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Abstract. Given a (symmetric) recurrent local regular Dirichlet form with state space E

and an associated symmetric diffusion ¹Xtºt2Œ0;1/ on E , we consider a function h which

belongs to the extended Dirichlet space, is harmonic outside F1 [ F2 and equal to a on

F1 and to b on F2, where F1; F2 � E are (E-quasi-)closed sets and a; b 2 R, a < b.

We prove that the time change of the real-valued process ¹h.Xt /ºt2Œ0;1/ by the energy

measure �hhi of h is a reflecting Brownian motion on Œa; b�. As an application, we also

discuss asymptotic analysis of the heat kernel on the harmonic Sierpinski gasket.

Keywords. Strong local Dirichlet spaces, time changes, harmonic functions, energy mea-

sures.
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1 Introduction

As presented in the celebrated work of Itô and McKean [10], any one-dimensional

diffusion can be viewed as a suitable reparametrization of one-dimensional Brown-

ian motion. Such a method of reparametrizations of stochastic processes is known

as (random) time changes. The purpose of this paper is to present a natural ex-

tension of this fact for a symmetric diffusion on a general state space subject to

certain time changes involving harmonic functions.

We illustrate our main results by treating the scale function of a one-dimensional

diffusion as a particular example. For simplicity we concentrate on the case with

reflecting boundaries. Then the state space has to be a compact interval and

therefore without loss of generality we may assume that the state space is Œ0; 1�.

Let s W Œ0; 1� ! R be strictly increasing and continuous, and let m be a finite

Borel measure on Œ0; 1� with full support. Set a WD s.0/ and b WD s.1/. Follow-
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ing [4, Section 2.2.3], we define

F
s WD

²
u 2 C.Œ0; 1�/

ˇ̌
ˇ̌ u� u.0/ D

Z
.�/

0

du

ds
ds for some

du

ds
2 L2.Œ0; 1�; ds/

³
;

(1.1)

E
s.u; v/ WD 1

2

Z 1

0

du

ds

dv

ds
ds; u; v 2 F

s (1.2)

(note that such du=ds 2 L2.Œ0; 1�; ds/ as in (1.1) is unique for each u 2 F
s).

Then .Es;F s/ is an irreducible recurrent strong local regular Dirichlet form on

L2.Œ0; 1�;m/ by [4, Proposition 2.2.8], and the associated m-symmetric diffusion

Xs;m D .¹Xs;mt ºt2Œ0;1/; ¹Pxºx2Œ0;1�/ has the scale function s and the speed mea-

sure m. Clearly, s 2 F s and

E
s.s; v/ D 1

2
.v.1/ � v.0//; v 2 F

s: (1.3)

In particular, s is harmonic outside the boundary set ¹0; 1º; E.s; v/ D 0 for any

v 2 F
s with v.0/ D v.1/ D 0. Moreover, we see that the E

s-energy measure

�hsi of s 2 F s is equal to ds and that for any ' 2 C 2.R/ and any u 2 F s ,

E
s.u; '.s// D 1

2

�
u.1/'0.b/ � u.0/'0.a/

�
� 1

2

Z 1

0

u'00.s/ds: (1.4)

Let x 2 Œ0; 1�. By the theory of one-dimensional diffusions (see for example

[19, V. 46–47]), under Px we can construct a continuous local martingale M D
¹Mt ºt2Œ0;1/ and a one-dimensional Brownian motion B D ¹Btºt2Œ0;1/ on the

same sample space as that of Xs;m, so that M0 D B0 D 0 Px-a.s. and

s.X
s;m
t / D B

Œa;b�

hM it
D s.x/C BhM it

C LahM it
� LbhM it

and Mt D BhM it
; t 2 Œ0;1/; Px-a.s.;

(1.5)

here B Œa;b� D ¹B Œa;b�t ºt2Œ0;1/ is the reflecting Brownian motion started at s.x/

driven by the Brownian motion B with local times La D ¹Lat ºt2Œ0;1/ at a and

Lb D ¹Lbt ºt2Œ0;1/ at b, i.e. .B Œa;b�; La; Lb/ is the pathwisely unique triple of

R-valued continuous processes withB Œa;b� Œa; b�-valued and started at s.x/,La,Lb

non-decreasing and started at 0 and such that, Px-a.s.,

B
Œa;b�
t D s.x/C Bt CLat � Lbt ; t 2 Œ0;1/;

Z 1

0

1.a;b�.B
Œa;b�
t /dLat D

Z 1

0

1Œa;b/.B
Œa;b�
t /dLbt D 0:

(1.6)
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(1.6) is called the Skorohod equation for the reflecting Brownian motion on Œa; b�

started at s.x/ driven byB . In particular, letting �t WD inf¹u 2 Œ0;1/ j hM iu > tº
we see that

s.Xs;m�t
/ D B

Œa;b�
t D s.x/C Bt C Lat � Lbt ; t 2 Œ0;1/; Px-a.s. (1.7)

On the other hand, since the processN WD ¹Nt WD LahM it
� LbhM it

ºt2Œ0;1/ is con-

tinuous and of bounded variation, we see that (1.5) actually gives the Fukushima

decomposition for s:

s.X
s;m
t / � s.Xs;m0 / D Mt CNt for any t 2 Œ0;1/; Px-a.s. (1.8)

It follows that equality (1.7) is obtained as the time change of the Fukushima

decomposition (1.8) for s by the right-continuous inverse �.�/ of hM i.�/.
In this paper, we extend these facts to the case of certain harmonic functions

on a general recurrent strong local regular Dirichlet space. To state our main re-

sults, let E be a locally compact separable metrizable space with one-point com-

pactification E� D E [ ¹�º, let m be a Radon measure on E with full support

and let X D .¹Xt ºt2Œ0;1�; ¹Pxºx2E�
/ be an m-symmetric Hunt process on E

whose Dirichlet form .E;F / on L2.E;m/ is regular. Let Fe denote the associ-

ated extended Dirichlet space and let eu denote any E-quasi-continuous m-version

of u 2 Fe, which is unique up to E-q.e. Let a; b 2 R, a < b and suppose that

F1; F2 � E are (E-quasi-)closed sets admitting u 2 Fe such that eu D a E-q.e. on

F1 and eu D b E-q.e. on F2. Then let h 2 Fe be a .F1 [ F2/-harmonic function

satisfying eh D eu E-q.e. on F1 [ F2, which does exist by [9, Theorem 4.6.5]. Let

eh.Xt / �eh.X0/ D M
Œh�
t CN

Œh�
t (1.9)

be the Fukushima decomposition for h, where M Œh� D ¹M Œh�
t ºt2Œ0;1/ is a mar-

tingale additive functional and N Œh� D ¹N Œh�
t ºt2Œ0;1/ is a continuous additive

functional of zero energy. Note that if .E;F / is strong local, then M Œh� is contin-

uous by [9, Lemma 5.5.1 (ii)]. Let hM Œh�i D ¹hM Œh�it ºt2Œ0;1/ be the quadratic

variation of M Œh�, which is a positive continuous additive functional with Revuz

measure equal to the E-energy measure �hhi of h. Define �B WD inf¹t 2 .0;1/ j
Xt 2 Bº for B � E�. The following is a summary of the main results of this

paper (Theorems 2.12 and 3.6).

Theorem 1.1. Assume that .E;F / is recurrent and strong local.

(1) Let ' 2 C 2.R/ satisfy '0.a/ D '0.b/ D 0. Then '.h/ 2 Fe and

E.u; '.h// D �1
2

Z

E

eu'00.eh/d�hhi; u 2 Fe \ L1.E;m/: (1.10)
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(2) Suppose additionally that �F1
_�F2

< 1 Pm-a.s., where we define PmŒ.�/� WDR
E PxŒ.�/�dm.x/. Let �t WD inf¹s 2 Œ0;1/ j hM Œh�is > tº for t 2 Œ0;1/.

Then for E-q.e. x 2 E, under Px , Bh WD ¹M Œh�
�t

ºt2Œ0;1/ is a one-dimensional

Brownian motion started at 0, and ¹eh.X�t
/ºt2Œ0;1/ is the reflecting Brownian

motion on Œa; b� started at eh.x/ driven by Bh, with local times La at a and

Lb at b equal respectively to the positive variation and the negative variation

of ¹N Œh�
�t

ºt2Œ0;1/.

Remark 1.2. In Theorem 1.1 it is sufficient to assume that .E;F / is recurrent and

local since the strong locality of .E;F / easily follows from its recurrence and

locality.

Since the positive continuous additive functional hM Œh�i has the Revuz mea-

sure �hhi, ¹eh.X�t
/ºt2Œ0;1/, B

h D ¹M Œh�
�t

ºt2Œ0;1/ and ¹N Œh�
�t

ºt2Œ0;1/ are the time

change of the original processes with respect to the E-energy measure �hhi of

the harmonic function h. By (1.10), '.eh/ 2 Dom.L�hhi
/ and L�hhi

�
'.eh/

�
D

'00.eh/=2 for the generator L�hhi
of the time change of .E;m;E;F / by�hhi, which

is the Dirichlet space associated with ¹X�t
ºt2Œ0;1� and is analytically obtained by

replacing the reference measure m of the form .E;F / by �hhi; see [4, Chapter 5]

and [9, Section 6.2] for general theory of time changes of Dirichlet spaces.

The original motivation for this research is asymptotic analysis of the heat ker-

nel on a fractal called the harmonic Sierpinski gasket (see Figure 2 below), which

is the image of an injective harmonic map from the usual Sierpinski gasket (Fig-

ure 1) into R
2 and whose heat kernel has proved to be subject to the two-sided

Gaussian bound by [15, Theorem 6.3]. At the end of this article, we briefly de-

scribe how we can determine an on-diagonal short time asymptotic behavior of

this heat kernel as an application of Theorem 1.1.

The organization of this paper is as follows. In Section 2, we first recall basics

of analytic theory of regular Dirichlet forms, then we study fundamental properties

of harmonic functions and prove Theorem 1.1 (1) (Theorem 2.12). In Section 3,

we present a few general results concerning the sample path properties of additive

functionals, then we give the precise statement of Theorem 1.1 (2) in Theorem 3.6

and prove it. Section 4 is devoted to an application of the main results to asymp-

totic analysis of the heat kernel on the harmonic Sierpinski gasket.

Notation. In this paper, we adopt the following notations and conventions.

(1) N D ¹1; 2; 3; : : : º, i.e. 0 62 N.

(2) We set inf ; WD 1. We write a _ b WD max¹a; bº, a ^ b WD min¹a; bº,

aC WD a _ 0 and a� WD �.a ^ 0/ for a; b 2 Œ�1;1�. We use the same
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notations for (equivalence classes of) functions. All functions treated in this

paper are assumed to be R-valued or Œ�1;1�-valued.

(3) Let .E;B/ be a measurable space. For a positive measure� on .E;B/, let B
�

denote the �-completion of B. A signed measure on .E;B/ is by definition

an R-valued countably additive set function on B.

(4) LetE be a topological space. The Borel � -field of E is denoted by B.E/. We

set C.E/ WD ¹f j f W E ! R; f is continuousº and Cc.E/ WD ¹f 2 C.E/ j
suppE Œf � is compactº, where suppE Œf � WD ¹x 2 E j f .x/ 6D 0º. Also set

kf k1 WD supx2E jf .x/j for f W E ! Œ�1;1�.

2 Harmonic functions and their energy measures

In the first half of this section, we briefly recall basic facts from analytic theory of

regular Dirichlet forms; see [4, 8, 9, 18] for details. Throughout this section, let

E be a locally compact separable metrizable space, m be a Radon measure on E

with full support, i.e. such that m.G/ > 0 for any non-empty open subset G of E

(recall that a Radon measure on E is by definition a positive Borel measure on E

for which every compact set is of finite measure), and let .E;F / be a (symmetric)

regular Dirichlet form on L2.E;m/.

Let Fe be the extended Dirichlet space associated with .E;F /; u 2 Fe if

and only if u is an (m-equivalence class of) Borel measurable R-valued func-

tion admitting ¹unºn2N � F such that limk;`!1 E.uk � u`; uk � u`/ D 0 and

limn!1 un D u m-a.e. We extend E to a non-negative definite symmetric bilin-

ear form on Fe by setting E.u; u/ WD limn!1 E.un; un/ with u; un as above, so

that limn!1 ku � unkE D 0, where we write kukE WD E.u; u/1=2 for u 2 Fe.

We have F D Fe \L2.E;m/ by [9, Theorem 1.5.2 (iii)]. By [9, Corollary 1.6.3],

'.u/ 2 Fe and E.'.u/; '.u// � E.u; u/ for u 2 Fe and a normal contraction ',

i.e. a function ' W R ! R such that '.0/ D 0 and j'.s/ � '.t/j � js � t j for any

s; t 2 R. We write Fe;b WD Fe \L1.E;m/, which is an algebra under pointwise

sum and multiplication by [9, Corollary 1.6.3].

Definition 2.1. We define the 1-capacity CapE associated with .E;F / by

capE.U / WD inf¹E1.u; u/ j u 2 F ; u � 1 m-a.e. on U º; U � E open; (2.1)

CapE.A/ WD inf¹capE.U / j U � E open; A � U º; A � E; (2.2)

where E1.u; v/ WD E.u; v/ C
R
E uvdm for u; v 2 F . N � E is called E-polar

if and only if CapE.N / D 0. Moreover, let A � E and let S.x/ be a statement on

x 2 A. Then we say that S holds E-q.e. on A, or S.x/ for E-q.e. x 2 A, if and

B
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only if the set ¹x 2 A j S.x/ failsº is E-polar. When A D E, we simply say ‘S

holds E-q.e.’ instead.

Clearly, CapE is an extension of capE andm.A/ � CapE.A/ for anyA 2 B.E/.

By [9, Theorem A.1.2], CapE is countably subadditive.

Next we define E-quasi notions by utilizing CapE as follows.

Definition 2.2. (1) A non-decreasing sequence ¹Fkºk2N of closed sets in E is

called an E-nest if and only if limk!1 CapE.K n Fk/ D 0 for any compact

subset K of E.

(2) A function u W E nN ! Œ�1;1�, defined outside an E-polar setN , is called

E-quasi-continuous if and only if there exists an E-nest ¹Fkºk2N such thatS
k2N Fk � E nN and ujFk

is R-valued continuous for each k 2 N.

(3) A subset E0 of E is called E-quasi-open (resp. E-quasi-closed) if and only

if there exists an E-nest ¹Fkºk2N such that E0 \ Fk is open (resp. closed)

in Fk for each k 2 N, with Fk equipped with the relative topology inherited

from E.

Given an E-nest ¹Fkºk2N , E n
S
k2N Fk is an E-polar set. If we set E1 WD

E0 \
S
k2N Fk in the situation of (3) above, then E1 2 B.E/, E1 is E-quasi-

open (resp. E-quasi-closed) and E0 n E1 is E-polar. A Œ�1;1�-valued function

u defined E-q.e. is E-quasi-continuous if and only if u is R-valued E-q.e. and

u�1.I / is E-quasi-open for any open subset I of R. If u is E-quasi-continuous,

then u � 0 m-a.e. if and only if u � 0 E-q.e. by [9, Lemma 2.1.4], and u

admits a Borel measurable E-quasi-continuous function v W E ! R such that

u D v E-q.e. By [9, Theorem 2.1.7], for any u 2 Fe there exists an E-quasi-

continuous function v such that u D v m-a.e., and such v is called an E-quasi-

countinuous m-version of u, which is unique up to E-q.e. For u 2 Fe , let eu denote

any E-quasi-countinuous m-version of u.

Definition 2.3. Let � be a positive Borel measure on E charging no E-polar set,

i.e.�.N/ D 0 for any E-polarN 2 B.E/. (Note that then every E-polar, E-quasi-

open or E-quasi-closed set belongs to B.E/� and that every E-quasi-continuous

function defined E-q.e. is B.E/�-measurable.)

(1) � is called an E-smooth measure if and only if �.Fk/ < 1 for any k 2 N for

some E-nest ¹Fkºk2N . The collection of all E-smooth measures is denoted

by SE .

(2) F� � E is called an E-quasi-support of � if and only if it is E-quasi-closed,

�.E nF�/ D 0 and F� nF is E-polar for any E-quasi-closed set F � E with

�.E n F / D 0.
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If � 2 SE and ¹Fkºk2N is an E-nest for � as in Definition 2.3 (1), then we

have �.E n
S
k2N Fk/ D 0 and hence � is � -finite. Any Radon measure on E

charging no E-polar set belongs to SE ; it suffices to consider Fk WD Gk , where

¹Gkºk2N is a non-decreasing sequence of relatively compact open subsets of E

with
S
k2N Gk D E. By [9, Theorem 4.6.3], every � 2 SE admits an E-quasi-

support F� 2 B.E/.

Associated with u 2 Fe;b is the E-energy measure �hui; by [9, Theorem 5.2.3]

we have Z

E

ef d�hui D 2E.uf; u/ � E.u2; f /; u; f 2 Fe;b; (2.3)

where, for each u 2 Fe;b , �hui(2 SE by [9, Lemma 3.2.4]) is defined as the

unique positive Borel measure on E satisfying (2.3) for any f 2 F \Cc.E/ with

f in place of ef in the integrand. For u 2 Fe;b , [2, Proposition I.4.1.1] implies

that �hui.E/ � 2E.u; u/ and that

�h'.u/i � �hui for any normal contraction ': (2.4)

Also for u; v 2 Fe;b , we define a Borel signed measure �hu;vi on E by �hu;vi WD
.�huCvi � �hu�vi/=4. Equation (2.3) yields

Z

E

ef d�hu;vi D E.uf; v/C E.vf; u/ � E.uv; f /; u; v; f 2 Fe;b; (2.5)

and hence Fe;b � Fe;b 3 .u; v/ 7! �hu;vi is bilinear and symmetric. There-

fore we easily see that for any u; v 2 Fe;b and any bounded Borel measurable

f W E ! Œ0;1/,

�Z

E

fd�hu;vi

�2
�

Z

E

fd�hui

Z

E

fd�hvi; (2.6)

ˇ̌
ˇ̌
�Z

E

fd�hui

�1=2
�

�Z

E

fd�hvi

�1=2 ˇ̌
ˇ̌
2

�
Z

E

fd�hu�vi � 2kf k1ku � vk2
E
:

(2.7)

Then by a limiting procedure using (2.4), (2.7) and [9, Corollary 1.6.3], for any

u; v 2 Fe we can uniquely define a finite E-smooth measure �hui and �hu;vi WD
.�huCvi ��hu�vi/=4 so that �hui.E/ � 2E.u; u/ and Fe � Fe 3 .u; v/ 7! �hu;vi
is bilinear and symmetric. Again we get (2.6) and (2.7) in the same way, and we

can also verify (2.4) by using the Banach–Saks theorem (see [4, Theorem A.4.1]

or [18, Theorem A.2.2]). It is immediate by (2.6) and (2.7) that �hu1;vi D �hu2;vi
for u1; u2; v 2 Fe with ku1 � u2kE D 0. Moreover, if .E;F / is strong local,

then we have the following chain rule for �h�i, which often plays essential roles in

analysis of strong local Dirichlet forms.
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Lemma 2.4 ([9, Theorem 3.2.2]). Let n 2 N, u1; : : : ; un 2 Fe and let ' D
'.x1; : : : ; xn/ 2 C 1.Rn/ satisfy '.0/ D 0. Suppose either that u1; : : : ; un 2 Fe;b

or that @'=@xi is bounded on R
n for any i 2 ¹1; : : : ; nº. Then '.u1; : : : ; un/ 2 Fe.

Moreover, if in addition .E;F / is strong local, then for any v 2 Fe,

d�h'.u1;:::;un/;vi D
nX

iD1

@'

@xi
.eu1; : : : ;eun/d�hui ;vi: (2.8)

Remark 2.5. [2, Proposition I.4.1.1] and [9, Theorems 3.2.2 and 5.2.3] are stated

mainly for functions in F \L1.E;m/ or F and not necessarily for those in Fe;b

or Fe, but we easily see that they are valid for functions in Fe in the following

manner:

[2, Proposition I.4.1.1] can be easily extended to functions in Fe;b by using

the Banach–Saks theorem. For the other two theorems, choose � 2 L1.E;m/ \
L1.E;m/ so that � > 0 m-a.e., and set F � WD Fe \ L2.E; � � m/, where

.� �m/.A/ WD
R
A �dm for A 2 B.E/. Then by [9, Theorem 6.2.1], .E;F �/

is a regular Dirichlet form on L2.E; � � m/, and by [9, Theorem 3.1.2, Prob-

lems 3.1.1 and 1.4.1] it is strong local if .E;F / is. By [9, Corollary 4.6.1 and

the argument before Lemma 6.2.9], the notion of E-nest and the E-quasi notions

with respect to .E;F �/ (on L2.E; � � m/) coincide with those with respect to

.E;F / (on L2.E;m/). Moreover, F
� \ L1.E; � � m/ D Fe;b, and for any

u1; : : : ; un 2 Fe we can choose � as above so that ui 2 L2.E; � � m/ and hence

ui 2 F
� for i 2 ¹1; : : : ; nº. Now [9, Theorems 3.2.2 and 5.2.3] applied to func-

tions in F
� \ L1.E; � � m/ or F

� yield the desired assertions for functions in

Fe;b or Fe.

We now start our study of harmonic functions and their E-energy measures.

First, we give the definition of harmonic functions.

Definition 2.6. Let F � E be E-quasi-closed and set F
u
F WD ¹v 2 Fe j ev D eu

E-q.e. on F º for u 2 Fe. We call h 2 Fe F -harmonic if and only if

E.h; h/ D inf¹E.v; v/ j v 2 F
h
F º or equivalently, E.h; v/ D 0; 8v 2 F

0
F :

(2.9)

Let F � E be E-quasi-closed. The equivalence of the two conditions in (2.9)

for h 2 Fe is obvious. Let u 2 Fe. Then by [9, Theorems 4.1.3, 4.2.1 (ii), 4.6.5

and A.2.6 (i)], there exists an F -harmonic function h 2 F
u
F . (2.9) implies that, if

h1; h2 2 F u
F are F -harmonic, then kh1 � h2kE D 0 and hence �hh1i D �hh2i.

Also by (2.9), if h 2 F
u
F is F -harmonic and ' is a normal contraction such that

'.eu/ D eu E-q.e. on F , then '.h/ is also anF -harmonic function belonging to F
u
F .
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The following lemma will be used in the proof of Lemma 3.3.

Lemma 2.7. Let u 2 Fe . If F � E is an E-quasi-support of �hui, then u is

F -harmonic.

Proof. Let v 2 F
0
F , ` 2 N and set u` WD .�`/_.u^`/ and v` WD .�`/ _ .v ^ `/.

Let n 2 N, n � 2. Then (2.5) yields 2E.u`; v`
n/ D

R
E ev`d�hu`;v`

n�1i CR
E .ev`/n�1d�hu`;v`i D 0, where the latter equality follows by �hui.E n F / D 0,

(2.4) and (2.6).

Next let ' 2 C 2.R/ satisfy '.0/ D '0.0/ D 0. Then '.v`/ 2 Fe by Lem-

ma 2.4. By approximating '00 uniformly on Œ�`; `� by polynomials, we see that

there exists a sequence of polynomials ¹'nºn2N such that 'n.0/ D '0
n.0/ D 0

and supx2Œ�`;`� j'0
n.x/ � '0.x/j ! 0 as n ! 1. The argument in the previous

paragraph yields E.u`; 'n.v`// D 0, and letting n ! 1 results in E.u`; '.v`// D
0 since limn!1 k'n.v`/� '.v`/kE D 0 by [9, (3.2.27)].

Finally, choose f 2 C 1.R/ so that 0 � f � 1, f .0/ D 0 and f .x/ D 1

for jxj � 1, and set  n.x/ WD
R x
0 f .ny/dy. Then  n 2 C 2.R/ and  n.0/ D

0
n.0/ D 0. Similarly to [9, Corollary 1.6.3] we get limn!1 kv` �  n.v`/kE D 0

and hence E.u`; v`/ D limn!1 E.u`;  n.v`// D 0. Now letting ` ! 1 yields

E.u; v/ D 0 by [9, Corollary 1.6.3]. Thus u is F -harmonic.

Given an E-quasi-closed set F � E and u 2 Fe , an F -harmonic function

h 2 F
u
F may not be unique since .E;F / is not assumed to be irreducible. Never-

theless we still have a kind of equivalence between F -harmonic functions belong-

ing to F
u
F as follows.

Lemma 2.8. Let F � E be E-quasi-closed, u 2 Fe and h1; h2 2 F u
F be F -har-

monic. Then

(1) eh1 D eh2 �hh1i-a.e. (Recall that �hh1i D �hh2i.)

(2) Let ' 2 C 1.R/ satisfy '.0/ D 0. Suppose either that h2 2 Fe;b or that '0 is

bounded on R. Then '.h1/; '.h2/ 2 Fe and k'.h1/ � '.h2/kE D 0.

Proof. (1) Let f WD jh1 � h2j ^ 1. Then f 2 F
0
F and kf kE � kh1 � h2kE D 0.

Let ` 2 N and g` WD .�`/ _ .h1 ^ `/. (2.3) implies that
R
E

ef d�hg`i D
2E.g`f; g`/ � E.g2

`
; f / D 2E.g`f; g`/. [4, Exercise 1.1.10] together with

kf kE D 0 yields kg`f kE � kf kL1.E;m/kg`kE � kh1kE . E.g`f; h1/ D 0

by (2.9), and then 0 �
R
E

ef d�hg`i D 2E.g`f; g` � h1/ � kh1kEkg` � h1kE .

Since lim`!1 kg` � h1kE D 0 by [9, Corollary 1.6.3], letting ` ! 1 and (2.7)

lead to
R
E

ef d�hh1i D 0, which yields the assertion since ef D j eh1� eh2j^1 E-q.e.

and hence �hh1i-a.e.
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(2) First suppose either that h1; h2 2 Fe;b or that '0 is bounded. Then for some

2 C 1.R/ and c 2 .0;1/, c is a normal contraction and '.hi / D  .hi /

m-a.e. for i D 1; 2. Thus '.hi / 2 Fe and c2�h'.hi/i � �hh1i for i D 1; 2, in view

of (2.4). Let F0 be an E-quasi-support of �hh1i. Then (1) and [9, Theorem 4.6.2]

imply that eh1 D eh2 E-q.e. on F0, and hence '.eh1/ D '.eh2/ E-q.e. on F0. Since

F0 is E-quasi-closed and �h'.hi/i.E n F0/ D 0 for i D 1; 2, Lemma 2.7 yields

E.'.h1/; '.h1// D E.'.h2/; '.h2// D E.'.h1/; '.h2//, from which it is imme-

diate that k'.h1/ � '.h2/kE D 0.

Next suppose only that h2 2 Fe;b. Let ` 2 N satisfy ` � kh2kL1.E;m/

and let g` be as in (1). Then since j eh1j D jeuj D j eh2j � ` E-q.e. on F , g` is

also an F -harmonic function belonging to F
u
F and hence '.g`/; '.h2/ 2 Fe and

k'.g`/� '.h2/kE D 0 by the previous paragraph. Since lim`!1 '.g`/ D '.h1/

m-a.e. and k'.gk/ � '.g`/kE D 0 for k; ` � kh2kL1.E;m/, an argument similar

to [4, Proof of Lemma 1.1.12] shows '.h1/ 2 Fe and k'.h1/ � '.g`/kE D 0 for

` � kh2kL1.E;m/. Thus we obtain k'.h1/� '.h2/kE D 0.

In the main results of this paper, we put the following assumption (BC):

.E;F / is recurrent, i.e. 1 2 Fe and E.1; 1/ D 0. F1; F2 � E are E-quasi-

closed and admit u 2 Fe such that eu D 0 E-q.e. on F1 and eu D 1 E-q.e.

on F2. a; b 2 R, a < b and h 2 F a;b is .F1 [ F2/-harmonic, where

F
s;t WD F

s1C.t�s/u
F1[F2

for s; t 2 R.

(BC)

In the situation of (BC), F1 \ F2 is E-polar and there does exist an .F1 [ F2/-

harmonic function h 2 F a;b . Such u 2 Fe as in (BC) exists if F1 \ F2 D ; and

if either F1 is closed and F2 is compact or vice versa, since .E;F / is regular and

1 2 Fe.

The following proposition is due to Fitzsimmons [7].

Proposition 2.9 ([7, (2.7)]). Assume (BC). Then there exists a unique Borel signed

measure � on E charging no E-polar set such that

E.h; v/ D �.b � a/
Z

E

evd�; v 2 Fe;b; (2.10)

and � is independent of particular choices of a; b and h. Moreover, let �1.A/ WD
�.A n F2/ and �2.A/ WD ��.A n F1/ for A 2 B.E/. Then �1; �2 2 SE ,

� D �1 � �2, �1.E n F1/ D �2.E n F2/ D 0 and �1.F1/ D �2.F2/ D .b �
a/�2E.h; h/.

Note that, if � is a Borel signed measure on E charging no E-polar set, then

so is its total variation j�j and hence
R
Eevd� for v 2 Fe;b and �.A n Fi / for

A 2 B.E/, i D 1; 2 are defined.
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The proof of Proposition 2.9 given by Fitzsimmons [7, (2.7)] is based on its

probabilistic counterpart shown in [3, Proof of Theorem 3.2]. We give an alterna-

tive analytic proof here.

Proof. Let h0;1 2 F 0;1 be .F1[F2/-harmonic. Then a1 C .b � a/h0;1.2 F a;b/

is also .F1 [ F2/-harmonic and hence k.b � a/h0;1 � hkE D 0 by (2.9). Thus

E.h; v/ D .b � a/E.h0;1; v/ for v 2 Fe, and therefore it suffices to show the

assertions for h0;1 instead of h. Since kh0;1 � .0 _ h0;1/ ^ 1kE D 0 by (2.9),

we may assume 0 � h0;1 � 1 m-a.e. Let h1;0 WD 1 � h0;1 and v 2 Fe;b.

Choose .F1 [ F2/-harmonic functions u0;1 2 F
vh0;1

F1[F2
and u1;0 2 F

vh1;0

F1[F2
so that

ju0;1j _ ju1;0j � kvkL1.E;m/ m-a.e. Equation (2.9) yields E.h0;1; u1;0h0;1/ D
E.h1;0; u0;1h1;0/ D 0 and therefore by (2.3) and (2.9),

E.h0;1; v/ D E.h0;1; vh1;0/C E.1 � h1;0; vh0;1/
D E.h0;1; u1;0/� E.h1;0; u0;1/

D �
�
2E.h0;1; u1;0h0;1/� E..h0;1/

2; u1;0/
�

C
�
2E.h1;0; u0;1h1;0/ � E..h1;0/

2; u0;1/
�

D �
Z

E

eu1;0d�hh0;1i C
Z

E

eu0;1d�hh1;0i: (2.11)

It follows from (2.11) that jE.h0;1; v/j � 4kvkL1.E;m/E.h0;1; h0;1/ for any

v 2 Fe;b. Then [8, Theorem 4.2] and a time change argument as in Remark 2.5

imply the existence of a Borel signed measure � on E charging no E-polar set and

satisfying (2.10).

Let G � E be E-quasi-open. By [9, Lemma 4.6.1] we can choose uG 2 F
0
EnG

so that fuG > 0 E-q.e. on G. Let uk WD .0 _ kuG/ ^ 1 for k 2 N. Then

we have uk 2 F
0
EnG and limk!1 fuk D 1G E-q.e. Now equation (2.10) yields

�.G/ D limk!1
R
E fukd� D � limk!1 E.h0;1; uk/. Therefore the values of

� for E-quasi-open sets are uniquely determined by the property (2.10), and the

Dynkin class theorem [12, Theorem 2.1.3] implies the uniqueness of �.

Next we prove that �1 2 SE . Let �1 D �C
1 � ��

1 be the Hahn decomposition

of �1. It suffices to show that �1 is a positive measure, i.e. ��
1 D 0. Since

�1jB.F2/ D 0, we can choose L 2 B.E n F2/ so that �C
1 .L/ D ��

1 .E n L/ D
0. Let K � L be a closed subset of E. Since E n F2 and E n .F2 [ K/ are

E-quasi-open, by the previous paragraph there exist ¹ukºk2N ; ¹vkºk2N � F
0
F2

such that jukj _ jvkj � 1 m-a.e. for k 2 N, limk!1 fuk D 1EnF2
E-q.e. and

limk!1 evk D 1En.F2[K/ E-q.e. Then we easily see from (2.10) and (2.11) thatR
E .fuk � evk/Cd� D �E.h0;1; .uk � vk/

C/ � 0, and letting k ! 1 yields
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0 � �.K/ D �1.K/ D ���
1 .K/, i.e. ��

1 .K/ D 0. Now ��
1 .L/ D sup¹��

1 .K/ j
K � L; K is closed in Eº D 0 by [5, Theorem 7.1.3] and hence ��

1 D 0. In

exactly the same way we have �2 2 SE , and in particular �jB.En.F1[F2// D 0.

Therefore � D �1��2 and �1.E nF1/ D �2.E nF2/ D 0. Finally, letting v WD 1

and v WD h0;1 in (2.10) yields �1.F1/ D �2.F2/ D E.h0;1; h0;1/.

Remark 2.10. The boundary value eh D
® a on F1

b on F2
E-q.e. is essential in Proposi-

tion 2.9. In fact, for general u 2 Fe and an E-quasi-closed set F � E, there

may not exist such a Borel signed measure � on E as in (2.10) even if h 2 F u
F is

F -harmonic.

A simple application of Lemma 2.4 and Proposition 2.9 yields the following

fact due to Fitzsimmons [7], which is used in Section 4. See [7, Proposition 2.9]

for a proof. Note that, if u 2 Fe, then by �hui 2 SE we can regard eu as a

measurable map eu W
�
E;B.E/�hui ; �hui

�
! .R;B.R//, and therefore the image

measure �hui ıeu�1 on .R;B.R// is defined.

Corollary 2.11 ([7, Proposition 2.9]). Assume (BC) and that .E;F / is strong lo-

cal. Let dy denote the Lebesgue measure on .R;B.R//. Then

�hhi ıeh�1 D 2E.h; h/

b � a 1Œa;b�dy: (2.12)

Now we can state and prove the main theorem of this section, which is in fact

an easy consequence of the strong locality, Lemmas 2.4, 2.8 and Proposition 2.9.

Note that �hu;vi.E/ D 2E.u; v/ for u; v 2 Fe if .E;F / is recurrent, which fol-

lows by (2.3). Recall that '.h/ 2 Fe for any ' 2 C 1.R/ in the situation of (BC)

by Lemma 2.8 and 1 2 Fe.

Theorem 2.12. Assume (BC) and that .E;F / is strong local.

(1) Set � WD 2.b � a/�1E.h; h/. Then for any '; 2 C 1.R/,

E.'.h/; .h// D �

2

Z b

a

'0.y/ 0.y/dy: (2.13)

(2) Let ' 2 C 2.R/ and u 2 Fe;b . Then

E.u; '.h// D .b � a/
�
'0.b/

Z

F2

eud�2 � '0.a/
Z

F1

eud�1
�

� 1

2

Z

E

eu'00.eh/d�hhi:

(2.14)
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Proof. (1) Since we may assume that h 2 Fe;b by Lemma 2.8, it follows from

Lemma 2.4 and (2.12) that for '; 2 C 1.R/,

2E.'.h/; .h// D �h'.h/; .h/i.E/

D
Z

E

'0.eh/ 0.eh/d�hhi

D �

Z b

a

'0.y/ 0.y/dy:

(2) Using (2.5), Lemma 2.4 and Proposition 2.9, we have

2E.u; '.h// D �hu;'.h/i.E/

D
Z

E

'0.eh/d�hu;hi

D E.u'0.h/; h/C E.h'0.h/; u/ � E.uh; '0.h//

D 2E.'0.h/u; h/ �
�
E.hu; '0.h//C E.'0.h/u; h/ � E.h'0.h/; u/

�

D �2.b � a/
Z

E

'0.eh/eud��
Z

E

eud�hh;'0.h/i

D 2.b � a/
�
'0.b/

Z

F2

eud�2 � '0.a/
Z

F1

eud�1
�

�
Z

E

eu'00.eh/d�hhi;

proving (2.14).

3 Reflecting Brownian motion arising from time change by �hhi

Throughout this section, we follow the notations introduced in the previous sec-

tion. The main purpose of this section is to give the precise statement of Theo-

rem 1.1 (2) in Theorem 3.6 and to prove it. In the first part of this section, we recall

basics on the m-symmetric Hunt process corresponding to .E;F / and its additive

functionals. See [4, 9] for details. Let E� WD E [ ¹�º denote the one-point

compactification of E. In what follows, the measure m is extended to B.E�/ by

setting m.¹�º/ WD 0, and a Œ�1;1�-valued function f defined (E-q.e.) on E is

always set to be 0 at � when needed; f .�/ WD 0.

We fix an m-symmetric Hunt process X D
�
�;M; ¹Xt ºt2Œ0;1�; ¹Pxºx2E�

�

on E with life time � and shift operators ¹�tºt2Œ0;1� whose Dirichlet form

on L2.E;m/ is .E;F /. Such X does exist by [9, Theorem 7.2.1]. Let F� D
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¹Ft ºt2Œ0;1� be the minimum completed admissible filtration as in [9, p. 311],

which is right-continuous by [9, Theorem A.2.1]. For each � -finite positive

Borel measure � on E� and A 2 F1, the function E� 3 x 7! Px ŒA� is

B.E�/
�-measurable, and associated with� is a measure P� on .�;F1/ given by

P�ŒA� WD
R
E�

PxŒA�d�.x/. Clearly P�Œ�� D �.E�/, and P� is � -finite since

P�ŒX0 2 B� D
R
E�

1Bd� D �.B/ for B 2 B.E�/. Let ExŒ.�/� and E�Œ.�/�
denote expectations (that is, integrals on �) under the measures Px and P�, re-

spectively. For .t; !/ 2 .0;1/ � � let Xt�.!/ WD lims!t; s<t Xs.!/ 2 E�,

which exists by definition [9, p. 314] of X being a Hunt process. For B � E�
and ! 2 �, we set �B.!/ WD inf¹t 2 .0;1/ j Xt.!/ 2 Bº, P�B.!/ WD
inf¹t 2 Œ0;1/ j Xt .!/ 2 Bº and O�B .!/ WD inf¹t 2 .0;1/ j Xt�.!/ 2 Bº,

which are F�-stopping times if B 2 B.E�/ by [9, Theorem A.2.3]. We call

N 2 B.E/ a properly exceptional set for X if and only if m.N/ D 0 and

Px Œ P�N ^ O�N D 1� D 1 for any x 2 E n N . By [9, Theorem 4.2.1 (ii)], every

properly exceptional set for X is E-polar, and conversely any E-polar set is in-

cluded in a Borel properly exceptional set for X by [9, Theorem 4.1.1].

Definition 3.1. (1) A family A D ¹Atºt2Œ0;1/ of Œ�1;1�-valued function on �

is called an additive functional of X if and only if At is Ft -measurable for

each t 2 Œ0;1/ and there exist a set ƒ 2 F1 and a properly exceptional set

N 2 B.E/ for X such that the following conditions (AF1) and (AF2) hold:

(AF1) Px Œƒ� D 1 for any x 2 E n N and �t.ƒ/ � ƒ for any t 2 Œ0;1/.

(AF2) For each ! 2 ƒ, t 7! At.!/ is right-continuous on Œ0;1/,

R-valued on Œ0; �.!// and has finite left limits on .0; �.!//, satisfies

A0.!/ D 0, AsCt.!/ D At.!/ C As ı �t.!/ for any s; t 2 Œ0;1/,

and if �.!/ < 1, then At.!/ D A�.!/.!/ for any t 2 Œ�.!/;1/.

We call such sets ƒ and N as above a defining set and an exceptional set,

respectively, of A.

(2) An additive functional A D ¹Atºt2Œ0;1/ of X is called positive continuous,

finite continuous or finite cadlag, respectively, if and only if we can choose

a defining set ƒ of A so that for each ! 2 ƒ, the function t 7! At.!/ on

Œ0;1/ is Œ0;1�-valued continuous, R-valued continuous, or R-valued right-

continuous with finite left limits on .0;1/, respectively. The collection of all

positive continuous additive functionals of X is denoted by AC
c .

(3) We call two additive functionals A D ¹Atºt2Œ0;1/ and B D ¹Btºt2Œ0;1/ of

X equivalent, and write A �A B , if and only if PmŒAt 6D Bt � D 0 for any

t 2 Œ0;1/.
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By [4, Lemma A.3.2 and Theorem 3.1.5], A �A B if and only if there exist a

defining set ƒ 2 F1 and an exceptional set N 2 B.E/, respectively, of both A

and B such that At.!/ D Bt.!/ for any .t; !/ 2 Œ0;1/�ƒ. Equivalent additive

functionals ofX are always identified henceforth, and any equality among additive

functionals of X will always mean the equivalence �A. Let A D ¹Atºt2Œ0;1/

be an additive functional of X with defining set ƒ 2 F1 and exceptional set

N 2 B.E/. Let ƒ0 WD ƒ\ ¹P�N ^ O�N D 1º. Then we easily see that ƒ0 is also

a defining set of A and belongs to F0. Hence by setting At j�nƒ0
WD 0, we may,

and always do, assume that every additive functional A D ¹Atºt2Œ0;1/ of X with

defining setƒ and exceptional set N satisfiesƒ � ¹P�N ^ O�N D 1º,ƒ 2 F0 and

At j�nƒ D 0 for t 2 Œ0;1/.

By [9, Theorems 5.1.3 and 5.1.4], there is a natural bijection AC
c = �A! SE ,

A 7! �A, called the Revuz correspondence; for A D ¹Atºt2Œ0;1/ 2 AC
c , �A is the

unique E-smooth measure such that for any t 2 .0;1/ and any f; � W E ! Œ0;1�

Borel measurable,

Z

E

Ex

hZ t

0

f .Xs/dAs

i
�.x/dm.x/ D

Z t

0

Z

E

ExŒ�.Xs/�f .x/d�A.x/ds: (3.1)

�A is called the Revuz measure of A 2 AC
c . For an additive functional A D

¹At ºt2Œ0;1/ of X , its energy eA.A/ is defined as eA.A/ WD limt#0.2t/�1EmŒA
2
t �

whenever the limit exists.

Definition 3.2. We define the space M of martingale additive functionals and the

space Nc of continuous additive functionals of zero energy by

M WD
´
M

ˇ̌
ˇ̌
ˇ
M D ¹Mtºt2Œ0;1/ is a finite cadlag additive functional of X

such that ExŒM
2
t � < 1 and ExŒMt � D 0 E-q.e. x 2 E for

each t 2 .0;1/

µ
;

Nc WD
´
N

ˇ̌
ˇ̌
ˇ
N D ¹Nt ºt2Œ0;1/ is a finite continuous additive functional of

X , ExŒjNt j� < 1 E-q.e. x 2 E for each t 2 .0;1/ and
eA.N / D 0

µ
:

Let M D ¹Mt ºt2Œ0;1/ 2 M. Then for E-q.e. x 2 E, M is an .F�;Px/-mar-

tingale with M0 D 0 Px-a.s. and ExŒM
2
t � < 1 for any t 2 Œ0;1/. As stated

in [9, p. 200], there exists hM i D ¹hM it ºt2Œ0;1/ 2 AC
c , unique up to the equiva-

lence �A and called the quadratic variation ofM , such that Ex ŒM
2
t � D ExŒhM it �,

t 2 Œ0;1/ for E-q.e. x 2 E. We easily see that hM i is a finite continuous additive

functional of X and that ¹M 2
t � hM itºt2Œ0;1/ is a .F�;Px/-martingale for E-q.e.

x 2 E. Letting f D � D 1 and A D hM i in (3.1) yields eA.M/ D �hM i.E/=2.

We set M
ı WD ¹M 2 M j eA.M/ < 1º.
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Let u 2 Fe. Then associated to u is a finite cadlag additive functional u.X/ �
u.X0/ of X given by u.X/ � u.X0/ WD ¹eu.Xt / � eu.X0/ºt2Œ0;1/ (on a defining

set), whose equivalence class under �A is independent of choices of an E-quasi-

continuous m-version eu of u. The Fukushima decomposition theorem [9, The-

orem 5.2.2] asserts that there exist M Œu� D ¹M Œu�
t ºt2Œ0;1/ 2 M

ı and N Œu� D
¹N Œu�

t ºt2Œ0;1/ 2 Nc , unique up to the equivalence �A, such that u.X/�u.X0/ D
M Œu� CN Œu�, or equivalently, for E-q.e. x 2 E,

eu.Xt / � eu.X0/ D M
Œu�
t CN

Œu�
t for any t 2 Œ0;1/; Px-a.s. (3.2)

Moreover, we have �hM Œu�i D �hui by [9, Theorem 5.2.3] and hence eA.u.X/ �
u.X0// D eA.M

Œu�/ D �hui.E/=2 � E.u; u/ by [9, (5.2.3)].

Before presenting the main theorem of this section (Theorem 3.6), we provide

a lemma and a proposition which concern sample path properties of additive func-

tionals of X and will be of independent interest. They assert that N Œu� can change

its value only on an E-quasi-support of �hui, or in other words only when hM Œu�i
increases, complementing [9, Theorem 5.4.1 (i) and Lemma 5.4.2 (i)].

Lemma 3.3. Let u 2 Fe and F � E be an E-quasi-support of �hui. Then for

E-q.e. x 2 E,

N
Œu�
t .!/ D 0 for any t 2 Œ0; �F .!//; Px-a.e. ! 2 �: (3.3)

Proof. SinceF is E-quasi-closed, by [4, Proof of Theorem 3.3.3 (i)] we can choose

a properly exceptional set N 2 B.E/ for X so that B WD F [ N 2 B.E/ and E

is finely closed with respect to X (see [4, 9] for details concerning fine topology).

Then B is also an E-quasi-support of �hui. Let uB.x/ WD Ex Œeu.X�B
/�, x 2 E.

By [9, Theorems 4.1.3, 4.2.1 (ii), 4.6.5 and A.2.6 (i)], uB is an B-harmonic func-

tion belonging to F
u
B , and so is u by Lemma 2.7. Thus ku�uBkE D 0 and hence

[9, Theorem 5.2.4] yields N Œu� D N ŒuB �. Now by [9, Lemma 5.4.2 (i)], for E-q.e.

x 2 E we have (3.3) with B in place of F , and the result follows since �B D �F
Px-a.s. for x 2 E n N and hence for E-q.e. x 2 E.

Proposition 3.4. Let u 2 Fe. Then for E-q.e. x 2 E,

N Œu�
s .!/ D N

Œu�
t .!/ for any s; t 2 Œ0;1/ with

hM Œu�is.!/ D hM Œu�it .!/; Px-a.e. ! 2 �:
(3.4)

Proof. Choose ƒ 2 F0 and N 2 B.E/ so that they are respectively a defining

set and an exceptional set of both N Œu� and hM Œu�i. Then under our convention,

ƒ0 WD ƒ[ ¹� D 0º is also a defining set of them (note that either ¹� D 0º � A or

¹� D 0º\A D ; for anyA 2 F1). LetR.!/ WD inf¹t 2 Œ0;1/ j hM Œu�it.!/ > 0º
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for ! 2 � and set B WD ¹x 2 E j PxŒR D 0� D 1º. B is an E-quasi-support of

the Revuz measure �hui of hM Œu�i by [9, Theorem 5.1.5]. Clearly, we can choose

F 2 B.E/ so that F � B and B n F is E-polar, and then F is also an E-quasi-

support of �hui. Since �F D �B Px-a.s. for E-q.e. x 2 E, [9, Lemma 5.1.11]

and Lemma 3.3 imply that PxŒR D �F � D 1 and (3.3) hold for any x 2 E n N0
for some properly exceptional set N0 2 B.E/ for X with N � N0. Let �(3.3)

be the event in (3.3) and �0 WD ¹R D �F º \ �(3.3) \ ƒ0, which belongs to

F1 by virtue of [6, Chapter III, 13 and 33] and satisfies Px Œ�0� D 1 for any

x 2 E n N0. For ! 2 �0, by (3.3), the definition of R.!/ .D �F .!// and the

continuity of N
Œu�
.�/ .!/ W Œ0;1/ ! R we see that N

Œu�
t .!/ D 0 for any t 2 Œ0;1/

with hM Œu�it .!/ D 0. Now we set �Œu� WD
T
t2Q\Œ0;1/ �

�1
t .�0/. Since

¹� D 0º � ƒ0 and N Œu� D hM Œu�i D 0 on ¹� D 0º, we have ¹� D 0º � �0 and

hence P�Œ�0� D 1. Therefore for x 2 E nN0, the Markov property ofX ([4, The-

orem A.1.21], [18, Exercise IV.1.9 (v)]) yields Px Œ�
�1
t .�0/� D ExŒPXt

Œ�0�� D 1

for any t 2 Œ0;1/ and hence PxŒ�
Œu�� D 1. We can verify (3.4) for ! 2 �Œu� by

using (AF2) for N Œu� and hM Œu�i, and the proof is complete.

Turning to the situation of (BC), Propositions 2.9 and 3.4 result in the next

proposition.

Proposition 3.5. Assume (BC), and for i D 1; 2 let Ai D ¹Aitºt2Œ0;1/ 2 AC
c be

the positive continuous additive functional of X with Revuz measure �i , where

�i 2 SE is as in Proposition 2.9. Suppose that .E;F / is strong local and that

�F1
_ �F2

< 1 Pm-a.s. Then there exist ƒ 2 F0 and N 2 B.E/ which are

respectively a defining set and an exceptional set of the five additive functionals

h.X/ � h.X0/, M
Œh�, A1, A2 and hM Œh�i, such that the following conditions are

valid:

(i) Let x 2 E nN . Then ExŒ.M
Œh�
t /2� D ExŒhM Œh�it � < 1 and ExŒM

Œh�
t � D 0

for any t 2 Œ0;1/.

(ii) Let ! 2 ƒ. Then �.!/ D limt!1hM Œh�it.!/ D 1, eh.X.�/.!// is Œa; b�-

valued and M
Œh�
.�/ .!/ is continuous. If s; t 2 Œ0;1/ and hM Œh�is.!/ D

hM Œh�it .!/, then M
Œh�
s .!/ D M

Œh�
t .!/ and Ais.!/ D Ait.!/, i D 1; 2.

Also,
R 1
0 1.a;b�.eh.Xs.!//dA1s .!/ D

R 1
0 1Œa;b/.eh.Xs.!//dA2s .!/ D 0 and

eh.Xt .!// � eh.X0.!// D M
Œh�
t .!/ C .b � a/.A1t .!/ � A2t .!// for any

t 2 Œ0;1/.

Note that, on account of [9, Theorem 4.6.6 (ii)], the condition �F1
_ �F2

< 1
Pm-a.s. is satisfied if .E;F / is irreducible and CapE.F1/CapE.F2/ > 0 in addi-

tion to (BC).
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The proof of Proposition 3.5 is postponed until the end of this section. Using

Proposition 3.5, we now can state and prove the main theorem of this section.

Recall that, under our convention, hM Œh�i is set to be 0 on � n ƒ in the situation

of Proposition 3.5.

Theorem 3.6. Assume (BC). Suppose that .E;F / is strong local and �F1
_�F2

<

1 Pm-a.s. Let A1; A2 2 AC
c , ƒ 2 F0 and N 2 B.E/ be as in Proposition 3.5.

Define ¹�tºt2Œ0;1/, F
h
� D ¹Fht ºt2Œ0;1/, X

h D ¹Xht ºt2Œ0;1/, B
h D ¹Bht ºt2Œ0;1/,

La D ¹Lat ºt2Œ0;1/ andLb D ¹Lbt ºt2Œ0;1/ by �t WD inf¹s 2 Œ0;1/ j hM Œh�is > tº
on � (note that �t is an F�-stopping time), Fht WD F�t

, Xht WD a on � n ƒ,

Bht D Lat D Lbt WD 0 on � nƒ and

Xht WD eh.X�t
/; Bht WD M Œh�

�t
; Lat WD .b�a/A1�t

; Lbt WD .b�a/A2�t
on ƒ:

(3.5)

Then Xh; Bh; La; Lb are R-valued F
h
�-adapted continuous processes with Xh

Œa; b�-valued, La; Lb non-decreasing and Bh0 D La0 D Lb0 D 0 on �. More-

over, .Bh;Fh�/ is a one-dimensional Brownian motion on the probability space

.�;F1;Px/ for each x 2 E n N , and for any ! 2 ƒ,

Xht .!/ D eh.X0.!//C Bht .!/C Lat .!/ � Lbt .!/; t 2 Œ0;1/; (3.6)
Z 1

0

1.a;b�.X
h
s .!//dL

a
s .!/ D

Z 1

0

1Œa;b/.X
h
s .!//dL

b
s .!/ D 0: (3.7)

In particular, for x 2 E n N , Xh is the reflecting Brownian motion on Œa; b�

started at eh.x/ with local times La at a and Lb at b, driven by the Brownian

motion .Bh;Fh�/ on .�;F1;Px/.

Proof. Note that �.�/.!/ W Œ0;1/ ! Œ0;1� is right-continuous and non-decreasing

for any ! 2 �, hence Fh� is right-continuous by [12, Problem 1.2.23]. For ! 2 ƒ,

since hM Œh�is.!/ is finite, continuous in s and tends to 1 as s ! 1, we have

�t.!/ < 1 and hM Œh�i�t.!/.!/ D t for t 2 Œ0;1/ and limt!1 �t.!/ D 1.

Therefore Xh; Bh; La; Lb can be defined by (3.5) and are R-valued F
h
�-adapted

right-continuous processes with Xh Œa; b�-valued and La; Lb non-decreasing.

Now the other assertions are immediate from Proposition 3.5 (ii) and [12, Theo-

rem 3.4.6]; (3.7) follows since we have
R 1
0 '.�s.!//dL

a
s .!/ D

R 1
0 '.s/dA1s .!/

and
R 1
0 '.�s.!//dL

b
s .!/ D

R 1
0 '.s/dA2s .!/ for ! 2 ƒ and any Borel measur-

able ' W Œ0;1/ ! Œ0;1� by Proposition 3.5 (ii) and the Dynkin class theorem

[12, Theorem 2.1.3].

We prove Proposition 3.5 in the rest of this section. The following lemma is

required.



Time changes of local Dirichlet spaces by harmonic functions 357

Lemma 3.7. (1) Let F � E be E-quasi-closed and satsify �F < 1 Pm-a.s.

If u 2 F
0
F and kukE D 0, then u D 0.

(2) Assume (BC). Suppose that �F1[F2
< 1 Pm-a.s. Then a � eh � b E-q.e.

Proof. (1) N Œu� D 0 by [9, Theorem 5.2.4], and �hui D 0, which is the Re-

vuz measure of hM Œu�i. Thus hM Œu�i D 0, hence M Œu� D 0 and it follows that

eu.Xt / D eu.X0/ for any t 2 Œ0;1/, Pm-a.s. Let B WD F \ eu�1.0/. Then since

u 2 F 0
F , F nB is E-polar and hence �B D �F < 1 Pm-a.s. The right-continuity

of eu.X.�// on a defining set of u.X/�u.X0/ yields eu.X�B
/ D 0 Pm-a.s. and there-

fore eu.X0/ D eu.X�B
/ D 0 Pm-a.s. Hence m.eu�1.0// D PmŒeu.X0/ D 0� D 0.

(2) We have h � .a _ h/ ^ b 2 F
0
F1[F2

since 1 2 Fe by the recurrence, and

kh � .a _ h/ ^ bkE D 0 by (2.9). Therefore (1) yields h D .a _ h/ ^ b, i.e.

a � h � b m-a.e. Thus the result follows.

Proof of Proposition 3.5. For E-q.e. x 2 E, Px Œ� D 1� D 1 by [9, Lemma 1.6.5

and Problem 4.5.1] and
R 1
0 1Rn¹aº.eh.Xs//dA1s D

R 1
0 1Rn¹bº.eh.Xs//dA2s D 0

Px-a.s. by �i.E n Fi/ D 0, i D 1; 2, ehjF1[F2
D a1F1

C b1F2
E-q.e. and

[9, Lemma 5.1.11 and Theorem 5.1.5]. We also have N Œh� D .b � a/.A1 � A2/

by virtue of Proposition 2.9 and [9, Theorem 5.4.2].

Note that M Œh� is a finite continuous additive functional of X by [9, Lem-

ma 5.5.1 (ii)] and the strong locality of .E;F /. Noting also Lemma 3.7 (2),

we can choose a defining set ƒ0 2 F0 and an exceptional set N0 2 B.E/ of

the five additive functionals h.X/ � h.X0/, M
Œh�, A1, A2 and hM Œh�i so that

M
Œh�
.�/ .!/ is R-valued continuous for each ! 2 ƒ0, ehjEnN0

is Œa; b�-valued and

(i) of the statement holds with N0 in place of N . Let ƒ1 be the set of ! 2 ƒ0
possessing all the properties in (ii) of the statement except limt!1hM Œh�it D 1.

Then clearly �t.ƒ1/ � ƒ1 for any t 2 Œ0;1/, and [6, Chapter III, 13 and 33]

yields ƒ1 2 F1. Moreover, Px Œƒ1� D 1 for E-q.e. x 2 E n N0 by the previous

paragraph, Proposition 3.4 and [12, p. 175, (4.18)]; note that M Œh� is a contin-

uous .F�;Px/-martingale with quadratic variation hM Œh�i for each x 2 E n N0
by (i).

We prove that PxŒlimt!1hM Œh�it D 1� D 1 for E-q.e. x 2 E n N0. The

following short proof of this fact is due to the referee. Let Z WD limt!1hM Œh�it
and f .x/ WD 1 � Ex Œe

�Z�, x 2 E n N0. (AF2) of hM Œh�i implies that Z D
hM Œh�it C Z ı �t on ƒ0 for t 2 Œ0;1/ and that f is excessive for the re-

striction X jEnN0
of X to E n N0, which is defined by [9, (A.2.23)] and is an

m-symmetric Hunt process on E n N0 by [9, Theorem A.2.8]. By the recurrence

of .E;F / and [4, Lemma 3.5.5 (i)] (note also [9, Theorem 4.2.1 (ii)]), for E-q.e.

x 2 E nN0, ExŒf .Xt /� D f .x/, i.e. ExŒ.e
hM Œh�it � 1/e�Z � D 0 for t 2 Œ0;1/
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and hence PxŒZ 2 ¹0;1º� D 1. Set � WD �eh�1.a/
_ �eh�1.b/

. On ƒ1 \ ¹Z D 0º,

M
Œh�
t D A1t D A2t D 0, hence eh.Xt / D eh.X0/ for t 2 Œ0;1/ and therefore we

get � D 1. Now since � < 1, Pm-a.s. and hence Px-a.s. for E-q.e. x 2 E
by [4, Lemma A.2.4 (ii)] and [9, Theorem A.2.7, Theorem 4.6.1 (ii) and Lem-

ma 2.1.4], it follows for E-q.e. x 2 E that PxŒZ D 0� D PxŒƒ1 \ ¹Z D 0º� D 0

and hence Px ŒZ D 1� D 1.

The proof is completed by choosing a properly exceptional set N 2 B.E/ for

X with N0 � N so that Px Œƒ1 \ ¹Z D 1º� D 1 for any x 2 E n N and setting

ƒ WD ƒ1 \ ¹Z D 1º \ ¹P�N ^ O�N D 1º.

Remark 3.8. Instead of appealing to a general result (Proposition 3.4), we could

adopt the following more direct proof of Theorem 3.6, which is due to the referee:

Since h.X/ � h.X0/ D M Œh� C .b � a/.A1 � A2/ and
R 1
0 1.a;b�.eh.Xs//dA1s DR 1

0 1Œa;b/.eh.Xs//dA2s D 0, the triple .eh.X/; .b � a/A1; .b � a/A2/ pathwisely

solves the Skorohod equation for .M Œh�;eh.X0// on Œa; b�. From this fact, similarly

to the above proof we can prove PxŒlimt!1hM Œh�it D 1� D 1 for E-q.e. x 2 E.

Moreover, since solutions for the Skorohod equation are invariant under continu-

ous reparametrization, from M
Œh�
t D BhhM Œh�it

we can conclude that .Xh; La:Lb/

is pathwisely the unique solution to the Skorohod equation for .Bh;eh.X0//
on Œa; b�.

4 Example: the harmonic Sierpinski gasket

In this section, we briefly discuss an application of Theorems 2.12 and 3.6 to

short time asymptotic analysis of the heat kernel on a fractal called the harmonic

Sierpinski gasket. Let V0 D ¹q1; q2; q3º � R
2 be the set of the three vertices

of an equilateral triangle, and for i 2 ¹1; 2; 3º DW S define Fi W R
2 ! R

2 by

Fi .x/ WD .x C qi /=2. The Sierpinski gasket (Figure 1) is defined as the unique

non-empty compact set K � R
2 that satisfies K D

S
i2S Fi.K/. As studied in

[1, 14, 20], a standard resistance form .E;F / is defined on the Sierpinski gasketK

and its resistance metric is compatible with the original (Euclidean) topology ofK.

Therefore F � C.K/, and for any finite positive Borel measurem on K with full

support, .E;F / is an irreducible recurrent strong local regular Dirichlet form on

L2.K;m/ with jointly continuous heat kernel pm D pm.t; x; y/ W .0;1/ � K �
K ! .0;1/. (See [14, Chapter 2] and [16, Part I] for basic theory of resistance

forms.) Moreover, its extended Dirichlet space is equal to F , the empty set ;
is the only E-polar set and every E-quasi-open set is open, independently of the

reference measure m. Therefore harmonic functions with respect to .E;F / are

defined as in Definition 2.6, also independently of m.



Time changes of local Dirichlet spaces by harmonic functions 359

Let h1; h2 2 F be V0-harmonic functions with h1.q1/ D h2.q1/ D 0, h1.q2/ D
h1.q3/ D 1 and h2.q2/ D �h2.q3/ D 1=

p
3, so that E.h1; h1/ D E.h2; h2/ > 0

and E.h1; h2/ D 0. By multiplying E by a constant, we assume that 2E.h1; h1/ D
2E.h2; h2/ D 1. By [13, Theorem 3.6], the continuous map ˆ W K ! R

2 defined

by ˆ.x/ WD .h1.x/; h2.x// is injective and hence a homeomorphism fromK onto

its imageKH WD ˆ.K/, which is called the harmonic Sierpinski gasket (Figure 2).

Note that then we may regard F as a linear subspace of C.KH / and hence .E;F /

as a resistance form on KH .

Kusuoka [17] and Kigami [13, 15] have studied the properties of the Dirichlet

form .E;F / using the Kusuoka measure � WD �hh1i C �hh2i as the reference

measure of the form .E;F /; note that the E-energy measures �hh1i and �hh2i
have full supports since h1 and h2 are non-constant on any non-empty open subset

ofKH by [14, Example 3.2.6]. Their results suggest that analytic properties of the

Dirichlet space .KH ; �;E;F / are closely related with the geometry of KH . For

example, for x; y 2 KH , define

dH .x; y/ WD inf
®
j
 jEuc j 
 W Œ0; 1� ! KH ; 
 is continuous;

.0/ D x; 
.1/ D y
¯
;

(4.1)

where j
 jEuc denotes the length of 
 with respect to the Euclidean metric. Then

dH is a metric on KH compatible with the original topology of KH , and Kigami

[15, Theorem 6.3] has shown that the jointly continuous heat kernel p� associ-

ated with the Dirichlet space .KH ; �;E;F / is subject to the two-sided Gaussian

bound: for .t; x; y/ 2 .0;1/ �KH �KH ,

c1

�
�
Bp

t .x; dH /
� exp

�
�c2

dH .x; y/
2

t

�

� p�.t; x; y/ � c3

�
�
Bp

t .x; dH /
� exp

�
�c4

dH .x; y/
2

t

�
;

(4.2)

where Br.x; dH / WD ¹y 2 KH j dH .x; y/ < rº and c1; c2; c3; c4 2 .0;1/.

We are interested in asymptotic behaviors of this heat kernel p�.t; x; y/ as

t # 0. Let o WD .0; 0/ D ˆ.q1/ 2 ˆ.V0/. In view of the picture of KH (Fig-

ure 2), around the point o, KH looks very much like a one-dimensional interval.

From this observation, it is natural to expect that the behavior of p�.t; o; o/ as

t # 0 will be similar to that of the transition density of Brownian motion. This is

in fact the case, as we shall see below.

First, we can prove the following theorem based on our main results and

[7, Proposition 2.9] (Corollary 2.11). Recall that p�hh1i
is the jointly continu-

ous heat kernel associated with the Dirichlet space .KH ; �hh1i;E;F / (note that

here the reference measure is �hh1i, not �).
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Figure 1. The Sierpinski gasket. Figure 2. The harmonic Sierpinski gasket.

Theorem 4.1. Let pŒ0;1� W .0;1/ � Œ0; 1� � Œ0; 1� ! .0;1/ denote the transition

density of the reflecting Brownian motion on Œ0; 1�. Then

p�hh1i
.t; o; x/ D pŒ0;1�.t; 0; h1.x//; .t; x/ 2 .0;1/ �KH : (4.3)

Note that h1 W KH ! Œ0; 1� is the projection on the real axis and that h1.o/ D 0.

The proof of Theorem 4.1 is given in the end of this section. On the other hand,

essentially as a consequence of the following estimate on the decay of the measure

�hh2i,
1

15
�ˇ �

�hh2i
�
h�1
1 .Œ0; �//

�

�hh1i
�
h�1
1 .Œ0; �//

� � 15�ˇ ; � 2 .0; 1�; (4.4)

where ˇ WD 2 log5=3 3 D 4:30132 : : : , we can verify

p�.t; o; o/ � p�hh1i
.t; o; o/ D O.t .ˇ�1/=2/ as t # 0I (4.5)

note that (4.4) reflects our observation that the shape of KH around o resembles

that of a one-dimensional interval.

Since pŒ0;1�.t; 0; 0/ D 2=
p
2�tCO.exp.�ct�1// as t # 0 for some c 2 .0;1/,

from Theorem 4.1 and (4.5) we conclude that

p�.t; o; o/ D 1p
2�t

�
2CO.tˇ=2/

�
as t # 0: (4.6)

Furthermore, we remark that the same result is true at any x 2 ˆ.V�/, where

inductively Vn WD
S
i2S Fi .Vn�1/ for n 2 N and V� WD

S
n2N Vn; there exists

�x 2 .0;1/ such that

p�.t; x; x/ D 1

�x
p
2�t

�
1CO.tˇ=2/

�
as t # 0: (4.7)
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We do not go into the details of (4.5), (4.6) and (4.7) here. The proofs of these

results, along with much more detailed information on the asymptotics of p�, will

be treated in a forthcoming paper [11] by the author.

Now we close this paper with the proof of Theorem 4.1.

Proof of Theorem 4.1. LetX1 D
�
�;M; ¹X1t ºt2Œ0;1�; ¹Pxºx2.KH /�

�
be a �hh1i-

symmetric diffusion on KH whose Dirichlet form on L2.KH ; �hh1i/ is .E;F /.

Then since the empty set ; is the only E-polar set and hM Œh1�i D ¹tºt2Œ0;1/ as

additive functionals of X1 by (3.1), Theorem 3.6 implies that ¹h1.X1t /ºt2Œ0;1/

is a reflecting Brownian motion started at h1.x/ under Px for any x 2 KH .

Let t 2 .0;1/ and x 2 KH . Then Px ŒX
1
t 2 dy� D p�hh1i

.t; x; y/d�hh1i.y/ by

[16, Theorem 10.4], and therefore by the symmetry of p�hh1i
and pŒ0;1� we have

Z

KH

p�hh1i
.t; y; x/f .h1.y//d�hh1i.y/ D ExŒf .h1.X

1
t //�

D
Z 1

0

pŒ0;1�.t; y; h1.x//f .y/dy

(4.8)

for any f 2 L2.Œ0; 1�; dy/. Note that �hh1i
�
h�1
1 .Œ0; �//

�
D � for � 2 .0; 1� by

Corollary 2.11 and that ¹h�1
1 .Œ0; �//º�2.0;1� is a fundamental system of neighbor-

hoods of o 2 KH by h�1
1 .0/ D ¹oº and [14, Theorem 3.2.14]. Therefore letting

f WD ��11Œ0;�/ in (4.8) and then � # 0 result in (4.3) by the continuity of p�hh1i

and pŒ0;1�.

Remark 4.2. We can prove (4.8) also in an analytic way by using Theorem 2.12 (2)

as follows: Let L1 be the non-positive self-adjoint operator on L2.KH ; �hh1i/ as-

sociated with .KH ; �hh1i;E;F /. By Corollary 2.11 and Theorem 2.12 (2), ¹1º [
¹
p
2 cos.n�h1/ºn2N is an orthonormal system in L2.KH ; �hh1i/ consisting of

eigenfunctions of �L1 with eigenvalues 0 and n2�2=2 respectively. Then by us-

ing this fact, we can calculate the integral
R
KH

p�hh1i
.t; y; x/f .h1.y//d�hh1i.y/

for f 2 L2.Œ0; 1�; dy/ to verify (4.8); see [11, Proof of Proposition 4.9] for details.
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rem 2.12 provides the analytic counterpart of those results in this situation.
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