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In this paper, we study the global dynamics of an SVIR epidemiological model with infection age struc-
ture. Biologically, we assume that effective contacts between vaccinated individuals and infectious indi-
viduals are less than that between susceptible individuals and infectious individuals. Using Lyapunov
functions, we show that the global stability of each equilibrium is completely determined by the basic
reproduction number ℜ0: if ℜ0 6 1 then the disease-free equilibrium is globally asymptotically stable;
while if ℜ0 > 1, then there exists a unique endemic equilibrium which is globally asymptotically stable.
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1. Introduction

Since Kermack & McKendrick (1927), a lot of differential equations have been studied as models for
the spread of infectious diseases. As one of the most basic models, the SIR epidemiological model has
been studied by many authors (see Diekmann & Heesterbeek (2000) and references therein), in which
the total population is divided by susceptible S, infectious I and recovered R. Main interests of them are
the local and global stability of equilibria (Korobeinikov, 2004), bifurcation (Franceschetti et al., 2012),
nonlinear incidence rates (Beretta et al., 2001; Li & Jin, 2005; Li et al., 1999) and so on.

It is needless to say that vaccination is an effective strategy against infectious diseases (Gabbuti
et al., 2007). Considering a continuous vaccination strategy, Liu et al. (2008) formulated the following
system of ordinary differential equations:

dS(t)
dt

= µ−βS(t)I(t)− (µ +α)S(t),
dV (t)

dt
= αS(t)−β1V (t)I(t)− (µ + γ1)V (t),

dI(t)
dt

= βS(t)I(t)+β1V (t)I(t)− γI(t)−µI(t),
dR(t)

dt
= γ1V (t)+ γI(t)−µR(t),

(1.1)

where S(t),V (t), I(t) and R(t) denote the susceptible, vaccinated, infectious and recovered populations

c© The author 2015. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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Coefficients Interpretation
µ The recruitment rate and natural death rate;
β The rate of disease transmission between susceptible and infectious individuals;
β1 The rate of disease transmission between vaccinated and infected individuals;
γ The recovery rate;
α The vaccination rate;
γ1 The rate at which a vaccinated individual obtains immunity.

Table 1. The biological interpretation of coefficients of model (1.1)

at time t, respectively. All coefficients are assumed to be positive and the biological interpretation of
them is listed in Table 1. In Liu et al. (2008), it was shown that the global dynamics of model (1.1) is
completely determined by the basic reproduction number. That is, if the number is less than unity, then
the disease-free equilibrium is globally asymptotically stable, while if the number is greater than unity,
then a positive endemic equilibrium exists and it is globally asymptotically stable. It was observed in
Liu et al. (2008) that vaccination has an effect of decreasing the basic reproduction number.

On the other hand, the infection age (time elapsed since the infection) is also known as an important
factor for modeling infectious diseases (Chen et al., 2014). It has been observed that the infection age
can cause qualitative changes in the dynamics of solutions (Thieme & Castillo-Chavez, 1993). Recently,
Röst & Wu (2008) formulated an SEIR model with infection age structure. They rewrote the model as
a differential equation with infinite delay and proved the asymptotic smoothness, persistence, local
stability of disease-free and endemic equilibria in terms of the basic reproduction number. However, the
global stability of the endemic equilibrium was not proved. After them, by constructing an appropriate
Lyapunov function, McCluskey (2009) proved that the endemic equilibrium is globally asymptotically
stable whenever it exists. In Wang et al. (2011), the model was extended to an SVEIR epidemiological
model by introducing the vaccinated population and it was shown that the global stability property as in
the previous SEIR model also holds for the model. In the study, it was observed that both of the time
for which vaccinated individuals to obtain immunity and the possibility for them to be infected before
acquiring immunity can lead to the overevaluation of the effect of vaccination.

In the models studied in Röst & Wu (2008) and Wang et al. (2011), the removal rate from infectious
class was assumed to be constant and not a function of infection age. By virtue of this assumption, the
analysis can be simplified to that for the differential equations with infinite delay. However, for more
realistic modeling, the fact that the removal (recovery) rate can depend on the infection age of each
individual should not be neglected. This fact leads to a formulation of partial differential equation for-
mulation (Webb, 1985). There have already been several studies on vaccination-age structured models.
For example, Iannelli et al. (2005) considered a two-strain epidemiological model with super-infection
and vaccination-age. Duan et al. (2014a) investigated the global stability of an vaccination-age struc-
tured SVIR model. Motivated by these works, in this paper, we investigate the dynamics of an SVIR
epidemiological model with infection age. As a main result of this paper, we succeed in proving that the
global stability of each equilibrium is completely determined by the basic reproduction number ℜ0: if
ℜ0 6 1, then the disease-free equilibrium is globally asymptotically stable, while if ℜ0 > 1, then there
exists a unique endemic equilibrium and it is globally asymptotically stable. For the proof, we first show
the relative compactness of the orbit generated by the model in order to make use of the well-known
invariance principle. In addition, we show the uniform persistence of the system to make the Lyapunov
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function well-defined.
This paper is organized as follows: In Section 2, we formulate a new SVIR model with infection age.

In Section 3, the preliminary results, including positiveness, boundness of the solutions, existence of
equilibria of the model and the basic reproduction number ℜ0 are obtained. In Section 4, the asymptotic
smoothness of the semi-flow generated by system is shown. In Section 5, the existence of global compact
attractor is proved. In Section 6, the uniform persistence of the system is proved by reformulating it
as a Volterra integral equation. In Section 7, by constructing suitable Lyapunov function, the basic
reproduction number ℜ0 is proved to be a threshold parameter which determines the global asymptotic
stability of each equilibrium. In the last section, we give some brief summaries and discussions on our
results.

2. Model formulation

In this section, we formulate an SVIR epidemiological model with infection age. We divide the total
population into susceptible, vaccinated, infectious and recovered populations. The number of each of
them at time t is denoted by S(t), V (t), I(t) and R(t), respectively. The infectious class is structured by
age of infection (i.e., time since entry into class I(t)). The density of individuals with infection-age a at
time t is given by i(t,a) with I(t) =

∫
∞

0 i(t,a)da.
Following the line of Liu et al. (2008); Wang et al. (2011), we also assume that before obtaining

immunity the vaccinees still have the possibility of infection while contacting with infected individuals.
Then we arrive at the following system mixed by ordinary differential equations and a partial differential
equations: 

dS(t)
dt

= Λ −βS(t)
∫

∞

0
p(a)i(t,a)da− (d +α)S(t),

dV (t)
dt

= αS(t)−β1V (t)
∫

∞

0
p(a)i(t,a)da− (d + γ1)V (t),

∂ i(t,a)
∂ t

+
∂ i(t,a)

∂a
=−δ (a)i(t,a),

dR(t)
dt

= γ1V (t)+
∫

∞

0
ξ (a)i(t,a)da−dR(t),

(2.1)

subject to the boundary and initial conditions

{
i(t,0) = (βS(t)+β1V (t))

∫
∞

0
p(a)i(t,a)da.

S(0) = ϕS > 0,V (0) = ϕV > 0, i(0,a) = ϕi(a) ∈ L1
+(0,∞) and R(0) = ϕR > 0,

(2.2)

where L1
+(0,∞) is the space of functions on (0,∞) that are nonnegative and Lebesgue integrable. Λ

and d are the recruitment rate and natural death rate of the population, respectively. p(a) is the kernel
of disease transmission with infectious individuals whose infection age is a. δ (a) is the age-specific
removal (including death and recovery) rate of infected individuals. The biological interpretation of the
other coefficients of model (2.1) are the same as those listed in Table 1. In this paper, it is biologically
assumed that β16 β , which is based on the fact that the vaccinated individuals are thought to have partial
immunity and can be recognized as the transmission characters of the disease, and hence the effective
contacts with infectious individuals may decrease compared to those of susceptibles (Liu et al., 2008).

Since the variable R(t) does not appear in the first three differential equations of (2.1), we restrict
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our attention to the following reduced system:

dS(t)
dt

= Λ −βS(t)
∫

∞

0
p(a)i(t,a)da− (d +α)S(t),

dV (t)
dt

= αS(t)−β1V (t)
∫

∞

0
p(a)i(t,a)da− (d + γ1)V (t),

∂ i(t,a)
∂ t

+
∂ i(t,a)

∂a
=−δ (a)i(t,a),

(2.3)

subject to the boundary conditions and initial conditions{
i(t,0) = (βS(t)+β1V (t))

∫
∞

0
p(a)i(t,a)da.

S(0) = ϕS > 0,V (0) = ϕV > 0, and i(0,a) = ϕi(a) ∈ L1
+(0,∞).

(2.4)

We make the following assumptions on the coefficients of system (2.3):

Assumption 2.1 (i) p(a),δ (a) ∈ L∞
+ (0,+∞), with essential upper bounds p̄, δ̄ , respectively.

(ii) p(a),δ (a) are Lipschitz continuous on R+ with Lipschitz coefficients Mp,Mδ , respectively.

(iii) There exist ap,aδ such that p,δ are positive in a neighborhood of ap,aδ , respectively.

(iv) δ (a)> d for all a > 0.

Before the analysis, we introduce some additional notations. Following Webb (1985), we define the
phase space for system (2.3) by Y = R+×R+×L1

+ (0,+∞), equipped with the norm

‖(x,y,ϕ)‖Y = |x|+ |y|+
∫

∞

0
|ϕ(a)|da.

Biologically, this norm is interpreted as the total population size.
Let us denote the solution of system (2.3) by X(t) := (S(t),V (t), i(t, ·)). The initial condition in (2.4)

is denoted by
X0 := (S(0),V (0), i(0, ·)) = (ϕS,ϕV ,ϕi(·)) ∈ Y . (2.5)

It follows from the standard theory of functional differential equation Hale (1971) that system (2.3)
with initial condition (2.5) has a unique nonnegative solution X(t) ∈ Y for all t > 0. The continuous
semi-flow Φ : R+×Y → Y defined by system (2.3) takes the following form

Φ (t,X0) := X(t), t > 0.

For convenience, throughout the paper, we shall often use the symbol Φt(X0) instead of Φ(t,X0).

3. Preliminaries

For a> 0, let
Ω(a) = e−

∫ a
0 δ (τ)dτ . (3.1)

Biologically, it is the survival rate at which an individual to stay in the infectious class after a period of
time a> 0.
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It follows from (i) and (iv) of Assumption 2.1 that

06Ω(a)6 e−da (3.2)

for each a> 0. Additionally, the equation

Ω
′(a) =−δ (a)Ω(a)

hold for almost all a> 0. Let
A =

∫
∞

0
p(a)Ω(a)da. (3.3)

It follows from (i) and (iii) of Assumption 2.1 and equation (3.2) that A is positive and finite.
Consider (

∂

∂ t
+

∂

∂a

)
i(t,a) =−δ (a)i(t,a).

We integrate it along the characteristic line t−a = const. and obtain

i(t,a) =

 (βS(t−a)+β1V (t−a))P(t−a)Ω(a), for 06 a6 t;

ϕi(a− t)
Ω(a)

Ω(a− t)
, for 06 t 6 a, (3.4)

where
P(t) =

∫
∞

0
p(a)i(t,a)da. (3.5)

By virtue of equation (3.4) and Assumption 2.1, we have the following result on the boundedness of the
solutions of system (2.3):

PROPOSITION 3.1 For system (2.3) with initial conditions (2.5), the following statements hold:

(i) d
dt ‖Φt(X0)‖6Λ −d‖Φt(X0)‖ for all t > 0;

(ii) ‖Φt(X0)‖6max
{

Λ

d ,
Λ

d + e−dt
(
‖X0‖− Λ

d

)}
6max

{
Λ

d ,‖X0‖
}

for t > 0;

(iii) limsupt→∞ ‖Φt(X0)‖6 Λ

d ;

(iv) Φ is point dissipative; that is there is a bounded set that attracts all points in Y .

Proof. Note that
d
dt
‖Φt(X0)‖=

dS(t)
dt

+
dV (t)

dt
+

d
dt

∫
∞

0
i(t,a)da. (3.6)

From equation (3.4), we have∫
∞

0
i(t,a)da =

∫ t

0
(βS(t−a)+β1V (t−a))P(t−a)Ω(a)da+

∫
∞

t
ϕi(a− t)

Ω(a)
Ω(a− t)

da.

Taking change of variable a = t −σ and a = t + τ in the first and second integral, respectively and
differentiating by t yield

d
dt

∫
∞

0
i(t,a)da =

d
dt

∫ t

0
(βS(σ)P(σ)+β1V (σ)P(σ))Ω(t−σ)dσ +

d
dt

∫
∞

0
ϕi(τ)

Ω(t + τ)

Ω(τ)
dτ

= (βS(t)P(t)+β1V (t)P(t))Ω(0)+
∫ t

0
(βS(σ)P(σ)+β1V (σ)P(σ))Ω ′(t−σ)dσ

+
∫

∞

0
ϕi(τ)

Ω ′(t + τ)

Ω(τ)
dτ.
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Noting that
Ω(0) = 1 and Ω

′(a) =−δ (a)Ω(a),

we have
d
dt

∫
∞

0
i(t,a)da = βS(t)P(t)+β1V (t)P(t)−

∫
∞

0
δ (a)i(t,a)da. (3.7)

Then equation (3.6) becomes

d
dt
‖Φt(X0)‖= Λ −βS(t)

∫
∞

0
p(a)i(t,a)da− (d +α)S(t)

+αS(t)−β1V (t)
∫

∞

0
p(a)i(t,a)da− (d + γ1)V (t)

+βS(t)P(t)+β1V (t)P(t)−
∫

∞

0
δ (a)i(t,a)da

6Λ −dS(t)−dV (t)−
∫

∞

0
δ (a)i(t,a)da

It follows from (iv) of Assumption 2.1 that

d
dt
‖Φt(X0)‖ 6 Λ −dS(t)−dV (t)−d

∫
∞

0
i(t,a)da = Λ −d‖Φt(X0)‖.

This proves the first statement. It follows from the variation of constants formula that for t > 0

‖Φt(X0)‖6
Λ

d
− e−dt

(
Λ

d
−‖X0‖

)
. (3.8)

Hence the second, third and fourth statements directly follow. This completes the proof. �
Proposition 3.1 implies that for X0 ∈ Y and ‖X0‖ 6 K for some K > Λ

d , the number of population
classes S(t), V (t) and

∫
∞

0 i(t,a)da will eventually remain bounded. It follows from the (i) of Assumption
2.1 and Proposition 3.1 that P(t)6 p̄K. Furthermore, Proposition 3.1 implies that the state space

Ω :=
{

X0 ∈ Y : ‖Φt(X0)‖6
Λ

d

}
is positively invariant for semi-flow Φ of system (2.3) and attracts all points in Y .

For the system (2.3), there always exists the disease-free equilibrium P0 = (S0,V0, i0(a)), where
S0 = Λ

d+α
, V0 = αS0

d+γ1
, and i0(a) = 0. Moreover, the endemic equilibrium P∗ = (S∗,V ∗, i∗(a)) whose

elements are non-zero is obtained as the solution of the following algebraic equations:

Λ = (d +α)S∗+βS∗
∫

∞

0
p(a)i∗(a)da,

αS∗ = (d + γ1)V ∗+β1V ∗
∫

∞

0
p(a)i∗(a)da,

di∗(a)
da

=−δ (a)i∗(a),

i∗(0) = (βS∗+β1V ∗)
∫

∞

0
p(a)i∗(a)da.

(3.9)

From the third equation, we obtain i∗(a) = i∗(0)Ω(a). Putting it into the fourth equation gives

1 = (βS∗+β1V ∗)
∫

∞

0
p(a)Ω(a)da. (3.10)
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In order to obtain the endemic equilibrium, we next define the key threshold parameter. According
to Driessche & Wagmough (2002), the expected number of secondary cases produced by a typical
infectious individual during its entire period of infectiousness is defined as basic reproduction number,
ℜ0, which is given by

ℜ0 = (βS0 +β1V0)G. (3.11)

where S0,V0 have been defined above and G =
∫

∞

0 p(a)Ω(a)da.
Denote I∗ =

∫
∞

0 p(a)i∗(a)da. From the first and second equations of (3.9), we have

S∗ =
Λ

d +α +β I∗
, V ∗ =

αΛ

(d +α +β I∗)(d + γ1 +β1I∗)
.

Plugging it into (3.10) yields
H(I∗) = a0(I∗)2 +a1I∗+a2 = 0, (3.12)

where a0 = ββ1, a1 = β (d + γ1)+β1(d +α)−ββ1ΛG, a2 = (d +α1)(d +α)(1−ℜ0).
Since a0 > 0, it has G(±∞) = +∞. When ℜ0 6 1, we know that H(0)> 0 and

H ′(I∗) = 2a0I∗+a1 = 2a0I∗+ββ1(d +α)

{
d + γ1

(d +α)β1
+

1
β
− ΛG

d +α

}
.

Moreover, ℜ0 6 1 is equivalent to

ΛG
d +α

6
d + γ1

(d +α)β1 + ε
, where ε = (β −β1)d +βγ1,

which implies that ΛG
d+α

< d+γ1
(d+α)β1

. Therefore, H ′(I∗)> 0 for any I∗ > 0 when ℜ0 6 1. In this case, it is
obvious that equation (3.12) has not positive root.

On the other hand, when ℜ0 > 1, it has that H(0) = a2 < 0. From the properties of the quadratic
function H(I∗), equation (3.12) has a unique positive real root I∗. Consequently, we have the following
Proposition for system (2.3).

PROPOSITION 3.2 System (2.3) has an endemic equilibrium P∗(S∗,V ∗, i∗(a)) if and only if ℜ0 > 1.

4. Asymptotic smoothness

In this section, we will prove that the semi-flow Φ is asymptotically smooth. To this end, we first prove
that P(t) is Lipschitz continuous on R+. Second, we introduce the result in Smith & Thieme (2011),
which was used to prove the asymptotic smoothness of semi-flow. Finally, we prove our main theorem
by using their result.

PROPOSITION 4.1 The function P(t) defined by (3.5) is Lipschitz continuous on R+.

Proof. Let K >max{Λ

d ,‖X0‖}. It follows from Proposition 3.1 that ‖X(t)‖6K for all t > 0. Let h > 0,
then

P(t +h)−P(t) =
∫

∞

0
p(a)i(t +h,a)da−

∫
∞

0
p(a)i(t,a)da

=
∫ h

0
p(a)i(t +h,a)da+

∫
∞

h
p(a)i(t +h,a)da−

∫
∞

0
p(a)i(t,a)da

=
∫ h

0
p(a)i(t +h−a,0)Ω(a)da+

∫
∞

h
p(a)i(t +h,a)da−

∫
∞

0
p(a)i(t,a)da. (4.1)
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From the Assumption 2.1, we have the following facts hold, p(a) 6 p̄, i(t + h− a,0) 6 β̄ p̄K2. Hence∫ h
0 p(a)i(t + h− a,0)Ω(a)da can be bounded by p̄2β̄K2h, where β̄ = β +β1. Taking the substitution

σ = a−h for the second integral of (4.1) gives

P(t +h)−P(t)6 p̄2
β̄K2h+

∫
∞

0
p(σ +h)i(t +h,σ +h)dσ −

∫
∞

0
p(a)i(t,a)da.

Note that

i(t +h,σ +h) = i(t,σ)
Ω(σ +h)

Ω(σ)
.

Hence (4.1) becomes

P(t +h)−P(t)6 p̄2
β̄K2h+

∫
∞

0

(
p(a+h)

Ω(a+h)
Ω(a)

− p(a)
)

i(t,a)da

= p̄2
β̄K2h+

∫
∞

0

(
p(a+h)e−

∫ a+h
a δ (τ)dτ − p(a)

)
i(t,a)da

= p̄2
β̄K2h+

∫
∞

0
p(a+h)

(
e−

∫ a+h
a δ (τ)dτ −1

)
i(t,a)da+

∫
∞

0
(p(a+h)− p(a))i(t,a)da.

(4.2)
It follows from (i) of Assumption 2.1 that 0>−

∫ a+h
a δ (τ)dτ >−δ̄h. Hence, we have 1> e−

∫ a+h
a δ (τ)dτ >

e−δ̄h > 1− δ̄h. It follows that∫
∞

0
p(a+h)

(
e−

∫ a+h
a δ (τ)dτ −1

)
i(t,a)da6 p̄δ̄Kh.

By using (ii) of Assumption 2.1, we have
∫

∞

0 |p(a+h)− p(a)| i(t,a)da6MphK. Therefore

|P(t +h)−P(t)|6 p̄2
β̄K2h+ p̄δ̄Kh+MpKh. (4.3)

That is, P(t) is Lipschitz continuous with coefficient MP = (p̄2β̄K + p̄δ̄ +Mk)K. �
The following result is well-known and useful for the proof of our main theorem.

PROPOSITION 4.2 (McCluskey, 2012) Let D ⊆ R. For j = 1,2, suppose f j : D→ R is a bounded
Lipschitz continuous function with bound K j and Lipschitz coefficient M j. Then the product f1 f2 is
also Lipschitz continuous with coefficient K1M2 +K2M1.

THEOREM 4.3 (Hale & Waltman, 1989) The semi-flow Φ : R+×Y → Y is asymptotically smooth if
there are maps Θ ,Ψ : R+×Y → Y s.t. Φ(t,X) = Θ(t,X)+Ψ(t,X), and the following hold for any
bounded closed set C that is forward invariant under Φ :

(i) limt→∞ diamΘ(t,C) = 0;

(ii) there exists tC > 0 such that Ψ(t,C) has compact closure for each t > tC.

In order to verify (ii) of Theorem 4.3, we need the following theorem:

THEOREM 4.4 (Smith & Thieme, 2011) A set C ∈ L1
+(R>0) has compact closure if and only if the

following conditions hold:

(i) sup f∈C
∫

∞

0 f (a)da < ∞;
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(ii) limr→∞

∫
∞

r f (a)da→ 0 uniformly in f ∈C;

(iii) limh→0+
∫

∞

0 | f (a+h)− f (a)|da→ 0 uniformly in f ∈C;

(iv) limh→0+
∫ h

0 f (a)da→ 0 uniformly in f ∈C.

Now we are in a position to prove our main theorem in this section. A similar argument can be found
in McCluskey (2012).

THEOREM 4.5 The semi-flow Φ generated by (2.3) is asymptotically smooth.

Proof. According to Theorems 4.3 and 4.4, we prove that each forward invariant bounded closed
set under Φ is attracted by a nonempty compact set. To this end, let C ⊂ Y be bounded by an upper
bounded K > Λ

d . Hence we consider the solution Φ(t,X0) = (S(t),V (t), i(t, ·)) with X0 ∈C, where i(t, ·)
is defined in (3.4). It suffices to show that conditions in Theorems 4.3 and 4.4 can be fulfilled for system
(2.3).

Proof of (i) of Theorem 4.3. For t > 0, let Ψ(t,X0) = (S(t),V (t), ĩ(t, ·)) and Θ(t,X0) = (0,0, ϕ̃i(t, ·)),
where

ĩ(t,a) =
{

(βS(t−a)P(t−a)+β1V (t−a)P(t−a))Ω(a) for 06 a6 t;
0 for t < a,

and

ϕ̃i(t,a) =

 0 for 06 a6 t;

ϕi(a− t)
Ω(a)

Ω(a− t)
for t < a.

Then it is easy to see that Φ =Θ +Ψ . Denote by ‖ · ‖1 the standard norm on L1. Thus,

‖ϕ̃i(t, ·)‖1 =
∫

∞

0
|ϕ̃i(t,a)|da

=
∫

∞

t
ϕi(a− t)

Ω(a)
Ω(a− t)

da

=
∫

∞

0
ϕi(σ)

Ω(σ + t)
Ω(σ)

dσ

=
∫

∞

0
ϕi(σ)e−

∫
σ+t
σ δ (τ)dτ dσ

6 e−dt
∫

∞

0
ϕi(σ)dσ

6 Ke−dt .

This shows that ‖ϕ̃i(t, ·)‖1→ 0 as t → ∞, which implies that Θ(t,X0) approaches 0 ∈ Y with uniform
exponential speed. This completes the proof of (i) of Theorem 4.3.

Proof of (ii) of Theorem 4.3. It follows from Proposition 3.1 that S(t) and V (t) remain bounded in
the compact set [0,K]. We only have to show that ĩ(t,a) remains in a pre-compact subset of L1

+ that is
independent of X0. It can be really realized by verifying conditions (i)-(iv) of Theorem 4.4.

From Proposition 3.1 and Equation (3.2),

06 ĩ(t,a) =
{

(βS(t−a)+β1V (t−a))P(t−a)Ω(a) for 06 a6 t;
0 for t < a,
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can be evaluated by
ĩ(t,a)6 (β +β1)p̄K2e−da.

It is easy to see that the conditions (i), (ii) and (iv) of Theorem 4.4 follow directly. Now, we verify that
condition (iii) holds for system (2.3). Let h ∈ (0, t), then∫

∞

0
|ĩ(t,a+h)− ĩ(t,a)|da =∫ t−h

0
|(βS(t−a−h)+β1V (t−a−h))P(t−a−h)Ω(a+h)

− (βS(t−a)+β1V (t−a))P(t−a)Ω(a)|da

+
∫ t

t−h
|0− (βS(t−a)+β1V (t−a))P(t−a)Ω(a)|da

6
∫ t−h

0
|(βS(t−a−h)+β1V (t−a−h))P(t−a−h)Ω(a+h)

− (βS(t−a)+β1V (t−a))P(t−a)Ω(a)|da+ β̄ p̄K2h

6 β̄ p̄K2h+∆ +Ξ ,

(4.4)

where

∆ =
∫ t−h

0
(βS(t−a−h)+β1V (t−a−h))P(t−a−h)|Ω(a+h)−Ω(a)|da,

and

Ξ =
∫ t−h

0
|(βS(t−a−h)P(t−a−h)+β1V (t−a−h)P(t−a−h))

− (βS(t−a)P(t−a)+β1V (t−a)P(t−a))|Ω(a)da

6
∫ t−h

0
|(βS(t−a−h)P(t−a−h)− (βS(t−a)P(t−a))|Ω(a)da

+
∫ t−h

0
|(β1V (t−a−h)P(t−a−h)−β1V (t−a)P(t−a))|Ω(a)da.

Recall that ∫ t−h

0
|Ω(a+h)−Ω(a)|da =

∫ t−h

0
(Ω(a)−Ω(a+h))da

=
∫ t−h

0
Ω(a)da−

∫ t

h
Ω(a)da

=
∫ t−h

0
Ω(a)da−

∫ t−h

h
Ω(a)da−

∫ t

t−h
Ω(a)da

=
∫ h

0
Ω(a)da−

∫ t

t−h
Ω(a)da

6 h.

It follows that
∆ 6 β̄ p̄K2h.
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For Ξ , combining Proposition 3.1 with the expression for dS(t)
dt , we obtain that | dS(t)

dt |6Λ +(d+α)K+

β p̄K2 := BS, and therefore S(·) is Lipschitz on [0,∞) with coefficient BS. Similarly, V (·) is Lipschitz on
[0,∞) with coefficient BV = (d +α + γ1)K +β1 p̄K2. By Proposition 4.1, P(t) is Lipschitz continuous
with coefficient MP = (p̄2β̄K + p̄δ̄ +Mk)K. Thus, Proposition 4.2 indicates that S(·)P(·) and V (·)P(·)
is Lipschitz on [0,∞) with coefficient MSP = KMP + p̄KBS and MV P = KMP + p̄KBV . Let M = βMSP +
β1MV P. Obviously,

Ξ 6Mh
∫ t−h

0
e−dada6

Mh
d

.

Hence ∫
∞

0
|i(t,a+h)− i(t,a)|da6

(
2β̄ p̄K2 +

Mh
d

)
h.

This completes the verification of condition (iii) of Theorem 4.4. It is concluded that i(y, ·) remains in a
pre-compact subset Ci

K of L1
+(0,+∞). Thus, Φ(t,C)⊆ [0,K]× [0,K]×Ci

K , which has compact closure
in Y , which completes the proof of (ii) of Theorem 4.3. �

5. Attractor

Following the line of McCluskey (2012); Smith & Thieme (2011), we first give the necessary definitions
needed in this section.

DEFINITION 5.1 Total trajectory. A total trajectory of Φ is a function X : R→Y such that Φs(X(t)) =
X(t + s) for all t ∈ R and all s> 0.

DEFINITION 5.2 Compact attractor. A non-empty compact set Ã is a compact attractor of a class C of
set if Ã is invariant and d

(
Φt(C), Ã

)
→ 0 for each C ∈ C .

For each X0 ∈ Ã, there exists a total trajectory X such that X(0) = X0 and X(t) ∈ Ã for all t ∈ R.
It is noted that total trajectory i(t,a) = i(t−a,0)Ω(a) for all t ∈ R and a ∈ R+ has nice properties,

for example, Lipschitz continuous, see Proposition 4.1.
Based on the point dissipativeness (see Propositions 3.1) and asymptotic smoothness (see Theorem

4.5) of Φ , we establish the following main theorem in this section, which follows from Theorem 2.33
of Smith & Thieme (2011).

THEOREM 5.3 The semi-flow Φ has a global attractor A contained in Y , which attracts the bound sets
of Y .

6. Uniform persistence for ℜ0 > 1

In this section, we show the uniform persistence of system (2.3). For the simplicity of notation, denote
i(t,0) by î(t). Thus (3.4) can be rewritten as

i(t,a) =

{
î(t−a)Ω(a), t > a> 0;
i0(a− t) Ω(a)

Ω(a−t) , a> t > 0.
(6.1)

Thus, boundary condition in (2.4) becomes

î(t) = (βS(t)+β1V (t))
{∫ t

0
p(a)Ω(a)î(t−a)da+

∫
∞

t
p(a)

Ω(a)
Ω(a− t)

i0(a− t)da
}
. (6.2)

We first have the following result.
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LEMMA 6.1 If ℜ0 > 1, then there exists a positive constant ε > 0 such that

limsup
t→∞

î(t)> ε. (6.3)

Proof. Since ℜ0 > 1, there exists a sufficiently small ε > 0 such that(
β

Λ − ε

d +α
+β1

α
Λ−ε

d+α
− ε

d + γ1

)∫
∞

0
p(a)Ω(a)da > 1. (6.4)

For such ε , we show that (6.3) holds true for all t. To this end, by way of contradiction, suppose that
there exists a sufficiently large T > 0 such that

î(t) = (βS(t)+β1V (t))
∫

∞

0
p(a)i(t,a)da 6 ε for all t > T, (6.5)

then it follows from the first equation of (2.3) that

dS(t)
dt
>Λ − ε− (d +α)S(t) for all t > T.

Hence, from comparison theorem, we can easily get

S(t)>
Λ − ε

d +α
for all t > T. (6.6)

Furthermore, from the second equation of (2.3), we have

dV (t)
dt
> α

Λ − ε

d +α
− ε− (d + γ1)V (t) for all t > T.

It follows that

V (t)>
α

Λ−ε

d+α
− ε

d + γ1
for all t > T. (6.7)

Combining (6.2), (6.6) and (6.7), we have

î(t)>

(
β

Λ − ε

d +α
+β1

α
Λ−ε

d+α
− ε

d + γ1

)∫ t

0
p(a)Ω(a)î(t−a)da for all t > T. (6.8)

Now, without loss of generality, we can perform the time-shift of system (2.3) with respect to T . That
is, replacing the initial condition of system (2.3) by X1 := Φ(T,X0), we can consider that (6.5) and (6.8)
hold for t > 0. Note that for any λ > 0, the Laplace transform L [î](λ ) of î is bounded:

L [î](λ ) :=
∫

∞

0
e−λ t î(t)dt 6 ε

∫
∞

0
e−λ tdt =

ε

λ
<+∞.

Hence, for any λ > 0, taking the Laplace transform of both sides of (6.8), we have

L [î](λ ) >

(
β

Λ − ε

d +α
+β1

α
Λ−ε

d+α
− ε

d + γ1

)∫
∞

0
p(a)Ω(a)e−λada L [î](λ ).
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Dividing both sides by L [î](λ ), we have the following inequality.

1>

(
β

Λ − ε

d +α
+β1

α
Λ−ε

d+α
− ε

d + γ1

)∫
∞

0
p(a)Ω(a)e−λada. (6.9)

Note that this inequality holds for any λ > 0. Therefore, from the continuity of the right-hand side of
(6.9) with respect to λ and the boundedness of integral

∫
∞

0 p(a)Ω(a)da, we obtain

1 >

(
β

Λ − ε

d +α
+β1

α
Λ−ε

d+α
− ε

d + γ1

)∫
∞

0
p(a)Ω(a)da,

which contradicts to (6.4). This completes the proof. �
Next, in order to apply a technique used in Chapter 9 of Smith & Thieme (2011) (see also Section 8

of McCluskey (2012)), we consider a total Φ-trajectory of system (2.1) in space Y . Let φ : R→Y be a
total Φ-trajectory such that φ(r) := (S(r),V (r), i(r, ·)), r∈R. Then, it follows that φ(r+t) =Φ(t,φ(r)),
t > 0, r ∈ R and

i(r,a) = i(r−a,0)Ω(a) = î(r−a)Ω(a), r ∈ R, a,b> 0.

Hence, (2.3) becomes

dS(r)
dr

= Λ − (d +α)S(r)−βS(r)
∫

∞

0
p(a)Ω(a)î(r−a)da,

dV (r)
dr

= αS(r)− (d + γ1)V (r)−β1V (r)
∫

∞

0
p(a)Ω(a)î(r−a)da,

î(r) = (βS(r)+β1V (r))
∫

∞

0
p(a)Ω(a)î(r−a)da, r ∈ R.

We prove the following lemma.

LEMMA 6.2 For total Φ-trajectory φ in Y , S(r) and V (r) are strictly positive on R and î(r) = 0 for all
r > 0 if î(r) = 0 for all r 6 0.

Proof. Suppose that S(r∗) = 0 for a number r∗ ∈ R and show a contradiction. In this case, it follows
from the first equation of (6.10) that dS(r∗)/dr =Λ > 0. This implies that S(r∗−η)< 0 for sufficiently
small η > 0 and it contradicts to the fact that the total Φ-trajectory φ remains in Y . Consequently, S(r)
is strictly positive on R. Similarly, we can prove V (r) is strictly positive on R.

By changing the variables, we can rewrite the third equation of (6.10) as follows.

î(r) = (βS(r)+β1V (r))
∫ r

−∞

p(r−a)Ω(r−a)î(a)da.

Hence, if î(r) = 0 for all r 6 0, then we have

î(r)6 (βS0 +β1V0)p̄
∫ r

0
î(a)da, r > 0.

This is a Gronwall-like inequality and it follows that î(r) = 0 for all r > 0. In fact, let

Î(r) :=
∫ r

0
î(a)da, r > 0.
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Then,

dÎ(r)
dr

= î(r)

6 (βS0 +β1V0)p̄
∫ r

0
î(a)da

6 (βS0 +β1V0)p̄Î(r), r > 0

and hence,
Î(r) 6 Î(0)e(βS0+β1V0)p̄r = 0, r > 0.

This implies that î(r) = 0 for all r > 0. �
We prove the following lemma on the total Φ-trajectory φ :

LEMMA 6.3 For total Φ-trajectory φ in Y , î(r) is strictly positive or identically zero on R.

Proof. From the second statement of Lemma 6.2, by performing appropriate shifts, we see that î(r) = 0
for all r> r∗ if î(r) = 0 for all r6 r∗, where r∗ ∈R is arbitrary. This implies that either î(r) is identically
zero on R or there exists a decreasing sequence {r j}∞

j=1 such that r j →−∞ as j→ ∞ and î(r j)> 0. In
the latter case, letting î j(t) := î(t + r j), t > 0, we have from the third equation of (6.10) that

î j(t)> (βS+β1V )
∫ t

0
p(a)Ω(a)î j(t−a)da+ ĵ j(t), t > 0,

where S := infr∈R S(r)> 0, V := infr∈RV (r)> 0 and

ĵ j(t) := (βS(t + r j)+β1V (t + r j))
∫

∞

t
p(a)Ω(a)î j(t−a)da, t > 0.

Then, since ĵ j(0) = î(r j) > 0 and ĵ j(r) is continuous at 0, it follows from Corollary B.6 of Smith &
Thieme (2011) that there exists a number r∗ > 0, which depends only on (βS+β1V ) p(a)Ω(a), such
that î j(t)> 0 for all t > r∗. From the definition of î j, this implies that î(t)> 0 for all t > r∗+ r j. Since
r j→−∞ as j→ ∞, we obtain that î(r)> 0 for all r ∈ R by letting j→ ∞. Consequently, î(r) is strictly
positive on R. �

Now, let us define a function ρ : Y → R+ on Y by

ρ (x,y,ϕ) := (βx+β1y)
∫

∞

0
p(a)ϕ(a)da, (x,y,ϕ) ∈ Y .

Then, it follows from the previous argument that

ρ (Φt(X0)) = î(t).

Then, Lemma 6.1 implies the uniform weak ρ-persistence of semi-flow Φ for ℜ0 > 1. Moreover, from
the Theorem 5.3 and Lemmas 6.2, 6.3 and the Lipschitz continuity of î (which immediately follows from
Proposition 4.1), we can apply Theorem 5.2 of Smith & Thieme (2011) to conclude that the uniform
weak ρ-persistence of semi-flow Φ implies the uniform (strong) ρ-persistence. In conclusion, we obtain
the following theorem.

THEOREM 6.1 If ℜ0 > 1, then semi-flow Φ is uniformly (strongly) ρ-persistent.
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The uniform persistence of system (2.1) for ℜ0 > 1 immediately follows from Theorem 6.1. In fact,
it follows from (6.1) that

‖i(t, ·)‖L1 >
∫ t

0
î(t−a)Ω(a)da

and hence, from a variation of the Lebesgue-Fatou lemma ((Smith, 2003, Section B.2)), we have

liminf
t→∞

‖i(t, ·)‖L1 > î∞
∫

∞

0
Ω(a)da,

where î∞ := liminft→∞ î(t). Under Theorem 6.1, there exists a positive constant ε > 0 such that î∞ > ε

if ℜ0 > 1 and hence, the persistence of i(t,a) with respect to ‖·‖L1 follows. By a similar argument, we
can prove that S(t) and V (t) are also persistent with respect to | · |. Consequently, we have the following
theorem.

THEOREM 6.2 If ℜ0 > 1, the semiflow {Φ(t)}t>0 generated by (2.3) is uniformly persistent in Y , that
is, there exists a constant ε > 0 such that for each X0 ∈ Y ,

liminf
t→+∞

S(t)> ε, liminf
t→+∞

V (t)> ε, liminf
t→+∞

‖i(t, ·)‖L1 > ε.

7. Global asymptotic stability

It is important to analyze the stability of these equilibria, as it will indicate whether the disease will die
out eventually, or it will persist for all time. In particular, the global stability of the epidemiological
model with infection age becomes much more interesting from the realistic views to theoretical views
Chen et al. (2014). In this section , we will establish the global stability of disease-free equilibrium and
endemic equilibrium. This is achieved by using the Lyapunov functional approach.

THEOREM 7.1 If ℜ0 6 1, then the disease-free equilibrium P0 is globally asymptotically stable.

Proof. Let

α(a) =
∫

∞

a
p(σ)e−

∫
σ
a δ (s)dsdσ . (7.1)

Then, it follows that

α(0) =
ℜ0

βS0 +β1V0
(7.2)

and

α
′(a) =

dα(a)
da

= α(a)δ (a)− p(a). (7.3)

Using the fact that h(z) = z−1− lnz> h(1) = 0 for all z > 0, we have S0h( S(t)
S0

)> 0, V0h(V (t)
V0

)> 0. We
constructive the Lyapunov function as follows,

U1 = S0h
(

S(t)
S0

)
+V0h

(
V (t)
V0

)
+(βS0 +β1V0)

∫
∞

0
α(a)i(t,a)da. (7.4)

The Lyapunov function U1 is nonnegative and defined with respect to the disease free equilibrium P0 =
(S0,V0, i0(a)), which is a global minimum. Differentiating U1 along the solution of system (2.3), we
obtain

dU1(t)
dt

=

(
1− S0

S

)
dS(t)

dt
+

(
1− V0

V

)
dV (t)

dt
+(βS0 +β1V0)

∫
∞

0
α(a)

∂ i(t,a)
∂ t

da. (7.5)
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By using Λ = (d +α)S0 and αS0 = (d + γ1)V0, we have

dU1(t)
dt

= (d +α)S0−βS(t)
∫

∞

0
p(a)i(t,a)da− (d +α)S

+αS(t)−β1V (t)
∫

∞

0
p(a)i(t,a)da− (d + γ1)V (t)

−
(d +α)S2

0
S(t)

+βS0

∫
∞

0
p(a)i(t,a)da+(d +α)S0

− αS(t)V0

V
+β1V0

∫
∞

0
p(a)i(t,a)da+(d + γ1)V0

− (βS0 +β1V0)
∫

∞

0
α(a)

[
∂ i(t,a)

∂a
+δ (a)i(t,a)

]
da. (7.6)

Collecting terms in (7.6), yields

dU1(t)
dt

= dS0

[
2− S(t)

S0
− S0

S(t)

]
+αS0

[
3− V (t)

V0
− S0

S(t)
− S(t)V0

S0V (t)

]
− (βS(t)+β1V (t))

∫
∞

0
p(a)i(t,a)da+(βS0 +β1V0)

∫
∞

0
p(a)i(t,a)da

− (βS0 +β1V0)
∫

∞

0
α(a)

[
∂ i(t,a)

∂a
+δ (a)i(t,a)

]
da. (7.7)

Here using integration by parts, we have∫
∞

0
α(a)

∂ i(t,a)
∂a

da =
∫

∞

0
α(a)di(t,a)

= α(a)i(t,a) |∞0 −
∫

∞

0
α
′(a)i(t,a)da

= α(a)i(t,a) |∞ −α(0)(βS(t)+β1V (t))
∫

∞

0
p(a)i(t,a)da

−
∫

∞

0
(α(a)δ (a)− p(a))i(t,a)da. (7.8)

Combining (7.7) and (7.8), we obtain

dU1(t)
dt

= dS0

[
2− S(t)

S0
− S0

S(t)

]
+αS0

[
3− V (t)

V0
− S0

S(t)
− S(t)V0

S0V (t)

]
− (βS0 +β1V0)α(a)i(t,a) |∞

+(ℜ0−1)(βS(t)+β1V (t))
∫

∞

0
p(a)i(t,a)da. (7.9)

Due to the fact that the arithmetic mean is greater than or equal to the geometric mean, (7.9) becomes

dU1(t)
dt

= dS0

[
2− S(t)

S0
− S0

S(t)

]
+αS0

[
3− V (t)

V0
− S0

S(t)
− S(t)V0

S0V (t)

]
+(ℜ0−1)(βS(t)+β1V (t))

∫
∞

0
p(a)i(t,a)da

6 0, if ℜ0 6 1. (7.10)
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The above equalities strictly hold only at S(t) = S0 and V (t) = V0. Therefore, ℜ0 6 1 ensures that
dU1(t)

dt 6 0 holds. Every solution of system (2.3) tends to M0, where M0 is the largest invariant subset
in { dU1(t)

dt = 0}. Note that when ℜ0 6 1, the equality holds only if S(t) = S0 and V (t) =V0. Hence we
have that M0 = {P0}, and it follows that P∗ is globally asymptotically stable. This completes the proof.

�
The following lemma will be used in the proof of global attractivity of endemic equilibrium if the

basic reproduction number is greater than one. Since it directly comes from boundary conditions (2.4)
and equilibrium equations (3.9), we omit the proof of it.

LEMMA 7.1 Let P∗ = (S∗,V ∗, i∗(a)) be the endemic equilibrium of system (2.3), then the following
equalities hold true:

(i)

βS∗
∫

∞

0

S(t)i(t,a)
S∗i∗(a)

p(a)i∗(a)da+β1V ∗
∫

∞

0

V (t)i(t,a)
V ∗i∗(a)

p(a)i∗(a)da

= (βS∗+β1V ∗)
∫

∞

0
p(a)i∗(a)

i(t,0)
i∗(0)

da; (7.11)

(ii)

βS∗
∫

∞

0

(
1− S(t)i(t,a)i∗(0)

S∗i∗(a)i(t,0)

)
p(a)i∗(a)da

=−β1V ∗
∫

∞

0

(
1− V (t)i(t,a)i∗(0)

V ∗i∗(a)i(t,0)

)
p(a)i∗(a)da. (7.12)

Now we are in the position to state the main result of this section.

THEOREM 7.2 If ℜ0 > 1, then the endemic equilibrium P∗ is globally asymptotically stable.

Proof. Define a Lyapunov function

U2(t) = S∗h
(

S(t)
S∗

)
+V ∗h

(
V (t)
V ∗

)
+(βS∗+β1V ∗)

∫
∞

0
α
∗(a)h

(
i(t,a)
i∗(a)

)
da, (7.13)

where α∗(a) =
∫

∞

a p(σ)dσ ∈ L1
+. Such type of Lyapunov function has also been used for infection-age

epidemiological models Chen et al. (2014); Magal et al. (2010); McCluskey (2012).
From Lemma 9.4 of McCluskey (2012), we have

d
dt
(βS∗+β1V ∗)

∫
∞

0
α(a)h

(
i(t,a)
i∗(a)

)
da

= (βS∗+β1V ∗)
∫

∞

0

[
i(t,0)
i∗(0)

− i(t,a)
i∗(a)

+ ln
i(t,a)
i∗(a)

− ln
i(t,0)
i∗(0)

]
da.
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Combining the derivatives of S(t), V (t) and i(t, ·) yields

dU2(t)
dt

= (1− S∗

S
)

[
Λ − (d +α)S(t)−βS(t)

∫
∞

0
p(a)i(t,a)da

]
+(1− V ∗

V
)

[
αS(t)−β1V (t)

∫
∞

0
p(a)i(t,a)da− (d + γ1)V (t)

]
+(βS∗+β1V ∗)

∫
∞

0

[
i(t,0)
i∗(0)

− i(t,a)
i∗(a)

+ ln
i(t,a)
i∗(a)

− ln
i(t,0)
i∗(0)

]
da. (7.14)

By using Λ = (d +α)S∗+ βS∗
∫

∞

0 p(a)i∗(a)da and αS∗ = β1V ∗
∫

∞

0 p(a)i∗(a)da+ (d + γ1)V ∗, (7.14)
becomes

dU2(t)
dt

= dS∗
(

2− S(t)
S∗
− S∗

S(t)

)
+(d + γ1)V ∗

(
3− V (t)

V ∗
− S∗

S(t)
− S(t)V ∗

S∗V (t)

)
+βS∗

∫
∞

0

(
1− S(t)i(t,a)

S∗i∗(a)
− S∗

S(t)
+

i(t,a)
i∗(a)

)
p(a)i∗(a)da

+β1V ∗
∫

∞

0

(
2− V (t)i(t,a)

V ∗i∗(a)
− S∗

S(t)
+

i(t,a)
i∗(a)

− S(t)V ∗

S∗V (t)

)
p(a)i∗(a)da

+(βS∗+β1V ∗)
∫

∞

0

[
i(t,0)
i∗(0)

− i(t,a)
i∗(a)

+ ln
i(t,a)
i∗(a)

− ln
i(t,0)
i∗(0)

]
da. (7.15)

With the aid of Lemma 7.1, we can easily obtain

dU2(t)
dt

= dS∗
(

2− S(t)
S∗
− S∗

S(t)

)
+(d + γ1)V ∗

(
3− V (t)

V ∗
− S∗

S(t)
− S(t)V ∗

S∗V (t)

)
−βS∗

∫
∞

0
h
(

S∗

S(t)

)
da−βV ∗

∫
∞

0
h
(

S∗

S(t)

)
da

−βV ∗
∫

∞

0
h
(

S(t)V ∗

S∗V (t)

)
da−βS∗

∫
∞

0
h
(

S∗i(t,a)
S(t)i∗(a)

)
da

−βV ∗
∫

∞

0
h
(

V ∗i(t,a)
V (t)i∗(a)

)
da. (7.16)

Let Γ be the largest invariant set of {(S(t),V (t), i(t,a)) : dU2(t)
dt = 0}. We show that Γ = {P∗}.

Obviously, {P∗} ⊆ Γ . Now, dU2(t)
dt = 0 if and only if

S(t) = S∗, V (t) =V ∗,and i(t,a) = i∗(a), a ∈ (0,+∞).

This proves that {P∗}⊇Γ . Therefore, Γ = {P∗} and it follows that P∗ is globally asymptotically stable.
This completes the proof. �

REMARK 7.1 Recently, this kind of Lyapunov function are extensively used for the analysis of differen-
tial equations with discrete or distributed delay (see, e.g., McCluskey (2009, 2010a,b,c), Korobeinikov
(2004), Wang et al. (2011)), virus infection models (see, e.g., Liu & Wang (2010), Li & Shu (2010) and
Huang et al. (2010)) and human infection models (see, e.g. Huang et al. (2010), Magal et al. (2010) and
McCluskey (2012)).
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8. Discussion and conclusion

In this paper, we have investigated the global behavior of the SVIR epidemiological model (2.1) with
infection age structure. By constructing suitable Lyapunov functions U1 and U2, we have succeeded in
showing that the basic reproduction number ℜ0 is the complete threshold value for the global asymptotic
stability of each equilibrium: if ℜ0 6 1, then the disease-free equilibrium is globally asymptotically
stable, while if ℜ0 > 1, then an endemic equilibrium uniquely exists and it is globally asymptotically
stable.

If we assume that p(a) = p and δ (a) = δ and integrate the third equation of model (2.3) with respect
to age a, then it can be rewritten as the following system of ordinary differential equations:

dS(t)
dt = Λ −β pS(t)I(t)− (d +α)S(t),

dV (t)
dt = αS(t)−β1 pV (t)I(t)− (d + γ1)V (t),

dI(t)
dt = (β pS(t)+β1 pV (t))I(t)−δ I(t),

(8.1)

where I(t) =
∫

∞

0 i(t,a)da. In Liu et al. (2008), it was shown that the global behavior of this system is
completely determined by ℜ0|(8.1) = (βS0 + β1V0)p/δ . From this perspective, we can conclude that
our result is an extension of the previous result to more general age-structured model (2.3). We can also
reduce the model (2.3) to a time-delay model, for which we refer the reader to McCluskey (2012).

Functional analysis approach used in this paper to prove the asymptotic smoothness and persistence
comes from the book Smith & Thieme (2011); Webb (1985) and recent work McCluskey (2012). It
should be pointed that the same dynamics scenario can also been obtained from reformulating (2.3) as a
non-densely defined Cauchy problem. For this approach, we refer the reader to the recent works: Chen
et al. (2014); Duan et al. (2014a,b); Magal et al. (2010); Magal & McCluskey (2013).

Acknowledgments

The authors would like to thank the anonymous referees and the editor for their helpful suggestions and
comments which led to the improvement of our original manuscript. J. Wang was supported by National
Natural Science Foundation of China (nos. 11401182, 11471089), Science and Technology Innovation
Team in Higher Education Institutions of Heilongjiang Province (No. 2014TD005), Project funded
by China Postdoctoral Science Foundation (No. 2014M552295), and Project funded by Chongqing
Postdoctoral Foundation (No. Xm2014024). T. Kuniya was supported by Grant-in-Aid for Young
Scientists (B) of Japan Society for the Promotion of Science (No. 15K17585) and the program of
the Japan Initiative for Global Research Network on Infectious Diseases (J-GRID); from Japan Agency
for Medical Research and Development, AMED.

REFERENCES

BERETTA E., HARA T., MA W., & TAKEUCHI Y. (2001) Global asymptotic stability of an SIR epidemic model
with distributed time delay. Nonlinear Anal., 47, 4107–4115.

CHEN Y., YANG J., & ZHANG F. (2014) The global stability of an SIRS model with infection age. Math. Biosci.
Eng., 11, 449–469.

DIEKMANN O., & HEESTERBEEK J.A.P. (2000) Mathematical Epidemiology of Infectious Diseases: Model
Building, Analysis and Interpretation. New York: John Wiley & Sons.

DUAN X., YUAN S., & LI X. (2014) Global stability of an SVIR model with age of vaccination. Appl. Math.
Comput., 226, 528–540.



20 of 21 J. WANG, R. ZHANG AND T. KUNIYA

DUAN X., YUAN S., QIU Z., & MA J. (2014) Global stability of an SVEIR epidemic model with ages of vaccina-
tion and latency. Comput. Math. Anal., 68, 288–308.

FRANCESCHETTI A., PUGLIESE A. & BREDA D. (2012) Multiple endemic states in age-structured SIR epidemic
models. Math. Biosci. Eng., 9, 577–599.

GABBUTI A., ROMANO L., BLANC P., MEACCI F., AMENDOLA A., MELE A., MAZZOTTA F., & ZANETTI

A.R. (2007) Long-term immunogenicity of hepatitis B vaccination in a cohort of Italian healthy adolescents.
Vaccine, 25, 3129–3132.

HALE J.K. (1971) Functional Differential Equations. Berlin: Springer.
HALE J.K., & WALTMAN P. (1989) Persistence in infinite-dimensional systems. SIAM J. Math. Anal., 20, 388–395.
HUANG G., TAKEUCHI Y., MA W., & WEI D. (2010) Global stability for delay SIR and SEIR epidemic models

with nonlinear incidence rate. Bull. Math. Biol., 7, 1192–1207.
HUANG G., TAKEUCHI Y., & MA W. (2010) Lyapunov functionals for Delay differential equations model for viral

infections. SIAM J. Appl. Math., 70, 2693–2708.
IANNELLI M., MARTCHEVA M., & LI X.Z. (2005) Strain replacement in an epidemic model with superinfection

and perfect vaccination. Math. Biosci., 195, 23–46.
KERNACK W.O. & MCKENDRICK A.G. (1927) Contributions to the mathematical theory of epidemics I. Proc.

Royal Soc. A, 115, 700–721.
KOROBEINIKOV A. & MAINI P.K. (2004) A Lyapunov function and global properties for SIR and SEIR epidemi-

ological models with nonlinear incidence. Math. Biosci. Eng., 1, 57–60.
LI G., & JIN Z. (2005) Global stability of a SEIR epidemic model with infectious force in latent, infected and

immune period. Chaos Solitons Fractals, 25, 1177–1184.
LI M.Y., GRAEF J.R., WANG L, & KARSAI J. (1999) Global dynamics of a SEIR model with varying total

population size. Math. Biosci., 160, 191–213.
LI M.Y., & SHU H. (2010) Impact of intracellular delays and target-cell dynamics on in vivo viral infections. SIAM

J. Appl. Math., 70, 2434–2448.
LIU X., TAKEUCHI Y., & IWAMI S. (2008) SVIR epidemic models with vaccination strategies. J. Theore. Biol.,

253, 1–11.
LIU S., & WANG L. (2010) Global stability of an HIV-1 model with distributed intracellular delays and a combi-

nation therapy. Math. Biosci. Eng., 7, 675–685.
MAGAL P., MCCLUSKEY C.C., & WEBB G. (2010) Lyapunov functional and global asymptotic stability for an

infection-age model. Appl. Anal., 89, 1109–1140.
MAGAL P., & MCCLUSKEY C.C. (2013) Two-group infection age model including an application to nosocomial

infection. SIAM J. Appl. Math., 73, 1058–1095.
MCCLUSKEY C.C. (2010) Global stability for an SIR epidemic model with delay and general nonlinear incidence.

Math. Biosci. Eng., 7, 837–850.
MCCLUSKEY C.C. (2010) Global stability for an SIR epidemic model with delay and nonlinear incidence. Non-

linear Anal. RWA., 11, 3106–3109.
MCCLUSKEY C.C. (2010) Complete global stability for an SIR epidemic model with delay-distributed or discrete.

Nonlinear Anal. RWA., 11, 55–59.
MCCLUSKEY C.C. (2009) Global stability for an SEIR epidemiological model with varying infectivity and infinite

delay. Math. Biosci. Eng., 6, 603–610.
MCCLUSKEY C.C. (2012) Global stability for an SEI epidemiological model with continuous age-structure in the

exposed and infectious classes. Math. Biosci. Eng., 9, 819–841.
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