Q_e“”&

;f Kobe University Repository : Kernel

R
S
4oge

PDF issue: 2025-12-05

Time changes of local Dirichlet spaces by
energy measures of harmonic functions

Kajino, Naotaka

(Citation)
Forum Mathematicum, 24(2):339-363

(Issue Date)
2012-03

(Resource Type)
journal article

(Version)
Version of Record

(URL)
https://hdl. handle. net/20.500. 14094/90003804

\j].\i\'l:lihl'['\'
AN



Forum Math. 24 (2012), 339-363 Forum Mathematicum
DOI 10.1515/FORM.2011.065 © de Gruyter 2012

Time changes of local Dirichlet spaces by
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Abstract. Given a (symmetric) recurrent local regular Dirichlet form with state space E
and an associated symmetric diffusion {X;};¢[0,00) On £, we consider a function 4 which
belongs to the extended Dirichlet space, is harmonic outside F; U F, and equal to @ on
Fi and to b on F5, where Fy, F, C E are (§-quasi-)closed sets and a,b € R, a < b.
We prove that the time change of the real-valued process {#(X;)};e[0,00) by the energy
measure [4(p) of /i is a reflecting Brownian motion on [a, b]. As an application, we also
discuss asymptotic analysis of the heat kernel on the harmonic Sierpinski gasket.

Keywords. Strong local Dirichlet spaces, time changes, harmonic functions, energy mea-
sures.
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1 Introduction

As presented in the celebrated work of Itd6 and McKean [10], any one-dimensional
diffusion can be viewed as a suitable reparametrization of one-dimensional Brown-
ian motion. Such a method of reparametrizations of stochastic processes is known
as (random) time changes. The purpose of this paper is to present a natural ex-
tension of this fact for a symmetric diffusion on a general state space subject to
certain time changes involving harmonic functions.

We illustrate our main results by treating the scale function of a one-dimensional
diffusion as a particular example. For simplicity we concentrate on the case with
reflecting boundaries. Then the state space has to be a compact interval and
therefore without loss of generality we may assume that the state space is [0, 1].
Let s : [0,1] — R be strictly increasing and continuous, and let m be a finite
Borel measure on [0, 1] with full support. Set a := s(0) and b := s(1). Follow-
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340 N. Kajino

ing [4, Section 2.2.3], we define

FS = {u e ([0, 1])

O 4 d
u—u(0) = f d—uds for some e L2([0, 1], ds)},
o ds ds

(1.1)

1
8s(u,v):=% | Z—z% s, u,veF’ (1.2)
(note that such du/ds € L?([0,1],ds) as in (1.1) is unique for each u € F°%).
Then (&%, ¥°) is an irreducible recurrent strong local regular Dirichlet form on
L?([0, 1], m) by [4, Proposition 2.2.8], and the associated m-symmetric diffusion
X5m — ({th’m},e[o,oo), {Px}xe[0,1]) has the scale function s and the speed mea-
sure m. Clearly, s € ¥ and

&5(s,v) = %(v(l) —-v(0)), veF. (1.3)

In particular, s is harmonic outside the boundary set {0, 1}; &(s,v) = O for any
v € F° with v(0) = v(l) = 0. Moreover, we see that the &%-energy measure
[(s) of s € F* is equal to ds and that for any ¢ € C*(R) and any u € F*,

1
& u.9(5) = 5 (D' B~ O @) = 5 [ ug' s (1)

Let x € [0, 1]. By the theory of one-dimensional diffusions (see for example
[19, V.46-47]), under P, we can construct a continuous local martingale M =
{M;}tef0,00) and a one-dimensional Brownian motion B = {B;};¢[0,00) On the
same sample space as that of X*, so that My = By = 0 Py-a.s. and

, b
ST = B3, =50+ Bun, o+ L, ~ Lo, o

and M; = By t €[0,00), Px-a.s.;

1

here Bla:b]1 = {Bt[a’b]}te[o,oo) is the reflecting Brownian motion started at s(x)
driven by the Brownian motion B with local times L% = {L%};c[0,00) at a and
Lt = {L?}te[o,oo) at b, i.e. (B1P1 L2 L) is the pathwisely unique triple of
R-valued continuous processes with B141 [¢, b]-valued and started at s (x), L%, L?
non-decreasing and started at 0 and such that, Py-a.s.,

B = s(x) + By + L — LY, 1 €[0.00).

1) [0.5] . 0 [@.5] b (1.6)
/0 l(a,b](Bz ’ )st =/0 l[a,b)(Bt ’ )st =0.
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(1.6) is called the Skorohod equation for the reflecting Brownian motion on [a, b]
started at s(x) driven by B. In particular, letting t; := inf{u € [0, 00) | (M), >t}
we see that

s(XE™) = BV = 5(x) + By + LY — LY, 1€[0,00), Py-as. (1.7

On the other hand, since the process N := {N; := LaM), - L?M); }1€[0,00) 1S CON-
tinuous and of bounded variation, we see that (1.5) actually gives the Fukushima
decomposition for s:

s(X;7™) —s(Xyg™) = My + N; foranyt € [0,00), Py-as. (1.8)

It follows that equality (1.7) is obtained as the time change of the Fukushima
decomposition (1.8) for s by the right-continuous inverse 7, of (M).,.

In this paper, we extend these facts to the case of certain harmonic functions
on a general recurrent strong local regular Dirichlet space. To state our main re-
sults, let £ be a locally compact separable metrizable space with one-point com-
pactification Eo = E U {A}, let m be a Radon measure on E with full support
and let X = ({Xt}/€[0,00]: {Px}xecE,) be an m-symmetric Hunt process on E
whose Dirichlet form (&, %) on L?(E,m) is regular. Let %, denote the associ-
ated extended Dirichlet space and let u denote any &-quasi-continuous m-version
of u € F,, which is unique up to &-q.e. Leta,b € R, a < b and suppose that
F1, F, C E are (§-quasi-)closed sets admitting u € %, such thata = a £-q.e. on
F and'ﬁ'f b &-q.e.on F,. Thenleth € F, be a (F; U F,)-harmonic function
satisfying i =W &-q.e. on F1 U F5, which does exist by [9, Theorem 4.6.5]. Let

(X)) = h(Xo) = MM + NI (1.9)

be the Fukushima decomposition for 4, where M hl — {M t[h]}te[O,oo) is a mar-
tingale additive functional and N (h] = {Nt[h]},e[o,oo) is a continuous additive
functional of zero energy. Note that if (§, ) is strong local, then M "] is contin-
uous by [9, Lemma 5.5.1 (ii)]. Let (M) = {(M[h]),}te[o,oo) be the quadratic
variation of M, which is a positive continuous additive functional with Revuz
measure equal to the &-energy measure (5 of i. Define op := inf{t € (0, 00) |
X; € B} for B C EA. The following is a summary of the main results of this
paper (Theorems 2.12 and 3.6).

Theorem 1.1. Assume that (&, F) is recurrent and strong local.

(1) Let ¢ € C2(R) satisfy ¢'(a) = ¢'(b) = 0. Then ¢(h) € F, and

1 —~
E,p(h)) = -5 /E'Mp”(h)du(h), u € F, N L®(E, m). (1.10)
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(2) Suppose additionally that o, Vo F, < 00 Py-a.s., where we define Pp,[()] :=
JE Px[()]ldm(x). Let 7; := inf{s € [0,00) | (MM > 1) for t € [0, 00).
Then for &-q.e. x € E, under Py, B" := {Mr[,h]}te[o,oo) is a one-dimensional
Brownian motion started at 0, and {7{()( 1)} t€[0,00) IS the reflecting Brownian
motion on [a, b] started at Z(x) driven by B", with local times L® at a and
LY atb equal respectively to the positive variation and the negative variation

h
Of{Nr[, ]}te[O,oo)~

Remark 1.2. In Theorem 1.1 it is sufficient to assume that (&, ¥) is recurrent and
local since the strong locality of (&, F) easily follows from its recurrence and
locality.

Since the positive continuous additive functional (M [h]) has the Revuz mea-
sure ¢y {h(Xe)heefo,000 B" = {ME) 1 cf0,00) and (NI} 1j0,00) are the time
change of the original processes with respect to the &-energy measure () of
the harmonic function h. By (1.10), ¢(h) € Dom(&£,,,) and $M<h>(¢(h)) =
ga”(?[)/Z for the generator £, ,, of the time change of (E,m, &, ') by [4(r), which
is the Dirichlet space associated with { X, };¢[0,00] and is analytically obtained by
replacing the reference measure m of the form (€, ¥) by w(z); see [4, Chapter 5]
and [9, Section 6.2] for general theory of time changes of Dirichlet spaces.

The original motivation for this research is asymptotic analysis of the heat ker-
nel on a fractal called the harmonic Sierpinski gasket (see Figure 2 below), which
is the image of an injective harmonic map from the usual Sierpinski gasket (Fig-
ure 1) into R? and whose heat kernel has proved to be subject to the two-sided
Gaussian bound by [15, Theorem 6.3]. At the end of this article, we briefly de-
scribe how we can determine an on-diagonal short time asymptotic behavior of
this heat kernel as an application of Theorem 1.1.

The organization of this paper is as follows. In Section 2, we first recall basics
of analytic theory of regular Dirichlet forms, then we study fundamental properties
of harmonic functions and prove Theorem 1.1 (1) (Theorem 2.12). In Section 3,
we present a few general results concerning the sample path properties of additive
functionals, then we give the precise statement of Theorem 1.1 (2) in Theorem 3.6
and prove it. Section 4 is devoted to an application of the main results to asymp-
totic analysis of the heat kernel on the harmonic Sierpinski gasket.

Notation. In this paper, we adopt the following notations and conventions.
(1) N ={1,2,3,...},ie.0 € N.

(2) We set inf@ := oo. We write a V b := max{a,b}, a A b := min{a, b},
at :=avO0anda™ := —(a A0) fora,b € [—00,00]. We use the same
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notations for (equivalence classes of) functions. All functions treated in this
paper are assumed to be R-valued or [—o0, oo]-valued.

(3) Let (E, B) be a measurable space. For a positive measure i on (E, 8), let 8#
denote the p-completion of B. A signed measure on (E, B) is by definition
an R-valued countably additive set function on 8.

(4) Let E be a topological space. The Borel o-field of E is denoted by B(E). We
set C(E):={f| f:E—R, fiscontinuous}and C.(E) :={f € C(E) |
suppg [ f]is compact}, where suppg[f] := {x € E | f(x) # 0}. Also set
I flloo := supyeg [f(x)| for /' : E — [—o0, o0].

2 Harmonic functions and their energy measures

In the first half of this section, we briefly recall basic facts from analytic theory of
regular Dirichlet forms; see [4, 8, 9, 18] for details. Throughout this section, let
E be a locally compact separable metrizable space, m be a Radon measure on £
with full support, i.e. such that m(G) > 0 for any non-empty open subset G of £
(recall that a Radon measure on E is by definition a positive Borel measure on E
for which every compact set is of finite measure), and let (&, ') be a (symmetric)
regular Dirichlet form on L?(E, m).

Let ¥, be the extended Dirichlet space associated with (§,%); u € F, if
and only if u is an (m-equivalence class of) Borel measurable R-valued func-
tion admitting {u,},en C F such that limg g0 (ug —ug, ug —uy) = 0 and
lim,— o0 Uy, = u m-a.e. We extend & to a non-negative definite symmetric bilin-
ear form on ¥, by setting & (u, u) := lim, 00 & (U, u,) with u, u, as above, so
that lim, o0 [u — Un|le = 0, where we write ||ug := €, u)"/? foru € F,.
We have ¥ = F, N L?(E,m) by [9, Theorem 1.5.2 (iii)]. By [9, Corollary 1.6.3],
p(u) € Foand E(p(u), p(u)) < &(u,u) foru € ¥, and a normal contraction @,
i.e. a function ¢ : R — R such that ¢(0) = 0 and |p(s) — ¢(¢)| < |s — ¢| for any
s,t € R. We write ¥, j 1= F. N L°°(E, m), which is an algebra under pointwise
sum and multiplication by [9, Corollary 1.6.3].

Definition 2.1. We define the 1-capacity Capg associated with (€, ) by

capg(U) :=inf{&1 (v, u) |u € F,u > 1m-ae.onU}, U C E open, (2.1)
Capg(A) := inf{capg(U) | U C E open, A C U}, ACE, (2.2)
where &1(u,v) 1= E(u,v) + [y uvdm foru,v € ¥. N C E is called &-polar

if and only if Capg (N) = 0. Moreover, let A C E and let 8(x) be a statement on
x € A. Then we say that 8 holds &-q.e. on A, or 8(x) for E-g.e. x € A, if and
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only if the set {x € A | 8(x) fails} is &-polar. When A = E, we simply say ‘S
holds &-q.e.” instead.

Clearly, Capg is an extension of capg and m(A4) < Capg(A) forany A € B(E).
By [9, Theorem A.1.2], Capg is countably subadditive.
Next we define &-quasi notions by utilizing Capg as follows.

Definition 2.2. (1) A non-decreasing sequence {Fj }ren Of closed sets in E is
called an &-nest if and only if limy_, o, Capg (K \ Fj) = 0 for any compact
subset K of E.

(2) Afunctionu : E\ N — [—00, o¢], defined outside an &-polar set N, is called
&-quasi-continuous if and only if there exists an &-nest {Fj }ren such that
Uken Fx C E \ N and u|F, is R-valued continuous for each k € N.

(3) A subset Eg of E is called &-quasi-open (resp. €-quasi-closed) if and only
if there exists an &-nest {Fy }ren such that Eg N Fy is open (resp. closed)
in Fy, for each k € N, with Fj equipped with the relative topology inherited
from E.

Given an &-nest { Fi}ren, E \ Uren Fr is an &-polar set. If we set Eq :=
Eo N Ugen Fk in the situation of (3) above, then E; € B(E), E; is &-quasi-
open (resp. &-quasi-closed) and Eg \ E; is &-polar. A [—o0, oo]-valued function
u defined &-q.e. is &-quasi-continuous if and only if v is R-valued &-qg.e. and
u~1(I) is &-quasi-open for any open subset / of R. If u is &-quasi-continuous,
then u > 0 m-a.e. if and only if ¥ > 0 &-q.e. by [9, Lemma 2.1.4], and u
admits a Borel measurable &-quasi-continuous function v : £ — R such that
u = v &-q.e. By [9, Theorem 2.1.7], for any u € ¥, there exists an &-quasi-
continuous function v such that ¥ = v m-a.e., and such v is called an &-quasi-
countinuous m-version of u, which is unique up to €-q.e. For u € %, letw denote
any &-quasi-countinuous m-version of u.

Definition 2.3. Let u be a positive Borel measure on E charging no &-polar set,
i.e. u(N) = Oforany E-polar N € B(E). (Note that then every & -polar, &-quasi-
open or &-quasi-closed set belongs to B(E)* and that every &-quasi-continuous
function defined &-q.e. is B(E)*-measurable.)

(1) wis called an &-smooth measure if and only if (Fy) < oo for any k € N for
some &-nest {Fy }ren. The collection of all &-smooth measures is denoted
by S€.

(2) Fy C E is called an &-quasi-support of u if and only if it is &-quasi-closed,
W(E\ Fy) = 0and F,, \ F is &-polar for any &-quasi-closed set /¥ C E with
W(E\ F)=0.
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If £ € S€ and {Fg}ren is an E-nest for u as in Definition 2.3 (1), then we
have L(E \ Ugen Fx) = 0 and hence p is o-finite. Any Radon measure on E
charging no &-polar set belongs to S€; it suffices to consider Fy := Gy, where
{Gr}ren is a non-decreasing sequence of relatively compact open subsets of E
with Ugen Gr = E. By [9, Theorem 4.6.3], every u € S€ admits an &-quasi-
support I, € B(E).

Associated with u € F, 3 is the &-energy measure ju(y,); by [9, Theorem 5.2.3]
we have

/E Fdup = 26fiu) — €GP f). u. f € Fup, 23)

where, for each u € ff”“e,b, M) (€ S€ by [9, Lemma 3.2.4]) is defined as the
unique positive Borel measure on E satisfying (2.3) forany f € ¥ N Cc(E) with

f in place of f in the integrand. For u € ¥, p, [2, Proposition 1.4.1.1] implies
that () (E) < 2&(u,u) and that

M(p(u)) < M) for any normal contraction ¢. 2.4

Also for u,v € ¥, p, we define a Borel signed measure [ty ) on E by iy, ) :=
(M (u+v) — M(u—v))/4. Equation (2.3) yields

/ Fditpuny = EWf.v) + E@fiu) — E@v. f). v, f € Fop.  (25)
E

and hence ¥, X Fop > (U,V) > [L(y,y) is bilinear and symmetric. There-
fore we easily see that for any u,v € ¥, j and any bounded Borel measurable
f i E —[0,00),

2
[/ fd//«(u,v)i| S/ fdu(m/ fdp ). (2.6)
E E E

1/2 1/2
‘[f fdlt(m] —[/ fdu<v)]
E E

Then by a limiting procedure using (2.4), (2.7) and [9, Corollary 1.6.3], for any
u,v € ¥, we can uniquely define a finite &-smooth measure 14(y) and [y ) 1=
(M (utv) = Miu—v))/4 so that 1) (E) < 28(u,u) and Fe X Fe > (1, V) = [h(y,v)
is bilinear and symmetric. Again we get (2.6) and (2.7) in the same way, and we
can also verify (2.4) by using the Banach—Saks theorem (see [4, Theorem A.4.1]
or [18, Theorem A.2.2]). It is immediate by (2.6) and (2.7) that [L(y, v) = K(u,,v)
for uy,uz,v € F, with |lu; —uzllg = 0. Moreover, if (&, ) is strong local,
then we have the following chain rule for (., which often plays essential roles in
analysis of strong local Dirichlet forms.

2
s/Efdmu_v) <201 lloollu — o3
2.7)
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Lemma 2.4 ([9, Theorem 3.2.2]). Let n € N, uy,...,u, € Fe and let ¢ =
@(x1,...,xp) € CLR™) satisfy ¢(0) = 0. Suppose either that uy, . .. u, € Fed
or that ¢ /0x; is bounded on R" foranyi € {1,...,n}. Then p(uy,...,u,) € Fe.
Moreover, if in addition (&, ) is strong local, then for any v € ¥,

n
ap _
dﬂ((p(ul,...,un),v) = E 8)6,'_(7/71’ cees un)dﬂ(u,',v)- (2.8)
i=1

Remark 2.5. [2, Proposition 1.4.1.1] and [9, Theorems 3.2.2 and 5.2.3] are stated
mainly for functions in ¥ N L°°(E, m) or ¥ and not necessarily for those in % j,
or F., but we easily see that they are valid for functions in %, in the following
manner:

[2, Proposition 1.4.1.1] can be easily extended to functions in ¥, j, by using
the Banach—Saks theorem. For the other two theorems, choose n € L!(E,m) N
L>®(E,m) so that n > 0 m-ae., and set F"7 := F, N L%(E,n - m), where
(n-m)(A) := [,ndm for A € B(E). Then by [9, Theorem 6.2.1], (§, %)
is a regular Dirichlet form on L?(E,n - m), and by [9, Theorem 3.1.2, Prob-
lems 3.1.1 and 1.4.1] it is strong local if (&, %) is. By [9, Corollary 4.6.1 and
the argument before Lemma 6.2.9], the notion of &-nest and the &-quasi notions
with respect to (€, ") (on L?(E,n - m)) coincide with those with respect to
(8, %) (on L?(E,m)). Moreover, F7 N L>®(E,n-m) = Fep, and for any
ui,...,u, € F, we can choose 1 as above so that u; € L?(E,n - m) and hence
u; € FMfori € {1,...,n}. Now [9, Theorems 3.2.2 and 5.2.3] applied to func-
tions in ¥ N L*®(E,n-m) or F" yield the desired assertions for functions in
Fepor Fe.

We now start our study of harmonic functions and their &-energy measures.
First, we give the definition of harmonic functions.

Definition 2.6. Let ' C E be &-quasi-closed and set F¢f := {v € F. | V=1
&-q.e.on F}foru € ¥,. Wecall h € ¥, F-harmonic if and only if

&(h,h) = inf{E(v,v) |v e ?Ié’} or equivalently, &(h,v) =0, Yv e 3719.
(2.9)

Let F C E be &-quasi-closed. The equivalence of the two conditions in (2.9)
for h € %, is obvious. Letu € F,. Then by [9, Theorems 4.1.3, 4.2.1 (ii), 4.6.5
and A.2.6 (1)], there exists an F-harmonic function 7 € ¥ 1’,‘ (2.9) implies that, if
hi,hy € Fg are F-harmonic, then [[h; — hz|lg = 0 and hence p(p,) = i(n,)-
Also by (2.9), if h € ¥4 is F-harmonic and ¢ is a normal contraction such that
@) =u &-q.e.on F, then ¢(h) is also an F-harmonic function belonging to F 4.
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The following lemma will be used in the proof of Lemma 3.3.

Lemma 2.7. Let u € F,. If F C E is an &-quasi-support of [L), then u is
F -harmonic.

Proof. Letv € $2,¢ € Nandsetuy := (—0)V(uAl)and vy := (=€) vV (v A D).
Letn € N, n > 2. Then (2.5) yields 2€ (ug,ve") = [ Ugdpipy, -1y +
[z (ﬁ)"‘ldu(w,w) = 0, where the latter equality follows by ) (E \ F) = 0,
(2.4) and (2.6).

Next let ¢ € C2(R) satisfy ¢(0) = ¢’(0) = 0. Then ¢(vy) € F. by Lem-
ma 2.4. By approximating ¢” uniformly on [—£, £] by polynomials, we see that
there exists a sequence of polynomials {¢,},eN such that ¢,(0) = ¢, (0) = 0
and sup,.e[—g,¢] le) (x) —¢'(x)] — 0 as n — oo. The argument in the previous
paragraph yields & (uy, ¢, (vg)) = 0, and letting n — oo results in & (uy, p(vy)) =
0 since limy o0 [l@n (v¢) — @(ve)lle = 0by [9, (3.2.27)].

Finally, choose f € C!(R)sothat0 < f < 1, f(0) = 0 and f(x) = 1
for |x| > 1, and set ¥, (x) = fox f(ny)dy. Then ¥, € C?(R) and v, (0) =

;(0) = 0. Similarly to [9, Corollary 1.6.3] we get lim, oo [|[vg — ¥ (ve)|le =0
and hence & (uy, vy) = limy— o0 & Uy, ¥y (vg)) = 0. Now letting £ — oo yields
&(u,v) = 0by [9, Corollary 1.6.3]. Thus u is F-harmonic. |

Given an &-quasi-closed set F C E and u € ¥,, an F-harmonic function
h € ¥4 may not be unique since (&, F) is not assumed to be irreducible. Never-
theless we still have a kind of equivalence between F-harmonic functions belong-
ing to ¥ as follows.

Lemma 2.8. Let F' C E be &-quasi-closed, u € ¥, and hy,hy € ¢ be F-har-
monic. Then

(D }’1\1 = }’lz K(h,)-a.e. (Recall that Kihy) = V«(hz)-)

(2) Let ¢ € C1(R) satisfy (0) = 0. Suppose either that hy € F,  or that ¢’ is
bounded on R. Then ¢(hy), ¢(hy) € F, and ||p(h1) — ¢(h2)|le = 0.

Proof. (1)Let f :=|h1 —hz| A 1. Then f € ?19 and || f|le < ||h1 — h2]le = 0.
Let £ € N and g; := (=€) v (hy A £). (2.3) implies that [, ?du(gd =
26(ge frg0) — 8(g§,f) = 28(gyf.ge). [4, Exercise 1.1.10] together with
[flle =0 yields llg¢ flle = I fllLoeemligele = lhille- €(gefih1) = 0
by (2.9), and then 0 < [ fdu(e,) = 28(gef.8¢ —h1) < |hillellge — hile-
Since limy_, o [|g¢ — h1lle = 0 by [9, Corollary 1.6.3], letting £ — oo and (2.7)
lead to [ fdjign,y = 0, which yields the assertion since f = |[h; —ha| A1 E-qee.
and hence ju(,)-a.e.
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(2) First suppose either that i1, hy € %, j or that ¢ is bounded. Then for some

e CY(R) and ¢ € (0,00), ¢y is a normal contraction and ¢(h;) = ¥ (h;)
m-a.e.fori = 1,2. Thus ¢(h;) € ¥, and CZM(w(h,-)) < W) fori = 1,2, in view
of (2.4). Let Fyp be an &-quasi-support of (). Then (1) and [9, Theorem 4.6.2]
imply that f; = l;; &-q.e. on Fp, and hence ga(f;) = ga(ﬁ;) &-q.e. on Fy. Since
Fo is &-quasi-closed and p(,(4,))(E \ Fo) = 0 fori = 1,2, Lemma 2.7 yields
E(p(h1). o(h1)) = E(@(h2).¢(h2)) = &(p(h1), (h2)), from which it is imme-
diate that [[¢(h1) — ¢(h2)lle = 0.

Next suppose only that hy € F, ;. Let £ € N satisfy £ > |hallpoo(E,m)
and let g, be as in (1). Then since |}’z\1| = [u] = |f72| <{&-qe.onF, ggis
also an F-harmonic function belonging to ¥ and hence ¢(g¢). ¢(h2) € Fe and
llo(ge) — ¢(h2)|le = 0 by the previous paragraph. Since limy—, o ¢(g¢) = @(h1)
m-a.e. and [|o(gx) — ¢(g¢)lle = 0 for k, £ > ||h2| Lo (£ m), an argument similar
to [4, Proof of Lemma 1.1.12] shows ¢(h1) € Fe and ||@(h1) — ¢(g¢)|le = 0 for
€ = |h2llLoe(E ,m)- Thus we obtain ||¢(h1) — ¢(h2)|e = 0. O

In the main results of this paper, we put the following assumption (BC):

(&, F)isrecurrent,ie. 1 € F, and &(1,1) = 0. Fy, F> C E are &-quasi-
closed and admit u € %, such thatu = 0 §-q.e. on F; andu = 1 &-q.e.
on Fr. a,b € R,a <bandh € F4b is (F1 U F3)-harmonic, where

Fst .= ?;:Jg_s)“ fors,t € R.

In the situation of (BC), F; N F; is &-polar and there does exist an (F; U F»)-
harmonic function 4 € F%?. Suchu € %, as in (BC) exists if F1 N F>, = @ and
if either F7 is closed and F, is compact or vice versa, since (&, ') is regular and
1€ %,.

The following proposition is due to Fitzsimmons [7].

(BC)

Proposition 2.9 ([7, (2.7)]). Assume (BC). Then there exists a unique Borel signed
measure A on E charging no &-polar set such that

gh,v) = —(b — a)/ TdA, veF,p, (2.10)
E

and A is independent of particular choices of a,b and h. Moreover, let A1(A) 1=
MAN\ F2) and Aa(A) == —A(A\ Fy) for A € B(E). Then A1, A, € S€,
A=A =42, M(E\ F1) = 22(E\ F2) = 0and A1(F1) = A2(F2) = (b —
a)~2&(h, h).

Note that, if A is a Borel signed measure on E charging no &-polar set, then

50 is its total variation |A| and hence [ VdA for v € ¥, and A(4 \ F;) for
A e B(E),i = 1,2 are defined.
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The proof of Proposition 2.9 given by Fitzsimmons [7, (2.7)] is based on its
probabilistic counterpart shown in [3, Proof of Theorem 3.2]. We give an alterna-
tive analytic proof here.

Proof. Lethg,; € F%! be (F; U F»)-harmonic. Then al + (b — a)ho,1 (€ Fab)
is also (F; U F»)-harmonic and hence ||(b — a)ho,1 — hllg = 0 by (2.9). Thus
&(h,v) = (b —a)&(ho,1,v) for v € F, and therefore it suffices to show the
assertions for hg,; instead of h. Since ||ho,1 — (0 V ho,1) A 1]lg = 0 by (2.9),
we may assume 0 < hg; < 1 m-ae. Let hjo := 1 —ho, and v € F,p.

Choose (F1 U F»)-harmonic functions ug,1 € . }’1”3;2 anduq o € ¥ ];]’3122 so that

luo,1] V lur,0l < ||vllzoo(E,m) m-a.e. Equation (2.9) yields & (ho,1.u1,0h0,1) =
&(h1,0,u0,1h1,0) = 0 and therefore by (2.3) and (2.9),

&(ho,1,v) = E(ho,1,vh1,0) + E(A — h1,0,Vho,1)
= &(ho,1,u1,0) — E(h1,0,u0,1)
= —(26(ho,1.u1,0h0,1) — &((ho.1)?, u1,0))
+ (28 (h1,0.u0,171,0) — E((h1,0)*.U0,1))

= —/ Ur0d/ (h,1) +f 0,141y g)- (2.11)
E E

It follows from (2.11) that [E(ho,1,v)| =< 4||v|Lec(E,m)E (ho,1,ho,1) for any
v € F¢p. Then [8, Theorem 4.2] and a time change argument as in Remark 2.5
imply the existence of a Borel signed measure A on E charging no &-polar set and
satisfying (2.10).

Let G C E be &-quasi-open. By [9, Lemma 4.6.1] we can choose ug € ?E\G
so that g > 0 &-q.e. on G. Let up := (0 vV kug) A 1 for k € N. Then
we have uj € ‘7712\6 and limy _, o, Uy = 1g &-q.c. Now equation (2.10) yields
MG) = limg_, o [ UgdA = —limg_,o &(ho,1.1ug). Therefore the values of
A for &-quasi-open sets are uniquely determined by the property (2.10), and the
Dynkin class theorem [12, Theorem 2.1.3] implies the uniqueness of A.

Next we prove that A; € S€. Let A, = Ai" — A} be the Hahn decomposition
of Ay. It suffices to show that A is a positive measure, i.e. A7 = 0. Since
Alg(F,) = 0, we can choose L € B(E \ F2) so that AT(L) =A(E\L) =
0. Let K C L be a closed subset of E. Since E \ F and E \ (F> U K) are
&-quasi-open, by the previous paragraph there exist {Ug }xeN, {Vk }keny C F. 192
such that |ug| Vv |vg| < 1 m-ae. for k € N, limg_, 4y = 1g\F, €-q.e. and
limy_, o Ux = 1g\(F,uk) €-q.e. Then we easily see from (2.10) and (2.11) that
[k — 0)TdAr = —&(ho1, (ug — vk)™) > 0, and letting & — oo yields
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0 < AM(K) = A1(K) = =A7(K),ie. A7 (K) = 0. Now A7 (L) = sup{A] (K) |
K C L, Kisclosedin E} = 0 by [5, Theorem 7.1.3] and hence kl_ = 0. In
exactly the same way we have A, € S€, and in particular 1| B(E\(FiUF)) = 0.
Therefore A = A1 —Az and A1 (E\ F1) = A2(E \ F>) = 0. Finally, letting v := 1
and v ;= h(),l in (2.10) yields A](F]) = )Lz(Fz) = 8(}10,1,}10,1). O

Remark 2.10. The boundary value h = {Z 22 I;; &-q.e. is essential in Proposi-
tion 2.9. In fact, for general u € ¥, and an &-quasi-closed set FF C E, there
may not exist such a Borel signed measure A on E as in (2.10) even if h € ¥4 is

F -harmonic.

A simple application of Lemma 2.4 and Proposition 2.9 yields the following
fact due to Fitzsimmons [7], which is used in Section 4. See [7, Proposition 2.9]
for a proof. Note that, if u € Fe, then by upy € S € we can regard U as a
measurable map U : (E, B(E)Hw, p,<u)) — (R, 8(R)), and therefore the image
measure [ (y) o ! on (R, B(R)) is defined.

Corollary 2.11 ([7, Proposition 2.9]). Assume (BC) and that (&, ) is strong lo-
cal. Let dy denote the Lebesgue measure on (R, 8(R)). Then

~ . 28(hh)
Bt =2
Hiny © b—a

Now we can state and prove the main theorem of this section, which is in fact
an easy consequence of the strong locality, Lemmas 2.4, 2.8 and Proposition 2.9.
Note that iy ) (E) = 26 (u,v) for u,v € Fe if (&, F) is recurrent, which fol-
lows by (2.3). Recall that ¢(h) € F, for any ¢ € C!(R) in the situation of (BC)
by Lemma 2.8 and 1 € F.

1g.pdy. (2.12)

Theorem 2.12. Assume (BC) and that (&, ¥) is strong local.
(1) Setk :=2(b —a)~'&(h, h). Then for any ¢, € C1(R),
b

8. vt =5 [ 0w 0y, @13)

a

(2) Letgp € C*(R) and u € Fep. Then

E(u,p(h)) = (b—a)(go’(b)/ T[dkz—go’(a)/ Tid/ll)
2 F (2.14)

1 ~ ~
-3 | 7 Brun
E
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Proof. (1) Since we may assume that 2 € %, ; by Lemma 2.8, it follows from
Lemma 2.4 and (2.12) that for ¢, ¥ € C(R),

28(p(h), ¥ (h) = o),y k) (E)

- /E o v By

—«f W )y,
(2) Using (2.5), Lemma 2.4 and Proposition 2.9, we have
28 (u, p(h)) = iu,em) (E)
= /E @' (W) d .y

= &(ug'(h). h) + E(hg'(h),u) — & (uh, ¢’ (h))
= 28(¢' (. h) — (E(hu,¢'(h) + (@' (Wu. h) — & (h¢' (h),u))

=-2(b—-a) / ¢ (hyid A — / Udpiip,g ()
E E
=2(b—a)(<p/(b)f HdAs —¢'(a) ﬁdxl)
F2 Fl

- / o My,
E

proving (2.14). o

3 Reflecting Brownian motion arising from time change by u ()

Throughout this section, we follow the notations introduced in the previous sec-
tion. The main purpose of this section is to give the precise statement of Theo-
rem 1.1 (2) in Theorem 3.6 and to prove it. In the first part of this section, we recall
basics on the m-symmetric Hunt process corresponding to (&, ¥) and its additive
functionals. See [4, 9] for details. Let Eo := E U {A} denote the one-point
compactification of E. In what follows, the measure m is extended to B(Ea) by
setting m({A}) := 0, and a [—00, oo]-valued function f defined (§-q.e.) on E is
always set to be 0 at A when needed; f(A) := 0.

We fix an m-symmetric Hunt process X = (.M, {X:}se[0,00]: {Px}xcEn)
on E with life time { and shift operators {6;};c[0,00) Whose Dirichlet form
on L2(E,m) is (6,%). Such X does exist by [9, Theorem 7.2.1]. Let Fx =
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1Tt} tef0,00) bE the minimum completed admissible filtration as in [9, p. 311],
which is right-continuous by [9, Theorem A.2.1]. For each o-finite positive
Borel measure ;4 on EA and A € Fo, the function EAo 2 x +— Py[A] is
B(Ea)*-measurable, and associated with p is a measure P, on (2, Foo) given by
P,[A4] := -/EA P.[A]du(x). Clearly P,[Q2] = u(Ea), and P, is o-finite since
P,[Xo € B] = fEA 1pdp = w(B) for B € B(EA). Let Ex[(-)] and E,[()]
denote expectations (that is, integrals on €2) under the measures P, and P, re-
spectively. For (1,w) € (0,00) x Q let X;—(®) := limg— s<; Xs(w) € E,
which exists by definition [9, p. 314] of X being a Hunt process. For B C Ea
and w € Q, we set og(w) = inf{t € (0,00) | X¢(w) € B}, op(w) :=
inf{t € [0,00) | X¢(w) € B} and 6p(w) := inf{t € (0,00) | X;—(w) € B},
which are Fy-stopping times if B € B(EA) by [9, Theorem A.2.3]. We call
N € B(E) a properly exceptional set for X if and only if m(N) = 0 and
P.[6y Aoy =oo] =1 forany x € E \ N. By [9, Theorem 4.2.1 (ii)], every
properly exceptional set for X is &-polar, and conversely any &-polar set is in-
cluded in a Borel properly exceptional set for X by [9, Theorem 4.1.1].

Definition 3.1. (1) A family A = {A;};¢[0,00) Of [-00, 00]-valued function on 2
is called an additive functional of X if and only if A; is F;-measurable for
each ¢ € [0, 00) and there exist a set A € Fo, and a properly exceptional set
N € B(FE) for X such that the following conditions (AF1) and (AF2) hold:

(AF1) Py[A] = lforany x € E\ N and 6;(A) C A forany ¢ € [0, 00).

(AF2) For each w € A, t +— A;(w) is right-continuous on [0, c0),
R-valued on [0, {(w)) and has finite left limits on (0, {(w)), satisfies
Ap(w) =0, As4¢(w) = As(@) + As 0 B¢ (w) for any s,t € [0, 00),
and if {(w) < oo, then A;(w) = A¢(y)(w) for any ¢ € [{(w), 00).

We call such sets A and N as above a defining set and an exceptional set,
respectively, of A.

(2) An additive functional A = {4;};¢[0,00) Of X is called positive continuous,
finite continuous or finite cadlag, respectively, if and only if we can choose
a defining set A of A so that for each @ € A, the function ¢ — A;(w) on
[0, 00) is [0, co]-valued continuous, R-valued continuous, or R-valued right-
continuous with finite left limits on (0, 00), respectively. The collection of all
positive continuous additive functionals of X is denoted by Aj’.

(3) We call two additive functionals A = {A;};¢[0,00) and B = {B};c[0,00) Of
X equivalent, and write A ~A B, if and only if P,,[A; # B;] = 0 for any
t €[0,00).



Time changes of local Dirichlet spaces by harmonic functions 353

By [4, Lemma A.3.2 and Theorem 3.1.5], A ~o B if and only if there exist a
defining set A € Fo and an exceptional set N € B(E), respectively, of both A
and B such that A;(w) = B(w) for any (¢, w) € [0, 00) x A. Equivalent additive
functionals of X are always identified henceforth, and any equality among additive
functionals of X will always mean the equivalence ~z. Let A = {A;}s¢[0,00)
be an additive functional of X with defining set A € Fo and exceptional set
N € B(E). Let Ag := AN {dny AGnN = oco}. Then we easily see that Ay is also
a defining set of 4 and belongs to Fo. Hence by setting 4|q\a, := 0, we may,
and always do, assume that every additive functional A = {A¢}tefo,00) of X with
defining set A and exceptional set N satisfies A C {6y Aoy = oo}, A € Fy and
At|SZ\A = 0fort € [0,0).

By [9, Theorems 5.1.3 and 5.1.4], there is a natural bijection A}/ ~s— SE€,
A+ pg, called the Revuz correspondence; for A = {A;}1¢[0,00) € AT, ju4 is the
unique &-smooth measure such that for any ¢ € (0,00) and any f,n : E — [0, c0]
Borel measurable,

L[ soxanJuanco = [ [ B0 sedeawas. @

pa is called the Revuz measure of A € AY. For an additive functional A =
1At} 1ef0,00) Of X, its energy es(A) is defined as ex(A4) := limt¢0(2t)_1Em [42]
whenever the limit exists.

Definition 3.2. We define the space M of martingale additive functionals and the
space N, of continuous additive functionals of zero energy by

such that Ex[M?] < oo and Ex[M;] = 0 &-q.e. x € E for
eacht € (0, 00)

N = {Nt}tef0,00) 1s a finite continuous additive functional of}

{ M = {M;}c[0,00) is a finite cadlag additive functional of X }
:A’( = M )

X, Ex[|N¢|]] < 00 &-qe. x € E foreacht € (0,00) and

Ne 1= {N
eA(N) =0

Let M = {M;}:c[0,00) € M. Then for €-q.e. x € E, M is an (Fx, Py)-mar-
tingale with My = 0 Py-a.s. and Ex[M?] < oo for any ¢ € [0,00). As stated
in [9, p. 200], there exists (M) = {{M):}e[0,00) € AZ, unique up to the equiva-
lence ~ and called the quadratic variation of M , such that Ex[M?] = Ex[(M),],
t € [0,00) for §-q.e. x € E. We easily see that (M) is a finite continuous additive
functional of X and that {M? — (M)} 1€[0,00) 18 a (Fx, Px)-martingale for &-q.e.
x € E. Letting f =n=1and A = (M) in (3.1) yields ex(M) = pp)(E)/2.
We set M° :={M € M | ex(M) < oo}.
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Letu € %,. Then associated to u is a finite cadlag additive functional u(X) —
u(Xo) of X given by u(X) —u(Xo) := {u(X;) —u(Xo)}se[0,00) (on a defining
set), whose equivalence class under ~4 is independent of choices of an &-quasi-
continuous m-version u of u. The Fukushima decomposition theorem [9, The-
orem 5.2.2] asserts that there exist MM = {Mt[u]}te[o,oo) € M°and N =
{Nt[u]}te[o,oo) € N, unique up to the equivalence ~4, such that u(X) —u(Xo) =
M NIl op equivalently, for &-q.e. x € E,

WX,) —T(Xo) = MM + N forany 1 € [0,00), Pr-as.  (3.2)

Moreover, we have j a0y = f(y) by [9, Theorem 5.2.3] and hence ea (u(X) —
u(Xo)) = ea(MM) = 11,y (E)/2 < &(u,u) by [9, (5.2.3)].

Before presenting the main theorem of this section (Theorem 3.6), we provide
a lemma and a proposition which concern sample path properties of additive func-
tionals of X and will be of independent interest. They assert that N (] can change
its value only on an &-quasi-support of (i), or in other words only when (M [“])
increases, complementing [9, Theorem 5.4.1 (i) and Lemma 5.4.2 (i)].

Lemma 3.3. Let u € ¥, and F C E be an &-quasi-support of (). Then for
E-qe x € E,

N w) =0 foranyt €[0,0F (®)). Py-ae. w € Q. (3.3)

Proof. Since F is &-quasi-closed, by [4, Proof of Theorem 3.3.3 (i)] we can choose
a properly exceptional set N € B(E) for X sothat B:= FUN € B(E) and E
is finely closed with respect to X (see [4, 9] for details concerning fine topology).
Then B is also an &-quasi-support of ji(,). Let up(x) := Ex[i(Xop)], x € E.
By [9, Theorems 4.1.3, 4.2.1 (ii), 4.6.5 and A.2.6 ()], up is an B-harmonic func-
tion belonging to ¥, and so is u by Lemma 2.7. Thus [[u —up|l¢ = 0 and hence
[9, Theorem 5.2.4] yields N = N[#8] Now by [9, Lemma 5.4.2 (i)], for &-q.e.
x € E we have (3.3) with B in place of F, and the result follows since op = o
Py-a.s. for x € E \ N and hence for §-q.e. x € E. o

Proposition 3.4. Let u € F,. Then for &E-g.e. x € E,
N (w) = NM(w) for any .1 € [0, 00) with
(M) (0) = (MM) (), Prae o e Q.

Proof. Choose A € Fp and N € B(FE) so that they are respectively a defining
set and an exceptional set of both N and (M), Then under our convention,
Ag := A U{{ = 0} is also a defining set of them (note that either {{ = 0} C A or
{ =0}NA =@ forany A € Foo). Let R(w) := inf{r € [0, 00) | (M), (w) > 0}

(34)
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forw € Q and set B := {x € E | Px[R = 0] = 1}. B is an &-quasi-support of
the Revuz measure i (y) of (M [ by [9, Theorem 5.1.5]. Clearly, we can choose
F e B(E)sothat F C B and B\ F is &-polar, and then F is also an &-quasi-
support of i,y. Since o = op Pyx-as. for &-q.e. x € E, [9, Lemma 5.1.11]
and Lemma 3.3 imply that Px[R = or] = 1 and (3.3) hold for any x € E \ Ny
for some properly exceptional set No € B(E) for X with N C Np. Let Q33
be the event in (3.3) and Q¢ = {R = of} N Q@33 N Ag, which belongs to
Foo by virtue of [6, Chapter III, 13 and 33] and satisfies Py [Q2¢] = 1 for any
x € E\ Ny. For w € Q¢, by (3.3), the definition of R(w) (= oF(w)) and the
continuity of N([) ](a)) [0,00) — R we see that N[u (w)=0 for any t €[0,00)
with (M), (w) = 0. Now we set QM := MNiconfo.oo) 1 (R0). Since
{ =0} C Ag and N = (M) = 0 on {¢ = 0}, we have {é‘ =0} C Qp and
hence PA[Q2¢9] = 1. Therefore for x € E\ Ny, the Markov property of X ([4, The-
orem A.1.21], [18, Exercise IV.1.9 (v)]) yields Px [0, 1(S20)] = Ex[Px,[Q0]] = 1
for any ¢ € [0, 00) and hence P [Q] = 1. We can verify (3.4) for w € Q[ by
using (AF2) for N and (M 1), and the proof is complete. o

Turning to the situation of (BC), Propositions 2.9 and 3.4 result in the next
proposition.

Proposition 3.5. Assume (BC), and fori = 1,2 let A" = {Al};c[0.00) € AL be
the positive continuous additive functional of X with Revuz measure \;, where
Ai € S€ is as in Proposition 2.9. Suppose that (§,F) is strong local and that
oF, V OFp, < 00 Py-a.s. Then there exist A € Fo and N € B(E) which are
respectively a defining set and an exceptional set of the five additive functionals
h(X) — h(Xo), MM A, A2 and (MM, such that the following conditions are
valid:

(i) Let x € E\ N. Then Ex[(M™)2] = E.[(M™),] < 0o and Ex[M™] = 0
foranyt € [0, 00).

(ii) Let o € A. Then t(w) = limym oo (M), (0) = 0o, (X, (w)) is [a,b]-
valued and M([i'] (w) is continuous. If s,t € [0,00) and (M[h])s(a)) =
(M), (@), then M () = M () and i) = Alw), i = 1,2
Also, fo l(a b](h(Xs(a)))dA (a)) fo 1, b)(h(Xs(w))dAz(a)) =0 and
h(X( (@) — h(Xo(w)) = M[ (@) + (b — a)(A} (@) — A7(®)) for any
t € [0, 00).

Note that, on account of [9, Theorem 4.6.6 (ii)], the condition of, V 0f, < 00
P,-as. is satisfied if (&, F) is irreducible and Capg (£F1) Capg (F2) > 0 in addi-
tion to (BC).
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The proof of Proposition 3.5 is postponed until the end of this section. Using
Proposition 3.5, we now can state and prove the main theorem of this section.
Recall that, under our convention, (M 1) is set to be 0 on € \ A in the situation
of Proposition 3.5.

Theorem 3.6. Assume (BC). Suppose that (€., F') is strong local and o, vV oF, <
00 Pyy-a.s. Let Al A2 A, A € Foand N € B(E) be as in Proposition 3.5.
Deﬁne {Tt}te[o oo)r {ff }te[o 00)» Xh {Xth}te[o,oo): Bh = {Bth}te[o,oo)r

= {L{}1€00,00) and LD = (L brel0,00) by 0 = inf{s € [0,00) | (MM) > 1}
on Q (note that t; is an F«-stopping time), 3"? = Jq, Xth = aon Q\ A
Bl =1%=L%:=00nQ\ A and

XP=h(X.). BF=M" L%:=@®-a)Al, LY:=(b-a)A% onA.

(3.5)
Then X h, Bh, L4, LY are R-valued ?ﬁ-adapted continuous processes with X h
[a, b]-valued, Le, b non-decreasing and Bé’ = L§ = Lg = 0 on Q. More-
over, (Bh, S"i’) is a one-dimensional Brownian motion on the probability space
(R2,F,Pyx) foreach x € E\ N, and for any o € A,

XM w) = h(Xo(@)) + BM(w) + L% o) — LY (w). 1 €[0.00), (3.6)

/0 1) (X @))dLE @) = fo 1y (X @)L @) =0.  (B7)

In particular, for x € E \ N, X" is the reflecting Brownian motion on [a,b]
started at h(x) with local times L at a and L® at b, driven by the Brownian
motion (Bh, ?i’) on (2, F s, Px).

Proof. Note that t.,(@) : [0, 00) — [0, o0] is right-continuous and non-decreasing
for any w € €2, hence CT"i’ is right-continuous by [12, Problem 1.2.23]. For w € A,
since (M) (w) is finite, continuous in s and tends to co as s — oo, we have
71(w) < oo and (M[h])rt(w)(a)) =t for t € [0,00) and lim; oo 77 (w) = 00
Therefore X h, B h, L2, LY can be defined by (3.5) and are R-valued ?ﬁ-adapted
right-continuous processes with X” [a, b]-valued and L%, L? non-decreasing.
Now the other assertions are immediate from Proposition 3.5 (ii) and [12, Theo-
rem 3.4.6]; (3.7) follows since we have fooo o(t5(w))dLE (w) = fooo p(s)dAl(w)
and f(fo o(ts (a)))dLé’ (w) = fooo @(s)dA%(w) for v € A and any Borel measur-
able ¢ : [0,00) — [0, 00] by Proposition 3.5 (ii) and the Dynkin class theorem
[12, Theorem 2.1.3]. O

We prove Proposition 3.5 in the rest of this section. The following lemma is
required.
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Lemma 3.7. (1) Let FF C E be &-quasi-closed and satsify o < 0o Ppy-a.s.
Ifue ?19 and ||u|lg = 0, then u = 0.

(2) Assume (BC). Suppose that op,uF, < 00 Pp-a.s. Then a < n <b &-q.e.

Proof. (1) NM = 0 by [9, Theorem 5.2.4], and ji(,,) = O, which is the Re-
vuz measure of (M), Thus (M) = 0, hence M™ = 0 and it follows that
u(X,) = u(Xo) for any ¢ € [0,00), Py-a.s. Let B := F N7 !(0). Then since
u € ?‘IQ, F \ B is &-polar and hence 0p = o < 0o Py,-a.s. The right-continuity
of u(X.)) on a defining set of u(X)—u(Xo) yields u(Xs,) = 0P,,-a.s. and there-
fore (Xo) = U(Xyp) = 0 Py-a.s. Hence m@~1(0)) = Pp,[1i(Xo) = 0] = 0.
2)Wehave h — (avVh)yAb e ¥ 191U F, Since 1 € Fe by the recurrence, and
lh — (a v h) Abllg = 0by (2.9). Therefore (1) yields & = (a v h) A b, ie.
a < h < b m-a.e. Thus the result follows. O

Proof of Proposition 3.5. For &-q.e. x € E, Px[{ = oo] = 1 by [9, Lemma 1.6.5
and Problem 4.5.1] and [;° 1g\(qy (h(Xs)dAL = [7° 1r\(py (h(Xs))d A2 = 0O
P.-as. by L(E\ F;) = 0,i = 1.2, h|lr,ur, = alg, + blg, &-qe. and
[9, Lemma 5.1.11 and Theorem 5.1.5]. We also have NI"1 = (b — a)(A! — A2)
by virtue of Proposition 2.9 and [9, Theorem 5.4.2].

Note that M "] is a finite continuous additive functional of X by [9, Lem-
ma 5.5.1(ii)] and the strong locality of (&, ). Noting also Lemma 3.7 (2),
we can choose a defining set A9 € Fop and an exceptional set Nog € B(E) of
the five additive functionals h(X) — h(Xo), M1, A, A2 and (M) so that
M([.i'] (w) is R-valued continuous for each w € Ay, 7[| E\N, 18 [a, b]-valued and
(i) of the statement holds with Ny in place of N. Let A be the set of ® € Ay
possessing all the properties in (ii) of the statement except lim;—, oo (M [h]) t = 00.
Then clearly 6;(A1) C A for any ¢ € [0,00), and [6, Chapter III, 13 and 33]
yields A1 € Foo. Moreover, Px[A1] = 1 for §-q.e. x € E \ Ny by the previous
paragraph, Proposition 3.4 and [12, p. 175, (4.18)]; note that M is a contin-
uous (F, Py)-martingale with quadratic variation (M) for each x € E \ Ny
by (i).

We prove that Py[lim; oo (M), = co] = 1 for &-qe. x € E \ Ny. The
following short proof of this fact is due to the referee. Let Z := lim;—, o0 (M [h]) ‘
and f(x) := 1 —Ex[e %], x € E\ No. (AF2) of (M) implies that Z =
(MWMy, 4 Z 0 6, on Ag for t € [0,00) and that f is excessive for the re-
striction X |g\n, of X to E \ Np, which is defined by [9, (A.2.23)] and is an
m-symmetric Hunt process on E \ Ny by [9, Theorem A.2.8]. By the recurrence
of (&, %) and [4, Lemma 3.5.5 (i)] (note also [9, Theorem 4.2.1 (ii)]), for &-q.e.
x € E\ No, Ex[f(X:)] = f(x), i.e. Ex[(e™"™)t — 1)e=Z] = 0 for ¢ € [0, 00)
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and hence Px[Z € {0,00}] = 1. Seto := 1@y Y -1y On A1 N{Z = 0},
M[h] Al = A2 =0, hence h(Xt) = h(Xo) for ¢t € [0,00) and therefore we
get 0 = co. Now since 0 < 00, Py-a.s. and hence Py-a.s. for €-q.e. x € E
by [4, Lemma A.2.4 (ii)] and [9, Theorem A.2.7, Theorem 4.6.1 (ii) and Lem-
ma 2.1.4], it follows for &-q.e. x € E that Px[Z = 0] = Px[A1 N{Z =0}] =0
and hence P [Z = oo] = 1.

The proof is completed by choosing a properly exceptional set N € B(FE) for
X with Nog C N sothat Py[A; N{Z = oo}] = 1 forany x € E \ N and setting
A=A N{Z =00} N{6N AGN = 00} O

Remark 3.8. Instead of appealing to a general result (Proposition 3.4), we could
adopt the following more direct proof of Theorem 3.6, which is due to the referee:
Since h(X) — h(Xo) = M" + (b —a)(A" — 4%) and [§° 1( 51 (h(X;))d A} =
fo 1, b)(h(Xs))a?A2 = 0, the triple (h(X) (b —a)A', (b — a)A?) pathwisely
solves the Skorohod equation for (M (11 ,h(Xo)) on [a, b]. From this fact, similarly
to the above proof we can prove Py [lim; o0 (M), = 00] = 1 for &-q.e. x € E.
Moreover, since solutions for the Skorohod equation are invariant under continu-
ous reparametrization, from M; (n) _ B(hM[hl) we can conclude that (X?, L2.Lb)

is pathwisely the unique solution to the Skorohod equation for (B”, h(Xo))
on [a, b].

4 Example: the harmonic Sierpinski gasket

In this section, we briefly discuss an application of Theorems 2.12 and 3.6 to
short time asymptotic analysis of the heat kernel on a fractal called the harmonic
Sierpinski gasket. Let Vo = {¢1.¢2.¢3} C R? be the set of the three vertices
of an equilateral triangle, and for i € {1,2,3} =: S define F; : R?> — R? by
Fi(x) := (x 4+ ¢i)/2. The Sierpinski gasket (Figure 1) is defined as the unique
non-empty compact set K C R? that satisfies K = Uies Fi(K). As studied in
[1, 14, 20], a standard resistance form (&, ) is defined on the Sierpinski gasket K
and its resistance metric is compatible with the original (Euclidean) topology of K.
Therefore ¥ C C(K), and for any finite positive Borel measure m on K with full
support, (&, ) is an irreducible recurrent strong local regular Dirichlet form on
L?(K,m) with jointly continuous heat kernel p,, = pm(t,x,y) : (0,00) x K x
K — (0,00). (See [14, Chapter 2] and [16, Part I] for basic theory of resistance
forms.) Moreover, its extended Dirichlet space is equal to ¥, the empty set ¢
is the only &-polar set and every &-quasi-open set is open, independently of the
reference measure m. Therefore harmonic functions with respect to (&, ) are
defined as in Definition 2.6, also independently of m.
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Lethy, hy € & be Vy-harmonic functions with 11(q1) = ha(q1) =0, h1(g2) =
hi(g3) = 1and ha(q2) = —ha(g3) = 1/+/3, so that € (h1. 1) = € (ha.h2) > 0
and & (hy, hp) = 0. By multiplying & by a constant, we assume that 2& (hy, /) =
28 (hy,hy) = 1. By [13, Theorem 3.6], the continuous map ® : K — R? defined
by ®(x) := (h1(x), ha(x)) is injective and hence a homeomorphism from K onto
its image Kg := ®(K), which is called the harmonic Sierpinski gasket (Figure 2).
Note that then we may regard ¥ as a linear subspace of C(Kg ) and hence (&, )
as a resistance form on Ky .

Kusuoka [17] and Kigami [13, 15] have studied the properties of the Dirichlet
form (&, ') using the Kusuoka measure ju := [Ln,) + [(p,) as the reference
measure of the form (€, #); note that the &-energy measures ((p,) and ji(p,)
have full supports since /27 and s, are non-constant on any non-empty open subset
of K by [14, Example 3.2.6]. Their results suggest that analytic properties of the
Dirichlet space (Kg, i, &, F) are closely related with the geometry of Kg. For
example, for x, y € Kpg, define

dg(x,y) = inf{|7/|EuC | ¥ :[0,1] = Kpg, y is continuous,
0) =x. y(1) =y},
where |y |gue denotes the length of y with respect to the Euclidean metric. Then
dp is a metric on Kg compatible with the original topology of Kg, and Kigami
[15, Theorem 6.3] has shown that the jointly continuous heat kernel p,, associ-
ated with the Dirichlet space (Kg, i, &, F) is subject to the two-sided Gaussian
bound: for (¢, x,y) € (0,00) x Kg x Kg,
S exp(—cz 761}1 & y)2)
(B sz (x,dm)) t

.1

4.2
dg (x, )’)2) @2

c3
— exp| —c
w(B si(x.dn)) (“ :

where B, (x,dg) :={y € Ky | dg(x,y) <r}andcy,cz,c3,c4 € (0,00).

We are interested in asymptotic behaviors of this heat kernel p, (¢, x,y) as
t10. Leto := (0,0) = ®(q1) € (Vp). In view of the picture of Kg (Fig-
ure 2), around the point 0, Kg looks very much like a one-dimensional interval.
From this observation, it is natural to expect that the behavior of p,(t,0,0) as
t |, 0 will be similar to that of the transition density of Brownian motion. This is
in fact the case, as we shall see below.

First, we can prove the following theorem based on our main results and
[7, Proposition 2.9] (Corollary 2.11). Recall that Py is the jointly continu-
ous heat kernel associated with the Dirichlet space (K, jt(5,), €, F) (note that
here the reference measure is ji(j,), not ).

S pl»b(t’x7y) S
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Figure 1. The Sierpinski gasket. Figure 2. The harmonic Sierpinski gasket.

Theorem 4.1. Let ppo 17 : (0,00) x [0, 1] x [0, 1] — (0, 00) denote the transition
density of the reflecting Brownian motion on [0, 1]. Then

Pugnyy (1,0,X) = po,11(t.0,h1(x)), (£, x) € (0,00) X Kp. (4.3)

Note that 21 : Kz — [0, 1] is the projection on the real axis and that 11 (0) = 0.
The proof of Theorem 4.1 is given in the end of this section. On the other hand,
essentially as a consequence of the following estimate on the decay of the measure
H(h) .
1 h7([0,€
Lo < bt (09) o5 o1, (44)
15 1) (h71 ([0, €)))

where 8 := 2logs,3 3 = 4.30132..., we can verify

Pult.0.0) = puy,, (t.0.0) = 0 P~D/2) as t | o; 4.5)

note that (4.4) reflects our observation that the shape of Kz around o resembles
that of a one-dimensional interval.

Since po,17(¢.0,0) = 2/ 2wt +0(exp(—ct ™)) ast | 0 forsome ¢ € (0, 00),
from Theorem 4.1 and (4.5) we conclude that

2+ 0@P?) asto. (4.6)

1
pM(t7070) = \/ﬁ

Furthermore, we remark that the same result is true at any x € ®(Vi), where
inductively V,, 1= J;cg Fi (Va—1) forn € N and Vi := |, ey Vs there exists
&x € (0, 00) such that

(1+0@P/?) asto. 4.7

pu(t,x,x) =

X Tt
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We do not go into the details of (4.5), (4.6) and (4.7) here. The proofs of these
results, along with much more detailed information on the asymptotics of p,,, will
be treated in a forthcoming paper [11] by the author.

Now we close this paper with the proof of Theorem 4.1.

Proof of Theorem 4.1. Let X! = (Q, M, {th}te[o,oo]s {Px}xe(KH)A) bea wp,)-
symmetric diffusion on Kz whose Dirichlet form on L?(Kp, H(nyy) s (€, F).
Then since the empty set @ is the only &-polar set and (M 1]y = {t}1€f0,00) @S
additive functionals of X! by (3.1), Theorem 3.6 implies that {/(X zl)}te[o,oo)
is a reflecting Brownian motion started at &;(x) under P, for any x € Kpg.
Let? € (0,00) and x € Kpr. Then Px[X; € dy] = pp,,,(t, %, y)dpign,)(v) by
[16, Theorem 10.4], and therefore by the symmetry of p,, - and ppo,1] we have

fK Py (92 ) F U (i) (v) = Ex £y (X))
H 4.8)

1
_ /0 Plo.i](t. v hi(x) f (y)dy

for any f € L?([0,1],dy). Note that u(;“)(hl_l([O, €))) = e for e € (0,1] by
Corollary 2.11 and that {h7!([0, €))}ee(0,1] is a fundamental system of neighbor-
hoods of 0 € Ky by hl_l(O) = {0} and [14, Theorem 3.2.14]. Therefore letting
f = 6_11[096) in (4.8) and then € | O result in (4.3) by the continuity of Puny)
and pjo,1]- |

Remark 4.2. We can prove (4.8) also in an analytic way by using Theorem 2.12 (2)
as follows: Let £ be the non-positive self-adjoint operator on L?(Kpg, H(hy)) as-
sociated with (Kg, t(p,). €, ). By Corollary 2.11 and Theorem 2.12 (2), {1} U
{~/2cos(nmhi)}nen is an orthonormal system in L?(Kg, M (n,)) consisting of
eigenfunctions of —£; with eigenvalues 0 and n?72/2 respectively. Then by us-
ing this fact, we can calculate the integral -[KH Pugnyy (v, %) (R (V) d i,y (v)
for £ € L?([0, 1], dy) to verify (4.8); see [11, Proof of Proposition 4.9] for details.
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Note added in proof. After this paper was accepted for publication, Professor Zo-
ran Vondracek informed the author of his paper [21], for which the author would
like to thank him. In fact, one of his main theorems, [21, Theorem 2.2], is very
similar to our Theorem 3.6. (Note that [21, Theorem 2.2] is valid without the
condition that “u~'({a}) has empty fine interior for any a € R”, in view of
Remark 3.8 above.) Theorem 3.6 can be considered as a natural adaptation of
[21, Theorem 2.2] in the framework of a recurrent local Dirichlet space, and Theo-
rem 2.12 provides the analytic counterpart of those results in this situation.
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