<RNE,

? Kobe University Repository : Kernel

R
S
4oge

PDF issue: 2025-12-05

Global stability of a multi-group SIS epidemic
model with varying total population size

Kuniya, Toshikazu
Muroya, Yoshiaki

(Citation)
Applied Mathematics and Computation, 265:785-798

(Issue Date)
2015-08-15

(Resource Type)
journal article

(Version)
Accepted Manuscript

(Rights)

©2015.

This manuscript version is made available under the CC-BY-NC-ND 4.0 Llicense
http://creativecommons. org/licenses/by-nc-nd/4.0/

(URL)
https://hdl. handle. net/20.500. 14094/90003815

KOBE
\f].\]'l'l'.lii\l Y
J

%)



Global stability of a multi-group SIS epidemic model
with varying total population size

Toshikazu Kuniya®*, Yoshiaki MuroyaP

%Graduate School of System Informatics, Kobe University, 1-1 Rokkodai-cho, Nada-ku,
Kobe-shi, Hyogo 657-8501, Japan
b Department of Mathematics, Waseda University 3-4-1 Ohkubo, Shinjuku-ku, Tokyo
169-8555, Japan

Abstract

In this paper, to analyze the effect of the cross patch infection between different
groups to the spread of gonorrhea in a community, we establish the complete
global dynamics of a multi-group SIS epidemic model with varying total pop-
ulation size by a threshold parameter. In the proof, we use special Lyapunov
functional techniques, not only one proposed by the paper [J. Priiss, L. Pujo-
Menjouet, G.F. Webb and R. Zacher, Analysis of a model for the dynamics of
prions, Dis. Con. Dyn. Sys. Series B, 6 (2006), 225-235], but also the other
one for a varying total population size with some ideas specified to our model
and no longer need a grouping technique derived from the graph theory which is
commonly used for the global stability analysis of multi-group epidemic models.

Key words: multi-group SIS epidemic model; varying total population size;
global stability; Lyapunov function
2000 MSC: 34K20, 34K25, 92D30

1. Introduction

Multi-group epidemic models have been studied in the literature of mathe-
matical epidemiology to clarify the transmission dynamics of various infectious
diseases such as measles, mumps, gonorrhea, West-Nile virus, HIV/AIDS and
so on. In such multi-group epidemic models, a heterogeneous host population
is divided into several homogeneous groups according to modes of transmis-
sion, contact patterns, or geographic distributions, so that within-group and
inter-group interactions can be modeled separately.
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In 1976, Lajmanovich and Yorke [13] proposed a multi-group SIS model
with constant total populations in each group for the spread of gonorrhea in a
community, in which the global stability of the model is studied.

Then, there are many studies on SIS epidemic models (see for example,
Huang and Takeuchi [10] and Vargas-De-Le6n [33] and references therein) and
multi-group epidemic models (see for example, Wang and Xiao [35], Arino [1]
Liu and Zhou [18], Liu and Takeuchi [19] and Nakata [25]).

Moreover, we are also interested in the ideas of Lyapunov functional tech-
niques proposed in Priiss et al. [27] for an SEIS epidemic model with no delay,
Muroya et al. [22, Lemma 5.1] for a discrete version of the model and Nakata
et al. [26] and Enatsu et al. [5] in which a simple idea is proposed to extend
the Lyapunov functional techniques in McCluskey [20] for SIR epidemic models
to SIRS epidemic models with delays.

On the other hand, in 2006, Guo et al. [8] have first succeeded in a com-
plete global analysis of a multi-group SIR model by making use of the theory of
non-negative matrices and the graph theory to Lyapunov functional techniques.
Hereafter, there are many researchers follow this graph-theoretic approach on
the global stability of various multi-group SIR models (see for example, [4], [9],
[11], [16], [17], [29], [30], [36], [37] and references therein).

Recently, under the assumption that the total population is constant, Ku-
niya and Muroya [12] and Muroya et al. [24] established the complete global
dynamics of multi-group SIS epidemic models in a patchy environment with-
out and with the time delay, respectively. Moreover, Wang et al. extended
the result of Kuniya and Muroya [12] to delayed multi-group SIS models with
general nonlinear incidence rates. Muroya [21] investigated an equivalent condi-
tions between a Lotka-Volterra system with patch structure and a multi-group
SI epidemic model with patch structure.

To analyze the effect of the cross patch infection between different groups to
the spread of gonorrhea in a community, by a multi-group SIS epidemic model
with varying total population size, we can not use the relation that the total
population size of each group is assentially constant in the Lyapunov functions,
as in Kuniya and Muroya [12] and Muroya et al. [24].

Therefore, to analyze the multi-group SIS epidemic model with varying total
population size, we need to use another technique of the Lyapunov functional
with varying total population size, for example, Enatsu et al. [5, Proof of The-
orem 1.1] for a SIRS epidemic model and Muroya et al. [23, Lemma 4.5] for a
multi-group SIRS epidemic model.

Motivated by these, in this paper, by a threshold parameter, we establish
the complete global dynamics of the following multi-group SIS epidemic model
with no delay, cross patch infection and varying total population size in each



group:

dSi =

W = bk — /stk — Sk (z_: ﬂkjfj) + 5ka7

o . i=1 (1.1)
k

Sk(t) and Ij(t) denote the numbers of susceptible and infected individuals in
group k at time ¢, respectively. by is the recruitment rate of the population in
group k. pf and pf are the natural death rates of susceptible and infected indi-
viduals, respectively, in group k. Jj is the rate at which an infectious individual
returns to the susceptible class in group k. Bj; is the rate of disease transmis-
sion between a susceptible individual in group k and an infectious individual in
group j. We assume that each parameters by, pr1, pre are positive constants
and B;, 0 are nonnegative constants. We set the initial condition of system
(1.1) as

{Sk(0)=¢’fzo, L;(0)=¢5 >0, k=1,2,...,n (12)
(01,03, 0%, 0%,..., 07, 0%) € R2", '
where Ri" ={(x1,91, T2, Y2y - -y Ty Yn) : Thy, Y >0, k=1,2,...,n}.
For the biological justification, we assume that
wp <ph, k=1,2,...,n. (1.3)

Moreover, we assume that

the n X n matrix B = (ﬁkj> is irreducible, (1.4)

nXxXn

whose biological meaning is that every pair of groups is joined by an infectious
path so that the presence of an infectious individual in the first group can cause
infection in the second group.

Let

Ro := p(M(S")), (1.5)
where

0= (59,59,...,89)" = <b1 L b")T €R"
1542 »Mn Migalugv 7/175; +

and p(M(S°)) denotes the spectral radius of matrix M(S°) defined by

~ . Q0
M(SO) — ( ﬂ]k]sk ) .
My +5k nxn

The following theorem is the main result in this paper.

Theorem 1.1 For system (1.1), we have



(i) If Ry < 1, then the disease-free equilibrium E° = (S9,0,59,0,...,592,0) is
globally asymptotically stable in T.

(i) If Ry > 1, then system (1.1) is uniformly persistent in T° and there exists
an endemic equilibrium E* = (ST, I7, 55,15, ..., Sk, ) which is globally
asymptotically stable in TP,

where T is the interior of the feasible region T defined by

Ir'= {(517113S27127 .- '7Sna[n) S ]Ri_n

b
|Sk§527 Sk"_IkSi];a k:1327"'un}'
H

The organization of this paper is as follows. In Section 2, we prove the
eventual boundedness of solutions for system (1.1). In Section 3, following the
proof techniques in Guo et al. [8], we prove the global asymptotic stability of the
disease-free equilibrium for Ry < 1. We further prove the uniform persistence
of system (1.1) and the existence of an endemic equilibrium E* of system (1.1)
for Ry > 1 (see Proposition 3.1 and Corollary 3.1). In Section 4, for Ro > 1,
using Lyapunov function techniques to the system (1.1) (see Lemmas 4.1-4.4),
we prove the global asymptotic stability of an endemic equilibrium of system
(1.1). Finally, in Section 5 to show the validity of our theoretical results, we offer
two numerical examples, one is a sexually transmitted disease and the other is
a geographical spread of disease.

2. Positivity and Eventual boundedness of solutions of (1.1)

In this section we prove the positivity and eventual boundedness of solutions
of system (1.1). Let Ny(t) = Sk(t) + Ix(t) be the total population of group
k, k=1,2,...,n at time t. Then we have the following lemma on the positivity
and eventual boundedness of solutions Sk, I, k=1,2,...,n of system (1.1).

Lemma 2.1 (i) Solutions of system (1.1) with initial condition (1.2) satisfy

Se(t) >0, Ix(t) >0, k=1,2,...,n forallt> 0.
(i) Under the condition (1.3) it holds that

limy, 4 oo Ni(t) < SY,
in particular,

limsup,_, , o Sk(t) < SY, limsup, , . Ix(t) < S, k=1,2,...,n.

Proof. First we prove (i). By (1.1), we have that % Si(+0) > by > 0 and
Sk(0) > 0for any k = 1,2,...,n, which imply that there exist positive constants
tro, K =1,2,...,n such that Si(t) > 0 for any 0 < t < tgo, k=1,2,...,n.



Now, we prove that Sk (t) > 0 for any 0 < t < 400 and k =1,2,...,n. On
the contrary, suppose that there exist t; > 0 and k; € {1,2,...,n} such that
Sp(t) >0, k=1,2,...,n for all t € [0,¢1) and Sk, (t1) = 0. Then, from the
first equation of system (1.1), it follows that %Skl (t1) > bg, > 0 which is a
contradiction to the fact that Si,(t) > 0 = Sk, (t1) for ¢t € [0,71). Hence, we
obtain that Si(¢) > 0 for any 0 < ¢t < 400 and k =1,2,...,n.

Next, we prove that Ij(t) > 0 for any 0 <t < 400 and k =1,2,...,n. On
the contrary, suppose that there exist to > 0 and ks € {1,2,...,n} such that
IkQ(t2) < 0. Set th, = 1nf{0 <t <ty: Ikg(t) < 0} Then, 0 < tr, < t2 and
Iy, (tr,) = 0. Then, it follows from the second equation of system (1.1) that
4 Ity (+tk,) > 0. Hence, we have Iy, (t) > 0 for all ¢t > 0, because if there exists
a small 1 > 0 such that Iy, (t2 + 1) < 0, then it must follow that I;_(t2) < 0.
Thus, from the second equation of system (1.1), it follows that there exists a
sufficiently small e5 > 0 such that Ij,_(t) > — (uf, + V&) Li, (t) for t € [ty — €2, t5],
which implies Iy, (t2) > I(t2 — 62)67(#£+’Y’“)62 > 0 and this is a contradiction.

Next we prove (ii). From (1.1) and (1.3) we have

d d
—Ni(t) = —{Sk(t I (t
SNt) = S0+ (o)}
= b — iy Sk(t) — pidk(t)
< by —pRNp(t), k=1,2,...,n. (2.1)
Hence we have lim;, 1o Ni(t) < SP, k= 1,2,...,n and the remainder of (ii)
immediately follows from this inequality. U

3. Global stability of the disease-free equilibrium E° for Ro <1

We can obtain the following Proposition, whose proof is similar to that in
Guo et al. [8, Proposition 3.1]

Proposition 3.1 (i) If Ry < 1, then the disease-free equilibrium E° is the
unique equilibrium of system (1.1) and it is globally asymptotically stable
m I,

(ii) If Ry > 1, then E° is unstable and system (1.1) is uniformly persistent in
re.

For the proof, see Appendix A.

Proof of (i) of Theorem 1.1. It immediately follows from (i) of Proposition
3.1. (]

The uniform persistence of system (1.1), together with the uniform bound-
edness of solutions in T'° (which follows from Lemma 2.1), implies the existence
of an endemic equilibrium E* of system (1.1) in T'° (see [28, Theorem D.3] or
Bhatia et al.[2, Theorem 2.8.6]).



Corollary 3.1 If Ry > 1, then system (1.1) has at least one endemic equilib-
rium E* = (S}, 17,85, 13, ...,S%, I7) in TO.

Note that elements of an endemic equilibrium E* satisfy
{F(S*) - V}I" = 0,
where
B(S) = (BySk) o V= ding (ud 401 i 0, o 40.)
nxn

and
S=(S1,5,....8)", S =(55,85,....80", "= Iz,..., )",

Now, we consider the relation between the reproduction number Ry (see for
instance, van den Driessche and Watmough [31]) for system (1.1) and Ry. The
basic reproduction number R, is calculated as the spectral radius

Ry = p(M(S")), (3.1)

of the next generation matrix M(S?), where

M(S) = Brj Sk
/J’jl‘+5j n><n.

We have the following lemma.

Lemma 3.1 ~
Ry <1 ifandonlyif Ro<1,

Ro=1 ifand onlyif Rp=1,
Ro>1 if and only if Ry > 1.

For the proof, see Appendix B. From Lemma 3.1, for convenience, we use Ry
defined by (1.5) as a threshold parameter (see Guo et al. [8]) in place of the
reproduction number Ry given by (3.1).

4. Global stability of an endemic equilibrium E* for Ro>1

In this section, we prove that if Ro > 1, then an endemic equilibrium E* of
system (1.1) is globally asymptotically stable in T'°. For Ry > 1, from Corollary
3.1, it follows that there exists an endemic equilibrium E* € T'° whose elements
satisfy

b = 1y S + > BrySiIy — 0T,
= (4.1)
(ko +0k) It = B SiIy, k=1,2,...,n.

j=1



Now, to eliminate the terms 0, I, k = 1,2,...,n essentially from the Lyapunov
functionals on (1.1), we first apply the techniques of Priiss et al. [27] for an

SEIS epidemic model with no delay. Let

- Or )
= 1— ,
?kk Bk ( B
ﬁkj:Bkj for k#]a kaj:1325-"an

Then we have
— Bk (Skli — SipIy) + 0, (I — I;)
4 S,
= —fBrk <1 k )(SkaSZI,j)JrSk (IS*) I

BriSy
oy * T Sk?
:_Bkk(sk-[k_sk[k)—’_ék 1_§ Ikv k:1727"'7n
k
and g
Bk Sk I — 0k Iy = BrrSiIy — Ok (1 - ;:)Ik,
~ k
ﬂkkSZIZ—(SkI;=6kkSZIZ, k=1,2,...,n
and

> BriSili — uii =Y BrySidy — (ui + 6k) I = 0,
j=1

Jj=1

Using (4.1)-(4.3) we can rewrite system (1.1) as

dSy - - Sk
dIk - Sk
Zﬁk]Skl ,uka—ék(l—S*)Ik, k:1,2,...,n.
Let .
Sk I
o Souli(2) ()
k=1
where vy, v, -+ , v, are positive constants defined below. Let
Sk Iy,
xk::7*7 yk:T’ k:1’27...’n.
Sk Iy
and

g(z)=z—1-Inuz,

(4.2)

(4.6)

where x € Ry \ {0}. Note that g(x) > g(1) =0 for any z € Ry \ {0}. We have

the following lemma.



Lemma 4.1 The derivative of Uy, which is defined by (4.6), along the trajec-
tories of system (1.1) is calculated as

dU; (t) = . . 1
dlt = — ka (ufSk + 5;Jkyk) (1 - CUk:) (zr — 1)

k=1
-Snddusin{o(5 ) +o(52)}
;k;kjkjgxk I\
+ Z (Z ;B S; — UkMé)IJfg(yk)

k=1 \j=1

57 0l (g — D — 1). (4.7)

k=1

Proof. Differentiation gives

S DB e

k=1

Now, from (4.1) and (4.5), we have

dsS;, - .
Tl —u iz —1) z_: ;WS’,C (xry; — 1) 4+ 0kly (1 — k)Y (4.9)

and

dI -
=k Zﬁkjsk (zry; — vr) — Ok Ly (1 — 1) Y. (4.10)

Substituting (4.9) and (4.10) into (4.8), we have

W) S [ Y iyt

k=1

- S oy - >+6kf;s<1—xk>yk}

(1—){2%5,6 (oxt = ) = (1~ )

i 1
= S (] + i) (1 - xk) (e — 1)

k=1
+ka25kjsk]*{< )(1$kyj) (1;k>(xkyjyk)}
+ kaékIz(yk — 1) (zp —1). (4.11)
k=1



Note that we have
(1 1 )(1 )+ (1 ! >( )
- — — TLY; — — | (TrY; — Yk
Tk Yi Yk vi—¥
1 TrYi
(1 Toe TR + yj> + (xkyj -y,

1 TrYs
= 2-— 4y -y,
Tk Yk
1 TRY;
_ g()g< J)+{g<yg—>g<yk>}.
Tk Yk

Thus, the second term of the last equation in (4.11) is calculated as

ka ZBkJSkI*{ (1 — ) (1—zpy;) + (1 - ylk> (zry;

= uyisn{a(s) ()
+k§; iékjs,:f;{gwj) ~ g}
-
From (4.4) we have

Z iﬁkjsy;{g@j) ~ gl

_kaz%skl* 9(y;) ZUkZBkjSkI 9(yk)

= z;uj Z[ﬁ]ks Iig(ys) ’;Ukﬂklkg(yk)
2

= Z{Z v; Bk S; — 'Uklui}I;:g(yk)'
k=1 \j=1

Hence, from (4.11)-(4.13), we have the expression (4.7).

Now we are in a position to consider the following condition.

Z{Z UijkS; - vkui}fzg(yk) =0.

k=1 “j=1

—yk)}

(4.12)

(4.13)

We prove the following lemma which comes from a well-known technique used

by Guo et al. [8].



Lemma 4.2 The following system

n

> viBikS; = vkph, k=1,2,...,n, (4.14)
j=1
has a positive solution (vi,va,...,v,) defined by
(1}1,’112,"' ,’l}n):(ChCQ,.-.,Cn), (415)
where C, (k=1,2,...,n) denotes the cofactor of the k-th diagonal entry of
matric ) )
251]‘ —021 -+ —Op1
i#1
. —012 25'2j e —Op2
B= i#2 ;
_5—177. _5—277. e Z &nj
L Jj#n i
where

Grj = BrySili, kj=1,2,...,n.
Proof. Consider a basis for the solution space of the linear system
Bv=0 (4.16)

which can be written as (4.15) (see, for example, Berman and Plemmons [3]).
From the irreducibility of matrix B = (B;),,,,,, We see that matrix (G4 )nxn is
also irreducible and vy = Cy, > 0, k= 1,2,...,n. Then, from (4.16), we have

(S

~ ~ ~ ’U n

011 021 "+ Onpl 1 Z& ;
~ ~ - v A
012 022 -+ Op2 2 2 )72

O1n  O2n e Onn Up,

Hence we have
n n
E V0K = Uk E orj, k=1,2,...,n,
j=1 j=1

which is equivalent to
S viBinSiLi = v Y B SiIy = vrpily, k=1,2,....n. (4.17)
j=1 j=1

From (4.17) and the positivity of I}, k = 1,2,...,n, we can conclude that
(v1,v2,...,v,) defined by (4.15) is a positive solution of (4.14). O

10



Now, for the case §; > 0, we offer the following Lemmas 4.3-4.4. Similar Lya-
punov functional techniques are used in Nakata et al. [26] and Enatsu et al. [5]
with McCluskey [20].

Lemma 4.3 Under the condition (1.3) we have

_ *)2
d <(Nka)) = —up (N?)2(ni, — 1)? — e SiTi (zr, — V) (yx — 1) (4.18)

dt 2
—er(I3)(ye — 1%, k=1,2,...,n,
where
Ni=Si+ 1, ex=pi—pj >0,
N
d =2 k=12,...,n.
an ng Nl:, , 2, ;M

In particular, if uf = ué = g, then we have e, = 0 and

d ((Nk - Np)?

a > ) = (5P’ (en = 1) = 20 Si i ok = Dge =D (4 4

—ue (L) (ye — 1), k=1,2,...,n.

Proof. From the second equation of (2.1), we have

dN, N X
d7tk = —pi (Ny = Ni) — ex (I, — L),
and hence,
2
d [ (Ve = Ng)
dt 2

= (Ng — No){—pj, (Nk — Nj) — ex(Ip — I})}
=~ (Nk = Ni)? = e {(Sk = Sp) + (In — L)Yy, — L)
= =i (NF)? (nie = 1) — e SE L (o, — 1) (g — 1) — ex (1) (yr — 1.

Hence, we obtain (4.18). In particular, if uf = pl = uy, then e = 0 and

d (N = Np)®
dt 2
= (Nk = Np){—p(Ni — N;)}
= —u{ (Sk — S5) + (I — I})}?
= —e{(Sk — S5)* + 2(Sk — Sp)(Ip — I}) + (I — I})?}
= —pk(Sp)* (zr — 1) = 2up SEL (2 — V) (y — 1) — pa (1) (yx — 1)7,

and hence, we obtain (4.19). O

Now we consider
U=U; +Us,, (420)

11



where )
= Ni, — N;i)?
Ug = E VW 7( k k)

2
k=1
and 5
k . S I
f = =
o 2MkS; L py = K = Bk,
b =
Ok e Ss T
e i R <
(Ni - Mf)sk ¥ g
for k = 1,2,...,n. From Lemmas 4.1-4.3, one can easily obtain the following
lemma.
Lemma 4.4 Suppose that Ry > 1. Letv = (v1,va,...,v,) be chosen as in
(4.14) in Lemma 4.2. Then we have
e _;’Uk(:uksk +orlpye) | 1 — o (vp — 1)
n n 1 Thy;
_ G = LkIj
S o(2)
= j=1
= wWx,
k=1
where
0 ST 5, (I7)? )
o (=) %(yk 1 i g = ko= s
Wi = k
S *\2 *\2
1% 5k- N, 5k 1 .
0 (NE) (nk—1)2+7( i) (ye — 1% if i < i,

(uk — 13) S S

fork=1,2,... n.

Proof. It follows from Proposition 3.1 that system (1.1) is uniformly persistent
in T°. Thus, from Corollary 3.1, we see that there exists at least one endemic
equilibrium E* = (ST, I, 55, I5,...,S%,I%). Let v = (v1,va,...,0,) be chosen

asin (4.14) in Lemma 4.2. Then, we have (4.21) for (4.20) and hence, dwt) <.

at
We see that d%gt)

= 0 if and only if
zr=1, yp =1, (and ngy = 1), forany t >0, k=1,2,...,n,
that is,

Sk(t) =Sy, I(t) = I, (and Ni(t) = Ny), forany ¢t >0, k=1,2,...,n.

Thus, we see that the only compact invariant subset where dléit) = 0 is the
singleton {E*}. From Proposition 3.1 and a similar argument as in Section 3,

we can conclude that E* is globally asymptotically stable in T'°. O

12
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Figure 1: Infected populations of female (I (t)) and male (I2(t)) and total infected population
(I1(t) 4+ I2(t)) versus time ¢

5. Numerical examples

In this section, we perform numerical simulation to show the validity of our
theoretical results.

5.1. A sexually transmitted disease

We first consider the two-group case (n = 2), which is thought to be suitable
for sexually transmitted diseases since we can regard groups 1 and 2 as the female
and male groups, respectively.

To model the long-term spread of disease, set the unit of time as a year. Since
the average life expectancy is given by the inverse of the mortality rate, here we
fix p7 = 1/85, u5 = 1/80, uf = 1/75 and puf = 1/70 to consider the situation
that female individuals tend to live longer than male individuals and there is the
risk of the disease-induced death. by, k = 1,2 are set in terms of normalization,
that is, by = uf, k = 1,2 and thus, the each subpopulation is equal to 1 in
the disease-free steady state. Therefore, in the feasible region I', we can regard
each solution as the ratio to each total subpopulation. We fix §, = 12, k =1, 2,
which implies that the average infectious period (1/d0g, k = 1,2) is equal to a
month. Under these settings, we observe the change of global stability of each
equilibrium when the disease transmission rate fy;, k,j = 1,2 is changed.

First we set Bi; = 1.9(k+j), k,j = 1,2. In this case, Ro ~ 0.9746 < 1 and
therefore, we expect from Theorem 1.1 (i) that the disease-free equilibrium E°
is globally asymptotically stable. In fact, in Fig. 1 (a), each infected population
converges to zero. Next we set fx; = 2(k+j), k,7 = 1,2. In this case,
Ry ~ 1.0259 > 1 and therefore, we expect from Theorem 1.1 (ii) that the
endemic equilibrium E* is globally asymptotically stable. In fact, in Fig. 1 (b),
each infected population converges to some positive steady state.

13
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Figure 2: Time evolution of the infected population Iy (t), k =1,2,--- ,30 with Ro ~ 0.9921 <
1. The discrete groups are connected smoothly by the MATLAB command “surf’.

5.2. A geographical spread of disease
We next consider the 30-group case (n = 30) as the model of geographical

spread of disease. For simplicity, referring to the previous example, we fix the
following coeflicients:

1 1 I
= -_— — = —_—— 5 = ]_2 k = 1 2 ... .

30 ) 30 ) Mk 70 ) k 3 ) 4y 9 30
In what follows, we shall observe the stability change with different 8i;, k,j =

1,2,---,30. To simulate the spatially spreading phenomenon, we employ the
following diffusive-like form for matrix B = (8y;)

1

b, i =

1<k,j<30°
B a 0 - 0
a ﬂ a . e 0
B = (Bkj)icp <z = 0o . oot
: a [ «
0 - 0 a B

where « and [ are positive constants. It is easy to see that this matrix B is
irreducible. In what follows, we fix & = 0.01 and change 3. The initial condition
is fixed as follows.

Sk(0) =1, I,(0)=0, k+#15 Si5(0)=0.99, I5(0)=0.01.

First, we set 8 = 11.9. In this case, Ry ~ 0.9921 < 1. Hence, from Theorem
1.1 (i), we can expect that the disease-free equilibrium E° is globally asymptot-
ically stable. In fact, in Fig. 2, we can observe that each infected population
converges to zero.

Next, we set 3 = 12.1. In this case, Ry ~ 1.0088 > 1. Hence, from Theorem
1.1 (ii), we can expect that the endemic equilibrium E* is globally asymptot-
ically stable. In fact, in Fig. 3, we can observe that each infected population
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Figure 3: Time evolution of the infected population Iy (t), k =1,2,--- ,30 with Ro ~ 1.0088 >
1. The discrete groups are connected smoothly by the MATLAB command “surf’.

converges to some positive value. In particular, by virtue of the form of matrix
B, we can observe the wave-like spreading pattern connecting the disease-free
equilibrium E° and the endemic equilibrium E*.

5.8. An age-dependent disease

Finally we consider the 100-group case (n = 100) as the model of an age-
dependent disease. In this case, k denotes the age of each individual which
maximum is assumed to be 100.

Similar to the previous examples, we set the unit of time as a year. First we
consider the following age-dependent continuous mortality:

0.1000 (a — 5)° /25 + 0.0063, 0<a<5;
(a) = { 0.0058 (a — 5) /45 + 0.0063, 5<a < 50;
0.1622 (a — 50) /1156 + 0.0121, 50 < a < 100,

which was used in [11] to approximate the mortality for the population of Zim-
babwe reported by Garnett and Anderson [7]. Let

py = pu(k), wpb=11xuk), k=1,2,---,100.

In order to consider the aging process, we assume that the rate at which a sus-
ceptible individual grows up to the next age (that is, 1 per year) is incorporated
into uf :
S _ ~S s ~5
pp =y +1, k=1,2,---,99,  pis = Hino-

We assume that the aging process of infective individuals can be ignored under
the assumption that the recovery rate is relatively larger than the aging rate.
Thus, we fix § = 365/14, k =1,2,--- ,100 assuming that the average infectious
period is two weeks. As in [11], we fix the rate of birth at the first age as
by = 1/46.6495. Since by, (k > 2) can be regarded as the inflow into the new age
group k, we fix them as by = by_1/puy_,, k = 2,3,---,100 by virtue of which
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Figure 4: Time evolution of the infected population Ij(t), k = 1,2,---,100 with Ry ~
0.9942 < 1.

we can consider the population at the demographic steady state. Under these
settings, we observe the stability change of each equilibrium when the value of
Brj, k,j =1,2,---,100 is changed. The initial condition is fixed as follows.

Sk(0) =0.01, I,(0) =0, k#50, Ss0(0)=0.0099, Ise(0) = 0.0001.

First we set Bi; = 25, k,j = 1,2,---,100. In this case, Ry ~ 0.9942 < 1 and
hence, from Theorem 1.1 (i), we can expect that the disease-free equilibrium
E° is globally asymptotically stable. In fact, in Fig. 4, the infected population
converges to zero.

Next we set 8; = 26, k,7 = 1,2,---,100. In this case, Ro ~ 1.0340 > 1
and hence, from Theorem 1.1 (ii), we can expect that the endemic equilibrium
E* is globally asymptotically stable. In fact, in Fig. 5, the infected population
converges to some positive value. In particular, although the group is discrete,
we can observe the continuous PDE-like solution behavior across the difference
of ages in Fig. 5 (b).
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A. Proof of Proposition 3.1

First we prove (i). Let

- BiS
MIS) = (u;’fi gk) '

Since solution (S1,1I1,S2,Ia,...,S,,I,) is in T, it holds that 0 < S < S,g for
k=1,2,...,nand 0 < M(S) < M(S°). Since it follows from (1.4) that matrix
B is irreducible, we see that matrices M(S) and M(S°) are also irreducible.

Thus, we have p(M(S)) < p(M(S°)) = Ry < 1, provided S # S° (see, for
example, [32, Lemma 2.3]). Therefore, we see that

M(S)I =1

has only the trivial solution I = 0. Thus, E° is the only equilibrium of system
(1.1) in T . }

Let (w1, ...,w,) be a left eigenvector of M(SY) corresponding to p(M(S?)),
ie.,

(wi,wa, ..., wn)p(M(S?)) = (w1, ws, . . ., wn)M(S?).

Since matrix M(SO) is irreducible, we have wy > 0 for k =1,2,...,n. Let
L = (Wl,WQ,...,wn)
/L{ + 51 0 . 0 -1 Il
0  pbtd - 0 I
X :
; :
00 s ] |,

Differentiation gives

L' = (wi,wa,...,wn) [M(S)I_I]g(wl,wz,...,wn) {M(SO)I—I}

{p(M(SO)) - 1} (Wi, wa, - wn) I < 0.

If Ry = p(M(S%)) < 1, then L' =0 <= I=0. If Ry = 1, then L’ = 0 implies

(w1, wa, ..., wn) M(S)I = (w1, wa, ..., w,) L (A.1)
If S # S°, then
(w1, wa, ... ,wn)M(S) < (wy,wa,... 7wn)l\?I(SO) = (w1, wa, ... ,Wn).

Thus, (A.1) has only the trivial solution I = 0. Therefore, L’ =0 <— I=0
or S = SY provided Ro < 1. Tt can be verified that the only compact invariant
subset of the set where L’ = 0 is the singleton {E°}. Thus, from LaSalle’s
Invariance Principle (see [14]), it follows that EU is globally asymptotically stable
in T if Ry < 1.
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Next we prove (ii). If Ry = p(M(S°)) > 1 and I # 0, then we have

(wl,(JJQ, . ,wn)M(SO) — (wl,w2, N ,wn) = {p(M(SO)) — 1}(0.)1,&)2, N ,wn) >0
and thus, it follows from the continuity that L' = (wy,ws, . . . ,w,)[M(S)I-1] > 0
in a neighborhood of E® in T°. This implies the instability of E°. Using a
uniform persistence result obtained by Freedman et al. [6] and an argument as
in the proof of Proposition 3.3 of Li et al. [15], we see that the instability of E°
implies the uniform persistence of system (1.1), which completes the proof. O

B. Proof of Lemma 3.1

Since .
SZ(ZBW;‘) — (Wt +0) I =0, k=12,...,n,
j=1
we have
6 Sy * * * ’
< ij L (lu{+51)[1a(/u’£+52)[23a(”£+5n)1n
/’Lj + 6j nxn
= (11 + 60T, (5 + 02) I3, (phy + 6a) )" (B.1)
and

(M I G, 0 =150, 1) . (B.2)
k nxn

From (B.1) and (B.2) we obtain

(). -AG5)..) -
/J’j+6j nxn lj‘k+6k nxn

p(M(S7)) = p(M(S%)) = L.

that is,

Thus, from (1.5), (3.1), Lemma 2.1 and the arguments in the proof of (i) of
Proposition 3.1 on the theory of nonnegative irreducible matrices (see for ex-
ample, Varga [32, Chapter 2]), we complete the proof. O
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