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Abstract. In this note, it is proved that the distribution of values of
N−1/2

∑N
n=1 f1(θp1(n)x) . . . fK(θpK(n)x) converges to normal distribution. Here

pk(n) are polynomials.

1. Introduction
The study of this paper has been motivated by the polynomial ergodic theorem,
which states

1
N

N∑
n=1

T p1(n)f1 T p2(n)f2 . . . T pk(n)fk
L2

−→
k∏

i=1

∫
fi dµ,

where T is weakly mixing transformation, pk’s polynomials and fk ∈ L∞. In case
pk are linear, the mean convergence was proved by Furstenberg, Katznelson and
Ornstein [9], and for general polynomials by Bergelson [2].

Considering the transform θ 7→ θx on unit interval [ 0, 1 ], the result of
Furstenberg and Weiss [8] gives

lim
n→∞

1
n

n∑
k=1

f(θkx)g(θk2
x) →

∫ 1

0

f(x) dx

∫ 1

0

g(x) dx a.e. x, θ = 2, 3 . . .

for bounded functions f and g with period 1. By comparing this with the
following results on Riesz-Raikov sums, we can expect that the following central
limit theorem holds:∣∣∣∣{x ∈ [ 0, 1 ]

∣∣∣∣ 1√
n

n∑
k=1

f(θkx)g(θk2
x) ∈ [ a, b ]

}∣∣∣∣ → 1√
2πv

∫ b

a

e−x2/2v dx,

for all a < b, when
∫ 1

0 f(x) dx =
∫ 1

0 g(x) dx = 0. (| · | denotes the Lebesgue
measure.)

We here give a brief survey on the probabilistic studies on Riesz-Raikov sums
to explain the context above.

† This research was partially supported by Grant-in-Aid for Scientific Research (No. 09640268),
Ministry of Education, Science and Culture.
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Let f be a real-valued locally integrable function on R with period 1. Raikov
[15] proved that

lim
n→∞

1
n

n∑
k=1

f(θkx) =
∫ 1

0

f(x) dx, a.e. x, (θ = 2, 3, . . .),

and Riesz [17] pointed out that this result is an example of the ergodic theorem.
Having investiged more precise limiting behaviour of Riesz-Raikov sums, Kac

[12] proved the following central limit theorem: If f is Hölder continuous and∫ 1

0 f(x) dx = 0, then∣∣∣∣{x ∈ [ 0, 1 ]
∣∣∣∣ 1√

n

n∑
k=1

f(θkx) ∈ [ a, b ]
}∣∣∣∣ → 1√

2πv

∫ b

a

e−x2/2v dx, (1.1)

for all a < b and θ = 2, 3, . . . , where v =
∫ 1

0 f2(x) dx + 2
∑∞

k=1

∫ 1

0 f(x)f(θkx) dx.
Ibragimov [11] extended the above results to locally square integrable function f
with the L2-Dini condition below:∫ 1

0

ω2(y)
y

dy < ∞ where ω2(δ) = sup
|h|≤δ

(∫ 1

0

|f(x + h) − f(x)|2 dx

)1/2

.

Although Takahashi [20] gave some results under the relative measure, we must
wait until Berkes [3] and [4] to have the central limit theorem (1.1) for non integral
θ > 1. He proved (1.1) for all θ > 1 as a corollary of his general result, while
the limiting variance v was not explicitely determined. Kaufman [13] proved
v =

∫ 1

0 f2(x) dx for almost all θ > 1 with respect to Lebesgue measure, and also
for all algebraic θ > 1 with

θr /∈ Q for all r ∈ N. (1.2)

Petit [14] treated the case when the algebraic number θ > 1 does not
satisfy (1.2). When r is the minimum positive integer with θr ∈ Q, while
θr = µ/ν is an irreducible fraction of integers, he proved v =

∫ 1

0 f2(x) dx +
2

∑∞
s=1

∫ 1

0 f(µsx)f(νsx) dx. Fukuyama [7] proved that v =
∫ 1

0 f2(x) dx for all
θ > 1 with (1.2), and the limiting variance was completely determined.

In the above studies, Hölder’s condition, Dini’s condition, or some variation of
these are assumed.

We are now in a position to state our theorem. Note that θ > 1 is not necessarily
an integer.

Theorem 1. Let us assume that polynomials pk (1 ≤ k ≤ K) satisfy pk(∞) = ∞
and (pk − pk′)(∞) = ∞ (k > k′), and functions f1, . . . , fK on R with period 1
satisfy ∫ 1

0

fk(x) dx = 0 and
∫ 1

0

|fk(x)|2K−2
dx < ∞ (k = 1, . . . ,K), (1.3)∫ 1

0

|fk(x) − sfk,n(x)|2 dx = o(1/ log n) (n → ∞, k = 1, . . . ,K), (1.4)

and
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∞∑
n=0

(∫ 1

0

|sfK ,2n+1(x) − sfK ,2n(x)|2 dx

)1/2

< ∞ (1.5)

where sf,n denotes the n-th subsum of Fourier series of f . Let P be a probability
measure on R which is absolutely continuous with respect to the Lebesgue measure.
Then we have the central limit theorem

P

{
x ∈ R

∣∣∣∣∣ 1√
N

N∑
n=1

K∏
k=1

fk(θpk(n)x) ∈ [ a, b ]

}
→ 1√

2πv

∫ b

a

e−x2/2v dx, (1.6)

as N → ∞ for all a < b, K ≥ 2 and θ > 1. The limiting variance v in (1.6) is
determined as follows:
(1) If maxk deg pk ≥ 2, then

v =
K∏

k=1

∫ 1

0

f2
k (x) dx. (1.7)

(2) When all pk are linear, i.e., pk(x) = akx + bk, and if the condition

θakn /∈ Q for all n ∈ N (1.8)

is satisfied for at lease one of k = 1, . . . , K, then v is given by (1.7).
(3) In case (1.8) is not true for all k = 1, . . . , K, let us take the smallest n ≥ 1
satisfying θakn ∈ Q for all k, and write θakn = qk/rk by using qk, rk ∈ N. Then

v =
K∏

k=1

∫ 1

0

f2
k (x) dx + 2

∞∑
n=1

K∏
k=1

∫ 1

0

fk(qn
k x)fk(rn

k x) dx. (1.9)

Conditions (1.4) and (1.5) follows from the next condition

∞∑
n=1

(∫ 1

0

|fk(x) − sfk,2n(x)|2 dx

)1/2

< ∞ (1.10)

which is equivalent to L2-Dini condition. The equivalence is proved by (3.3) of
pp. 241 of Zygmund [21] and by (2.6) of pp. 160 of Bari [1].

2. Preliminaries
Set ‖f‖∞ = ess sup−∞<x<∞ |f(x)| and ‖f‖p = (

∫ 1

0 |f(x)|p dx)1/p. Let [ x ] denote
the integer part of x. In this note we abuse notation and denote sf,[ a ] simply by
sf,a when a is not an integer.

To prove the central limit theorem, we use the next lemma, whose idea is
essentially due to P. Hartman [10].

Let us put

hλ(x) =
(

sin λx

λx

)2

and h(x) =
h1/2(x) + h1/2

√
2(x)

1 +
√

2
.
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It is easily verified that h is a positive integrable analytic function on R which
satisfies the following conditions (Cf. L. Breiman [5] pp.218):

ĥ(u) = 0 (|u| > 1), and |ĥ(u)| ≤ 1 (u ∈ R).

For u ∈ R, let us define a measure µu on R by µu(dx) = e
√
−1 uxh(x) dx. Clearly

µ0 is a probability measure. We frequently use the inequality∣∣∣∣∫ ∞

−∞
f(x) µu(dx)

∣∣∣∣ ≤ ∫ ∞

−∞
|f(x)|µ0(dx),

and the relation ∫ ∞

−∞
e
√
−1 λx µu(dx) = 0 if |λ| ≥ U = |u| + 1.

Lemma 1. Suppose that a sequence {XN} of real functions on R satisfies∫ ∞

−∞
e
√
−1 tXN (x) µu(dx) → e−t2v/2ĥ(u) (t ∈ R, N → ∞), (2.1)

for all u ∈ R, then the central limit theorem

P{x ∈ R | XN(x) ∈ [ a, b ] } → 1√
2πv

∫ b

a

e−x2/2v dx (a < b, N → ∞),

holds where P is any probability measure on R which is absolutely continuous
with respect to the Lebesgue measure.

Proof. Let us first suppose that P (dx) = g(x) dx and g ∈ C∞ has compact
support. Since g/h is rapidly decreasing, both g/h and (g/h)̂ are integrable.
Therefore we can apply the inversion formula for g/h, Fubini’s theorem and
Lebesgue’s convergence theorem in turn to prove the following convergence which
is equivalent to (2.1):∫ ∞

−∞
e
√
−1 tXN (x) P (dx) =

∫ ∞

−∞
e
√
−1 tXN (x) g(x)

h(x)
h(x) dx

=
1
2π

∫ ∞

−∞
(g/h)̂ (γ) dγ

∫ ∞

−∞
e
√
−1 tXN (x)e−

√
−1 xγh(x) dx

→ e−t2v/2

2π

∫ ∞

−∞
(g/h)̂ (γ)ĥ(−γ) dγ

= e−t2v/2((g/h) ∗ h(− · ))(0) = e−t2v/2.

For the last equality, we have used integrability and continuity of (g/h) ∗ h(− · )
and its Fourier transform.

Next, we treat the general case. For all ε > 0, we can take gε ∈ C∞ with
compact support such that

gε(x) ≥ 0,

∫ ∞

−∞
gε(x) dx = 1, and

∫ ∞

−∞
|g(x) − gε(x)| dx ≤ ε.
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By using gε, we have∣∣∣∣∫ ∞

−∞
e
√
−1 tXN (x)g(x) dx − e−t2v/2

∣∣∣∣
≤

∣∣∣∣∫ ∞

−∞
e
√
−1 tXN (x)g(x) dx −

∫ ∞

−∞
e
√
−1 tXN (x)gε(x) dx

∣∣∣∣
+

∣∣∣∣∫ ∞

−∞
e
√
−1 tXN (x)gε(x) dx − e−t2v/2

∣∣∣∣.
The second term tends to zero as N → ∞, and the first term is dominated by∫
|g − gε| < ε. Since ε > 0 is arbitrary, we have the conclusion.
The following Lemma is a variation of the result by P. Révész [16] and its

argument is essentially due to Salem-Zygmund [18].

Lemma 2. Let u ∈ R and {ξm,N}1≤m≤MN , N≥1 be an array of functions on R. If

BN = sup
1≤m≤MN

‖ξm,N‖∞ → 0 (N → ∞), (2.2)∫ ∞

−∞
ξm1,N . . . ξmr,N dµu = 0 (N ∈ N, r ∈ N, m0 ≤ m1 < · · · < mr),(2.3)

VN =
MN∑

m=m0

ξ2
m,N −→ v in measure µ0 (N → ∞), (2.4)

and
B0 = sup

N≥1
‖VN‖∞ < ∞, (2.5)

are satisfied for some m0, then (2.1) holds for XN =
MN∑
m=1

ξm,N .

Proof. If we put YN =
∑NM

m=m0
ξm,N , by |XN − YN | ≤ m0BN → 0, we have∣∣∣∣∫ ∞

−∞
e
√
−1 tXN dµu −

∫ ∞

−∞
e
√
−1 tYN dµu

∣∣∣∣ ≤ ∫ ∞

−∞
|e

√
−1 t(XN−YN ) − 1| dµ0 → 0.

Thus it is sufficient for us to prove (2.1) for YN . Let us recall the following
asymptotic formula. (Cf. Salem-Zygmund [18])

e
√
−1 x = (1 +

√
−1 x)e−x2/2+R(x) where |R(x)| ≤ |x|3,

By applying this, we have

e
√
−1 tYN = TN exp(−t2VN/2 + RN)

where

TN =
MN∏

m=m0

(1 +
√
−1 tξm,N) and RN =

MN∑
m=m0

R(tξm,N).

RN and TN have the following bounds:

RN ≤
MN∑

m=m0

|tξm,N |3 ≤ |t|3BNVN ≤ |t|3BNB0 → 0 and |TN | ≤ et2VN /2.



6 KATUSI FUKUYAMA

By (2.3) we have
∫ ∞
−∞ TN µu(dx) = ĥ(u) and hence we get∣∣∣∣∫ ∞

−∞
e
√
−1 tYN dµu − ĥ(u)e−t2v/2

∣∣∣∣
=

∣∣∣∣∫ ∞

−∞
TN

(
exp(−t2VN/2 + RN) − exp(−t2v/2)

)
dµu

∣∣∣∣
≤

∫ ∞

−∞
|exp(RN) − 1| dµ0 +

∫ ∞

−∞
|exp(t2(VN − v)/2) − 1| dµ0 → 0,

since the integrand is bounded and tends to 0 in measure µ0.

3. The case maxdeg fk ≥ 2
In this section we assume maxdeg fk ≥ 2 or deg fK ≥ 2. If we denote
β(k)

n = θpk(n), it is clear that there exists q > 1 and N0 such that

β
(k)
n+1/β(k)

n > q (n ≥ N0, k = 1, . . . ,K), (3.1)

β
(K)
n+1/β(K)

n → ∞ (n → ∞), (3.2)
β(k+1)

n /β(k)
n → ∞ (n → ∞, k = 1, . . . ,K − 1). (3.3)

Assuming only these three conditions, we can prove the central limit theorem for
trigonometric polynomials.

Proposition 1. Let f1, . . . , fK be trigonometric polynomials without constant
term. If sequences of positive numbers {β(1)

n }, . . . , {β(K)
n } satisfy (3.1), (3.2)

and (3.3), then for all u ∈ R, (2.1) holds for

XN(x) =
1√
N

N∑
n=1

K∏
k=1

fk(β(k)
n x) and v =

K∏
k=1

∫ 1

0

f2
k (x) dx,

that is the central limit theorem holds.

Proof. Let I ∈ N and assume that degrees of f1, . . . , fK are less than
I. Let us take u arbitrary and put U = |u| + 1. Let us set MN = N
and ξn,N(x) = f1(β(1)

n x) . . . fK(β(K)
n x)/

√
N and prove that {ξn,N} satisfy the

conditions of Lemma 2. If we put B = maxk ‖fk‖∞, we have ‖ξn,N‖∞ ≤ BK/
√

N
and ‖VN‖∞ ≤ BK , and hence (2.2) and (2.5) are clear. ξn,N can be expanded to

ξn,N(x) =
1√
N

∑
|ik|≤I,

k=1,...,K

f̂1(i1) . . . f̂K(iK) exp
(
2π

√
−1 (i1β(1)

n + · · · + iKβ(K)
n )x

)
.

By (3.2) and (3.3), there exists N0 such that, for any n ≥ N0 and k = 1,. . . , K,

β
(K)
n+1/β(K)

n ≥ 10I, β(k)
n ≥ 6U (3.4)

and

|i1β(1)
n + · · · + ikβ

(k)
n | ∈ (β(k)

n /2, 3Iβ(k)
n ) if |i1|, . . . , |ik| ≤ 2I, ik 6= 0. (3.5)
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Let us now assume N0 ≤ n1 < · · · < nr and verify multiple orthogonality (2.3).
If we expand ξn1,N . . . ξnr,N into trigonometric polynomial, frequencies can be
written as λnr

+ · · · + λr1 where λni
is a frequency of ξni,N . Thanks to (3.4) and

(3.5) we have

|λnr
+ · · · + λr1 | ≥ |λnr

| − |λnr−1 | − · · · − |λr1 |
≥ β(K)

nr
/2 − 3I(β(K)

nr−1
+ · · · + β(K)

n1
)

≥ β(K)
nr

/2 − 3Iβ(K)
nr−1

(1 + 1/10I + 1/(10I)2 + · · · )
≥ β(K)

nr
/2 − (3I/10I)β(K)

nr
{1/(1 − 1/10)} ≥ β(K)

nr
/6 ≥ U.

By this estimate, we see
∫ ∞
−∞ exp(2π

√
−1 (λnr

+· · ·+λr1)x) µu(dx) = 0, and hence
we have (2.3).

Lastly, let us verify (2.4). Let us take an r satisfying qr ≥ 12I. To prove (2.4),
it is sufficient to prove

N∑
n=N0

(ξ2
nr+j,N − v/N) → 0 in measure µ0,

for each j = 0, . . . , r − 1. Let us put σ2
k =

∫ 1

0 f2
k (x) dx. Since v = σ2

1 . . . σ2
K , we

have

ξ2
nr+j,N(x) − v

N
=

1
N

K∑
κ=1

κ−1∏
k=1

f2
k (β(k)

nr+jx)(f2
κ(β(κ)

nr+jx) − σ2
κ)

K∏
k=κ+1

σ2
k.

Thus it is sufficient to prove the following convergence in measure µ0:

1
N

N∑
n=N0

κ−1∏
k=1

f2
k (β(k)

nr+jx)(f2
κ(β(κ)

nr+jx) − σ2
κ) → 0.

Let ζn denote the summand. Note that the trigonometric polynomial expansion
of f2

k (β(κ)
nr+jx) − σ2

κ has no constant term. Thus frequencies of the trigonometric
expansion of ζn can be written as the right hand side of (3.5), and hence belong
to (β(κ)

nr+j/2, 3Iβ
(κ)
nr+j). Thanks to β

(κ)
nr+j/2 ≥ 6U/2 > 1, we have∫ ∞

−∞
ζn dµ0 = 0. (3.6)

By (β(κ)
(n+1)r+j/2)/(3Iβ

(κ)
nr+j) ≥ qr/6I ≥ 2, we have

β
(κ)
(n+1)r+j/2 − 3Iβ

(κ)
nr+j ≥ (β(κ)

(n+1)r+j/2)(1 − 1/2) ≥ 6U/4 > 1

and hence frequencies of ζn and ζn′ differ by at least 1 if n 6= n′. Thereby we
conclude that

∫ ∞
−∞ ζn(x)ζn′(x) µ0(dx) = 0, and we have∫ ∞

−∞

(
1
N

N∑
n=N0

ζn

)2

dµ0 =
1

N2

N∑
n=N0

∫ ∞

−∞
ζ2

n dµ0 ≤ maxn ‖ζn‖2
∞

N
→ 0,
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which implies the convergence in measure.
Since pk+1 − pk is a polynomial diverging to infinity, there exists a0 > 0 and

N0 ∈ N such that pk+1(n) − pk(n) ≥ 2a0n for all n ≥ N0. Since pK is not linear,
there also exist a0 > 0 and N0 ∈ N such that pK(n + 1) − pK(n) ≥ 2a0n for all
n ≥ N0. Thus we have

β(k+1)
n /β(k)

n ≥ θ2a0n (n ≥ N0, k = 1, . . . ,K − 1), (3.7)

β
(K)
n+1/β(K)

n ≥ θ2a0n (n ≥ N0). (3.8)

Proposition 2. Let functions f1, . . . , fK with period 1 satisfy (1.3) and (1.4), and
sequences of positive numbers {β(1)

n }, . . . , {β(K)
n } satisfy (3.1), (3.7) and (3.8).

Then the conclusion of Proposition 1 holds.

Remark 1. In this proposition, the condition (1.5) is not assumed. Thus the part
(1) of Theorem 1 holds without (1.5).

Proof. Because of β(k)
n θa0n = o(β(k+1)

n ), it can be proved in the same way that
there exists N0 such that, for all n ≥ N0,

|i1β(1)
n + · · · + ikβ

(k)
n | ∈ (β(k)

n /2, 3θa0nβ(k)
n ) if |i1|, . . . , |ik| ≤ 2θa0n, ik 6= 0. (3.9)

Firstly, we have the following estimate:

E2
1 =

(∫ ∞

−∞

∣∣∣∣ 1√
N

N∑
n=N0

K∏
k=1

sfk,θa0n(β(k)
n x) − 1√

N

N∑
n=N0

K∏
k=1

sfk,I(β(k)
n x)

∣∣∣∣ µ0(dx)
)2

≤
∫ ∞

−∞

{
1√
N

N∑
n=N0

( K∏
k=1

sfk,θa0n(β(k)
n x) −

K∏
k=1

sfk,I(β(k)
n x)

)}2

µ0(dx)

≤
√

K

N

K∑
κ=1

∫ ∞

−∞


N∑

n=N0

κ−1∏
k=1

sfk,θa0n(β(k)
n x)

K∏
k=κ+1

sfk,I(β(k)
n x)

× (sfκ,θa0n − sfκ,I)(β(κ)
n x)


2

µ0(dx)

By (3.9), moduli of frequencies of summand in the above integrand belong to
(β(K)

n /2, 3θa0nβ(K)
n ). Because (β(K)

n /2)/(3θa0nβ(K)
n ) ≥ θa0n/6 → ∞, the distance

between these intervals is greater than 1, and therefore these summands are
orthogonal. Thus

E2
1 ≤

√
K

N

K∑
κ=1

N∑
n=N0

∫ ∞

−∞


κ−1∏
k=1

s2
fk,θa0n(β(k)

n x)
K∏

k=κ+1

s2
fk,I(β

(k)
n x)

× (sfκ,θa0n − sfκ,I)
2(β(κ)

n x)

 µ0(dx). (3.10)

If functions gk (k = 1, . . . , K) are trigonometric polynomials whose degrees are
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less than θa0n, then by applying a similar argument as the derivation of (3.6) to
the decomposition∫ ∞

−∞

K∏
k=1

g2
k(β

(k)
n x) µ0(dx) −

K∏
k=1

‖gk‖2
2

=
K∑

κ=1

∫ ∞

−∞

κ−1∏
k=1

g2
k(β

(k)
n x)(g2

κ(β(κ)
n x) − ‖gκ‖2

2) µ0(dx)
K∏

k=κ+1

‖gk‖2
2,

we have
∫ ∞
−∞

∏K
k=1 g2

k(β
(k)
n x) µ0(dx) =

∏K
k=1 ‖gk‖2

2 for large n. By applying this to
(3.10), we have

E2
1 ≤

√
K

K∑
κ=1

κ−1∏
k=1

‖s2
fk,θa0n‖2

2

K∏
k=κ+1

‖s2
fk,I‖

2

2‖sfκ,θa0n − sfκ,I‖
2

2

≤
√

K
K∑

κ=1

‖fκ − sfκ,I‖
2

2

∏
k 6=κ

‖fk‖
2

2.

Therefore, for any ε > 0, there exists I0 such that I ≥ I0 implies E1 < ε/2.
Before proceeding further, let us prepare some inequalities. For a function F

with period 1 and ‖F‖2p < ∞, ‖sn‖2p ≤ C‖F‖ and ‖F − sn‖2p ≤ C‖F‖ holds.
(Cf. A. Zygmund [21].) We here prove

∫ ∞
−∞ |F (θx)|2p µ0(dx) = ‖F‖2p

2p for θ > 1
and p ∈ N. For trigonometric polynomial, it is proved by the direct calculation
as below:∫ ∞

−∞
|F (θx)|2p µ0(dx) =

∑
l1,...,l2p

F̂ (l1) . . . F̂ (l2p)ĥ(2π(l1 + · · · + lp)θ)

=
∑

l1,...,l2p

F̂ (l1) . . . F̂ (l2p)δl1+···+lp,0

= ‖F (x)‖2p
2p,

because ĥ(2πlθ) 6= 0 and l ∈ Z is equivalent to l = 0. Since sn(θx) converges to
F (θx) in measure dx, hence in measure µ0. By Fatou lemma,∫ ∞

−∞
|F (θx)|2p µ0(dx) ≤ lim inf

n→∞

∫ ∞

−∞
|sn(θx)|2p µ0(dx) = lim

n→∞

∫ 1

0

|sn(x)|2p dx = ‖F‖2p
2p.

Hence we have that sn(θx) converges to F (θx) in L2p(R, µ0)-sense. Thereby we
can conclude that∫ ∞

−∞
|F (θx)|2p µ0(dx) = lim

n→∞

∫ ∞

−∞
|sn(θx)|2p µ0(dx) = lim

n→∞
‖sn‖2p

2p = ‖F‖2p
2p.

By using these, we have

E2 =
∫ ∞

−∞

∣∣∣∣ 1√
N

N∑
n=N0

K∏
k=1

fk(β(k)
n x) − 1√

N

N∑
n=N0

K∏
k=1

sθa0n,fk
(β(k)

n x)
∣∣∣∣ µ0(dx)
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≤ 1√
N

N∑
n=N0

K∑
κ=1

∫ ∞

−∞

∣∣∣∣∣∣∣∣
κ−1∏
k=1

fk(β(k)
n x)

K∏
k=κ+1

sθa0n,fk
(β(k)

n x)

× (fκ − sθn
0 ,fκ

)(β(κ)
n x)

∣∣∣∣∣∣∣∣ µ0(dx)

≤ 1√
N

N∑
n=N0

K∑
κ=1

κ−1∏
k=1

‖fk‖2(K−1)‖fκ − sθa0n,fκ
‖2

K∏
k=κ+1

‖sθa0n,fk
‖2(K−1)

≤
K∑

κ=1

∏
k 6=κ

‖fk‖2(K−1)

1√
N

N∑
n=N0

‖fκ − sθa0n,fκ
‖2 → 0

because of the fact that 1
2(K−1)

(K − 1) + 1
2

= 1, Hölder’s inequality and (1.4).
Thanks to the estimate of E1 and E2 above, we have

lim sup
N→∞

∫ ∞

−∞
|XN(x) − X

(I)
N (x)|µ0(dx) ≤ ε

for large I, where X
(I)
N (x) = 1√

N

∑N
n=1

∏K
k=1 sI,fk

(β(k)
n x). By putting v(I) =∏K

k=1 ‖sI,fk
‖2

2, we have
|v − v(I)| ≤ ε

for large I. Noting Proposition 1, the fact that |ex − 1| ≤ |x| (x ≤ 0) and that
|e

√
−1 x − 1| ≤ |x| (x ∈ R), if we take I large enough, we have

lim sup
N→∞

∣∣∣∣∫ ∞

−∞
e
√
−1 tXN dµu − e−t2v/2ĥ(u)

∣∣∣∣
≤ lim sup

N→∞

∣∣∣∣∫ ∞

−∞
e
√
−1 tXN µu(dx) −

∫ ∞

−∞
e
√
−1 tX

(I)
N dµu

∣∣∣∣
+ lim sup

N→∞

∣∣∣∣∫ ∞

−∞
e
√
−1 tX

(I)
N dµu − e−t2v(I)/2ĥ(u)

∣∣∣∣ + lim sup
N→∞

|e−t2v(I)/2 − e−t2v/2|

≤ |t|
∫ ∞

−∞
|XN − X

(I)
N | dµ0 + t2|v(I) − v|/2 ≤ (|t| + t2/2)ε,

which implies the conclusion.

4. The case when pk are linear
Let {µ(k)

l }l∈N be an arrangement of the set
∪I

ik=1{ikθpk(n) | n ∈ N} in increasing
order, and {λj}j∈Z be an arrangement of the set

{ i1θ
p1(n) + · · · + iKθ

pK(n)
K | n ∈ N, 1 ≤ |ik| ≤ I (k = 1, . . . ,K) } ∪ {0}

in the order · · · < λ−2 < λ−1 < λ0 = 0 < λ1 < λ2 < · · ·. It is easily known that
−λj = λ−j holds, and that {µ(k)

l } has Hadamard gaps; i.e., there exists q > 1
such that

µ
(k)
l+1/µ

(k)
l > q > 1 (l ∈ N, k = 1, . . . ,K.) (4.1)

Because a1 < a2 < · · · < aK , we can take a0 > 0 satisfying a0 < (ak+1 − ak)/2
(k = 1, . . . , K − 1). Clearly, pk+1(n) − pk(n) > 2a0n for large n.
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Lemma 3. Let I and K be a positive integers.
(1) For any ε > 0, there exists N0 such that for k = 1, . . . , K, n ≥ N0, and
0 < |ik| ≤ θa0n we have

i1θ
p1(n) + · · · + ikθ

pk(n)

ikθpk(n)
∈ (1 − ε, 1 + ε). (4.2)

(2) There exist C1, C2 > 0 and N0 such that for n, n′ ≥ N0, |ij| ≤ θa0n,
|i′j| ≤ θa0n′

(j = 1, . . . , k − 1), |ik|, |i′k| ≤ I, and |ikθpk(n)| > |i′kθpk(n′)| we have∣∣∣∣(i1θp1(n) + · · · + ikθ
pk(n)) ± (i′1θ

p1(n
′) + · · · + i′kθ

pk(n′))
ikθpk(n)

∣∣∣∣ ∈ (C1, C2). (4.3)

(3) For any U > 0 and κ = 0, 1, . . . , K there exists N0 such that if n ≥ n′ ≥ N0,
0 < |ik| ≤ θa0n, 0 < |i′k| ≤ θa0n′

(1 ≤ k ≤ κ), 0 < |ik|, |i′k| ≤ I (κ < k ≤ K) and

|(i1θp1(n) + · · · + iKθpK(n)) + (i′1θ
p1(n

′) + · · · + i′KθpK(n′))| ≤ U (4.4)

we have

ikθ
pk(n) + i′kθ

pk(n′) = 0 for k > κ, and (4.5)

|(ikθpk(n) + · · · + iκθpκ(n)) + (i′kθ
pk(n′) + · · · + i′κθpκ(n′))| ≤ θpk(n′)

3
(4.6)

for k ≤ κ.

Proof. (4.2) is clear from θa0nθpk(n) ≤ θpk+1(n)/θ2a0n = o(θpk+1(n)). Let us
prove (4.3). Take ε > 0 small enough such that (1 − ε) − (1 + ε)/q is positive.
By using (4.2), we have

|(i1θp1(n) + · · · + ikθ
pk(n)) ± (i′1θ

p1(n
′) + · · · + i′kθ

pk(n′))|

≥
∣∣∣∣ i1θp1(n) + · · · + ikθ

pk(n)

ikθpk(n)
ikθ

pk(n)

∣∣∣∣ − ∣∣∣∣ i′1θp1(n
′) + · · · + i′kθ

pk(n′)

i′kθ
pk(n′)

i′kθ
pk(n′)

∣∣∣∣
≥ (1 − ε)|ik|θpk(n) − (1 + ε)|i′k|θpk(n′)

≥ {(1 − ε) − (1 + ε)/q}|ik|θpk(n).

The upper estimate

|(i1θp1(n) + · · · + ikθ
pk(n)) ± (i′1θ

p1(n
′) + · · · + i′kθ

pk(n′))| ≤ 2(1 + ε)|ik|θpk(n)

can be proved in a similar way.
Lastly, let us prove (4.5) and (4.6). Assume that (4.5) is not true and take the

largest of k such that ikθ
pk(n) + i′kθ

pk(n′) 6= 0 for large n and n′. Then, by using
(4.3), we see that (4.4) cannot hold for large n and n′. Thus we have (4.5). By
this, we see that (4.4) is valid if we replace K by κ. Noting this and (4.2) we
have
|(ikθpk(n) + · · · + iκθpκ(n)) + (i′kθ

pk(n′) + · · · + i′κθpκ(n′))|
≤ |(i1θp1(n) + · · · + iκθpκ(n)) + (i′1θ

p1(n
′) + · · · + i′κθpκ(n′))|

+ |(i1θp1(n) + · · · + ik−1θ
pk−1(n)) + (i′1θ

p1(n
′) + · · · + i′k−1θ

pk−1(n
′))|

≤ U + 2θa0n+pk−1(n) ≤ 3θa0n+pk−1(n),

(4.7)
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for large n. By putting k = κ, we have iκθpκ(n) + i′κθpκ(n′) = o(θpκ(n)) and hence
|iκ|θpκ(n)/2 ≤ |i′κ|θpκ(n′) and thereby θpκ(n)/2 ≤ θpκ(n′)+a0n′

or n ≤ aκ+a0
aκ

n′ + α.
Thus we have a0n + pk−1(n) ≤ (a0 + ak−1)aκ+a0

aκ
n′ + α′. Because

(a0 + ak−1)
aκ + a0

aκ

< (ak − a0)
aκ + a0

aκ

= ak

(
1 − a0

ak

)(
1 +

a0

aκ

)
≤ ak

(
1 − a0

aκ

)(
1 +

a0

aκ

)
< ak,

we have θa0n+pk−1(n) = o(θakn′+α′
). Combining this with (4.7), we have the

conclusion.
Let us put J(w) = [ θaKw, θaK(w+1)) ∩ N,

∆w(f) =
( ∑

|j|∈J(w)

|f̂(j)|2
)1/2

and D(f) =
∞∑

w=0

∆w(f).

It is easily seen that there exists a constant C depending only on θaK such that,

D(f) ≤ C
∞∑

n=0

(∫ 1

0

|sf,2n+1(x) − sf,2n(x)|2 dx

)1/2

, (f ∈ L2).

Lemma 4. If f1, . . . , fK satisfy the condition of Theorem 1, then we have∫ ∞

−∞

( N∑
n=N0

κ∏
k=1

sfk,θa0n(θaknx)
K∏

k=κ+1

sfk,I(θaknx)
)2

µ0(dx)

≤ 2N
K−1∏
k=1

‖fk‖2
2D(fK) (κ = 0, 1, . . . ,K, N ≥ N0)

(4.8)

where N0 is given by (3) of Lemma 3 with U = 1. We also have

v(I) =
K∏

k=1

∫ 1

0

s2
fk,I(x) dx + 2

∞∑
n=1

K∏
k=1

∫ 1

0

sfk,I(qn
k x)sfk,I(rn

kx) dx → v, (I → ∞).

Proof. Let us consider the case N0 ≤ n′ ≤ n and (4.4) is valid. Then, for
k > κ, we have i′k = ϕk(ik) = [−ikθ

ak(n−n′) ]∗ by (4.5), where [x ]∗ = [x + 1/2 ].
We also have i′κ = ϕκ(iκ) = [−iκθaκ(n−n′) ]∗ by (4.6) with k = κ. For k < κ, by
(4.6), we have

i′k = ϕk(ik, ik+1, . . . , iκ)

=
[
−ikθ

ak(n−n′) − θ−pk(n′)

(
ik+1θ

pk+1(n) + · · · + iκθpκ(n)

+ i′k+1θ
pk+1(n

′) + · · · + i′κθpκ(n)

)]∗

.

By θak(n−n′) ≥ 1, mappings ik 7→ ϕk(ik) (k ≥ κ) and ik 7→ ϕk(ik, ik+1, . . . , iκ)
(k < κ) are injective for any given ik+1, . . . , iκ, n and n′.
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By using (4.5) and (4.6), we have∫ ∞

−∞

( N∑
n=N0

κ∏
k=1

sfk,θa0n(θaknx)
K∏

k=κ+1

sfk,I(θaknx)
)2

µ0(dx)

≤
N∑

n′,n=N0

∑
∗
|f̂1(i1)f̂1(i′1)| . . . |f̂K(iK)f̂K(i′K)|

≤ 2
N∑

n′=N0

N∑
n=n′

K∏
k=κ

∑
ik 6=0

|f̂k(ik)f̂k(ϕk(ik))|
κ−1∏
k=1

∑
ik 6=0

|f̂k(ik)f̂k(ϕk(ik, . . . , iκ))|,

where
∑
∗

denotes summation for (i1, i′1, . . . , iK , i′K) with 0 < |ik| ≤ θa0n, 0 <

|i′k| ≤ θa0n′
(1 ≤ k ≤ κ), and 0 < |ik|, |i′k| ≤ I (κ < k ≤ K). If k < κ,∑

ik 6=0

|f̂k(ik)f̂k(ϕk(ik, . . . , iκ))|

≤
(∑

ik 6=0

|f̂k(ik)|
2
)1/2(∑

ik 6=0

f̂k(ϕk(ik, . . . , iκ))|2
)1/2

≤ ‖fk‖2
2,

since ϕk is injective.
∑

ik∈Z|f̂k(ik)f̂k(ϕk(ik))| ≤ ‖fk‖2
2 is also clear for k = κ + 1,

. . . , K − 1. In case k = K, we have

∑
iK 6=0

|f̂K(iK)f̂K(ϕK(iK))| =
∞∑

w=0

∑
iK∈J(w)

∣∣∣f̂K(iK)f̂K([−iKθaK(n−n′) ]∗)
∣∣∣

≤
∞∑

w=0

( ∑
iK∈J(w)

|f̂K(iK)|2
)1/2( ∑

iK∈J(w)

∣∣∣f̂K([−iKθaK(n−n′) ]∗)
∣∣∣2)1/2

≤
∞∑

w=0

∆w(fK)∆w+n−n′(fK).

Thus we have∫ ∞

−∞

( N∑
n=N0

κ∏
k=1

sfk,θa0n(θaknx)
K∏

k=κ+1

sfk,I(θaknx)
)2

µ0(dx)

≤ 2
K−1∏
k=1

‖fk‖2
2

N∑
n′=N0

N∑
n=n′

∞∑
w=0

∆w(fK)∆w+n−n′(fK)

≤ 2N
K−1∏
k=1

‖fk‖2
2

∞∑
m=1

∞∑
w=0

∆w(fK)∆w+m(fK)

≤ 2N
K−1∏
k=1

‖fk‖2
2

∞∑
w=0

∆w(fK)
∞∑

m=1

∆w+m(fK) ≤ 2N
K−1∏
k=1

‖fk‖2
2D(fK)2,

which shows (4.8). Next let us verify the convergence of v(I). We may assume
that qK and rK are relatively prime. By estimating in the same way as above,
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we have |
∏K

k=1

∫ 1

0 s2
fk,I(x) dx| ≤

∏K
k=1 ‖fk‖2

2 and∣∣∣∣ K∏
k=1

∫ 1

0

sfk,I(qn
k x)sfk,I(rn

k x) dx

∣∣∣∣ ≤ K−1∏
k=1

‖fk‖2
2

∑
iK 6=0

|f̂K(iKqn
K)f̂K(−iKrn

K)|

≤
K−1∏
k=1

‖fk‖2
2

∑
iK 6=0

|f̂K(iK)f̂K([−iKθaKn ]∗)|

≤
K−1∏
k=1

‖fk‖2
2

∞∑
w=0

∆w(fK)∆w+n(fK).

In the same way as above we have
K∏

k=1

‖fk‖2
2 + 2

∞∑
n=1

K−1∏
k=1

‖fk‖2
2

∞∑
w=0

∆w(fK)∆w+n(fK) < ∞.

Since each summand of v(I) converges to that of v, and is dominated as above by
the summand of summable series, by Lebesgue’s convergence theorem for series,
we have the conclusion.

Let us here prove the central limit theorem in the case when f1, . . . , fK are
trigonometric polynomials without constant term.

Let us define XN and cj,N by

XN(x) =
∞∑

j=−∞
cj,N exp(2π

√
−1 λjx) =

1√
N

N∑
n=1

K∏
k=1

fk(θpk(n)x).

Obviously {cj,N}−∞<j∞, N≥1 satisfies c−j,N = c̄j,N and cj,N = 0 (|j| > JN) for
some JN .

Firstly, let us prove ∫ ∞

−∞
XN(x)2 µR(dx) → v, (4.9)

where ∫ ∞

−∞
f(x) µR(dx) = lim

T→∞

1
2T

∫ T

−T

f(x) dx.

The left hand side of above formula is a symbolic expression and does not mean
an integral with respect to the measure µR. From now on, we frequently use the
following relations:∫ ∞

−∞
f(θx) µR(dx) =

∫ ∞

−∞
f(x) µR(dx) if θ 6= 0;∫ ∞

−∞
f(x) µR(dx) =

∫ α

0

f(x) dx if f has period α; and
∫ ∞

−∞
e
√
−1 tx µR(dx) = δt0.

Let us denote Fk,ν(x) = fk(x)fk(θakνx) and dk,ν =
∫ ∞
−∞ Fk,ν(x) µR(dx). Let us

prove that there exists N0 and ν0 such that∫ ∞

−∞

K∏
k=1

Fk,ν(θpk(n)x) µR(dx) =
K∏

k=1

dk,ν (n ≥ N0) (4.10)
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= 0 (ν ≥ ν0, n ≥ N0). (4.11)

If θaKν > I, then the trigonometric polynomial expansion of FK,ν has no constant
term and thereby dK,ν = 0. Thus (4.11) follows from (4.10). Since the left hand
side of (4.10) can be decomposed into∫ ∞

−∞

K∏
k=1

Fk,ν dµR =
K∑

κ=1

∫ ∞

−∞

κ−1∏
k=1

Fk,ν(Fκ,ν − dκ,ν) dµR

K∏
k=κ+1

dk,ν +
K∏

k=1

dk,ν ,

the proof of (4.10) reduced to the proofs of∫ ∞

−∞

κ−1∏
k=1

Fk,ν(θpk(n)x)(Fκ,ν(θpκ(n)x) − dκ,ν) µR(dx) = 0, (n ≥ N0). (4.12)

Since Fk,ν −dk,ν have no constant term, we can take 0 < Ik,ν < I ′
k,ν such that the

frequencies of Fk,ν −dk,ν belong to (Ik,ν , I
′
k,ν). Then frequencies of Fk,ν(θpk(n)x)−

dk,ν belong to (Ik,νθ
pk(n), I ′

k,νθ
pk(n)). Since we have Ik+1,νθ

pk+1(n)/I ′
k,νθ

pk(n) → ∞
as n → ∞, Ik+1,νθ

pk+1(n)/I ′
k,νθ

pk(n) > 3 for large n. Thus, for large n, moduli of
the frequencies of the integrand of (4.12) is greater than

Iκ,νθ
pκ(n) − I ′

κ−1,νθ
pκ−1(n) − · · · − I ′

1,νθ
p1(n) ≥ Iκ,νθ

pκ(n)(1 − 1/3 − 1/32 − · · ·)
≥ Iκ,νθ

pκ(n)/2 > 0.

Hence the integrand of (4.12) has no constant term and thereby (4.12) follows.
By noting (4.10) and (4.11), we have∫ ∞

−∞

(
1√
N

N∑
n=N0

K∏
k=1

fk(θpk(n)x)
)2

µR(dx)

=
N−N0∑
ν=0

(2 − δν0)
1
N

N−ν∑
n=N0

∫ ∞

−∞

K∏
k=1

fk(θpk(n)x)fk(θpk(n+ν)x) µR(dx).

=
N−N0∑
ν=0

(2 − δν0)
N − ν − N0 + 1

N

K∏
k=1

dk,ν

Thanks to (4.11), the sum in ν is essentially up to ν0, and hence as N → ∞

→
∞∑

ν=0

(2 − δν0)
K∏

k=1

dk,ν .

Let us evaluate dk,ν . dk,0 = ‖fk‖2
2 is clear. If ν ≥ 1 and (1.8) hold, frequency

i + i′θakν of Fk,ν(x) = fk(x)fk(θakνx) can not be zero and thereby dk,ν = 0. Thus
we have (1.7) when (1.8) holds for some k. Suppose that (1.8) does not holds
for all k. Note that the set N(k) = {n | θakn ∈ Q } is {mnk | m ∈ N } where
nk = min N(k). Thus N(0) = N(1) ∩ . . . ∩ N(K) is {mn | m ∈ N } where
n = gcd(n1, . . . , nK) = min N(0). If ν is not a multiple of n, then ν /∈ N(k) for
some k, and thereby

∏
k dk,ν = 0. If ν = mn, then we have θakν = (qk/rk)m, and
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thereby

dk,ν =
∫ ∞

−∞
fk(x)fk((qk/rk)mx) µR(dx) =

∫ ∞

−∞
fk(rm

k x)fk(qm
k x) µR(dx)

=
∫ 1

0

fk(rm
k x)fk(qm

k x) dx.

Therefore (1.9) is proved, and consequently (4.9) is verified.
Let us here verify (2.1) by using Lemma 2. By applying (3) of Lemma 3 with

κ = 0, we see that there exists J0 such that |λj −λj′ | ≤ U with j, j′ ≥ J0 implies
j = j′. We also see that if j ≥ J0, values of i1θ

p1(n), . . . , iKθpK(n) satisfying
λj = i1θ

p1(n) + · · ·+ iKθpK(n) are uniquely determined. Note that i1, . . . , iK , and
n are not necessarily unique. Actually, 8 × 20 = 4 × 21 = 2 × 22 = 1 × 23 gives
an example for the case θ = 2 and K = 1. But if we give the values i1, . . . , iK ,
then n is uniquely determined. Since the choice of values of i1, . . . , iK are at
most (2I)K in number, there are at most (2I)K many (i1, . . . , iK , n) which satisfy
λj = i1θ

p1(n) + · · · + iKθpK(n), if j ≥ J0.
Let Hl be the collection of j such that ‘leading term’ iKθpK(n) of λj =

i1θ
p1(n) + · · · + iKθpK(n) equals to µ

(K)
l , i.e.,

Hl =
{

j ∈ Z
∣∣∣∣ |j| ≥ J0, λj = i1θ

p1(n) + · · · + iKθpK(n),

n ∈ N, |i1|, . . . , |iK | ≤ I, iKθpK(n) = µ
(K)
l

}
, (l ∈ N),

H0 = Z
\ ∞∪

l=1

Hl.

As in the proof of Lemma 3, we take ε > 0 satisfying (1− ε)− (1 + ε)/q > 0, and
take Θ > 0 such that (1 − ε) − (1 + ε)(1/q + 1/(Θ − 1)) > 0. Let us put π0 = 0,
πm = max{ l ≥ πm−1 | µ

(K)
l ≤ Θm } (m ≥ 0),

Gm =
πm∪

l=πm−1+1

Hl and ξm,N =
∑

j∈Gm

cj,N exp(2π
√
−1λjx).

By definition and (4.2), if j ∈ Gm then one can find l such that |λj| ∈
((1 − ε)µ(K)

l , (1 + ε)µ(K)
l ) and Θm−1 < µ

(K)
l ≤ Θm. From now on, we verify

the conditions (2.2), (2.3), (2.4) and (2.5).
As we have verified, we have #Hl ≤ (2I)K . Because

Θ = Θm/Θm−1 ≥ µ(K)
πm

/µ(K)
πm−1

≥ qπm−πm−1 ,

we have πm − πm−1 ≤ logq Θ and thereby #Gm ≤ (2I)K logq Θ. Applying
|f̂k(i)| ≤ ‖fk‖2 to

cj,N =
1√
N

∑
(i1,...,iK ,n)∈[−I,I ]K×(−∞,∞):

i1θp1(n)+···+iKθpK (n)=λj

f̂(i1) . . . f̂(iK),
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we have |cj,N | ≤ (2I)K‖f1‖2 . . . ‖fK‖2/
√

N . By this estimate, we have

‖ξm,N‖∞ ≤
( ∑

j∈Gm

|cj,N |2
)1/2( ∑

j∈Gm

12

)1/2

(4.13)

≤ #Gm(2I)K‖f1‖2 . . . ‖fK‖2/
√

N

≤ (2I)2K logq Θ‖f1‖2 . . . ‖fK‖2/
√

N = C/
√

N,

which implies (2.2), i.e., BN ≤ C/
√

N → 0. By (4.13) and (4.9), we have

‖VN‖∞ ≤
∞∑

m=1

‖ξm,N‖2

∞ ≤
∞∑

m=1

#Gm

∑
j∈Gm

|cj,N |2

≤ (2I)K logq Θ
∫ ∞

−∞
X2

N(x) µR(dx) → (2I)K(logq Θ)v,

which implies (2.5).
Next, let us verify (2.3). Let us take r ∈ N and m1 < · · · < mr. Let φj

be a frequency of ξmj ,N . Since we have |φj| ∈ ((1 − ε)µ(K)
lj

, (1 + ε)µ(K)
lj

) and
Θm−1 < µ

(K)
lj

≤ Θm for some lj, we have the following estimate:

|φr + · · · + φ1| ≥ |φr| − |φr−1| − · · · − |φ1|
≥ (1 − ε)µ(K)

lr
− (1 + ε)(µ(K)

lr−1
+ · · · + µ

(K)
l1

)

≥ (1 − ε)µ(K)
lr

− (1 + ε)µ(K)
lr

(1/q + 1/Θ + 1/Θ2 + · · ·)
≥ Θmr−1{(1 − ε) − (1 + ε)(1/q + 1/(Θ − 1))} → ∞.

Thus there exists m0 such that, if mr > m0, the last term is greater than U . This
implies (2.3).

Lastly, we here verify (2.4). Let us denote by Bm,κ the set of (j, j′) ∈ G2
m such

that ikθ
pk(n) + i′kθ

pk(n′) = 0 for κ < k ≤ K and ikθ
pκ(n) + i′kθ

pκ(n′) 6= 0, where
λj = i1θ

p1(n) + · · · + iKθpK(n) and λj′ = i′1θ
p1(n

′) + · · · + i′KθpK(n′). Since we have
Gm =

∪K
κ=0 Bm,κ and Bm,k ∩ Bm,k′ = ∅ (k 6= k′), we have

ξ2
m,N = ζm,0,N + ζm,1,N + · · · + ζm,K,N ,

where
ζm,κ,N =

∑
(j,j′)∈Bmκ

cj,Ncj′,N exp(2π
√
−1 (λj + λj′)x).

Clearly we have

ζm,0,N =
∑

j∈Gm

|cj,N |2 and
∞∑

m=1

ζm,0,N =
∞∑

j=−∞
|cj,N |2 =

∫ ∞

−∞
X2

N(x) µR(dx) = vN .

By the way, Θm−1 < iKθpK(n)Θm implies αm − β < n < αm + β for some α,
β > 0. If (j, j′) ∈ Bm,k, we have by (4.3) that

|λj + λj′ | ∈ ((1 − ε)|ik|θpk(n), (1 + ε)|ik|θpk(n))

⊂ ((1 − ε)θpk(αm−β), (1 + ε)Iθpk(αm+β)) = Λk,m.
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Since (1−ε)θpk(α(m+r)−β)/(1+ε)Iθpk(αm+β) ≥ {(1−ε)/(1+ε)I}θak(αr−2β) ≥ 2 for
large r, the distance between Λk,m and Λk,m′ is greater than 1 if |m − m′| ≥ r.
We also see that distance between arbitrary two of Λ1,m, . . . , ΛK,m is also greater
than 1. Thus we have∫ ∞

−∞
(VN − vN)2 dµ0 =

∫ ∞

−∞

( ∞∑
m=1

K∑
k=1

ζm,k,N

)2

dµ0

≤ C
∑

0≤j<r
1≤k≤K

∫ ∞

−∞

( ∞∑
m=1

ζmr+j,k,N

)2

dµ0 = C
∑

0≤j<r
1≤k≤K

∞∑
m=1

∫ ∞

−∞
ζ2

mr+j,k,N dµ0

= C
∞∑

m=1

∫ ∞

−∞
ξ4

m,N dµ0 ≤ C‖ξm,N‖2
∞‖VN‖∞ ∼ CBNv → 0.

Thus we have (2.4). Therefore we have the central limit theorem (2.1) if fk are
trigonometric polynomials without constant.

Let us define E1 and E2 as the previous section. By applying (4.8) for f1, . . . ,
fκ−1, fκ − sfκ,I , fκ+1, . . . , fK , we have the following estimate of E2

1 :(∫ ∞

−∞

∣∣∣∣ 1√
N

N∑
n=N0

K∏
k=1

sθa0n,fk
(θpk(n)x) − 1√

N

N∑
n=N0

K∏
k=1

sI,fk
(θpk(n)x)

∣∣∣∣ µ0(dx)
)2

≤
∫ ∞

−∞

(
1√
N

N∑
n=N0

K∏
k=1

sθa0n,fk
(θpk(n)x) − 1√

N

N∑
n=N0

K∏
k=1

sI,fk
(θpk(n)x)

)2

µ0(dx)

≤
√

K

N

K∑
κ=1

∫ ∞

−∞


N∑

n=N0

κ−1∏
k=1

sθa0n,fk
(θpk(n)x)

K∏
k=κ+1

sI,fk
(θpk(n)x)

× (sθa0n,fκ
− sI,fκ

)(θpκ(n)x)


2

µ0(dx)

≤ 2
√

K
K−1∑
κ=1

∏
1≤k<K

k 6=κ

‖fk‖2
2‖fκ − sI,fκ

‖2
2D(fK) +

K−1∏
k=1

‖fk‖2
2D(fK − sI,fK

).

Thus if we take I large enough, we have E1 < ε. The estimate of E2 can be done
in the same way as section 3, we can conclude the proof also in the same way as
before.

5. On implication of regularity conditions
If we assume (1.10), we have

∑N
n=1‖fk−sfk,θn

0
‖2 = o(

√
N ) (n → ∞, k = 1, . . . ,K).

Because ‖fk − sfk,θn
0
‖2 is decreasing in n, we have (1.4) as follows:

‖fk − sfk,θn
0
‖2 ≤ 1

N

N∑
n=1

‖fk − sfk,θn
0
‖2 = o(1/

√
N ).
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