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Abstract This paper mainly concerned with the limit distribution of (cos 2aniz+-- -+
cos 2mnyz)/v/N on unit interval when increasing sequence {n;,} has bounded gaps, i.e.,
1 < ngq1 — ng = O(1). By Bobkov-Gotze, it was proved that the limiting variance
must be less than 1/2 in this case. It was proved in the previous paper that the centered
gaussian distribution with variance 1/4 together with mixtures of gaussian distributions
belonging to a huge class can be limit distributions. In this paper it is proved that any
gaussian distribution with variance less than 1/2 can be a limit distribution.

1 Introduction

In this note we prove the existence of an increasing sequence {n} of integers with
bounded gaps nj41 — ni = O(1) obeying the central limit theorem

N
1
o 3 cos2mngx 25 Ny 42 on (E,B(E),dz/|E|) for all E with |E| >0, (1)
k=1

for 02 < 1 /2. Here, D, denotes the convergence in distribution, and M, ;2 denotes
the gaussian distribution with mean m and variance o2

The central limit theorem with o = 1 /2 for lacunary sequence satisfying ng41/ny —
oo was first proved by Kac [8] in the special case E = [0,1] and was extended to the
Hadamard’s gap case ng41/ng > ¢ > 1 and general E by Salem-Zygmund [12].

The gap condition was weakened to ng41/ng > 1+ ck/\/E with ¢ — oo by Erdos
[5] for E = [0,1], and by Takahashi [15] for general E. This gap condition is best
possible in the following sense: There exists a sequence {n} with ng1/ng > 1+c¢/Vk
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for some ¢ > 0 which fails to obey the central limit theorem. Such examples were
constructed by Erdds [5] without any proof and by Takahashi [16] with a proof.

As to the existence of lacunary series with small gaps obeying the central limit
theorem, Berkes [1] proved the following: For all A(k) 1 oo, there exists a sequence {ny}
satisfying ng1 — ng = O(A(k)) and obeying the central limit theorem on E = [0,1].

It was an open problem if there exists a sequence {nj} with bounded gaps ny41 —
n = O(1) and obeying the central limit theorem. As to sequences with bounded gaps,
Bobkov-Gotze [4] proved that the limiting variance must be less than 1/2 and it is
impossible to have the central limit theorem with limiting variance 1/2. Instead of
having pure gaussian limit, they constructed a sequence whose limit distribution is a
mixture of gaussian distribution.

As to this problem, our previous paper [6] proved that there exists a sequence of
bounded gaps obeying the central limit theorem with o2 =1 /4. It was also proved
that the class of limit distributions of bounded gaps sequences contains huge class
of mixtures of gaussian distributions. But there still remains the problem asking if
any centered pure gaussian distribution with variance less than 1/2 can be a limit
distribution of the central limit theorem for bounded gaps sequence. Now we are in a
position to state the main result.

Theorem 1 For any 0 < o? < 1/2, there exists a sequence {np} of positive integers
with1 < ngyp1—ng < G(O’2) obeying the central limit theorem (1) with limiting variance
o2 , where

if a2 =0,

if 0<0?<3/2—v/2=0.085...,

if 3/2—v2<02<9/2—/19=0.141...,

if 9/2—-vV19<0?<7/2—/11=0.183...,
if 7/2—V11 <0 <11/2-2/7=0.208...,

G(o?) =

(S G

and G(0?) = 2[(—40™ + 1202 + 3) /4(1 — 20?)] if 11/2 — 21/ < 0° < 1/2.

The proof is by randomization which originated with Salem-Zygmund [13], and our
model of randomization is given by a modification of those introduced by Berkes [2]
and by Bobkov-Gotze [4].

2 The central limit theorem

Let d > 2 and {X,} be a sequence of random variables defined as below: Let
{(Xo@ 124 pdr1s- 5 Xp@242)+ (1)) Xo@+2)4d2 415 X (v1) (@2 42) b oo,
be an independent system whose distribution is defined by
P((Xl/(d2+2)+/td+17 B Xl/(d2+2)+(/1,+1)d) = (51,j7 s 75d,j
P((Xu(d2+2)+d(d—1)+1’ e 7XI/(d2+2)+d2) = (O7 ey 0
P((Xl/(d2+2)+d(d71)+1a cee 7Xu(d2+2)+d2) = (17 ey 1)
P(Xu(d2+2)+d2+1 =1
P(X(V+1)(d2+2) =1)=1- P(X(u+1)(d2+2) =0



for y=0,...,d—2,and v =0, 1, ... We introduce notation. Denote c(x) = cos 27z,

L' L d*+2)+(u+1)d d2+2)+d?
SL ( ) = Zk L+1 Xkc(kx) gl’# =9 ((d2+2))+;(1.l; ) y v = Sll:((d2+2))+(dfl)d , G =
a? - 1)(d?>+2 _ _
Silg;ﬁg):ﬁ) nd =, = SIEIZC—;JZ(Q) +2) . We have =, = Zﬁ %51’# + nu + . Clearly
the system {fv,u,m/,@}u 0,1,...,d—2 is independent, and the sequence {_V},, 0.1, is

also independent. Denote =, = =, — E5), §uu = &u,u — E&, u, M = n — Eny,
& =G — G, SE = sE —Esf,TN = SN E (@)/VN = SV @D )N, and

o5, =(d—1+p(1-p))/2
We prove

P(TN 2 N gz on (B, B(E),dz/|E]) for all E with |E| > 0.) =1 (2

First, we prove bounded convergence for the law of large numbers for {E 2}:
1 2 2 =2 2
i Z Z2(z) <4(d*+2)? and P( lim N Z =/ (xz) = 0q,p, ae. :r) =1. (3)

Because of |Z,| < d? + 2, we have |Z,| < 2(d? + 2), and hence the first inequality is
clear. By noting EEZ’H = Ef?,_# - (E&,,M)z, we have

d

1 d 2
32 21 2) + pd + k)z) ( Z v(d* +2) + pd + k) )) .

Since {1/(d2 +2)x},—0,1,... is uniformly distributed mod 1 when = ¢ Q, we have

2

g N L L d
NVZ:‘;E&V, Eg/C(y+ (nd + k)z) dy /(kzzlchr (ud + )z )) dy

_ 1 1

And similarly, by Efiy = ((d— 1>/d2)<zi:1 e(V(d® +2) + (d = D)d + k)2))* and
EC2 = p(1 — p)A((v(d? + 2) + d* + 2)z), we have

NZ iy — 71 (i ey + (d—1)d+ k)z ))Qdy
:dd_zl/o (zd: (y—Hca:)) dy.

k=1
N-1 1
LSRG 2y + (& _p(l-p)
Nl;)ECu—ﬂ?(l—p)/o c (y+(d +2)$)dy— 5

Hence by EZ2 = ZZ %E{V ut E#2 + EC?, we have ZNBI E::l%(x)/N — aip for all
z ¢ Q, and hence for a.e. z.

Because {_V} is a sequence of unlformly bounded 1ndependent random variables,
by the law of large numbers, we have ZV: (:3 (z) — EZ%(z))/N — 0 a.s., for all z.

By Fubini’s theorem, we see that it holds for a.e. z, a.s., that is (3).



Secondly, we put ITy (z) = [I"5" (1 + iAZy(x)/v/N) and prove
P(Iys2 — 1, L*([0,1], dz)-weakly, as N — 00.) = 1. (4)

By [1+it]2 =1+ < ¢!, we have

N—-1 N-1

2=2 2=2
il = IT (1425500 <o X0 2500 ) <o gy
v=0 v=0

Hence we have sup fol |ITx(z)|? dz < oo and thereby it is sufficient to prove that

1 1
P( lim / e I nss2 (z) dr = / e dx =6, foralln € Z.) =1 (6)
0

N—o0 0

Put Jy = fol €™ [Ty dz. Clearly we have EJy = fol T dy = n,0 and

2 [ e TT (12 A= A =
ElJx = 6n0| —E/O/ gn(e—v H(1+ﬁgy(m>)(1 m~u<y>)dxdy—6n,o

0 v=0

By noting |5, (2)5,(y)| < (2(d? +1))? and 1+ = = exp(x + O(2?)) for |z < 1, we
have

N-1 A2 o _
H (1 4 NEEV(x)EU(y)) = eXp(GN(x7 y) + NO(l/Nz))
v=0

=1+ Gn(z,y) + O(Gx(z,y)) + O(1/N),

where Gy (z,y) = (A\2/N) Z,IIV:_Ol EE,(z)Z,(y) and the orders denoted by O are uni-
form in z. Note that |Gy (,y)| < (2(d%42))?A%. Ifv # /| then fol Z.(x)E, (z)dz = 0.
Hence {EZ, (z)Z,(y)} is orthogonal on [0,1]% and we have

4N1

// Gnyda:dy—N2Z// z) 2, ( )) d:cdy<w.

Hence we have verified

(2(d? + 1))2E 2L
N

o y)GN(x y) dmdy‘

for L = 2. Since fol emxgy(x) dz = 0 except for at most one v, we can verify the above
inequality for L = 1. Hence we have

// in(z—y) H (1 + fE_V( )E,,(y)) dx dy = 6,0 + O(1/N)

or E|Jy — 6,1,0|2 = O(1/N) for all n € Z. Since the right hand side is summable in
N if we replace N by ]\]3/27 by applying Beppo Levi’s theorem we have (6) and hence

(4).



Now we prove (2). We first prove (2) holds for subsequence {T'ys/2 }. By applying
= (14 it) exp(—t2/2 4 r(t)) where 7(t) = O(|t|), we have

ll]z

)\2 N-1 N—
exp(iATy (z)) = H N () exp(f— Z Z ZAHV /\F))

v=0 =

Here we have the estimate Ry (z) = Zf,v 01 T(M_y( )/VN) = O(N~1/?) uniformly
in z. By (5) and (3), we have

1 e~ TaoN/2
‘—/ exp(iXTy (z)) dz — /HN ) dz

|E| Jp —E
1 2 N—-1 ) N
< TE] /E|HN($)| exp(—ﬁ > EV(x)+RN($)> o222 g
v=0
1 1 )\2 N-1 _ 0_(21 2
< E/o exp(Ry(x)) — exp (ﬁ 52(y) — 4P ) de — 0.
v=0

Due to (4), we have

1 1ot 1ot
E/EHNg/Q(x)dm:ﬁ/O IEHNSM(m)dm_)ﬁ/Q lpdx =1, as.
Hence we have
1 _
E/ exp(iATys/2(x)) de — e ‘73=P>‘2/2,
E

a.s., for all A\. By applying Fubini’s Theorem againg we see that it holds for a.e. A, a.s.
If a sequence of characteristic functions converges to a characteristic function a.e., then
the corresponding sequence of probability measures converges weakly and characteristic
function converges at every point. (This fact can be found as Corollary 2 of 203pp of
[9]. It is also easily known by modifying the standard proof of Glivenko Theorem (e.g.,
Theorem 2.6.4 of [7] or Theorem 26.3 of [3].) Hence we have verified (2) for {Tys/2}.

Since N3/2/(N — 1)3/2 — 1, to prove (2) for {Ty}, it is enough to prove the
convergence of {T},} defined as below:

=t N E), (N-1)%2 <M< N2

(N — 1)3/2 =0
Since |Z,| is bounded by 2(d? 4 1),
Thy = Ty 1ysrz] < 2(d* + D)(NY? = (N = 1)*2) /(N = 1)*/* = o(v 1) = 0(1),

which completes the proof of (2) .
Since 5, is a sum of d* 4 2 terms, by putting 04 = 02 p/(d2 + 2), we have

P(§5</\/E 2 N 42 on (E,B(E),dx/|E|) for all E with |E| > 0.) =1 (7



By noting the property sup | Zszl ¢((Ak + B)z)| < oo a.e. z of Dirichlet kernel, we
have

K
~ 1 1
S§ =8 = 2> clha) + (1 - E) 3 ((v(d® +2) + d* + D))
k=1 viv(d?2+2)+d?+1<K
1
+(pa-p) - ) 3 o((v(d® +2) + d* + 2)z)
viv(d?242)+d?+2<K
=0(1),

and thereby (7) is valid if we replace 55{ by Sé(. Arrange the sequence {k | X}, = 1}
in increasing order and denote it by {ny}. If we put Hx = #{k <K | Xp=1}=
#{k‘ € N | n, < K}, by the law of large numbers, we have Hg ~ Keg, where
eqgp = (d+1 +p)/(d? + 2). Hence we have

P(Sé(/«/HK L. Ny p2 on (E,B(E),da/|E|) for all E with |E| > 0.) 1 (8

where 02 = 0% /eq, = (d— 1+ p(1 —p))/2(d+ 1 + p).

By definition, we see that ng41 — ni < 2d. As a continuous function of p € [0,1],
the limiting variance o2 takes the maximum (2d 4 3)/2 —\/(d+1)2+2 at p = —(d +
1) + /(d+1)2+2 and the minimum (d — 1)/2(d + 2) at p = 1. Hence any o2 €
[(d—1)/2(d+2),(2d +3)/2 — \/(d+ 1) 4+ 2] = I; can be a limiting variance in (1)
for a sequence with ngy1 —ng < 2d.

By d/2(d +3) < (2d +3)/2 — \/(d+1)2+ 2 we have Iy N g1y # 0 for d > 3.
Therefore we see that 0% € [1/5 =0.2,1/2) = [3U I U... can be a limiting variance
in (1) for a sequence with bounded gaps. From o2 < (2d + 3)/2 — /(d + 1)2
we can deduce d > (—40? + 1202 + 3)/4(1 — 20?) and hence we can put G(c?) =
2[(—40* + 1202 4 3)/4(1 — 20?)] in this case.

The case d = 2 proves the case o2 € [1/8 = 0.125,7/2 — /11 = 0.183...]. We have
ng+1 —ng < 4 and we can put G(O’z) =4.

Now we construct other model of randomization to have smaller limiting variances.

Firstly, consider an independent system {(X12,43u+1,X12043u+2 X12043u+3),
(X12048, X12049, X120410), X12047, X120411, X120412}0=0,1,...;u=1,2 defined by

P((X12043u+1, X12043u+2, X12043u+3) = (01,5,...,035)) =1/3 (1 =1,2,3),

P((X120+8, X12049, X120410) = (0,0,0)) = 2/3,

P((X12u+8, X120+9, X120410) = (1,1,1)) = 1/3

P(Xi2p47 =1) = P(X120411 = 1) =
P(X12v4+12=1) =1— P(X120412 = 0) = p,

for p=0,1and v =0, 1,2, ...In this case we have 62 = (2+p(1 —p))/2(5+p) in (8)
and ng41 —ng < 5. The variance o2 takes its maximum 11/2 =27 at p = =5 + 27
and minimum 1/6 at p = 1. Hence for 02 € [1/6 = 0.166...,11/2 — 2y/7 = 0.208.....]
we can put G(o?) = 5.

Secondly, consider an independent system {(Xv7, 41, X7v42), (X7v+4, X7045),

X7u43, X7046, X704 7}v=0,1,... defined by
P((X7u41, X742) = (01,5,025)) =1/2 (j =1,2),
P((X7u+4, X7045) = (1,1)) = P((X7044, X7045) = (0,0)) = 1/2,
P(X7y43=1)=PXn46=1) =1, PXni7r=1)=1—P(X7,47=0)=



for v = 0, 1, 2, ...In this case we have o2 = (1 + p(1 — p))/2(4 + p) in (8) and
ngy1 — ng < 3. The variance o2 takes its maximum 9/2 — /19 at p = —4 + /19 and
minimum 1/10 at p = 1. Hence for 6% € [1/10 = 0.1,9/2 — v/19 = 0.141...], we can
put G(o?) =3

Thirdly, consider an independent system {(Xsy41,Xsv+2), (Xsv+4,Xsv+45),
X8u43, X8u16, X8u 47, X8u+8}v=0,1,... defined by

P((Xsvt1, Xsu42) = (81,5,02,7)) =1/2 (1 =1,2),
P((Xsy+4, Xsv+5) = (1,1)) = P((Xsy44, Xsu45) = (0,0)) = 1/2,
P(Xgy43=1) = P(Xgy46 = 1) = P(Xgp4s = 1) = 1,
P(Xgyy7=1) =1—= P(Xgp47 =0) =p,

for v = 0, 1, 2, ...In this case we have 62 = (1 + p(1 — p))/2(5 + p) in (8) and
Nnpy1 —ng < 3. The variance af takes its maximum 11/2 — V29 at p = —6 + v/29 and
minimum 1/12 at p = 1. Hence for 6% € [1/12 = 0.083,11/2 — v/29 = 0.114...] we
can put G(o?) = 3.

Fourthly, consider an independent sequence {X,} defined by

P(Xop41=1)=1, P(Xoy42=1)=1-P(Xop42=0)=p

for v =0, 1, 2, ...In this case we have 02 = p(1—p)/2(1+p) in (8) and ng4q —ny < 2.
The variance 03 takes its maximum 3/2 — V2 at p=-—-1+ v/2 and minimum 0 at p=1.
Hence for 02 € [0,3/2 — v/2 = 0.085...], we can put G(c?) = 2.

Finally, if we put ng = k, then we have 02 = 0 and hence G(0)=1.

For o2 which has multiple possibilities of values of G (02)7 by choosing the minimum
among them, we have the conclusion.
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