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1 Introduction

A sequence {zj} of real numbers is said to be uniformly distributed mod 1 if
FHESN @) €[a,b)) —b—a, (N o),

for all 0 < a < b < 1, where (z) denotes the fractional part x — [z] of a real number z. Since the
convergence is uniform in a and b, the following discrepancy is used to measure its speed.

1
Dy{m}= sup | SF{k<N|(ax) € [ab)} ~ (b—a)l.
0<a<b<l
For an arithmetic progression {ny }, the order of convergence of D {npz} was studied by Khintchin [9] and
Kesten [8]. For uniformly distributed i.i.d. {Uy}, Chung-Smirnov theorem asserts the law of the iterated
logarithm
T On{UeF L
N—o0 vQNloglogN 2

By various studies on lacunary series, it is known that a sequence {nyx} behaves like uniformly distributed
i.i.d. when {ng} diverges rapidly. Actually Philipp [10] followed Takahashi’s method [11] and proved the
result below by assuming the Hadamard gap condition ng4q/ng > g > 1.

1 < Tim M < L(166+ ﬂ)’ a.e.
44/2 ~ N—oo /2Nloglog N ~ /2 qt/2 -1

The first author is supported by KAKENHI 24340017 and 24340020

K. Fukuyama - M. Yamashita
Department of Mathematics,

Kobe University,

Rokko, Kobe, 657-8501, Japan
E-mail: fukuyama@math.kobe-u.ac.jp

M. Yamashita
E-mail: myamast@math.kobe-u.ac.jp



Dhompongsa [3] proved that the limsup equals to % when {nj} satisfies very strong gap condition
limg,_, oo (log(ng41/nk))/loglogk = co. Beside of these results, any concrete value of limsup for expo-
nentially growing sequence was not determined before the recent results below on divergent geometric
progressions {#*z}.

Theorem 1 ([4-7]) For any 6 ¢ [—1,1], there exists a constant Xy > 1/2 such that

k
Lim M:EQ, ae.
N—oo /2N loglog N

If 69 ¢ Q for any j € N, then Xy = %, and otherwise Xy > % When 0 satisfies 67 € Q for some j € N,
we take p, q, and r as below.

" =p/q where T =min{j € N | 0 € Q}, p€Z, geN, gcd(pq =1 (1)

1 [lplg+1
Zp= o424 T -
2\ Iplg—1

If p and q are odd, then

If q =1, then
L /lpl+1 1 [(pl+Dlpl(pl=2) 1 -5 L o
Yo == — —\/42 —+/910
T2\ -1 2\/ (ol -1 7 9v ™ 7 a9
according as p is odd, |p| > 4 is even, p =2, or p= —2. If p = +5 and q = 2, then
1

For related works, see [1,2]. In this paper, we prove the next result and determine Xy when 6 is large.

Theorem 2 Suppose that 0 satisfies (1). If p is odd, q is even and |p/q| > 9/4, or if p is even, q is odd
and |p/q| > 4, then

_ (el +1 (lpl—a—1 Iplq — mlpl = a—1y)"?
‘(<|p|q>f—1(2<|p|—q>) (plo) Z_: LG 2(\p\—q>)) ’ @

where v(x) = (x)(1 — (z)) and I = min{n € N | ¢" = £1 mod |p| — ¢}.

By (2), we can calculate the concrete values of Xy in the following way.

b 129 18561 4096559910 b 1 /222
+7/2 = g/ = Yi1g/3 = 1 130691231 ' “*9/4 T 5\ 350

When ¢ =1 and |p| > 4 is even, we have I = 1, and (2) gives the values stated in Theorem 1. It also gives
the value X'y 5,5 in Theorem 1.
We here emphasize that the values of Xy are determined for large 0, say, that satisfying |6] > 4. On
the other hand, we can find some smaller p/q for which (2) fails to hold. § = £2 is one such example.
Before closing this section, we note that the conditions |p/q| > 9/4 and |p/q| > 4 are superfluous, and
much weaker conditions are sufficient. Set

6¢” — 4)p° + (—4q° + 8¢° + 2¢ + 16)p° + (—25¢" — 24¢ — 16)p*

+ (12¢° — 24¢* + 25¢° + 8¢% — 2¢)p® + (—4¢° +16¢° — 12¢* + 32¢° — 8¢%)p?
+ (4¢° — 32¢* — 10¢%)p — 44™.

Ai(p,q) = 2p° — (4q +2)p° — (¢ — 29)p + 3¢,
Aa(p,q) := (8¢% — 6)p° + (—16¢> + 4q + 24)p> + (—¢* + 104> — 24q — 24)p + ¢°,
As(p,q) :=p” — (4g+ 1)p* + 2pq + 2¢°

(p,q) =

—



When p is odd and g is even, if the conditions A;(|p|,q) > 0, Aa(|p|,q) > 0, and

Ip/ql > 2, (3)

are satisfied, then we have (2). The condition |p/q| > 9/4 implies these conditions. Although A;(9,4) <0
and A3(9,4) > 0, we can still prove (2) for p/q = +9/4. We here note that |p/q| > (2 +v/6)/2 + 1/q also
implies A1(|p|,q) > 0 and Az(|p|,q) > 0.

When p is odd and ¢ is even, if (3), A3(|p|,q) > 0 and A4(|p|,q) > O are satisfied, then (2) holds. The
condition |p/q| > 4 implies these conditions.

2 Preliminary

We prepare some results. Proofs can be found in [4,6,7]. For a, b, a’, ' € [0, 1), put

V(a,a')=and —ad, V(a,b,d’ b)) = V(a,a') + V(b,b') = V(a,b') = V(ba')

and
o0
~ 1 ~
opsq(a,b) = V(a,b,a,b) +2 me’“ax ®"0), (¢"a), (¢"D)). (4)
1 bq
Here we list general properties that we use.
V(a,b,d',b') = V(d',V,a,b) = =V (b,a,d',b) = =V(a,b,',a’), (5)
0 < V(0,b,0,6") = V(b,b') < V(bb) <1/4, (6)
V(a,b,a,b) = |b—a| — |b—a|®* = v(b—a) = v(a —b), (7)
2 . — 1 k k
0,/q(0,0) = V(a,a) +2 me a), (q"a)). (8)
=1 pq

When 0 satisfies (1), Xy does not depend on r and is given by

Yg=%,,= sup o0,,d,a), and Xg=% , = sup o0,,0a) if p>O0. 9)
p/q 0<a'<a<l p/q P/q 0<a<1/2 p/q
i q—2 p—3 p—1 (p—q—1)/2 g—1
Put b; := ,Cl = , Co = ,C3 = ——,cq4 :=bry_,_ = ¢5:= —,
' P 2q 2p ; 2 (p=q=1)/2 P—q 2q
cg = p2—p ,and ¢y = b(p_q_3)/2 = % When p and ¢ are positive and satisfying p/q > 2,
one can verify ¢ < ca <cqg <cs and ¢5 < cg < cg. By p=¢g mod p— g, we have
k k k k k k
(p7bs) = (¢"b;) and  V((p"bi), (g bs)) = v(p"bs) = v(q"by). (10)
m~+nl

Thanks to v(—z) = v(z), we have v(g
left hand side of (2).
In the next two sections, we prove X, /q =0

ca) = v(£qg™cs) = v(¢"ca). Hence 0,/,(0,cq) equals to the

p/q (0,c4) in the case p is positive and p/q is large. By
0= Sp/q- I [6] we proved ¥,/ < X, fwefind0<b<b<1
with o p/q(b b) = p/q(0,c4) = p/q, we have the equality.

We put b = (1—ca)p/(p+q) and b = b+ c4. It holds that < Z> = <q”/b\> and ((— ”b> = <qnb>
if n is even, and that ((— ”b) = <q"b> and ((— "b> = <q b> 1f n is odd. Actually, we have (p+ q)b =
p — pca = —pcg = —qcq mod 1, which implies —pb = qb —pb = qb mod 1, and (— ) b= —qu =q 25 mod
1, and so on. By noting (5), (7), and <(q"b —{q "b > = (q"c4), we have

V{(=p)"b), ((—p)"D), (d"B), (¢"B) = =V ((¢"), ("), (a"D), (¢"B)) = —v(q"ca)
for odd n, and

assuming this, we here prove X_,



o~ ~.

for even n, to have o_,, /,(b,b) = 7,,4(0, c4).

We prepare some inequalities to prove X/, = p/q(O, c4). We denote Up/q(O7 a) simply by o(a).
Put
Mo = v(¢"a) = 1
Xn(a) = V(a,a)—l—QZ V((p"a),{q"a)), Yn(a):=2 Z , Tn:=2 Z ,
= (pg)" W P niner Apa)"
S¢(a) == 2v(t%a)/(pq)?, and Z(a) := V(a,a) + 2v(qa)/pq . Thanks to (6) and (10), we have
V((a), (") <v(d®a), V(0 a).(¢") <vita), V(@' (¢ a) <1/4,
and
o®(a) S Wjla) (1<j<6), and Wi(b)=Wa(bi) =o(b;) (0<i<p—aq) (11)
where
Wy :=X1+ Y, Wso = X9 4+ Yo, W3 := X1 + 171,
Wy =2+ 54+ T3, Ws =24 Sp+ 1o, We =2+ 1T1.

By ged(q,p — q) = 1, (p¥ca) = (¢Fca) € {b1,...,bp_q_1} and v(b;) > v(b1), we have

1
(pg)"

Note that the evaluation of U strongly depends on the parity of p, since (gcs4) = gea — (¢ — 2)/2 or
(gca) = qca — (¢ — 1)/2 according as ¢ is even or odd.

We denote the derivative difl f of f by Df, the right derivative by DT f, and the left derivative by
D™ f.

02(04) > Z(ca)+2 i

n=2

(bl) =U.

3 Odd p and even q

Assume that ¢ is even, and that p is odd and positive. We divide [0, 1/2) into subintervals [0, ¢1), [c1,c2),
[¢2,¢3), and [¢3,1/2), and prove 62(a) < 02(c4) on each.

3.1 [e2,c3) part

We assume (3), A1(p,q) > 0, and a € [cg,c3). We have (pa) = pa — (p — 3)/2 and (ga) = qa — (¢ — 2)/2.
Since (pa) < (ga) holds on [ca2,c4), and (pa) > (ga) on [c4,c3), we can evaluate X as

X1(a) = —3a® + (3—3/p)a+3/2p—1/2 a€le, el
' ~30% + (3—2/q— 1/p)a—1/pa+1/a+1/2p—1/2 a € [c1,c3),

and verify that DX (a) decreases on [ca,c3). We also have |Dv(¢"a)| < ¢" a.e. a, and therefore |[DY]| <
2/p(p — 1) a.e. By combining these, we have

DWi(a) > D™ X1(ca) —2/p(p—1) = Bpg —2p — q)/p(p — 1)(p — 2) > 0 a.e. on (c2,c4],

and
DWi(a) < DT X1 (es) +2/p(p — 1) = —A1(p, ) /p(p — 1)(p — 2) < 0 ae. on [ca,c3).

Hence %(a) < Wi(a) < Wi(es) = 02(cq) for a € [c2,c3). Here we note that functions appearing here
are bounded and absolutely continuous, and the exceptional set of null measure for DWiy(a) > 0 or
DWj(a) < 0 does not harm the argument to show that ¢4 is the maximal point.

Here we prove Aj(p,q) > 0 by assuming p/q > 9/4. Since 2p% — (4q + 2)p + (¢> — 2q) is increasing in
p > (9/4)q, A1(p, q) also. Because of A1((9/4)q,q) = 3¢*(3¢—28)/32 > 0if ¢ > 10, we see that A1 (p,q) > 0



if ¢ > 10 and p/q > 9/4. Thanks to A1(5,2) > 0, A1(11,4) > 0, A1(17,6) > 0 and A1(19,8) > 0, we see
that Aq(p,q) > 0if p/q > 9/4.

We prove the case p/q = 9/4. Due to the above proof, we see that 02(a) < o%(c4) for a € [cz, ¢4 ]. Since
we have T} = ﬁ and X7 is decreasing in a > ¢4, we have 02(a) < Wjs(a) < Xl(%)—kﬁ < g%g = 02(04)
on [%763). On [c4, %), we have (16a) < (81la) and see DX3 is decreasing and |DY2(a)| < ﬁ. Hence
we have DWa(a) < DX3a(cq) + 3%4 < 0 and 02(cq) = Wa(ca) > Wala) > o2(a) on [ca, g—‘;’) Note that
Yo 1§ ﬁ. O;l [%, %), géy (16a) % (81a) 2vve see thatzg(ggfquals to a quadratic function having axis at
210" Hence ;f7 (a) < 1)(2(#) + 95730 < 027(0%11. On [ &£, 57), by (16a) < (81a), X3 is decreasing. Hence
o%(a) < X2(G5) + go7ap < 0 (ca) for a € [ &£, 57)-

3.2 [¢3,1/2) part

Let a € [c3,1/2). We have (pa) = pa — (p — 1)/2 and {(ga) = ga — (g — 2)/2. We see (qa) — (pa) =
—(p—qa+(p—qg+1)/2 > 1/2. Since W3(a) maximizes at aj := (3p — 1)/6p, we have W3(a) < W3(ay).
By

U — Ws(a1) = Aa(p, q)/(12p°q(p — q)*(pg — 1)) > 0,

we have 02(a) < U for a € [¢3,1/2).
We derive As(p,q) > 0 from p/q > 9/4. Put As(p,q) = (8q2 — 6)p2 + (—16q3 +4q)p — q*. We see

As(p,q) = pA2(p, q) + (24p° — 24qp — 24p) + (10¢°p + ¢°) > As(p, q).

We see A\Q(p, q) is increasing in p if p > 2q. By 22((9/4)q, q) = q2(28q2 —171)/8 > 0 (¢ > 4), and by
Az(5,2) > 0, the proof is over.

3.3 [0,c1) part

We consider on [0, c1). We assume g > 4, since ¢; = 0 otherwise. Since V(a, a) increases on [0,c;1) and
Wia(a) — V(a,a) has period 1/q, the first equality of

sup. Wiy(a) = sup  Wi(a) = sup Wa(a) = Wa(e1) <U (12)
a€l0,c1) a€lc1—1/q,c1) a€lc1—1/q?,c1)

holds. On [¢1 — 1/g,c1), we have (ga) = qa — (¢ — 4)/2, and we see Z equals to a quadratic function
having axis at ag := (2¢g +p — 6)/(4q + 2p). By as —c1 = (p — q)/q(2¢g + p) > 0, we see that it is
increasing on [¢; — 1/q,¢1). Since Sq(a) has period 1/¢2, we verified the second equality of (12). On
[e1 —1/¢% ¢1), we have (¢%a) = q%a — q(q — 2)/2 + 1. We see that Wy(a) equals to a quadratic function
with axis a3 := (2¢% + (2p — 4)q + p? — 6p — 2)/(4¢* + 4pq + 2p?). By
2 2 2 2 2
ag —c1=(p” —pq—q)/(4¢” + 4pqg + 2p”) > p(p — 2q)/(2¢" + 2pq + 1p”) > 0,
we have the third equality. The rest is proved by
2 2 2
4p"q"(p — @) (pg — 1)(U — Wa(c1))
5 2 4 3 3 4 2 2 3 2 2
=4qp” + (=8¢" —4)p" + (7q" + 8q)p” + (=6¢" — 7¢" + 8¢ — 2)p” + (6¢” — 8¢” — 4q)p — 2¢°,

by noting

4gp° — (8¢ + 4)p* + 20°¢° > 4gp° — 9" + 20°¢® = PP (4p/q — 1) (p/q — 2) > 0,
33 4 2 3 2 2 2 3 2 3 2
5¢°p” —6¢ p° >0, 8qp” —T7¢°p° >0, (8¢—2)p" >0, (5¢° —8¢" —4q)p>0, ¢qp—2¢ >0



3.4 [c1,c2) part

Considering on [c1, ¢2), we have (ga) = ga — (¢ — 2)/2. Since Z equals to a quadratic function with axis
aq = (2q+p —2)/(4q + 2p), and since ag — c2 = (6¢ + p)/2p(2¢ + p) > 0, it is increasing on [c1, c2).
First, we consider the case when 2q < p < %qQ + ¢ holds. Since Sp has period 1/p2, and since

2 —1/p° —c1 = (2p+q)(p — 2q)/2p’q > 0,
we have the first equality of

sup Ws(a) = sup Ws(a) < Ws(as) < U. (13)
a€ler,ca) a€lca—1/p?,c2)

On [co — 1/p2, c2), we have (p2a> = pla— p(p —3)/2 + 1, and we see that W5(a) equals to a quadratic
function with axis a5 := (2q3 +(p— 2)q2 +2p% — 6p% — 2p)/(4q3 + 2pg® + 4p3), hence we have the third
inequality. We have the rest by
2 2 3 2 3
4p“a(p — )" (pa — 1)(2¢" + pg” + 2p”)(U — Ws(as))
= —4p°+ (36¢° + 4¢° + 8¢+ 16)p° + (—=79¢" + 164> — 404> — 20¢ — 16)p* + (44¢° — 444" +79¢> — 8¢* — 2¢)p°
+ (—164¢° + 24¢° — 44¢* + 52¢° — 8¢*)p® + (16¢° — 40¢* — 10¢%)p — 4¢* > 0.

Actually, when g > 4, we see

—4p° + (36¢° + 4¢° + 8¢ + 16)p° — 79¢*p* + 16¢°p® > (364> — 2¢°)p° — 79¢"p" + 16¢4°p”

1 1
> 305 _794%p* + 164°p° = 7(73 - 2) (719 - 16) >0,
2 2\q q
(16> — 40¢* — 20q — 16)p* > (16 — 10 — 5/4 — 1/4)¢°p* > 0,
(12¢° — 44¢M)p® > (12 — 11)¢°p® > 0, 16¢°p> — 16¢°p? > 0, (24¢° + 52¢° — 8¢*)p? > 0,

(79¢° — 8¢% — 2q)p® — 444¢™*p® > (79 — 2 — 1/8)¢°p> — 44¢*p* > 0,
(16¢° — 40¢* — 10¢®)p — 4¢* > (16 — 10 — 5/8)¢°p — 4¢* > 0.

When ¢ =2, and p = 5 or 7, one can verify the above inequality.
Next, we consider the case p > %qQ +¢. We have already seen that Z and W are increasing on [ ¢1, c2).
Note that p/q > %q +1>4and (cg —1/p) —c1 = (p/q — 5/2)/p > 0. We can verify

(U = We(cz — 1/p))(4p°a(p — 0)*(pg — 1))
= (8¢ — 2)p* + (34¢® — 4q + 8)p® + (—95¢* — 36¢° — 8¢ — 8)p* + (50¢° + 95¢°)p — 50¢* > 0
by 8p> — (8¢ + 8)p? > 8p> — 12¢p® > 0 and

(8¢% — 2)p" + (34¢° — 4q)p® + (—95¢" — 364°)p” + 504" p

> §q2p4 +33¢°p” — 104¢"p* +50¢°p = q%(%(g)?) + 33(5)2 - 104(5) +50) = ¢’p- g(s) ~0

since ¢'(t) > 0 for ¢t > 2 and ¢(2) > 0. Hence we see
o%(a) < We(a) < We(ca —1/p) U  (a € [e1,c2 = 1/p)).

We consider on [c2 — 1/p,c2). We have (pa) = pa — (p — 5)/2, (ga) = qa — (¢ — 2)/2, and can see that
(pa) < (ga) on [c2 — 1/p,c7) and (pa) > (ga) on [c7,c2). By recalling the bound |DY1| < 2/p(p — 1), we
can verify that DX is decreasing on [ca — 1/p, c2),

DWi(a) > D™ Xi(er) —2/p(p — 1) = (4p” + (5¢ — 6)p — 3q) /p(p — @) (p — 1) > 0,



on [co — 1/p,c7), and
DW1 < DT Xi1(er) +2/p(p — 1) = (=2p” + 8¢+ 2)p” + (3¢° — 69)p — 5¢°) /p(p — ¢)(p — 1) < 0

on [c7,c2). Actually, the first inequality is clear and the second is proved by

—2p® + (8q + 2)p2 +3¢°p < —2p° + 990 + 3¢°p = pq* (—2(2)2 + 9(%) + 3) <0
by%27ifq24.lncaseq:2,wehave

~2p” + (8¢ +2)p” + (3¢° — 69)p — 5¢” = —2(p + 1)(p” — 10p + 10) < 0

for p > 9. Hence we see the second inequality of

o?(a) < Wi(a) < Wi(er) = 0%(er) < Waler) < U < 0(cs) (a € [c2 — 1/p, c2)).
Put U := Z(c4) + Sq(ca) < 0%(cq). Because of 0 < ¢%/2(p — q) < 3¢%/2(p — q) < 1,

Pea=(q%/2- 1)+ 1 —¢*/2(b—q)), and q’cr=(¢*/2—1)+ (1 —3¢*/2(p—q)),

we see (g2cq) = 1—¢%/2(p— q) and (g%c7) = 1 —3¢?/2(p — q). Hence we can calculate Sq(csq) and Sy(c7),
and can verify the rest by

(U = Waler)(20°¢* (p — 0)*(pg — 1))
= (12q4 - 4q3 - l)p2 + (8(]5 + 4q4 — 12q3 + 4q2 + 2q)p — 8q4 — 4q3 — q2 > 9q4p2 + 7q5p — 11q4 > 0.

4 Even p and odd ¢

Assume that ¢ is odd and p is even and positive. We may assume ¢q > 3.

4.1 [cg,1/2) part
We consider on [cg,1/2). We have (pa) = pa — (p — 2)/2, and by c5 < c¢g, (ga) = ga — (¢ — 1)/2. Since

(pa) < (ga) holds on [cg,c4), and (pa) > (ga) on [cq,1/2), we see that DXy is decreasing on [cg, 1/2).
Recalling |DY7 (a)| < 2/p(p — 1), we have

DWi(a) > D™ X1(ea) = 2/p(p = 1) = (2¢* = 2¢ +p* ~ p)/(p — Da(p —q) > 0
on [c6,¢4), and
DWi(a) < D¥X1(ca) +2/p(p — 1) = —A3(p,¢)/(p — )pa(p — q) <0
on [c4,1/2). Hence Wy (a) < Wi(cq) = 0% (cq) for a € [cg,1/2).

We derive As(p,q) > 0 from p/q > 4. Because of p > 4q and p and q are relatively prime, we see
p > 4q or p > 4q + 2. Hence we have A3(p,q) = p2(p —4qg— 1)+ 2pq + 2¢% > 0.



4.2 [0, c5) part

We consider on [0,c¢5). The condition (3) implies p > 2¢g 4+ 2. Since V (a,a) is increasing on [0, c5) and
Wiy(a) — V(a,a) has period 1/g, we have the first equality of

sup Wiu(a) = sup Wa(a) = sup Wa(a) = Wa(es) < U. (14)
a€l0,cs5) a€les—1/q,c5) a€les—1/q2,c5)

On [c5 — 1/g, c5), we have (qa) = qa — (¢ — 3)/2 and we see that Z equals to a quadratic function having
axis at ag := (p + 2q — 4)/(2p + 4q). Because of

ag — cs = (p —29)/(24(2¢ +p)) > 0,
it is increasing on [c5 — 1/q,cs5). Since Sg has period 1/q27 we have the second equality of (14). On

[e5—1/4¢°, ¢5), we have (¢%a) = ¢®a—q(q—1)/2+4 1 and we see that Wy(a) equals to a quadratic function
having axis at a7 := (2q2 +(2p —2)q+ p? —4dp — 2)/(4q2 + 4pq + 2p2). Because of

a7 —e5 = (p+1)(p — 2¢ — 1) + 1)/(24(2¢* + 2pq + p*)) > 0,

Wi(a) is increasing on [c5 — 1/¢2, ¢5) and the third equality of (14) is proved. The rest is by

(U~ Wi(es)) (496> (p — 4)%(pg — 1)) = p(p—24) (p(pg — 1) (p+2q) +4q+2) +4(q—2)p*> +2(2p° — ¢%) > 0.

4.3 [c5,cp) part

On [c¢5,c6), we have (ga) = ga — (¢ — 1)/2 and we see that Z equals to a quadratic function having axis
at 1/2. Hence it is increasing on [cs, ¢g). Since Sp has period 1/p2, we have the first equality of

sup Ws(a) = sup Ws(a) < Ws(ag) < U. (15)
a€lcs,c6) a€l(ce—1/p?)Ves,ce)

On [(c6 —1/p*) Ves, co), by (p?a) = p?a—p(p—2)/2+1 we see that Ws(a) is a quadratic function having
axis at ag := (2q3 +pg® +2p° — 4p® — 2p)/(4q3 +2pg> + 4p5). Hence we have the middle of (15). Rest is
by

U — Ws(as) = Aa(p, q)/4p°a(q — p)*(pq — 1)(2¢° + pg® + 2p”) > 0.

Finally, we prove A4(p,q) > 0 by assuming

6-3/2y/1019 511 )1/3+ 65 (6*3/2\/1019 511

9 * 1458 162 9 * 1458

L8 006
65 ) +5 = 2:206....

b > ag = (
q
We decompose as 3A4(p,q) = h1 + - - - + hy. Here

h = (3¢° — 2)(p + 20)p°¢" (6(%)3 = 16(2)2 + 7(%) ~2) >0 if g > ag,

ha = (24¢° — 2q)p° — 50¢°p" — 72¢"p* + 48¢°p* > q5p2(?(§)3 — 53—0(%)2 - 72(%) + 48) >0

since the last cubic function in p/q is increasing for p/q > 2 and equals to 24 at p/q = 2,

hg = 48p° — (72q + 48)p* > 48p° — 88qp? > 0, hy = 99¢°p® — 44¢*p? >0, hs = (24¢> — 6q)p° > 0,
he = (96¢° — 24¢°)p* — (96¢* + 30¢>)p > 88¢°p* — 106¢*p >0,  h7 = 12¢*(pg— 1) > 0.



References

1. C. Aistleitner, On the law of the iterated logarithm for the discrepancy of lacunary sequences, Trans. Amer.
Math. Soc., 362 (2010) 5967-5982.

2. C. Aistleitner, I. Berkes, and R. Tichy, On the law of the iterated logarithm for permuted lacunary sequences,
Proc. Steklov Inst. Math., 276 (2012) 3—20.

3. S. Dhompongsa, Almost sure invariance principles for the empirical process of lacunary sequences. Acta Math.
Hungar., 49 (1987) 83-102.

4. K. Fukuyama, The law of the iterated logarithm for discrepancies of {0™xz}, Acta Math. Hungar., 118 (2008)
155-170.

5. K. Fukuyama, A central limit theorem and a metric discrepancy result for sequence with bounded gaps, De-
pendence in probability, analysis and number theory, A volume in memory of Walter Philipp, Eds. I. Berkes, R.
Bradley, H. Dehling, M. Peligrad, and R. Tichy, Kendrick press, 2010, pp. 233-246.

6. K. Fukuyama, Metric discrepancy results for alternating geometric progressions, Monatsh. Math., 171 (2013)
33-63.

7. K. Fukuyama, A metric discrepancy result for the sequence of powers of minus two, Indag. Math. (NS), 25
(2014) 487-504.

8. H. Kesten, The discrepancy of random sequences {kx}, Acta Arith., 10 (1964/1965) 183-213.

9. A. Khintchine, Einige Sédtze iiber Kettenbriiche, mit Anwendungen auf die Theorie der Diophantischen Approx-
imationen. Math. Ann., 92 (1924) 115-125.

10. W. Philipp, Limit theorems for lacunary series and uniform distribution mod 1, Acta Arith., 26 (1975) 241-251.

11. S. Takahashi, An asymptotic property of a gap sequence, Proc. Japan Acad., 38 (1962), 101-104.



