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Abstract

For complex Riesz-Raikov sums, the central limit theorem is proved. As a byproduct, metric discrepancy results
are proved for complex geometric progressions.

Résumé

Le théoréme limite central pour des sommes de Riesz-Raikov complexes Nous démontrons un théoréme
limite central pour les sommes de Riesz-Raikov complexes. En application de nos méthodes, nous établissons aussi
des résultats de discrépance pour les progressions géométriques complexes.

Let I =Z[/-1], K = Q[V/~1],and D = {z € C | Rz,3z € [0,1)}. We denote by u the Lebesgue
measure on C. Let f be a locally square integrable real valued function on C satisfying

VT =[G+ =G [ sGua =0 [ PEue) <. &

We denote the Fourier series of f by ) 1« F(n) exp(2m/—=1R(mz)). For a positive integer d, we put
fa(2) = X et nj<d f(n) exp(2mv/—1R(mz)) and R(f,d) = ||f — fall2. We assume the condition

R(f,d) =O((logd)"'"¢) for some > 0. (2)

It is known that a function f of bounded variation in the sense of Hardy-Krause satisfies the condition
|f(n)] = O((IRn| v 1)~1(|Sn| v 1)) (Cf. Zaremba [16]), which implies R(f,d) = O(d™') and (2).
Theorem 1 Assume that a real valued function f on C satisfies (1) and (2), and that 6 € C satisfies
|0| > 1. Regarding Y f(6%2) as a random variable on the probability space (D, Bp, i), we have

1 N

D 2
ﬁ s f(ekz) - N(O’ o (9’ f)) (3)
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Here the limiting variance o*(0, f) is given by
20,1) = [ PEuld) or o20.0) = [ PEud) 23 [ F@F I ud), @
o a2 |

according as 0" ¢ K (r = 1,2,...) holds or not. In the second case p and q € I are relatively irreducible
and satisfy 0" = p/q, where r is the minimal positive integer satisfying 0" € K. In this case 0%(0, f) = 0
holds if and only if there exists a function g satisfying (1) and

f(2) = g(pz) — g(qz). (5)

For real Riesz-Raikov sums Y f(6%z) with 6 > 1 and = € [0, 1), the results were proved by Kac [8], Petit
[14], and [4]. Complex case with 6 € I was studied by Leonov [10] and Conze-Le Borge-Roger [3].

We can also derive metric discrepancy results for complex geometric progressions {#*z} with 6] > 1.
Relating results for real 6 are proved in [5]. Denote (2) = Rz — [Rz]| + (Sz — [Sz])v—1 € D. For
0<a<dad <land0<b<d <1, denote 1,4 pp(2) = 1[a’a/)+\/j1[b’b/)(<z>) — (@' —a)(t/ —b) and

Dy{ae} = sup
a,a’,b,b’:0<a<a’<1,0<b<d’

aa’bb’ Zk

Theorem 2 For any 6 € C with |0| > 1, we have the law of the iterated logarithm

—  NDy{#* ~
lim M =Yy = sup 00,100 pp) f-G.c. 2. (6)
N—oo /2N loglog N a,a’,b,b":0<a<a’ <1,0<b<b’ <1

Especially when 0" ¢ K for all r € N, we have ¥y = 5

1. Preliminary

Put I* =TI\ {0} and I = {p €I | Sp>0ju{pel ’ Sp = 0,Rp > 0}. Let po be the probability
measure on C given by pg(dz) = 2 (M)Q(Siigz)Zu(dz). There exists a Cp > 0 such that

2 Rz Sz
1p p(dz) < (Co/2)po(dz) (2 € C) (7)

Note that [ exp(2mv/—1R(wz)) po(dz) = (1 — 7r|§}%w|)+(1 - w\%w|)+, and it equals to zero if |w| > 1/2.
Hence we have

Z > F )|1(j76* +me'| < 1/2).

N

(Z f(0%2) ) po(dz)
C \p=1 k,l=1n,melx
For ¢ € C, denote by ¢(¢) the n € I such that |( + 7| < 1/2 if it exists, and put ¢(¢) = oo if such
n does not exist. Put f(co) = 0. Suppose that I < k and [R6% + m#'| < 1/2 for some n and m € I*.
Then [6%~! 4+ m| < 1/2, and hence m = @(m6*~"). Hence (7) implies | [p (Sa, £(052))* p(dz)| <

N k TNT ke z

Co k1 211 operx [f()Flp@0* ). I n € If = {n € T [ |0]* < |n| < [0]"+'} then |6]"+" <
[n0 =1 and |9 TE—I=1 < |p(@O*Y)|. By Znelg =3 Znel(ﬁ” we see that

1/2 R A\ Y
S | Fm) Flomos) Z(ny ) (Z\f(w(nﬁ’“‘l))\> < ST RU PR 0

nelx nell nelh
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, since n — @(MOFY) is injective on I} N {n € T* | p(RO*~!) # co}. Hence we have

N 2 N oo 2
[ (X r0) utas)| < cozzz (LRI < o (SR )
D \p=1 k=11=1 h=0 h=0

By (|Rz] v 1)(|Sz| v 1) |z|/v/2, for any w € C we have UD+w exp(2myV/=1R(MAz2)) p(dz)| <
4/(R(nA) V1) (S(nA) V1) < 4v2/|nA|. Hence we have the following two lemmas for a trigonometric
polynomial h(z) = 3_, cix.n <q Cn eXP(2TV =1 R(N2)).
Lemma 1.1 For |\ >1 and w € C, UD+w h(Az) p(dz)| < (4V2/|A]) D oner<:|nj<d lenl/In| = O(1/|A]).
Lemma 1.2 Suppose that a sequence {\;} of complex numbers satisfies the modulus Hadamard’gap con-
dition |Ag+1/Ak| > Q > 1. Then there exists a constant Cq depending only on Q) such that

>
<

M+l 4
/ (max Z h(A\rz ) (dz) < CQ< Z |cn|) N?
T k=M+1 nelx:|n|<d

Proof: By applying the triangle inequality for L*-norm, we see that it is sufficient to prove for h(z) =
cos(2mR(jz) + ;). By dividing into subsequences, we see that it is sufficient to prove under the condition
Q > 3. In this case, {cos(2rR(jA\rz) + 7j)}x forms a multiplicative system under the measure pg, and
the above inequality with respect to measure pg is already proved as a combination of the main lemma
of Koml6s-Révész [9] and the Erdds-Steckin result [13]. Thanks to (7), we can conclude the proof. O
Lemma 1.3 There exists a positive constant Cg q such that [R0* +m0'| > Cp 4|0* | for any k, | € N,
n, m € I with |n|, |m| < d and n6* +mb' # 0.
Proof: Assume k > . Because of lim;_,, [R67 + M| = o0, Dy, , = inf{|n6? + m| | j > 0, |06’ + m| # 0}
is positive. Hence |[n6* + m@'| > D,, ,|0'| provided that the left hand side is not zero. O

We denote [ g(2) pr(dz) = limp_o 772 f[fT}TH\/jl[iT’T} g(2) p(dz) if the limit exists. Now we verify
(9) and (10) below. Since they are clear when 0" ¢ K (r = 1, 2, ...) we consider the other case. Note

that | [, f(0*2)£(d"2) u(d2)| = |Syepx FA@F)F(=1B)F)| < R(f, al*)R(, |p|*), which is summable in %.
Hence,

o*(0, fa) = o*(0, f) (d— o0). (9)
For a trigonometric polynomial h satisfying (1 ) and /\ € C*, we have [5h(OAz)h(Az) pr(dz) = 0 if
O ¢ K, and [ h((P/Q)A2)h(Az) pr(dz) = [, h( Qz) p(dz) if P, Q € I*. Hence we have
M+N 2 00
/ ( Z h(6* 2 > pr(dz) = N/ h(2)? p(dz) +2Z(N—lr)+/ h(p'2)h(q'2) p(dz).
k=M+1 D =1 b

By noting that [}, h(p'z)h(¢'z) u(dz) = 0 for large [ and that 0 < N — (N — Ir)* < Ir, we have

M+N

/( > h(6Fz) ) pr(dz) = No2(6,h) + O(1). (10)

k=M+1

2. Coboundary

When 6" = p/q € I, we may assume ¢ = 1. Put Il(p,q) = {w € I ‘ ptw qftw} when g #

1, H(p,1) = {w el ‘ D J[ w} and TI(p, )+ = II(p,q) N I*. We have o%(0, f) = Y nelx |J/f\(n)|2 +
2 o D onerx Domelx F(n)F(m)1(mp* +mg* = 0), and by the derivation of (9) we sce that this series is
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absolutely convergent. If we write n = p°g'w and m = p“g w’ by using s, t, u, v =0, 1, 2, ..., and w,
w’ € II(p, ), we have

02(97f):2 Z Z

well(p,g)t =0

l

E slsw

s=0

2

> fEw)

s=0

(q#1), o*0,f)=2 >

well(p,1)+

If 02(0, f) = 0 and q # 1, then ZS 0f( ¢ 7*w) =0for 1 =0,1,2,...and w € II(p,q)T, and hence for
we I(p, q). Put §(p°g *w) = = 325_, f(pj T w) =320 f(P*T g5 w), where we use convention
f(n) =0 for n ¢ I. Thanks to Schwarz inequality, we have

(¥ vy ) =R F Sser)

well(p,q) =0 s=0'j well(p,q) =0

oo

Z 5+1+] —l—s— ]w)

=0

L . e l—s N1241/2 s ; ~
which implies (3 crripa) Sico ool d@7*w)[*)? < S22 R(£,Ipl7) < oo. Hence {§(n)}ner € £2

and g(z) = 3, o1« 9(n) exp(2mv/— 3%(712)) € L?. We can verify (5) by comparing the Fourier coeAﬁic‘ients.
If02£9, f)=0and g =1,then Y 2 f(p*w) = 0 for w € l(p, 1). By putting g(p°w) = - >>°_, f(PPw) =
Z;io F@ T w), we see {g(n)} € £2 and g(z) = > onerd(n) exp(27r\/71 §R(ﬁz)) € L2,

3. Almost sure invariance principle

We follow the method of Aistleitner [1], which originated with Berkes [2] and Philipp [15].
Proposition 3 Let h be a trigonometric polynomial satisfying (1). By enlarging the probability space, we

can define a standard gaussian i.i.d. {Z;} such that 22]:1 h(6%z) = Do k<No2(0.h) Zk + O(N124/250) g5,
Proof: If 02(0,h) = 0, then h can be expressed as (5) and the sum is a telescoping sum. Thus we have
25:1 h(0*z) = O(1) and the above conclusion is clear. We assume (6, h) > 0

Divide N into consecutive blocks Af, Ay, Ab, Ay, ...with #AL = |1+ 9logg i) and #A; = i. Put
i~ =minA; and it = max A;. We see 9logjg i < #A} =i~ — (i — 1)t — 1 and [0 /06D > 9.

Denote p(i) = [log, 4|67 |]. Let F; be a o-field on D generated by intervals Jiji={z€D]j27r0 <
Rz < (j+1)2770, 52700 < Sz < (j'+1)277D} (4, 7' =0, ..., 2¢0) —1). Note i*g"" | < 2¢0) < 2i4|6"" |
and put Tj(z) = > pca, h(0%z2), Y; = E(T; | F;) — E(T; | Fi—1). Clearly {Y;, F;} forms a martingale
difference sequence, i.e., E(Y; | F;—1) = 0. We show

IY: = Tilloe = OG72), 1Y = Tfllo = OG72), IV} = Tlle = 0(1), EY!=0(*), (11)
where the implied constants are depending only on h.

Let k € A; and z € J = J; j j». We have |h(0¥2) — E(h(6%-) | Fi)| = } [ (h(0%2) — h(@k(j))u(dg)‘ <
maxce s |h(0F2) — h(0%¢)| = O(|9F27,0)) = O(|6%]/167" i) = O(i™%). Tt 1mphes T, — E(T; | Fi) = O(i73).
On J = J;_y; we have E(h(0F -) | Fi_1) = ﬁ [ h(@kz) p(dz). Changing variable by 20—V = ¢
and by applying Lemma 1.1, we have E(h(6" -) | Fi_1) = [, R(0727°01¢) u(d¢) = 02001 /|0%]) =
0(2(i — 1)496=D" /g |) = O(i=®). Hence E(T; | Fi_1) = O(i~*). By combining these we have the first
estimate of (11). By ||T;|lcc = O(4), we have [|Yi||oo = O(i). By [|T? = Y |loo < || T3 = YillooITi + Yilloo, we
have the second. The third is proved similarily. The third and Lemma 1.2 implies the fourth.

Put v; = [ T?(2) pr(dz), iy = S0t # A4, Bar = S0 viy and Vg = 00 B(Y2 | Fi—1). We show
Bar = 020, h)lar + OWy)7),  Bar ~ 2O, h)ar, Vs — Barlleo = O(1). (12)
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The first and the second is clear from (10), and we show the third. Express T2 —v; as a linear combination
of exp(2my/—1 R((R0* +mb')z)) where |n|, |m| < d and k, | € A;. Since nf* +mf' # 0 in this expression,
we see by Lemma 1.3 that [20* + m6'| > Cy 4/0° |. Changing variable by 2°(i—1 > = ¢, and by applying
Lemma 1.1, we have E(T? —v; | Fi1) = [, (T2(27P071¢) —vi)u(d¢) = 022001 /|07 |) = O(1/®)
and | YL, BE(T? | Fi1) = Bullso = O(1). By (11), we have | YL, E(T? | Fi-1) = Varlleo = O(1).

We use the following version of Strassen’s Theorem.

Theorem 4 (Monrad-Philipp [12]) Suppose that a square integrable martingale difference sequence
(Y3, Fi} satisfies Vg = M B(Y2 | Fioy) — 00 a.s. and Y72, E(Y1y2zyv,3/%(Vi) < oo for some
non-decreasing function ¥ with ¥(x) — oo (x — 00) such that ¥ (x)(logx)*/x is non-increasing for some
a > 50. If there exists a uniformly distributed random variable U which is independent of {Y,}, there
ezists a standard normal i.i.d. {Z;} such that 3" ,o, Yilivi<yy = ey Zi + o(t2(0(t) /1)V/50), a.s.

Put ¢(z) = 2% By V; > Ci?, we sce E(Y?l{Yfzw(Vi)}/w(V;)) < EY/¢(Ci%)? = O3i~%/%) is
summable in 7. Let us take a constant Cy satisfying |[|[Vas — Ba]lo < Co. By Buys1 — Bu = v — o0,
we see Vi < OBy + Co < By+1 — Co < Varyr. By putting ¢ = Bar + Cp, Theorem 4 implies Zi\il Y, =
Y i<pyrco Zit ol ]154/250), a.s. By (11), the left hand side can be replaced by Zf\il T;.

Put A}, = AjU---UA’,. By Lemma 1.2, we have E(ZJT/[Q/5 maxjea ,, ZkeAM:kgl h(@k-))4 = O(M~5/%)
and E(ZJT;/5 MaXieAy, Y kear kel h(6% - ))4 = O((log M)?M~5/5). Since these are summable in M, by
Beppo-Levi lemma, we have maxjea,, D ke, k< h(0Fz) = 0(112\//[5) and maxjear ZkeA,&:kgl h(6F2) =
o(l?\f). Therefore we have Zgzl h(0kz) = di<parcy Zi t o(N124/250) " as. for N € Ah, U Ay By

Bar + Co = a2(0,h)ly + O(ljl\f), #F(AN UAN) < 2M, MT = Iy + O(Mlog M), we see |Br + Co —
0%(6,h)N| < KM log M for some K > 0. Hence

oo zi— > Zil = \/4KMlogM> < 2P(|No1| > /4log M) < 4M 2,

P( max
i<Bn~+Co i<o2(0,h)N

NeA,, UAy

Since it is summable in M, we see maXNGA/I\/IUAJM|Zi<,@NI+CO Zi = 3 i<or(0.m)N Zi| < VAKMlogM =

o(l?\f) for large M, a.s. By these, we have the conclusion. O

4. The central limit theorem and the metric discrepancy results

By Proposition 3, we see that the law of ﬁ chv=1 f4(0%2) converges weakly to N(0,02(6, f4)). By (9)

and (8), we can take d such that |0%(0, f4) —02(0, f)| < € and fD(ﬁ Zszl(f - fd)(é’kz))2 wu(dz) < e for
N > 1. By combining these, we can prove (3). By Proposition 3, we have
N

— 1

lim ————— h(0%z) = (0, h -a.e. 2. 13

N 2N10g10gN; (6%2) =o(8,h) (13)
for any trigonometric polynomial h satisfying (1). To prove (6), we use the following result. The one
dimensional version is proved in [5,6,7]. The following version can be proved in the same way as [11].
Proposition 4.1 Let {\x} be a sequence of complex numbers satisfying the gap condition |Agy1/k| >
Q > 1. Then for any dense countable set S C [0,1), we have

N

—  NDy{A — 1 ~
lim M = sup lim lim ————— Zla’a/’b,b/’d()\kz) a.e. z.
N—oo /2N loglogN a,a’,b,b'€5:0<a<a’<1,0<b<b/' <1 d—o00 N—o00 \/2N log IOgN =1
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