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Global dynamics for a class of age-infection HIV models with nonlinear
infection rate
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Abstract

In this paper, we study the global stability of a class of HIV viral infection models with continuous age-structure
using the direct Lyapunov method. In each of the cases where the incidence rates are given by nonlinear infection
rate F(T)G(V), Holling type II functional response and Crowley-Martin functional response, we define the basic
reproduction number and prove that it is a sharp threshold determining whether the infection dies out or not. We give
a rigorous mathematical analysis on technical materials and necessary arguments, including relative compactness of
the orbit and uniform persistence of system, by reformulating the system as a system of Volterra integral equations.
We further investigate global behaviors of HIV viral infection models with Holling type II functional response and
Crowley-Martin functional response through numerical simulations.

Keywords: Age-structured model, Nonlinear incidence rate, Relative compactness, Uniform persistence, Lyapunov
function
2010 MSC: 92D30, 34D23, 34K20

1. Introduction

In the past decades, many authors expressed much interest in mathematical modeling and analysis to the in-host
dynamics of HIV. It is the fact that a large number of issues had widely been investigated, based on the classical and
basic viral infection models proposed by Nowak and May [27], Perelson and Nelson [30], with various mathematical
formulations. Denote by x(¢), y(¢), and v(¢) the numbers of target cells, infected cells, and free viruses. Uninfected
target cells are assumed to be produced at a constant rate s and die at rate d. Infection of target cells by free virus is
assumed to occur at rate Bx(z)v(¢) and infected cells die at rate a. New virus particles are produced by infected cells
at rate k and die at rate u. Thus, the average life-spans of uninfected cells, infected cells, and free virus particles are
given by 1/d, 1/a and 1/u, respectively. This lead to the basic viral infection model takes the following form:

P s axt) pxt0),
dz—(;) — Bx(t)v(t) — ay(t), (L.1)
D0 ko) )
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The global dynamics of system (1.1) was fully established in [17, 33]: the system is infection free if Rg < 1 and if Ry >
1, then the chronic-infection equilibrium is globally asymptotically stable. Here Ry denotes the basic reproductive
number of the virus for system (1.1) and it is given as Ry = Akf3/(dau), representing the average number of newly
infected cells generated from one infected cell at the beginning of the infection process. There have been numerous
works on pathogen in-host dynamics describing HIV infection. The pioneer work of Nowak and May [27], Perelson
and Nelson [30] have been further developed by incorporating some biological features as a realistic attempt, such as,
immune response and delays (see e.g., Hellriegel [13], Hetzel and Anderson [14], Bairagi and Adak [1] and Huang
et al. [10]). However almost works had not taken into account an important picture of the mortality rate and viral
production rate of infected cells dependent on the infection age of cells. This suggests that ODE models may be an
unreasonable model for describing HIV viral infection since it implies that mortality rate and viral production rate
of infected cells be constant other than be functions of infection age of cells. Until recently, incorporating this issue
to model (1.1), Nelson et al. [28] and Huang et al. [11] have studied age-structured model of HIV infection by
considering age to be a continuous variable. The age structure (generally leads to partial differential equations) will
allow us to have a good description of produced viral particles and of the infected cells mortality (for a famous book
on age-structured models, see Iannelli [15] and for a recent paper, see Vargas-De-Leon et al. [36]).

Let i(r,a) be the density of infected cells with respect to the infection age a at time ¢, where the infection age
a > 0 implies the time since the infection began. Thus, for two given age values aj,a; : 0 < a; < ap < +oo, the
number of infected cells with infection age a between a; and a; is ;12 i(t,a)da. Tt can be found as an evidence in
the literature that virus production increases exponentially with the infection age of cell [31]. In the paper [7], the
authors give a confirmed result that the death rate of infected cells should be vary with some variable. It is easy to
see that when we consider infection age as a continuous variable, i.e., production rate of viral particles and the death
rate of productively infected cells be two continuous functions of age, p(a) and 6(a), respectively, model (1.1) will
be modeled to the following one order partial differential equations system (see, Nelson et al. [28]):

dT (1)

” =s—dT(t)—kT(t)V(¢),
di(a,t) = di(a,r1)
da o

= —6(a)i(a,t1), (1.2)

dv o
YO [ p@pitanyda—evi),
dt 0
with boundary condition
i(0,8) =kV ()T (1), (1.3)
and initial condition
T(0) =T, i(a,0)=is(a), V(0)=V;, (1.4)

where T'(¢) and V (¢) denotes the population of uninfected target T cells and infectious free virion at time . k and ¢
have the same meaning with 3, u in (1.1). By using the Jacobian matrix and its characteristic equation, local stability
of the equilibria of (1.2) has been analyzed in Nelson et al. [28]. The global asymptotic stability of the infection-
free equilibrium and the infection equilibrium of (1.2) was established in Huang et al. [11] by constructing suitable
Lyapunov functions and LaSalle’s invariance principle. In [5, 32], the model (1.2) was further developed in combining
drug therapy to study the impact of drugs on viral dynamics.

It is also important to highlight the fact that global properties of equilibria of in-host viral infection models can help
us to understand virus ultimate development in patient [11]. For models of describing age-structured viral infection
(these models are normally formulated in the form of first-order partial differential equations), their local stability can
be proved by linearizing the systems at their equilibrium states and verifying the eigenvalues of the corresponding
characteristic equations. While global stability analysis of equilibrium is often very challenging, even if it is not
impossible. The commonly used method to obtain global stability for epidemic and viral infection dynamics is to
construct a Lyapunov function (for ODE) or functional (for DDE).

Thus, it is a challenging topic that attracts many authors to study global stability of age-structured models from
both the mathematical and epidemiological points of view (we point here that some perspectives and results from
the global stability theory for SIR and SEIR models would also be relevant for our discussion, for example, the
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work of Magal, McCluskey and Webb in [22]). In [24], by utilizing Volterra-type of function, McCluskey obtained
the global stability of a disease transmission model with continuous age-structure for latently infected individuals
and for infectious individuals. Recently, studies on constructing Lyapunov functionals to obtain global stability for
McKendrick-von Foerster equation and age-dependent SIR and SEIR models have been done by Melnik and Ko-
robeinikov in [23].

Due to the difficulty in determining the global stability of age-structured models, stage progression/multi-stage
ODE models are commonly formulated in the literature to approximate the infection-age dependent infectivity from
these PDE models, such as multi-stage cholera models [35] and HIV infection models [12]. Another approach to
achieve the global stability of age-structured model is to discretize it with respect to the age variable a and rewrite
models into a higher dimensional ODE system, and then study the global stability of each equilibria by constructing
Lyapunov functions [18].

The model we shall consider in this paper is a generalization of the model proposed by Huang et al. in [11]
by taking into account nonlinear incidence rate. It is well known that nonlinear incidence rates are frequently used
to describe the viral infection process based on experiments data and reasonable assumptions [21] and be important
to account for a number of nonlinear features of the biological phenomena involved, which is influenced by the
availability of susceptible cells and by the force of infection of viral cells. For example, Holling type II functional
response [10], Saturation infection rate [20, 39], Beddington-DeAngelis functional response [8], Crowley-Martin
functional response [40, 41] and general nonlinear incidence ¢(x) f(v) [6], where ¢(x) denotes the contact rate function
at concentration of the target cells x and f(v) denotes the force of infection by virus at concentration v. Motivated by
the works mentioned above (see, [6, 8, 11, 20, 22-24, 39]), in this paper, we develop the model (1.2) with nonlinear
incidence rate and investigate the global stability of their equilibrium.

For the proof of the global stability properties of equilibria, it is often necessary to use more mathematical argu-
ments, for example, (i) In order to make use of the invariance principle, we have to show first the relative compactness
of the orbit generated by models; (ii) In order to construct a well-posed Lyapunov functions, the state space has to be
discussed in more details. Furthermore, uniform persistence of system must be shown, which is extremely extremely
important because the Lyapunov functional that is used integrates as the age-of-infection a goes from 0 to infinity,
using an integrand that is infinite if i(a,#) = 0. Thus, if the number of infected cells is 0 on some set of infection ages
(where this set has positive measure - an interval, for example), then the Lyapunov functional is infinite. Similarly, if
i(a,t) is positive, but close enough to 0, then the functional is infinite.

In the present paper, we not only focus on proving global stability properties by constructing Lyapunov functionals
for age-infection models, but also give rigorous mathematical analysis on technical materials and necessary arguments
to the proofs, including relative compactness of the orbit and uniform persistence of the systems. The results in present
paper serve as a supplement and generalization of the works in [28] and [11]. The basic reproduction number is defined
for each model and proved that it is a sharp threshold determining whether or not infection dies out.

The plan of this article is as follows. In Section 2, we introduce the age-structured model of viral infection model
with general incidence rate F(T)G(V') and study its basic properties and global asymptotic stability. For the analysis,
we construct some proper Lyapunov functionals and use some subtle estimates of the derivatives of them. In Section
3, we introduce two age-infection models with Holling type II functional response and Crowley-Martin functional
response, which can be regarded as special cases of the general model studied in Section 2. In Section 4, we perform
numerical simulation to verify the validity of our main theoretical results. In Section 5, a brief discussion is given to
conclude this work.



2. The age-infection model with nonlinear infection rate F(7)G(V)

The aim of this section is to prove the global stability of the following age-infection model with general nonlinear
incidence rate, which can be regarded as a generalization of model (1.2).

dz_gf) — s—dT(t) = F(T(1))G(V (1)),
dia,t) | di(a;) ;
5, + ek —d(a)i(a,t), 2.1

O~ [7 p@itanda-evio,

with boundary condition
i(0,6) = F(T(1))G(V (1)) 2.2

and initial condition
Xo :=(7(0),i(-,0),V(0)) = (Ts,is(+), Vs) € Z7%. 2.3)

Here 2" =R x L' (0,%0) x R is a functional space equipped with norm
@)=l + [ lo(@)lda+ly], xyeR el (0.)
and 27 ;=R x L}r (0,00) x R is the positive cone of 2. We make the following assumption on parameters, which
is thought to be biologically relevant.
Assumption 2.1. We assume that:
(i) s>0,d>0andc > 0;
(ii) 8,p € L7(0,%0) and
8T :=ess.supd(a) < +oo, pTi=ess.supp(a) < +oo;
a€(0,00) a€l0,00)
(iii) There exists a positive constant & € (0,d] such that 6(a) > & for all a > 0;

(iv) There exists a maximum age a; > 0 for the viral production such that p(a) > 0 for a € (0,a+) and p(a) =0 for
a> ai.

We further make the following assumption on functions F,G : Ry — R (see also [6, 9, 16]).
Assumption 2.2. We assume that:
(i) F(0)=G(0)=0;

(i) F'(T)>0,G'(V)>0and
d’G(V)

v <0; 24

(iii) F(T)/T and G(V)/V are monotone nonincreasing with respect to 7 > 0 and V > 0, respectively. Moreover,
there exist positive constants k1,k, > 0 such that

F(T G(V
lim L =k, lim L=kz.
T—+0 T V—+0 V

Let k :=kikp;



(iv) F and G are Lipschitz continuous on R, . That is, there exist positive constants Mg, Mg > 0 such that
|F(x)=F(y)|<Mplx—y| and [G(x)=G(y)|<Mg|x—)]|
forall x,y e R;.

From (2.2) and (2.3), integration of the second equation in (2.1) along the characteristic line t — a = const. yields

ant) = { F(T(t—a))G(V(t —a))e B3 ¢~ 4> 0; °s)

is(a—1t)e lodlat+e)de a>t>0.

As mentioned in Section 1, we shall focus on the global stability of (2.1). To achieve the goal, we first define the
continuous semiflow associated with this system. It follows from Assumptions 2.1-2.2 and (2.5), we easily see that
system (2.1) has a unique nonnegative solution for any initial condition Xy € Z7;. Thus, we can obtain a continuous
semi-flow @ : R x 2 — 2, defined by system (2.1) such that

®(t,Xo) = (T(1),i(-,1),V()), t>0, Xoe 2. (2.6)

Thus
[® (7, X0)|| 5 = HCD(T(t),i(-,t),V(t))H%=T(t)+/0 i(a,t)da+V(t).

Let us define the state space for system (2.1) by
} . 2.7)

Proposition 2.1. Let @ and Q be defined by (2.6) and (2.7), respectively. Q is positively invariant for ®, that is,

+
Qi {<x,<p,y>e 2yt o)y < (1+1’7)

&=

Then, the following proposition holds true:

P(t,X)CQ V>0, XpeQ.

PROOF. It follows from the second equation of (2.1) that

%/Oooi(a,t)da:F(T(t))G(V(t))—/Oooﬁ(a)i(a’t)da.

Hence, from the first equation of (2.1) and (iii) of Assumption 2.1, we have
d = °° .
< T(t)+/ i(a,)da) = s—dT(t)—/ 8(a)i(a,1)da
dt 0 0

5— & (T(t) +/0°°i(a,r)da) .

IN

The variation of constants formula yields
T(t)+ /wi(a,t)da < SR {i - (Ts + /oo is(a)da) }
0 o o 0

T(1) +/O°°i(a,t)da < % V>0 2.8)

and hence,

holds for any X € Q. Moreover, it follows from the third equation of (2.1) and (ii) of Assumption 2.1 that

dv(r)
dt

<pt /0 " ia,1)da— V(o).
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Hence, from (2.8),

0 <)

and similar to the above discussion, we can use the variation of constants formula to obtain

V() < ”7

Vi >0 2.9)

& |

for all Xy € Q. Consequently, from (2.8) and (2.9), we have

T t)+/0°°i(a,t)da+V(t) < (1 +£)

c

&)=

which implies ®(¢,Xy) C Q Vr > 0.

2.1. Egquilibria and basic reproductive number
Let N denote the burst size, i.e, the total number of viral particles produced by an infected cell in its lifespan.

Then, .
NE/O pla)o(a)da (z /Oa-rp(a)c(a)da> , (2.10)

o(a) = e Jo 8(e)de 2.11)

where

denotes the fraction at which an infected cell survives up to age a.

System (2.1) has at most two kinds of equilibria. There always exists an infection-free equilibrium E® = (Tp, ip(a), Vo) €
Q, where Ty = s/d, ip(a) = 0, Vp = 0. Moreover, there exists possibly an infection equilibrium E* = (T*,i*(a),V*) €
Q, satisfying the following equations:

s—dT* — F(T*)G(V*) =0,

di(a
WD) _ ()i a),
(2.12)
/ pla)i*(a)da = cV*,
i(0) = F(T*)G(V"),
The basic reproduction number of system (2.1) is given by
Ry = NF(Ty) 0G(0) 2.13)

c av ’
which is defined by the number of newly infected cells produced by one infected cell during its lifespan. It fol-

lows from the lemmas of [6, 9, 16] that we can claim that model (2.1) admits unique infection equilibrium E* =
(T*,i*(a),V*) when Rp > 1.

2.2. Relative compactness of the orbit

In the proof of the global stability of each equilibrium, we will use a Lyapunov functional technique combined
with the invariance principle. Since we are now concerned with the infinite dimensional Banach space 2~ including
L'(0,0), we have to show first the relative compactness of the orbit {®(z,Xy) : ¢ > 0} in 2" in order to make use of the
invariance principle (see e.g., [37, Theorem 4.2 of Chapter IV]). To this end, we first decompose ®: R} x 27, — 2
into the following two operators ®,¥: R, x 2 — Z7:

O (t,Xo) :== (0,9 ( ) )7 0), (2.14)
¥ (t,X0) := (T (¢) V(). (2.15)
6



where @; and 7 are defined by

o (a,1) = 0, t>a>0; Fa.f) = i(a,t), t>a>0;
L= Vitayr), a>1>0 ne=10o, a>1>0.

Then, we have ® (¢,Xy) = O (¢,Xo) + ¥ (¢,Xo) V¢ > 0 and from [38, Proposition 3.13] and Proposition 2.1, the fol-
lowing Proposition is obtained.

(2.16)

Lemma 2.1. Let @, Q, ©® and ¥ be defined by (2.6), (2.7), (2.14) and (2.15), respectively. If the following two
conditions hold, then {® (t,Xy) : t > 0} for Xy € Q has compact closure in Z.

(i) There exists a function A: Ry x Ry — Ry such that for any r > 0, lim;_ A(t,r) =0, and if Xo € Q with
| Xol| 5 <1, then ||®(1,X0)| 5 < A(t,r) fort > 0;

(ii) Fort >0, W(t,-) maps any bounded sets of Q into sets with compact closure in Z .
To show that the conditions (i) and (ii) in Lemma 2.1 hold, we first prove the following lemma.

Lemma 2.2. Let Q and © be defined by (2.7) and (2.14), respectively. For r > 0, let A(t,r) := e %'y Then,
limy 0 A(2,7) =0 and fort >0, [|©(1,Xo)|| o < A(t,r) provided Xy € Q with ||Xol| 5 <.

PROOF. lim;_,. A (#,r) = 0 is obvious. From (2.5), we have

) [0 t>a>0;
¢ia,1) = ig(a—t)e hidlarte)de 4> 4>,

Then, for X, € Q satisfying ||Xo|| ,- < r, we have

[0 X)l, = [0+ [ Ipi(an]da+p)

|
o / lis(a)|da

0
e_30t||X0H% < ey = A(t,r), Yt>0,

is(a—t)e” f§d(a—r+e)de| 4,

IN

IN

which completes the proof.

We next prove the following lemma.

Lemma 2.3. Let Q and ¥ be defined by (2.7) and (2.15), respectively. Then, fort > 0, ¥ (¢,-) maps any bounded sets
of Q into sets with compact closure in Z .

PROOF. From Proposition 2.1, it is easily seen that T(¢) and V(¢) remain in the compact set [0,(1+ p™/c)s/&).
Thus, we only have to show that i (a,t) remains in a precompact subset of L} (0,0), which is independent of X, € Q.
To this end, it suffices to verify the following conditions (see e.g., [34, Theorem B.2]).

(i) The supremum of [;"i(a,t)da with respect to X, € Q is finite;
(i) limpe ;"1 (a,t)da = 0 uniformly with respect to Xp € Q;
(iii) limy_o4 [5|i(a+h,t)—i(a,t)|da = 0 uniformly with respect to X, € Q;

(iv) im0y fo'i(a,t)da = 0 uniformly with respect to Xp € Q.



Now, from (2.5) and (2.16), we have

It follows from Assumption 2.2 and Proposition 2.1 that
F(T(t—a))G(V(t—a))
T(t—a) V(t—a)
kikoT(t —a)V(t —a)o(a)

k{(l—%%) %}zc(a)

for any solutions of system (2.1) with Xy € Q. Thus, we can easily check that (i), (ii) and (iv) in the proof of Lemma

2.3 hold.
We are in a position to show (iii). For sufficiently small & € (0,7), we have

/w‘fa—i-h t)—i(a,t)|da

T(t—a)V(t—a)o(a)

F(T(t—a))G(V(t—a))o(a) =

IN

IN

_/t "F (T —a— )GVt —a—h) olath)
—F(T(t—a))G(V(t—a))G(a)|da+/tih IF(T(t—a))G(V(i —a))o(a)|da

</ "F (T —a—h)G(V(t—a—h))|o(a+h) - o(a)|da

+/0H1 IF(T(t—a—h)G(V(i—a—h))—F(T(t—a))G(V(t —a))|6(a)da (2.18)

{0)af

Noticing that 6(a) = ¢~ /0 3(€)4¢ js monotone decreasing with respect to a, we have
t—h t—h
/ 6(a+h)—oa)|da = / {6(a)— o(a+h)}da
0

/ G(a)da—/t o(a)da < h. (2.19)
0 t—h

Moreover, from (iv) of Assumption 2.2, we have
|F(T(t—a—h)G(V(i—a—h)~F(T(t—a)G(V(i - a))
< |F(T(t—a—h)=F(T(t—a))|[G(V(

HG(V(i—a—h) =G (V(i—a)||F (T(t—a)) (2.20)
< wrlr-a-n-10-al|EE D v an)
YMGIV(t—a—h)— V(i —a) F(TT(t(f_aa)) IT(t—a)l.




Now, the Lipschitz continuity of 7(-) and V(-) on R} is easily verified from (2.1) and the boundedness of the solution
(Proposition 2.1). Thus, there exist some positive constants M7, My > 0 such that

[T(x)=T()| <Mrlx—y| and [V(x)=V(y)|<Mylx—y[.
Hence, we have from (2.20) that

\F(T(t—a=h)G(V(t—a—h)=F(T(—a)G(V(t—a))|

IN

0o o)
= Myvh, 2.21)

+ +
MMy hks (1 + p—) = MaMy hk, (1 + p—) il
4 c

where Mry := (MpMrky +MgMyk;) (1 + p*/c)s/8. Thus, from (2.18), (2.19) and (2.21), we obtain

P\ s\’
MTV+zk{(1+_) _} n
c /&
Since this upper bound is independent of X € £ and converges to 0 as 7 — 0+, the condition (iii) holds. Consequently,
i(a,t) remains in a precompact subset C' of L (0,0) and thus,

¥ (t,C) C {0, (H—%) %] x Cl x [O, (H—%) %}

holds for any bounded subset C C Q of Q. This completes the proof.

/m‘f(a+h,t)—f(a,t)|da <
0

From Lemmas 2.1-2.3, we can apply [38, Proposition 3.13] to obtain the following proposition on the relative
compactness of the orbit of system (2.1).

Proposition 2.2. Let ® and Q be defined by (2.6) and (2.7), respectively. For Xy € Q, {® (¢,Xp) : t > 0} has compact
closure in 2.

2.3. Global stability of the infection-free equilibrium

In this subsection, we prove the following theorem on the global stability of the infection-free equilibrium E° of
system (2.1) when Ry < 1.

Theorem 2.1. Let R be defined by (2.13). The infection-free equilibrium E° of system (2.1) is globally asymptotically
stable if Ry < 1.

PROOF. Define
ala) = / ple)e 1865 ge (: / "ple)e i 5(“'>"“'de>. (2.22)

1

Note from (iv) of Assumption 2.1 and (2.10) that at(a) > 0 for 0 < a < at+ and 0(0) = N. It is easy to see that o.(a) is
bounded and its derivative is given by
a'(a) = 8(a)a(a) — p(a). (2.23)

We define a Lyapunov function

(1) a
Uy (t) = (T(t)—/TOT i((?;dn) +%/0 Ta(a)i(a,t)da+%V(t).




Calculating the derivative of U, (¢) along the trajectories of system (2.1) gives

du(t) F(Ty) 81 (a,r) 1 dV(r)
dlt - (1 F(T (t)> dt N/ daty~a
- (1 Fi;g%))(dm 4T (1)~ F(T )GV (1)
/ a(a) ( ) 4 5(a )(a,t)) da+%/0‘”p(a)i(a,r)da—LN(”

= 7(F(T( ) = F(T0))(To =T (2)) = F(T(1))G(V () + F(To)G(V (1))

F(T(t))
_% o f a(a)di(a, t)—% "'(0‘(4)5(@—P(a))i(a,t)da_m
— F(Td(t))(F(T(t)_F(TO))(TO—T(¢))+F(TO)G(V(,))_ c\;é,)'

Here,

(F(T(2)) = F(To))(To - T (1)) <0,
dG

and the assumption (2.4) ensures that G(V (¢)) < 5 Et; (¢) forall V > 0. Hence, we have

V(1 dG(0
rmce) -5 < (rm 3 - £)vi
NF(Ty) dG(0) V(1)
= — 1 _—
c av(r) N
Th
) W < L (p(7(1)) — F(To))(Ty — T(1)) + (R — 1) )
dt — F(T() )50 0 N
Therefore, it follows from SKO < 1 that U{ < 0 holds true. Similar to the arguments in Theorem 3.1 in [11], the

largest invariant set of {dU‘ =0} is singleton {E®}. Thus, by the invariance principle for relatively compact orbit

{®(#,Xp) : t >0} (see [37, Theorem 4.2 of Chapter IV] and Proposition 2.2), the infection-free equilibrium is globally
asymptotically stable when Ry < 1.

2.4. Global stability of the infection equilibrium

In this subsection, we prove the global stability of the infection equilibrium E* for Ry > 1. For the proof, we will
use a function g defined by
g(z)=z—1—1Inz, zER: (2.24)

in a Lyapunov functional. In order to make g ( ’ISf(Z; ) well-defined, we have to show that i(z,a)/i*(a) is bounded

below and above by some positive constants. To this end, we show that the limit infimum of 7'(¢) and V(¢) is bounded
below by some constants independent from the choice of the initial condition (uniform persistence). We first prove
the following lemma.

Lemma 2.4. For T(t) of system (2.1), there exists a positive lower bound T > 0 such that

liminfT (1) > T.

t—ro0

Here, T is independent from the choice of initial value Xy = (Ty,i5(-),Vy) € Q.

10



PROOF. It follows from the first equation of system (2.1) that

dT(1) F(T() G(V({1))
7 = s—{d+ W V() V(t)}T(t)

—{d+k(1+§> %}T(t).

Hence, the variation of constants formula yields

vV

pt\ o\ s
T(r) > % <1 _e{d+k<l+ll,>%}t> +e7{d+k<l+%>%},TS

d+k (1 + ”T) £

s
- ot , ast—r oo
d+k (1 + T) 5
This implies that liminf; . 7T(z) > T > 0 with
s

[~

d+k (1 + %) £
We next prove the following lemma.

Lemma 2.5. Let Ry be defined by (2.13). If Ry > 1 and Vs > 0, then there exists a positive constant & > 0 such that

limsup V() > &.

[—o0
Here, &) is independent from the choice of initial value Xy = (Ty, is(+), V) € Q.

PROOF. Noticing from Assumption 2.2 that

——— = |lim ——~% = lim %
AV 40 h T hst0 A

and G(V)/V is monotone decreasing, we see from Ry = —F (To) ( ) > 1 that there exists a sufficiently small positive

constant & > 0 such that

N I s G(g)

—F(Ty)— — > 1. 2.25

c (O)T0d+k80 & ( )
Here note that 7Tp = s/d. For this &, we shall show limsup, ., V() > &. On the contrary, we suppose that
limsup, ., V(t) < & and show a contradiction. In this case, there exists a sufficiently large #y > 0 such that V(¢) < &

for all # > ty. Then, it follows from the first equation of (2.1) that
dT (1) F(T'(r)) GV(1))
= s—<d —==V(t) p T (2
dt s {+ T v T
s—(d+key)T(1).

IV

Hence, from the variation of constants formula, we have

S
T > l _ _(d+k80)(t_t0) 226
(1) 2 d+key ( ¢ ) ( )

for all # > ty. From (2.25) we see that there exists a sufficiently large 7y > #( such that

NF(Ty) s —(d+keo)(—10) G(&0)

— — (11— 0070) ) ——= > 1, 2.27

¢ T d+k80( ¢ ) & (2.27)
11



For this 7y, we have

S ~
T(t) > (1 - *(‘”"80)”0*”))) . V) <e, V> 2.28
(t) = A+ ke e (1) <& >1o (2.28)
since the right-hand side of (2.26) is monotone decreasing with respect to ¢. Here, without loss of generality, we
can perform a time-shift of 7y on the solution being studied. That is, we can replace the initial condition Xy with
X := P (%, Xp). Then, from (2.28), the solution passing through X; at time ¢ = O satisfies

S ~
T(t) > | — ¢~ (d+ke0)(fo—10) Vit r>0. 2.29
0> 7 (1 ). Vi <e, viz (229)

Now, integration of the third equation in (2.1) gives
Vi) > /0 Leelt=2) /0 " p(a)i(a, 7)dadt
and hence, it follows from (2.5) and (2.29) that
Vi) > / it / p(@)F(T (1 —a))G(V(t - a))o(a)dadt
= /Ote o= T/OP( )F(T( 9)) (V(T_a))T(T—a)V(T—a)O'(a)dadr

T(t—a) V(t—a)
- F(Ty) G(&) (1 —(d+keo) (Fo— to))
- T & d+k8o
/ clr—7 / pla V(1 —a)dadz. (2.30)

Then, taking the Laplace transform of each side, we have

N F(To) Gleo) s —(d+keo)(Fo—to)
> _ 0)(fo—To
@) =z & d+kso<1 ¢ )

/ / it / pla (t—a)dadtd:, (2.31)

Noticing that the Laplace transform of a convolution of functions equals the product of the Laplace transforms of each

of the functions, we have
/ e_l’/ cli=t / pla (t—a)dadzdt

= / "dtx/ “/p —a)dadt
0

— lic /0 M p()a(1)dr x V(1) (2.32)

Substituting (2.32) into (2.31) and dividing both sides by V' (1), we have

> F() Glao) s (l_e—<d+k80><fo—to>)

°o—)Lt
— t)o(t)drt.
- T & d+ke /e pit)o(®)

A+clo

Thus, taking A — 0, we obtain

)

NF(Tp) s —(d+keo) (1) G(&0)
l _ 1_ 0/)\lo—1o
= T, d+ke ( ¢ ) &

which contradicts to (2.27). The proof is complete.

Next, under Lemma 2.5, we prove the following lemma on the lower bound of the limit infimum of V ().

12



Lemma 2.6. Let R be defined by (2.13). If Rg > 1 and V; > 0, then there exists a positive lower bound V > 0 such
that
liminfV(¢) > V. (2.33)

t—oo

Here, V is independent from the choice of initial value Xy = (T,is(-),Vs) € Q.

PROOF. Let us choose & as in Lemma 2.5. Then, limsup,_,,, V(z) > & holds and hence, we only have the following
two possibilities.

(i) There exists a positive constant 7 > 0 such that V(¢) > g for all t > 7;
(ii) Eventually V (¢) oscillates around &.

Since (2.33) holds in (i), we only have to consider (ii). In this case, there exist two positive constants t1,t, >0 (f, > 17)

such that
V() = Vi) = &;
V() < &, Vre(n,n).

(2.34)

Now let Cy > 0 be a positive constant defined below, which is independent of the choice of #; and #,. For such Cy, if
we show
V(t) > gge 0, Vre(t,n), (2.35)

then (2.33) holds with V = gye 0. Therefore, in the remainder of this proof, we prove (2.35).
First we consider the case where 1, —; < Cy. Since we have from the third equation of (2.1) that

dv(t)
7 > —CV([),

we can use the variation of constants formula and the first equation of (2.34) to obtain

Vit )e—C(t—tl )

Vi) >
> ge 0 =V, Vie(n,n).

Hence (2.35) holds.
Next we consider the case where t, —t; > Cy. Similar to the above, we have

V() >V, Vreln,n+C)

and hence, we are left to show
V(i)>V, Ytre(n+Coh). (2.36)

On the contrary, if it does not hold, then there exists a positive constant Cy € (0,1, — 11 — Cp) such that

{ V() >V, Vie(n+Cy, t1+Co+Co); @57
V(i +Co+Co) = V. .
Now, it follows from the second equation of (2.34) that

V(t)<e&, Vie|n,n+Co+Co (2.38)

and hence, from the first equation of (2.1) and Assumption 2.2 we have
dT (1) F(T(t)) G(V(1))
= s—<d Vi) p T(t
d s { 0 v TWTO
s—(d+ke)T (), Vte [l[,l‘l-i-Co-l-éo].

vV

13



Thus, by using the variation of constants formula, we obtain

N

T >
0= e

(1 —e_(d+k£0)(t_tl)) , Vte [tl,tl +C0+Co] .

Since the right-hand side of this inequality is monotone decreasing with respect to ¢, we have

N _ [} Co ~
T(t) > 1 — e (Hhe) Vie |n+—=2 14+ Co+Col. 2.39

()d+k80< e ) 1+271+ 0o+ Co ( )
Here, without loss of generality, we can perform a time-shift of #; +Cy /2 of the solution being studied. That is, we can
replace the initial condition Xy with X, := ® (¢t; +Cy/2,Xp). Then, from (2.37)-(2.39), the solution passing through
X, at time ¢t = 0 satisfies

s G C ~
> _—(d+key) 5 0 .
T(t)*d+k (1 e 2 ), Vte |0, > +Gol;

Co -
V(t)<e, V(t)>V, Vte {0, 7°+Co); (2.40)

Co -
V(7°+co) =V.

Recalling that it follows from the first inequality of (2.30) that
! T
V() > / ¢eli=1) / p(@)F(T (7 —a))G(V(t - a))o(a)dadr,
0 0

we have from Assumption 2.2 and (2.40) that

G =
VI —+C

(5+4)
P00 (D)
> / e\
0
T

X /0 o)t (TT(Y__J)I)) G(Vv(f__a‘)‘))T(f—a)V(r—a)o(a)dadf

P40 (Qicyq) [F,  F(Ty) G(eo)
/0 e ( )/Op(a) T T(t—a)Vo(a)dadt

> F (TO) S 1— e*(dJrkeO)CTO G(EO)K
Ty d+ke

@Jré() [ T
x/2 e_C(TJrCO_T)/ pla)o(a)dadr.
0 0

Dividing both sides of this inequality by V, we obtain

4

Y

To d-+ke &
[ . ¢
1 +Co e [ +Co
X~ {/T pla)o(a)da—e (F-+00) /T e”p(r)c(r)dr} : (2.41)
c 0 0
Now, noticing that from (iv) of Assumption 2.1,
70+€0 TO+CO
/ pla)o(a)da and Tp(v)o(T)dT
0 0



become finite o o
/ pla)o(a)da (=N) and / “p(t)o(1)dT
0 0
for sufficiently large Cy, we see that the right-hand side of (2.41) converges to

NF(T) s G(&)
c Ty d+keg &

as Cy — oo. From (2.25), we see that this value is greater than 1 and thus, for sufficiently large Cy > 0,

F(TO) s <1_e—(d+k80)c—20> G(eo)z
To d+ke &
Q46 (oL~ R4
xl{/ T paotapda—e (1) [ Oe”p(r)c(r)df} > (2.42)
c 0 0

holds. In fact, since Cj is an arbitrary large constant, we can assume without loss of generality that Cy satisfies (2.42).
However, this contradicts with (2.41). Therefore, there exists no Cy € (0,1, —t; — Cp) satisfying (2.37) and thus, (2.36)
holds. This completes the proof.

Now, from (2.5) and (2.12), we have for t — a > 0 that

i(a) _ F(T(t=a)G(V(t—a))

i*(a) F(T*)G(V*)

Hence, it follows from Lemmas 2.4 and 2.6 that for an arbitrary small constant € > 0, there exists a positive constant

t3 > 0 such that @) ( G )
ila,t) F(IT—¢e)G(V—¢
i)~ FGvy 0 (2.43)

for any ¢ > max (f3,a). Therefore, in what follows, let #4 := max (#4,a+) and without loss of generality, we perform a
time-shift of 74 setting X3 := ®3 (14,Xp) as a new initial condition for system (2.1). Then, from (2.43), we see that the

integral .
[ et e (5 ) aa

is well-defined for all # > 0. Using this integral, we prove the following theorem.

Theorem 2.2. Let Ry be defined by (2.13). The infection equilibrium E* of system (2.1) is globally asymptotically
stable if Ry > 1.

PROOF. We define a Lyapunov function

o = 10~ [ a1 (vio- [ S an)

15



It is easy to see that U,(r) has global minimum point at E*, and this function satisfies

d%t(t) B (1_FTt > dt ﬁ( t>
il 0 (1-55) "5

= (F(T(0)) = F(T"))(T" =T)+ F(T*)G(V") = F(T(1))G(V (1))

ey
~F(TG0 ) s + o+ [ plaitanda - 40
1 G G(V*) VOF(T)G(V?)

NGy Pt g U

—% Oa"' a(a)i*(a) (1 - l,’éf%) (a’(;;’t) + B(a)i(a,t)) da.

It follows from the calculation in [11] that we can easily check that
@ ) (i) i)
i(a,t) da da \ i*(a) *(a)

Hence, using integration by parts yields

[ ata) (1- 125 ) Fothaa = ot (452

We infer from

a0) = N, afa;)=0,
i(0) = F(T)G(V?), i(0,1)=F(T()G(V())
ir(a) = =68(a)i*(a),
and (2.23) that
(o) (0) (1550~ 1050 ) ey (EDETO))
ataryan) (S -1 )
and

Hence, it follows that

_ —NF(T*)G(V*)g(FE:T(TIE;gE“;Et))))
at (i(a,r) ia,1) :
/0 (i*(a) “iohn i*(a) plylaa

(2.44)

(2.45)

(2.46)



Substituting (2.46) to (2.44) and rearranging the equation, we have

T~ (FO) )T - 17)
G (L G i)
60 (L4 )
+rrew) (Sl - S T 1)

= o FEO) =) = T)
Fme e (G ) - ()

8
oGV N (V) G
+”TWW><aw>‘Q<v*‘awm>

Here we used the fact [y p(a)i*(a)da=NF(T*)G(V*). Hence, from the monotonousness of F (), and the concave-

ness of G(V'), we have
(T - T*)(F(T) F(T)) <0

Gv) v
G(V*)
This shows that Uj(¢) < 0 and the largest invariant subset of set {U2 = 0} is singleton E*. Hence, from the invariance

principle ([37, Theorem 4.2 of Chapter IV]), we conclude that the infection equilibrium E* is globally asymptotically
stable.

3. Special cases

In this section, as special cases for the age-infection model (2.1)-(2.2) with general nonlinear infection rate
F(T)G(V), we introduce two kinds of age-infection models with Holling type II functional response and Crowley-
Martin functional response.

3.1. The age-infection model with Holling type II functional response
First, we consider the following model with Holling type II functional response:

dT (1) T(t)

di :S—dT(t)—kH_TT(t)V(t),
di(a,t) di(a,t) ,
= 3.1
8t + 8t 6(a)i(a,t), (3.1
dV p i(a,t)da—cV(t),
where k, o¢ > 0. The boundary condition is as follows:
g L)

The initial condition of system (1.2) is similar to that of system (2.1). The coefficients s, d, ¢, 6(a) and p(a) are
assumed to satisfy Assumption 2.1. Then, setting F(x) = x/(1 + ax) and V(x) = kx, x € R, in the original system
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(2.1)-(2.2), we can easily see that (3.1)-(3.2) is a special case of (2.1)-(2.2). In fact, it is obvious that such F' and G
satisfy Assumption 2.2 (i)-(iv).
The infection-free equilibrium of system (3.1) is similar to the previous one, EY = (Ty,io(a), Vo), where Ty = 5/d,
io(a) =0, Vo = 0. Following (2.13), we obtain the basic reproduction number of system (3.1) as
N s/d Nsk

R = ?l—l—as/dk T dd+cas (3-3)

Then, from Theorems 2.1 and 2.2, we obtain the following corollary:

Corollary 3.1. (i) IfR, <1, then the infection-free equilibrium Eg of system (3.1) is globally asymptotically stable.
(ii) If Ry > 1, then the infection equilibrium E5 = (T*,i*(a),V*) of system (3.1) is globally asymptotically stable.

3.2. The age-infection model with Crowley-Martin functional response

Next, we consider the following model with Crowley-Martin functional response:

dT(t) o __ V)

S e e T BV
di(a,r) = di(a,r) i

o T~ d@ilar), oY
dx;gr) :/0 p(a)i(a,t)da—cV (),

where 8 > 0 and the other coefficients are similar as in the above system (3.1). The boundary condition is

_, T 40
U 1+aT () 1+ BV(t)’

i(0,1) (3.5)
Similar to the above case, it is easy to see that F(x) = x/(1 + ax) and V(x) = kx/(1 + Bx) satisfy Assumption 2.2
(1)-(iv) and therefore, system (3.4)-(3.5) is also a special case of the original system (2.1)-(2.2).

The infection-free equilibrium of system (3.4) is also similar to the previous one, Eg = (Ty,ip(a),Vo), where
Ty = s/d, ip(a) =0, Vo = 0. From (2.13), the basic reproduction number of system (3.4) is obtained by

N s/d Nsk
EK3 = - k = )
cl+as/d cd+cos

which is equal to R,. Then, from Theorems 2.1 and 2.2, we obtain the following corollary:

Corollary 3.2. (i) IfR; < 1, then the infection-free equilibrium Eg of system (3.4) is globally asymptotically stable.
(ii) If R3 > 1, then the infection equilibrium E5 = (T*,i*(a),V*) of system (3.4) is globally asymptotically stable.

4. Numerical simulation

In this section, to verify the validity of the theoretical result of this paper, we perform numerical simulation.
Specifically, we focus on the age-infection model with Crowley-Martin functional response (3.4)-(3.5) in Section 3.2.
Following [41] and references therein ([2—4, 19, 25, 29]), we fix the following coefficients:

s=10, d=0.09, k=0.0025, c=2.4.
Furthermore, we set the maximum age for the viral production as a; = 10 and

§(a) = 0.4 (1 +sin@) . pla) =300 (1 +sin%> , 0<a< 10,
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(a) For o = 0.8 (R3 ~0.9480 < 1). (b) For a =0.7 (R3 ~ 1.0817 > 1).

Figure 1: The dynamical behavior of the number of free virions V (z) of system (3.4)-(3.5). (a) From Corollary 3.2 (i), the infection-free equilibrium
E? is globally asymptotically stable. (b) From Corollary 3.2 (ii), the infection equilibrium E3 is globally asymptotically stable.

so that each of the averages is equal to 0.4 and 300, respectively, which were used in [41]. Let B = 0.4 as in [41] and
observe the dynamical behavior of solutions when o varies.

First, let o« = 0.8. Then, R3 is approximately calculated as 0.9480 and less than 1. Therefore, from Corollary 3.2
(i), we can expect that the infection-free equilibrium Eg is globally asymptotically stable. In fact, we can observe in
Figure 1 (a) that the number of free virions V(¢) converges to Vy = 0.

On the other hand, when & = 0.7, the approximate value of R3 is 1.0817 and greater than 1. Therefore, from
Corollary 3.2 (ii) we can expect that the infection equilibrium E7 is globally asymptotically stable. In fact, in Figure
1 (b), the number of free virions V (1) converges to the positive steady state V*.

Finally, we set o = 0.0015 as in [41]. In this case, Rj is about 73.0402 and greater than 1. Therefore, from
Corollary 3.2 (ii), we can expect that the infection equilibrium E3 is globally asymptotically stable. In fact, Figure 2
shows an example in which i(¢,a) and V() converge to the positive steady states i*(a) and V*, respectively.

5. Discussion

In this paper, we considered an age-infection model of HIV where the infection rate is given by nonlinear infection
rate F(T)G(V). As special examples of the model, we considered the age-infection models with Holling type II
functional response and Crowley-Martin functional response (see Section 3). We have shown that the global stability
of equilibria of these models are determined by the corresponding basic reproduction numbers. That is, we have
shown that the infection-free equilibrium is globally asymptotically stable if the basic reproduction number is less
than one, while an infection equilibrium is so if the basic reproduction number is greater than one. To prove these
properties, we used the direct Lyapunov methods, which was recently developed by [11, 22-24] in epidemic and viral

dynamics. It is should pointed here that ¢t(a) is included to function type [y ct(a)i*(a)g (ii’f;;) da, which play the
key role in estimating the derivative of Lyapunov function. It is expected to be useful and fundamental for the analysis
of more complicated PDE systems. In Section 4, we have performed numerical simulation to show the validity of our
theoretical result.

Finally, we remark that the results in the present paper can be applicable to the following model:

AT a1y — k(v ),

d
9lar)  dv(an)

da = —(8(a) +d)y(a,1), 5.0)
dZ—ft) = /0 Y(@)d(a)y(a,t)da—cV (1),
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Figure 2: The dynamical behavior of (a) the age-distribution of infected cells i(7,a) and (b) the number of free virions V (¢) for o« = 0.0015
(R3 ~73.0402 > 1).

with boundary condition

¥(0,1) =kV ()T (1),
where 6(a) denotes the additional death rate of infected cells due to infection at age a. The death of infected cells at
age a results in the release of an average number y(a) of viral particles, so that susceptible cells infected by free viral

particles then produce, at age a, viral particles with the rate y(a)d(a). In fact, by introducing the following function
i(a,t) = y(a,1)elo 84! we can easily obtain that

di(a,t) di(a,t) [(9y(a,t) N dy(a,r)

_ J§6(hdl
+ 5 > +8(a)| e

ot ot
= —dy(a,t)elo 3D = _gi(a,1).
Denote p(a) = y(a)d(a)e %0 8(1)dl, it follows that

T || p@ita.da—cva).

Note that i(0,7) = y(0,¢), then system (5.1) rewrites as

dT (1)

=s—dT(t)—kT(t)V(1),
di(a,t) N di(a,t)

da ot

d‘;ﬁt) _ /pr(a)i(a,t)da —cV(1),

= —di(a,t), (5.2)

with boundary condition
i(0,1) = KV()T (1),

supplemented together with initial condition
T(0) =Ty, i(-,0) =io(.) € L'(0,0;RL), V(0) =V
If we further assume p(a) = p for a constant, then the model (5.2) will reduce to the model studied in [27, 28].
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