evolution of the scalar fluctuation A,
with several m, values is plotted in Fig. 3. We can see that
in the region mg, < V2 the instability actually occurs.
Therefore, we can avoid the instability by choosing
mg > V2 in the late stage of inflation. Remarkably, in

this parameter region, sizable chiral gravitational waves can
be generated.

loglo();\/ 2kAyp)

I
15 20 25 30 Bl0%

-2

FIG. 3. In this plot, we show the time evolution of x\/ﬂA(ﬂ
with my =1 (solid blue line), my = 2 (dashed red line), and
mg =3 (dotted green line). The red and green lines are
indistinguishable and stable, while the blue line experiences an
exponential enhancement due to the instability. Note that we set
(A, |1,0]) = (10%,107) in this plot.
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FIG. 4. We plotted the time evolution of X\/ﬂAw (blue line),
x\/Z-IEA(, (red line), x\/Q_IEAq (yellow line), and x\/ZIEAM (green
line) in the region x < my. At the horizon crossing, xA,, and xA,
stop decreasing and become constant in the superhorizon due to
the expansion of the scale factor. At late times in the super-
horizon, this feeds back into the gauge field dynamics and makes
their late time behavior constant. Note that we set
(mg. A, |1,0]) = (2,10%,107*) in this plot.

The scalar dynamics in the region x < mg, have the
similar feature as that of chromonatural inflation [24]. In
this region, gauge fluctuations have no instability, and A,
and A, show the conventional power law behavior. We
numerically solved the full scalar equations of motions
(A1)—(A4) and plotted the scalar dynamics in the region
x < mg in Fig. 4.

V. DISCUSSION

In this section, we discuss constraints from the CMB
observations and the possibility of generating chiral gravi-
tational waves in this model.

In Sec. IVA, we estimated the curvature perturbation
spectrum on CMB scales. Its dimensionless power spec-
trum is given by

2

872¢

3
%Pg(k) - (1+A&(Inx,)?)  (176)

4

at the end of inflation x = x. Primordial fluctuations of the
CMB temperature are produced between —60 <Inx; <50,

so the second term is dominant unless £% is negligibly
|

Prlk) _ {1

1+ 8|C,|202
where f = 5
the transition epoch of two inflationary stages (f ~ nHz).

minlZo(mg) —myTy(mg)+myT(mg)l*  (f 2 nHz)’
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small. The spectral index n, at the end of inflation is
given by

_dInkPP;  2AE(Inxy)

s dink 1+ A&(nx,)?

(177)

This takes the value 2/(In x,) ~ —0.04 if the second term
in the denominator in (177) is larger than unity. Thus, the
spectral index will be nicely consistent with Planck data,
even with £2 ~ 1 [3]. Moreover, from the power spectrum
of gravitational waves given in Eq. (102), we can estimate
the tensor-to-scalar ratio as

L Pr+P; 1662 ;' + 4 (Inxy)?
P 71+ A& (Inxs)?

(178)

and the spectral tilt of tensor modes at the end of inflation,

8ep(Inxy)
1+ 4ep(Inxg)?

B dlnk377f _
T T Ik

(179)

Note that we neglected the contribution of e in Egs. (178)
and (179) since its coefficient m, is sufficiently small in
this epoch. Remarkably, » can be suppressed by a factor
€,/ A compared with the conventional single field slow-roll
inflation. Moreover, n, is also red but much closer to the
scale invariance than that of scalar perturbations if £% is
sufficiently small. Therefore, without any difficulty, we can
choose the appropriate £2 and make the model consistent
with the CMB constraints. Though we have not calculated
the bispectrum of curvature perturbations nor checked
the qualitative features of non-Gaussianity, we expect that
its constraint is not so strong unless the axion-gauge
interactions are dominant on CMB scales [45].

The most remarkable prediction in this model is that
primordial chiral gravitational waves are generated on
small scales, which happens after 25 e-folds in our
numerical example (see Fig. 1). The frequencies of gravi-
tational waves corresponding to CMB scales are around
10~'® Hz today [46], so chiral gravitational waves in our
model can be detectable by gravitational wave interferom-
eters of which the sensitivity peaks are located above nHz
frequency regions. From the discussion in Sec. III, the ratio
of the amplitude of the gravitational wave spectrum is
approximately given by

(f < nHz) 50

is the frequency of gravitational waves today. We expect that these two branches are smoothly connected at
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Finally, let us estimate the intensity of gravitational
waves in this model. The intensity derived for vacuum
fluctuations is given by [46]

Rown=10(15) . asy

Considering CMB normalization in Eq. (176), the Hubble
parameter can be estimated as 10~/ < H < 107 for a certain
&% region; then, Q. satisfies 10712 <AZQ. .. (f) <1075,
In the late stage of inflation, the enhancement of chirality
from the vacuum case is like Fig. 2, getting a large value
as mg increases, so there are some sets of the parameter
region (Qpin. Mg) Where chiral gravitational waves can be
observed by various detectors such as DECIGO (h3Qgw 2
1072%) [36], eLISA (h3Qgw = 1071%) [37], and SKA
(H3Qqw 2 1074 [38].

VI. CONCLUSION

In this paper, we studied an inflationary dynamics with a
dilaton and an axion coupled to a SU(2) gauge field.
Specifically, inspired by supergravity, we introduced a
nontrivial gauge-kinetic function to chromonatural infla-
tion [34]. Consequently, the effective coupling constant of
the axion to the gauge field is dynamically controlled. For
the initial conditions, we required that the gauge field is
near the origin of its effective potential and the dilaton
playing a role of inflaton initially is energetically dominant.
Since the interaction of the axion to the gauge field is
sufficiently small, we could neglect the axion in the
background dynamics on CMB scales. We derived the
power spectrum of scalar and tensor perturbations in this
early stage of inflation by using the in-in formalism and
discussed its observational implication by looking at the
spectral index and the tensor-to-scalar ratio. We found
that they are characterized by the kinetic energy density of
the gauge field and can be controlled so that the model
becomes consistent with the constraints from the current
CMB observations. In particular, since the gauge field is
inert in the early stage of inflation, the model does not show
any conflict with the CMB constraints.

The main prediction of this paper is the generation of
chiral gravitational waves on small scales. We found an
inflationary solution where the gauge field grows due to the
gauge-kinetic function and finally settles in a finite value
QOmin» Which realizes the delayed chromonatural inflation.
Then, we analyzed tensor dynamics in the late stage of
inflation and computed gravitational wave spectrum by
employing the in-in formalism and got the qualitatively
similar result as chromonatural inflation [24]. The general
feature of tensor perturbations is the enhancement of chiral
gravitational waves which is controlled by an attractor
value Qp,i, and the mass parameter of the gauge field m.
Moreover, we checked the stability condition of scalar
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dynamics and showed that there is a stable parameter region
mgp > /2. Note that during this period we have chosen the
gauge-kinetic function so that the interaction of the dilaton
to the gauge field does not contribute to perturbation
dynamics. We found that there is a parameter region where
chiral gravitational waves are produced in an interesting
frequency range, higher than nHz, which might be detect-
able in future gravitational wave interferometers and
pulsar-timing arrays, such as DECIGO, eLISA, and SKA.

It is interesting to investigate the reheating stage in this
model. We expect from our previous work [25] that at this
epoch the effective mass parameter m, grows and then
chiral gravitational waves are more enhanced, which might
reach the current observational bounds on ground-based
interferometers. In this paper, we studied our model with an
isotropic initial condition. Notice that the anisotropy
remains in models with a gauge-kinetic function for a
non-Abelian gauge field [11], while, in the case of
chromonatural inflation, the initial anisotropy decays,
and the isotropic configuration is stable [47]. Thus, it is
intriguing to investigate the fate of the initial anisotropy in
our model. We leave these issues for future work.
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APPENDIX: EQUATIONS OF MOTION FOR
SCALAR PERTURBATIONS

In this Appendix, we list the full equations of motion
used for numerical calculations. We set ¢p = f = 0. Then,
we have the following equations of motions for scalar
perturbations:

A, dn
e + Q140 + DAy + Q3d—x¢ + Q4A(p
dA
u A, =0, Al
+ Qs e + Q6A, (A1)
Ay dA
2 +U Ay + U A + U d—x‘” + Uy,
dA
u e A, =0, A2
+Us I + U, (A2)
dzA(/, dAg
g + P14, +PrA, + Ps “ix + Pyl
dA
+ Ps —de + PsAy =0, (A3)
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d’A, dAg o 2\/§I¢Q
P — +81A +82A +83 Q3 __T’ (A7)
dAy
TS+ S5l Sehy =0 (Ad)
As for the coefficients Q,;(i = 1,...,6), we get 2\/_1{/,Q
Q, = (1 —dInl/dxx+2mp)
1
_ 6 4 2
9 —m(4mQ+ZmQ(2—2dln1/dxx+5x ) _2deI¢/dx "
+ (1 = (dIn1/dx)?)x® *
+2mgx*(1 —dInl/dxx + (3 = (dIn1/dx)*)x*)
—2£(2m3 + Smyx* + 2mpx*))
P/ (dl]dx)? S 4 QOmg A9
e | Y (43) S= A0 x (A9)
1
=75 3338 L +8m)(1—dnl/d
Q, A1 2m? )3/2( mg + 8mp( n//dxx) 0 5 2 Omg 0]
P
+2m)(4 — 4dIn1/dxx — 3x°)x> V2If ¥
+2my(1 = dInl/dxx — x*)x*
— &(8m + 4mpx® — 2mpxt — x°)), (A6)  As for U;(i=1,...,6), we have
|
1
U = W(Mmgg + 16m6Q(1 —dInl/dxx +2x*) + (1 = (dIn1/dx)*)x®
+dmbx?(6(1 —dInl/dxx) + (6 — (dIn1/dx)*)x?) + 2m%x*(7 — 4dIn1/dxx + 2(2 — (d1In1/dx)?)x?
0 0
d*I/dx* (dl/dx)?
— 2£(8m) + 12myx* + 6mHx* + mpx®)) — é * ( §2 *) , (A11)
|
Uy = O, (A12) Then, as for P;(i = 1,...,6), we have
_ 2V21,0m, (A13) =1+ I_+T (ep —e€k)
3 2 3 om2 12’
x(x* +2mp) 22
Voo 45 2
2 >+ 5 (A17)
H>  x*+2m
2v21,0mq i
U4:—m(4 +2mQ(1—dlnI/dxx
Py — - Hslmo Al8
—dnl,/dxx +2x) 2= o (A18)
+ (3 —dInl/dxx —dInl;/dxx + x*)x*),  (Al4)
P =-0;5, (A19)
A V20m}
Us = =50 i (A15)
If x(x> +2m2)"
2 Wi
R (2m§ — dInl/dxx), (A20)
A V20
Uy = 5 (2 . Al6
6 Ifx (x +m )3/2( mQ+mQx +x ) ( ) PSZ—U3, (A21)
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2V21,0my
Ps = —)CZ(TQW (4my +2my(—dInl/dxx +2x*) 4+ (1 — dInl/dxx + x*)x?). (A22)
Finally, as for S;(i = 1,...,6), we have
1 Wss o Q'myg
Si=14+—5(-2 o 2, A23
1 +x2< e +I2f2x2+2méx> (A23)
82 == Pz, (A24)
83 - _Q57 (A25)
10 a Qmy (1
=—— 1+=dInl A2
S, AT ( —|—2dn /dxx), (A26)
Ss = —Us, (A27)
A 2
S = V20 (2m$ (2 + dInl/dxx) + my(3 + dInl/dxx)x* + x*). (A28)
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