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A metric discrepancy result for the sequence of powers of minus
two

Katusi FUKUYAMA !
Department of Mathematics, Kobe University, Rokko, Kobe, 657-8501, Japan

Abstract

The law of the iterated logarithm for discrepancies of {(—2)*#}; is proved. This result completes
the concrete determination of the law of the iterated logarithm for discrepancies of the geometric
progression with integer ratio, and reveals the fact that 2 is the only positive integer 6 > 1 such
that fractional parts of {(=0)F 1}k converges to uniform distribution faster than those of {6t} ae.
t.
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1. Introduction

Kronecker [23] proved that the sequence of the fractional part of k7 (k = 1, 2, ...) is dense in
the unit interval if and only if ¢ is irrational, and it was more than twenty years later that Bohl [7],
Sierpifiski [29] and Weyl [32] proved independently that the sequence is uniformly distributed
modulo one in the following sense: A sequence {x;} of real numbers is said to be uniformly
distributed modulo one if #{k < N | (x;) € [a,b)}/N — b —a for all [a,b) C [0, 1), where (x)
denotes the fractional part x — [ x ] of real number x. These results initiated the theory of uniform
distribution.
We use the following discrepancies Dy{x;} and D} {x;} to measure the speed of convergence
(See [10]):
Dy{xi} = sup

0<a<b<l

%#{kszvume[o,a)}—a

bl

1
ﬁ#{kszvume [a,b)} - (b—a)

Diy{xk} = sup
0<a<l1
Weyl proved Dj {nit} — 0 a.e. ¢t under very mild condition nz1 — n; > C > 0 for all large k, and
showed that the method of measure theory is effective in the research of the uniform distribution
theory.
Various studies were done in this direction. For arithmetic progressions {kt} and increasing
functions g, Khintchine [21] proved that

NDj {kt} = O ((log N)g(loglogN)) ae.t
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holds if and only if the function g satisfies ) 1/g(n) < co. When }; 1/g(n) < oo is satisfied, we
can easily derive a stronger result

NDj{kt} = o ((log N)g(loglog N)) ae.t,

and see that critical speed cannot be determined in almost everywhere sense. The critical speed
was determined by Kesten [20] in the sense of convergence in measure:

NDytki) 2

>s}=0, (>0).

N—ooo

lim Leb{t €[0,1) ‘

logNloglogN  n2

In probability theory, the following beautiful result was proved by Chung [8] and Smirnov [30]
independently, viz. the law of the iterated logarithm

i NDMUJ o NDy{UJ |
2NTloglogN N=> \2NloglogN 2

where {U,} is the sequence of independent and uniformly distributed random variables.

After a number of studies on the behaviour of Dy {n;t} for increasing {rn}, Erd6s [11] conjec-
tured NDy{nit} = O((N loglog N)'72) ae. assuming the Hadamard gap condition ng. /ny > g >
1. Since the law of the iterated logarithm

a.s.

ae. t

cos 2yt = —
ﬁZNloglogN Z \/5

was proved under the Hadamard gap condition by Erd6s-Gal [12], it was natural to expect the
analogue of the Chung-Smirnov result above.

By using Takahashi’s method [31], Philipp [26] solved the conjecture by showing the bounded
law of the iterated logarithm

—  NDj{mt —  NDpi{mt 1 664
—< Jim ) < lim _NDylmt) (166 = ) ae. 1.
© \2NloglogN \/2N10g10gN q'? -1

For a proof using martingales and another approach, see Philipp [25, 27]. Dhompongsa [9]
assumed the very strong gap condition

log(ng+1/ny)/ loglogk — 0o (kK — o0)
and derived the Chung-Smirnov type result

JE— ND;‘v{nkt} —_— NDy{nt} 1
lim ———— = lim —— = =
N—o ONToglogN N-° 2NloglogN 2

The condition was relaxed later [1, 14] to ngy/ng — oo.
On the other hand, Berkes-Philipp [5] proved that for any & — O there exists {n;} with
Nes1/ne > 1 + g and

a.e. t.

—  NDy{n} —  NDy{mt}
lim = lim

Noeo (DN loglog N N V2N loglog N -
2

a.e. r.



But there still exist sequences obeying the bounded law of the iterated logarithm which do not sat-
isfy the Hadamard gap condition. Indeed, Philipp [28] proved that the multiplicative semigroups
generated by finitely many coprime integers (Hardy-Littlewood-Pélya sequences) are such ex-
amples. For permutational law of the iterated logarithm for Hardy-Littlewood-Pdlya sequences,
we refer the reader to Aistleitner-Berkes-Tichy [2]. See also [6, 19]. For other permutational law
of the iterated logarithm results, see Aistleitner-Berkes-Tichy [3].

The studies for geometric progressions {6t} were not in the same detail as those for arithmetic
progressions. But recently, many concrete values of the limsups were evaluated [13, 15, 17]. For
any 6 ¢ [ -1, 1], there exist real numbers 2 and %y such that

— ND% {6t — D
lim # =Y and lim NN—{ekt} =3 ae.t.

N—o \[2Nloglog N 0 N—o \[2Nloglog N
When 6 ¢ [—1,1] is not a root of a rational number, we have X = ¥y = %, while we have

X, =2 > % when 6 > 1 is a root of a rational number.
We give the concrete expressions in case when 6 is an integer. The constant X, is equal to

1 \J%1 when 6 > 1 is an odd integer, is equal to § , /% when 6 > 4 is an even integer,

and is equal to \/sz when 6 = 2. When 6 < -3 is an integer, then Xy = X_,. When 6 < —1 is an

odd integer then Xy = % ,/W, while X = % when 6 < —1 is even. Among these, the
concrete value of X_; is missing.

We deal with the case 8 = -2 in this paper. In [17], we already proved the law of the iterated
logarithm as follows. When r is even,

I—ND*{(«f)} I—NDN(‘/_) NS )

0 = a.e. t,
© 2NloglogN N—« /2Nloglog N 9
while, when r is odd
— ND{(—V2)1} 1 — NDy| t
lim ND(V2)) 1 < lim NDy[(N2)'e) =%, aet. (1.1)
N—e DNloglogN 2 N-~ DNloglogN

We shall compute Z_,.

Theorem 1. For odd r, we have

T NDy{(¥2)'1} _ V910
\/2NloglogN 49

We can conclude that 2 is the only positive integer € such that X4 # Zy. Our evaluation
X /%, = 0.85... proves that the distribution of the fractional parts of {(=2)*#} tends to the uniform
distribution about 15 % faster than that of {2¥7} for a.e. t.

Before closing the introduction, we call attention to our recent result [4] proving the exact
law of the iterated logarithm for the discrepancies of sequences {n;t} satisfying the Hadamard
gap condition ni,1/n; > ¢ > 1 and a very mild Diophantine condition. The constants appearing

%, which is identical with X, in case ¢ is an odd integer.

(1.2)

there are bounded from above by %

Without any Diophantine condition, we [18] were able to derive the slightly loose upperbound
1+ ﬁ. For other relating results, see [16].
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2. Preliminaries

First we recall the expression

172
Z_2=( sup v(x,y)) , (2.1)

0<x<y<l

which is proved in [17]. Here v(x,y) is a continuous function on R? defined as the following
absolutely and uniformly convergent series.

— O\ (V=221 (=221 3y (), V(2% ), (22ky), (x),
V), O, (), () + 2 Z( « ) <2 = ). (0. ) V@Y <22ky> () <y>))’
k=1

where the function V is defined as
V(E,x) =ENX—Ex 2.2)
V(€. x,y) = VEX) + V(,y) - V1, x) - VE,Y) (2.3)

for x, y, &, 7 € [0,1). Here we write a V b = max{a, b} and a A b = min{a, b}. Clearly we have
V(& x) = V(x, &) and

VEn,x,y) = Vy &) = =VEnYx) = -Vi&x,y) = VO, €Y, X). (2.4)

Therefore we can express v(x, y) simply by

V(=2)50, (=259, (), () ‘

V(5 y) = V), 0 (1, 6N +2 ) =1 (2.5)
k=0

We prove the following formulas for &, 7, x, y € Rand ¢ € R:
V(& + ¢), 1+ €), (X + ¢), (y + ) = V&), (), {x), ), (2.6)
V=), (=€), (=), (=x)) = V{E), (), (x), (), 2.7)
VEY, (), (x), () = V{1 = x), {y = x)) = V(€ = x), (y — X)), (2.8)
V((x), (0, (x), (7)) = =y = x)* + {y — x), (2.9)
V(€ x) = V(x, &) = £ - x) — (£ — 0", (2.10)

where a* denotes a Vv 0. First, for x, y, t € R satisfying 0 < y —x < I, we put L () =
2inez Lyt + 1) and I, (1) = L ,(r) — (y — x), where 1) is the indicator function of [ x,y). If
0<x<y<1,weseel, (1) = 1, (). We have

L, =Top®) -Tow@®  (y—xe[0,1). (2.11)

Actually, it is almost trivial when (x) < (y), and otherwise it is verified by I, = 1 — Ly, and
y—x=(y)—{(x)+ 1. We can show

1~ —_— —_—
fo L (DL (D) dt = VE), m),{x), ) (m—&y—x€[0,1)). (2.12)
4



Indeed, fol Toe (Do (t)dt = (£) A {x) implies f()lio,<§>(t)fo,<x>(z) dt = V((&),(x)), and hence
(2.11) yields (2 12).

We have fo I,f ”(t ol y(t—o)dt = fo Iés,](t)Ix () dt since the integrand has period 1. By
noting I§ Rt —c) = I§+C p+e(?) and I”(t —-c) = I)CJrC y+c(t), we can verify (2.6) assuming n — &,
y—xe[0,]1).

Forgeneralg—“ 1, %y € R, wecantakef 7, % andy € R such that0 < - f <1,0<y-x<1,
and £-¢,77-1.X-x,5-y € Z. By V((€+c), (n+0), (x+e), (y+c)) = V({E+o), (+c), (Fre), (\+C>)

and V((&), (m), (x), (1) = V((§> ), (x), (") we see that (2.6) holds for any &, 1, x, y € R.
Since we have I:,(t) = I, _¢(~1) and Ix,}(t) = Ly, x(—1) for almost every f, we have

fol Ig,,,(t)fx,y(t) dt = J;)lf_n,_g(—t)f_y,_x(—t) dt. By changing the variable ¢ by —#, and by noting
(2.12) we have (2.7) forn — &,y — x € [ 0, 1). We can verify (2.7) for general &, 17, x, y € R in the
same way as above. By applying (2.6), we have \7((5), (), (x), ) = \~/(<§—x), (n—x),0,{y—x))
and (2.8). Clearly, (2.8) implies (2.9). The convenient expression (2.10) is proved by & — x — (£ —
DP=E-0A0=EEAX—x.

By noting (~2)(x + 1)) = (=2fx + 1), (<20 + 1)) = ((=2y + 1), and by applying
(2.6), we have V(=" (x+ 1)) ((=DF( + 1), (x+ 1), (7 + 30 = VR0, (=2)Fy), (x), ().
It proves

vix+ 5y + 1) = vxy). (2.13)

By (x + 1) = (x), ((=2)¢(x + 1)) = {(=2)*x), etc., and by (2.4), (2.7), we have
vix+Ly)=vix,y+D)=v(l -x, 1 -y)=v(l —y,1 —x) =v(y,x) = v(x, ). 2.14)
Put
={(,y)|y=x, x+y<1,2x+y>1} and A" = {(x,y) |y = x, x+2y <2, 2x+y> 1}
Clearly, A A* c [0, 112 We here prove

sup v(x,y) = sup v(x,y)= sup v(x,y) = sup v(x,y). (2.15)
0<x<y<l O<x<y<l (x,y)eA* (x,y)eA

Because of v(x,x) = 0 for all 0 < x < 1, the first equality is trivial. By (2.14) we see

SUPg<yeyet V(X,¥) = SUP, e V(1 Y). Setd = (3,-1), &= (=1, 2), and A% = {(s + )d + (1 + 1)2|

0 <s,7<1}. Any ¥ € R? can be written as ¥ = 6d+e2 = ([6 |-[ € )(2d+@)+(2[ € =[5 |- 1)(d+

é) + ({8) + 1)J+ ey + 1) by using real § and e. Hence for any ¥ € R, there exist n, m € Z and

ye A% such that ¥ = n(1, 0)+m(3, 3)+y By (2.14), we see SUP 1 )R v(x,y) = SUP(y. et v(x,y).

Note that A = {(x,y) € A¥ |y > x, x+y < 1} and A* = {(x,y) € A% | y > x}. By (2.14), we see

that sup(, yycas V(X, ) = SUP(y year V(X,¥) = SUP(, y)ea V(X,y), and hence we completed the proof
of (2.15).

Note that we have x < %,yZ %, 1 <2y+x<2,1<2x+y<2for(x,y) €A and x < 2



Y24 1<2y+x<2,1<2x+y<2for(x,y) € A* (See Fig. 1.) Put

F(&,1,x,y) = VHE, (), (x), ()
1~ 1~
= 5 V(=26), =20, (), ) + VA8, (b, (). ), (2.16)

(1222 + 72) /4 ifz<1/3,
(=122 +10z-1)/4 if1/3<z<1/2,
(=122 + 14z -3)/4 if 1/2 <7< 2/3,
(1222 + 17z -5)/4 if2/3 <z
D(x,y) = P(y) — (OD. (2.18)

By (2.4), we have

Y(z) = .17

F(&n,x,y) = =F(,&,x,y) = =F(&,1, 9, X). (2.19)
It is clear that
Fé+in+jx+ky+D)=F¢nxy) and Ox+ky+1)=D(x,y) (2.20)
hold for any integers i, j, k, and . We can easily have invariance relations:
FE+5n+5x+ 5,9+ =F(l-n1-§1-y1-x)=F@.&y,%) = F&n,xy). 221)

We can also easily verify ¥(1 —z) = ¥(z) and {1 — x) — (1 — y)| = Ky) — (x)|, and see that
Ky + %) —{(x+ %)l equals to either [(y) — (x)| or 1 — [{y) — (x)|. By combining these we have the
invariance relations for ®:

D1 -y, 1-x) =Dy, x) = O(x + 5,y + 1) = D(x, ). (2.22)
By3x=-2(y—-x)+2y+x=—-(y—x)+y+2x, we have

—(-x)+1<3x< 20— +2 ((x,y) € A¥), (2.23)
(1-30"<y—x, By-2"<y-—x ((x,y) €A". (2.24)

Actually, (2.24) is clear from (2.23) by noting 1 -3x < y—xand 3y—-2 =3(y—-x)+3x-2 <y-x.
For z € [0, 1], we can verify

1222477 -1222+10z-1 —1222+14z-3 —1222+17z-5

¥ = Vv Vv Vv
() 7 1 ) 7 ,
6245z —62+77—1 3243
Py DL IR, T REL S 2, BN (2.25)
4 4 1
S22 +122-2
Y(g) > L T . e

The next inequality is easily verified.

10 25
<=t —. 2.26
T<-—zt oy (2.26)
We here state one of the key inequalities: For any x, y , &, 7 € R, it holds that
F,n,x,y) < Ox,y). 2.27)

6



Preparation for the proof of key inequality (2.27). It is enough to prove (2.27) for every &,
n € R? and for every (x,y) € A in view of the invariance relations (2.20), (2.21) and (2.22). For
(x,y) € A, we have

0= 0 0
6_§V(<§>’ (s x), ) = 6_§V(<§>’ (X)) = a—é__V(<§>, O =T1on&) — x = L1y (E) +y

= _l[x,y)«g» ty—Xx,

0 -1=
EY — V(=28). (=2m, (x), ) = Ly ((Z28) +y = x,
0 1=

% 7 V(48 (4m). <0, (3) = =11y (46D +y - x,

and thereby we can verify %—?(f, 7, %,y) = 30— x) = 1 ) ((€)) — 1) ({(=28)) — 11 ) ((4€)). Hence
%—; decreases in & from positive to negative only if (£) = x, (-=2£) = y, or (4¢) = x. The last
conditions hold if and only if (¢) = &; (i =1, ..., 7) where

1-y 2-y X 1+x 2+x 3+x
§1—X,§2—T,§3—T, 54—2,55— ) , &6 = ) , &1 = T

And ‘;—I; decreases in 1 from positive to negative only if () =n; (i = 1, ..., 7) where
1-x 2—-x y I+y _ 2+y _3+y

m=y, m= ) > 13 = ) ,T74=Z,T75= 4 > Tle 4 > 7 = 4

For given (x,y) € A, F(&¢;,n;,x,y) (i, j = 1, ..., 7) are the candidates of maximum of F(¢,7, x, )
in (¢, 7). Hence it is enough to prove

F(&njs%y) < O(x,y) (%) € A"

fori, j=1,...,7. (Although it is enough to prove in A, we prove in A* to make the proof short.)
We call it the inequality of type ij. We denote F(&;,17;, x,y) simply by Fj;.

Hierarchy of the system of inequalities. Denote
Y0 =Vt —x),(y—x)) and () = 4p(1) - 20(=21) + ¢ (4). (2.28)
By (2.8), we have

4F(&,n, x,y) = —¢(&) + ¢(1). (2.29)
Put & = -2y, &, = 4x, ny = —2x, and .. = 4y. For simplicity, we denote y — x by z. We have

Y(4&s) = Y(4&s) = Y(4e) = Y(4&7) = Y(=2m2) = Y(=2n3) = Y(&1),
Y(dns) = Y(4ns) = Y(4ne) = Y(4n7) = Y(=2&) = Y(=2&3) = Y(m),
Y(=2€4) = Y(=286) = Y(m3), Y(=2n4) = Y(=2n6) = Y(&3),
Y(=2¢5) = Y(=2&7) = Y(n), Y(=2ns) = Y(=2n7) = ¥(&2),
Y(4&) = Y(4&3) = Yy(=2m1) = Y(&o), Y(dn2) = Y(dn3) = Y(=2&) = ¥(no),
Y(4&1) = (), Y(dm) = y@.).
We give concrete expressions of ¥(&;) and ¥(1;). By 1 < 2y + x < 2, we have (—2y — x) =

2 — 2y — x, and by (2.10) we have ¢/(&) = V2 -2y —x,2) = z2y +x— 1) - By - 2)*.
7
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10 14 1/3 1/2 2/3 3/4 11
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213 2/3
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U3 3
i 14
05 VA1U3 12 23 34 °

Figure 1: The unit square is divided into several pieces by linesy —x =0,y — x = %,y—x = %,y+x= 1, x= %,x:
y= %,y: %,x+2y: Lx+2y=22x+y=12x+y=2,x-4y=0,x-4y=-l,x-4y=-2, x-4y = -
4x—y=0,4x—y=1,4x—y=2,and 4x — y = 3. The set A is painted in dark gray, and A* \ A is painted in light gray.

2
3
3,

Remark 1. When 2y + x = 1, we actually have (—2y — x) = 0, but the above evaluation gives
(=2y — x) =2 — 2y — x = 1. But this error does not matter while calculating V({-2y — x),y — x)
since V(0,¢) = V(1,7) = 0. In this paper we frequently abuse 1 instead of O in this way to avoid
non-essential complexity.

By x < 2 and I <y + 2x <2, we have for (x,y) € A*

V2-3x,2)=2z-2-3x)z=-(1-3x)z ifx>
<

W) = {V(l “3x,2) = (1=3%) — (1 - 3x)z if x

1
?} =(Gx-Dz+(1-30"
3

Next, we consider ¥(77,). In A¥, we have 1 < 4y — x < 4. Actually, 4y — x =3y + (y— x) > 1 by
y > %, and 4y —x < 4istrivial. If 3 <4y —-x<4,byy <1, we have y(n.) = V@dy-x-3,2) =
(4y — x—3) — (4y — x — 3)z. Note that we have y > % in this case. (See Fig. 1). If 2 <4y —x < 3,
(2.10) yields ¢(n.) = V@y —x-2,2) = B+ x—-4y)z—- 2 -3y)". If l <4y—-x <2, by % <y
we have y(n,) = V@y—-x—-1,y-x)=z-@y-x—-1Dz=0C+x-4y)z—2-3y)+ (x —4y +2).
Note that we have y < 2 in this case.

3
We evaluate ¥(£.) as below:

V(3Bx,z) =z(1 = 3x) — (y — 4x)* if x < %,

‘/’(f*) = {V(3x— ,2)=CBx-1)(1-2) - (4x—y - 1)+ if x > %

These give the the following expressions in A*:

Yé)=(1-30z+Cx- D" —(4x-y-D" - (y—4»0",
V) =GB +x—4)z—-Q2 -3y " +(x—4y+2)" + (dy - x-3)".
8



Similarly, we have

W) = @y -+ x— -Gy -2, WD =0,
W) = 3Cx 4y =), WE) = 5 0x 4y - 3Gy -2,
ey = v =21 v 20 -3y,
e =272 Zay-x-ot wey =ty a3y,
W) = Bx = D2+ (1 - 30", wan) =242,
s = 3Gzt 30 -30%  w) = 5w
W) = F@x =2+ 70~ 47, w1s) = J@x =y~ Dz 30— dx+ 1),

1 1 1
Yle) = 7Gx —y+z= 7 CGy=2"  Ylm) = J4x-y+ Dz
We have the inequalities

() < ¥(m3), Y(na), Y(ns) < y(m7) < Y(me),
Y(&) < Y(&3), W(&s) < (&) < (&), Y(&7).

Actually, (2.24) implies y(12) < ¥(n3), Y(&5) < (&), Y(&2) < Y(&3), and ¥(n77) < Y(16)- By
y —4x < 4y — 4x, we have i(y —4x)* < zand Y(n4) < Y(n77). By (2.23), wehave y —4x + 1 =
z—=3x+1 < 2zand (y —4x + 1)* < 2z, and hence we have ¥(ns) < ¢¥(7). Bydy —x -2 =
27+ x+2y—-2 < 2z, we have (dy—x—2)* < 2zand Y(&y) < ¥(&). Bydy—x—-3 =z+3(y-1) <z,
we have (4y — x — 3)* < zand ¥(&4) < W(&).

By applying the inequalities above and relations (2.30), we can prove

Pla2) < Plaz),  Plas) < dla7),  ¢las) < dlas), (@ =&,1).

Actually, by ¢(&2) = 4(£2) — 2¢(m1) + Y(&o) and ¢(&3) = 4p(&3) — 2¢(m1) + Y(&o), we have
#(&2) < ¢(&3). By ¢(&5) = 4Y(&5) — 2¢(m2) + Y(&1) and (&7) = 4Y(&7) — 2¢(2) + Y(£1), we have
#(&5) < ¢(&7), and other inequalities can be proved in the same way. Moreover, 4i/(176) —2¥(&3) =

2(1 = 2)z = 4Y(n77) — 24(&>) implies ¢(ne) = ¢(7), and 4y(&s) — 20(3) = 0 = 4(&s) — 24 ()
implies ¢(€4) = ¢(&s). Hence we have

P(&a) < $(&5), 6(66), #(&7),  and  b(14), (1s), $(116) < ¢(77).

By noting (2.29) and the inequalities above, we have
F(fi,ﬂj,x,y) < F(fk,nlsx,Y) (l € Ek’j € Hl,k € {1, 234}3l€ {l’ 3,7}),

where E, = Hy = {1}, &, = H; = {2,3}, and E; = H; = {4,5,6,7}. It means that it is sufficient
to prove the inequalities of types 11, 13, 17, 21, 23, 27, 41, 43, and 47.
Recall that A* is invariant under the transformation (x,y) — (1 —y, 1 — x). By noting (2.21)
and denoting (X,Y) = (1 —y,1 —x), we have F(x, 5%, x,y) = Fl - 35, 1-x,1-y,1 - x) =
9



F(5- LY 'y, X, Y). Thus, if we prove the inequality of type 13, it can be transformed to the inequality
oftype 21. In the same way, by F(x, 7 Xox,y)=F(1- ﬂ Jd-x,1-y,1-x)=F(%,Y,X,Y)and
FOR, 22 oy = F1 -2 1- 21—y 1-x= (g‘, 22X,X, Y), the inequalities of types 17
and 27 are transformed to the 1nequahtles of types 41 and 43.

Hence it is sufficient to prove the inequalities of types 11, 13, 17, 23, 27, and 47.

The inequality of type 11. First, we note that it is sufficient to prove F(x,y, x,y) < ®(x,y) for
(x,¥) € A. Actually, if we prove this, by (2.21) and (2.22), we have F(1 —y,1 —x,1 -y,1 —x) <
®(1 —y,1 — x) for (x,y) € A. Since {(1 —y,1 — x) | (x,y) € A} covers A* \ A, we have
F(x,y,x,y) < ®(x,y) for (x,y) € A*.

By noting (2.8) and calculating ¥(19) — (&) on A, we can verify

—V((=20), (=2y), (x), (90) = ¥(no) — P(&o) = =227 + (1 = 3x)* + By = 2)". (2.31)

A is divided into eight pieces Ay, ..., Ag by lines x = 3, y = 5 -4y = -2, x-4y = -3,
4x—-y=0,and4x -y =1 (Cf. Figure 1). By calculatlng w(n.) — t,b(f ), we have

V((4x), (4y), x,y) = Y(n.) = Y(€.) (2.32)

472 +7z-3 onA; = {(xy)|x< ,3<4y—x,0<y—4x,2<y),

—47% — 6x + 3y onA; ={(x,y) | x<1,2<4y-x<3,0<y- 4x,3Sy}

472 + 27 onA3—{(xy)|x< ,2<4y-x<3,-1<y- 4x<0 <y},
|42 -2x+5y-2 onAs={(xy)|x<$2<4y-x<3,-1<y- 4x<0y<§},
-4+ 2 onAs = {(xy)|x< 1 <dy—x<2,-1<y- 4x<0y<%},

472 +57-1 onAé—{(x,y)|§§x,2S4y x<3,-1<y- 4x§0,y§%},

472 —4x+y+1 OnA7—{(x,y)|%Sx,lg4y—x<2,—1£y—4x£0,y£%},

{

—47? onAg ={(x,y) |3 <x,1<dy-x<2,y-4x<-1y<3}

Hence by (2.9), (2.31), (2.32), and (2.25), we can verify the inequality of type 11 as below.
On Ay, 4F) = =1222 + 177 = 5 < 49(z) = 4D(x,y). On Ay, 4F;; = =122 + 147 -3 +

(1 =2x—y) < —1222 + 14z — 3 < 4¥(z). On A3, 4F; = =127 + 127 — 2 < 4¥(z). On Ay,
4F ) = =122 + 10z =1+ (1 =2x—y) < =122 + 10z — 1 <4¥(z). On As, 4F;; = =122 + Tz +
2(1 —2x —y) < —122% + 77 < 4¥(2). On As, by z < % we have 4F; = —1222 + Tz + 2z -1 <

—1222 + 72 < 4¥(2). On A7, 4F; = —1222 + T2+ (1 — x = 2y) < —122% + 7z < 4¥(z). On Ag,
4F ) = =122 + 7z - 3z < —127% + 77 < 49(2).

The inequality of type 13. By 4F 3 = 4y(n3) — 6W(&1) + 3y (o) — Y(£.), we have
4F ;3= (18x -4z +1-3x+2(1 =3x)" + (—y +4x - )" + (y — 4x)*,

where we used —(1 — 3x)* + 3x — ) = 3x — 1. We divide A* into a few pieces.

When y —4x > 0, we have x < 3, and hence 4F 3 = 3x(6z—4) -3z+3. If z > 3, by (2.23)
we have 4F 3 < (-2z+ 2)(6z —4) — 3z +3 =-1272 + 1727 - 5 < 4¥(z), and otherwise we have
4F)3 < (—z+ 1)(62—4) — 3z+3 = -6+ 77— 1 < 4¥(2).

Ify—4x < 0and x < 3, we have 4F 13 = 9x(2z — 1) — 4z + 3. In case z > % we see
4F ;3 < 3(2z2+2)2z — 1) 4z + 3 = —127% + 14z — 3 < 4¥(z), and otherwise, we see 4F ;3 <
3(—z+ DQ2z-1)—4z+3 = —62% + 5z < 4¥(2).
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If x > % and y — 4x > -1, we have 4F|3 = 3x(6z — 1) —4z+ 1. In case z > é, we
see 4F 13 < (=22 - 2)(6z—1) —4z+ 1 = =127 + 10z — 1 < 4¥(z), and otherwise we see
AF ;3 < (—z4+ 1)(6z-1)—4z+ 1 = =672 + 3z < —62% + 57 < 4¥(z).

If y—4x < —1, we have 4F 3 = (18x — 5)z < (6(=2z + 2) — 5)z = —127% + 7z < 4¥(z).
The inequality of type 17. By —(1 —3x)* + 3x—1)* = 3x — 1, we have
4F ;7= 32 +3z+CBx—DBz= D+ (1 =3x)" + (y —4x)" + (—y + 4x - )*.

We divide A* into five parts.

If y—4x > 0, by (2.23), we have 4F 7 = (1-3x)(3-32)-3z%+4z—1 < z(3-37)-32+4z-1 =
—67% + 7z — 1 <4¥(2).

Ify-4x<0andx < % we have z < % and by applying (2.23), we have 4F 7 = (1 —3x)(2 -
32) =322 +37<z(2 - 32) — 327 + 37 < —67% + 57 < 4¥(2).

When x > 1,y —4x > -1, we have 4Fy; = 3x— 1)(3z — 1) — 322 + 3z. If z > 1, by applying
(2.23), we have Bx— 1DBz-1) < (-2z+ DBz-1) < (—z+ DBz-1) = -3z + 4z — 1 and
4F7 < —622+7z—1 < 4¥(2). If z < 1, we have (3x—1)(3z—1) < 0 and 4F7 < —322+3z < 4¥(2).

If y—4x < -1, by applying (2.23), we have 4F 7 = 3z(3x— 1)=-322+2z < 3z(1-22)-32%+2z =
—97% + 57 < —67% + 57 < 4¥(2).

The inequality of type 23. We have 4Fy; = —67> + 4z + 3y — 2)* + (1 = 3x)*. If By - 2)* >
0 and (1 — 3x)* > 0, then 4F»; = —6z% + 7z — 1 < 4¥(z). Otherwise, by (2.24), we have
By -2)" +(1 =3x)* <zand 4Fy; < —67% + 57 < 4¥(2).

The inequality of type 27. We have 4F; = =972 + 82— 9xz+ (3y—2)*. If By —2)* = 0, we have
—-9xz < =3(=z + 1)z and 4F; < 67> + 5z < 4¥(z). If By — 2)* > 0, then 4F»; = =922 + 11z +
3x(1-3z)-2. Incase z < %, we have 4F5; < =922+ 11z+(-22+2)(1-32)-2 = =372 +3z < 4¥(2).

Incase z > 1, we have 4F»; < =922 + 11z + (—z+ )(1 = 32) =2 = =622 + Tz — | < 4¥(2).

The inequality of type 47. We have 4F4; = =372 + 37 < 49(2).
Thus (2.27) has been proved.
3. Proof of the Theorem

To prove (1.2), by (1.1), (2.1), and (2.15), it is enough to prove

130
sup v(x,y) =

—. 3.1
(xy)eh 343 G-

We prove that the above supremum is attained at

1
P]I —,9 .
77
130

The evaluation v (%, g) = 375 can be found in [17]. Hence it suffices to prove

V) < v(l 6) 130

7°7) 7 343
11

for (x,y) € A\ {P}. (3.2)



Write 71 (x, y) = =V({x), (), (x), (y)) and

V(=2)50, (=29, (), ()
(-2

L
LX) = =V, 5 (0, 6N +2 )
k=0
We shall prove

_ 8
v(x,y) <Vi(x,y) + 2‘L7<D(x,y) =y (xy) (L=-1,01,2,...).

(L=0,1,2,...).

Note that v(x,y) = T2(6,y) + 2 5% 52, VI(=2)"340), ((=2)-3%y), (x), (9))/(=2)1+37+7. Put

&= (=2)F3* xand p = (=2)8*3* 1y, If L + 3j + 1 is even, we have by (2.27),

3

$ VU0, (M0, (. 00 _ FEm ) On )

(_2)L+3j+i T QL+3j+l = QL+3j+1°

i=1
If L +3j+ 1is odd, by noting (2.19), we have
3

V(2R3 (=2)F341y), (1), ) F.€.x.) < 2y
Z (_2)L+3j+i T QL+3j+l = QL+3j+1°

i=1

Figure 2: The left triangle is A. In A, we take the quadrangles A_1: P1PoP3P4, A_j_: PsP¢P7Ps, Aj: PgP7P9P1p, and

A3: P1P11P12P13. In A3, we take the triangles A5Z P]P]4P15 and AGI P]P]gP]g.

In the sequel we split A in parts A\ Ay, A_i- \ Ap, A, Aoip \ Az, Az \ As, As \ Ag, Ag where

Ay =A_;- UA_;,, and prove (3.2) for each part.
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3.1. A\ A_y part

We put
65 2 5 222
A= Al — < Ay = Al = -
1 {(x,y)e 287_y X 7}, 1+ {(xy)e ‘7 y _287}
and A_; = A_i_ UA_y,, and prove
130
v(x,y) <v_1(x,y) < 313 for (x,y)e A\A_,. (3.4)
By (2.17) and (3.3), we have
— 16 4 41 61 20
vo1(x,y) = Vo (x,y) + 7c1>(x,y) = —z+ 7(—12z2 +17z-5) = —7z2 *oi-

for (x,y) € A with % < y—x < 1. In this case the inequality v_;(x,y) > % is equivalent to

(x,y) € A_q4. ,

When % <y—-x< %, we have v_i(x,y) = —%(z - g—g) + ]41?8 < iig

Note that v_;(x,y) = —(=z> + 2) + 16‘P(z) is symmetric around z = 5. Hence for (x,y) € A
with 0 < y — x < 1, the inequality v_;(x,y) > 22 is equivalent to (x, y) e A_i_. By combining
these, we have proved (3.4).

Since A_, is determined by 2 z<y-

quadrangle with vertices Py,

(S (S w20

222

<s55.y+x<1l,andy+2x > 1, we see that it is the

574’ 574)° 861° 861/’ 21721

Since A_;_ is determined by % <y—-x< %, y+x < 1,andy+ 2x > 1, we see that it is the
quadrangle with vertices

11
P5 : i7 2 s P6 : is PN B
14" 14 21° 21
3.2. A\ A part
By noting (2.31), for (x,y) € A_;, we have

74 139 111 176
P e, 22 Py ==, ——|.
7 (287’287)’ and Py (287’287)

Vi y) = -3 +z+ (1 =307 + 3y -2)". (3.5)

We consider A_j_. Since y < 2 holds on Ps, P, P7, and Pg, it holds on A_;_. Hence for
(x,y) € A_i_, we have vi(x,y) = *3 22 +2z+ (1 - 3x)*. Put

34 113 345
Al = A | ——y—— _— >
‘ {(W) & A } 297 " 49" " 343 —0}
On (A2 \AD) N{(x,y) | x < ). by =22 < —3z+ &, wehave vi(x,y) = - 222 + 22+ (1 -3x) <

3
113 345 130 130

(—3y — X+ 38) + 35 < 333
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We see Pg, P7 € A; and Ps, Pg ¢ A;. Hence A; is determined by 65 < y—x < %,

287
—%y - %x + % >0, and y + 2x > 1, which is the quadrangle with vertices Pg, P7,
1705 3070 277 571
Py :|—,—|, d Pio:l—=—=]
° (6027 6027) ane Fo (1029 1029)

We can verify x < % on Pg, P;, Py, and Pjp, and hence x < % on A;. Therefore we see

Ai-n{(x,y) | x = %} is outside of A; and vl(%,% +¢) < % for % <c< % If we consider on
the line y — x = ¢, we see vi(x,y) = vi(x,x + ¢) = vl(%,% + ¢) for x > %,
130

have vi(x,y) < 535 for (x,y) € A - N{(x,y) | x > %}. Hence we have proved

and consequently we

1
WD Sy < 5 for (6 €A\ AL (3.6)

Since we have y < % inA_j_andby A; Cc A_j_, we have y < % in A;. We have also verified
x<1inA.

3.3. Ay part

We consider A;. We can verify Pg, P7, P9, and P satisfy 0 < 4x -y < 1,1 <4y -x <2,
0<3-9%x<1,0<5-99<1,0<3-8x—-y<1l,and0 <5—-8y—x < 1. Hence
we see that these inequalities hold in A;. We have v|(x,y) = —3z> + z + (1 — 3x) by (3.5) and
V((4x), (4y), (), (1)) = —42 + 2 by (2.32). By (2.8) we have

— V((~8x), (~8Y), (x), (3)) = =V(5 - 8y — x,2) + V(3 - 9x,2)
=—(z-(5-8y-x2) +(z— (3-9x)z) = -8 + 2z.

2
Hence by (2.23), v3(x,y) = =22+ 2+ (1-3x) < - 22+ Br = -2 (z- L) + 2 < 28 < 130
Therefore,
130
v(x,y) <w(x,y) < —= for (x,y) €Ay 3.7

343

3.4. A_1+ \ A; part

In A_;,, we have x < % andy > % Hence by (3.5), we have v (x,y) = 32 +47-1.

We can verify Py, P, P3, and Py satisfy 4x -y < 0,3 <4y—-x,0<8 -9y < 1,and 0 <
2—-8x—y < 1. Hence these inequalities holds on A_,. By (2.32), we have \7((4x), ), {x), () =
—472 + 7z - 3. By (2.4), (2.8), and (2.10), we have

— V((=8x), (=8}, (x), (3)) = V((~8x), (~8), (), (x))
=-V2-8x-y,1+x-y)+ V(@B -9y,1+x-y)
==(2-8x-yz-(1-90")+(8=9)z—(7T-8y-x")
=822 +6z+(1-9x)" —(7—8y—x)".

Hence in A_;,, we have
= 2 5 1 + 1 +
w@wﬁvﬁz+%—§+10—%)—ZU—&—M, (3.8)
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and v3(x,y) = 2—18(—20812 +269z—75+7(1 =9x)* =7(7T -8y —x)").

Firstly, in {(x,y) € A+ | x < %}, by —(7 — 8y — x)* < —(7 — 8y — x), we have v3(x,y) <
3(=2082% + 325z — 117) =: v}(2). Since v}(z) in increasing in z € (—c0, 332), by 322 < 32 and
by noting z < % in A_j;, we have v3(x,y) < vg(% = 2831&83%52 %.

Secondly, on {(x,y) € A_1; | x = %}, we have v3(x,y) = 21—8(—20812+269z—75)—i(7—8y—x)+.
On {(x,y) € Ay | x> §,y— x> 198}, by (2.26) and —(7 — 8y — x)* < 0, we have v3(x,y) <

197, 1525 _ 197, _ 1005y, 130 L 130 1195 123 349
562+ 31 = "6~ 1379) T 333 < 333 On{(xy) € A [ x 2 5, @y + 55 x — 555 <O}, by

(2.26) and —(7 -8y — x)* < —(7 -8y —x), we have v3(x,y) < (J2y + 2x—32) + B < 9. Let

A= )‘+ ol Doy 1005 1950 123 349
PEANNYPTEEL YT 03990 196 T ot T 343 T

Since Aj is the quadrangle having vertices Py,

(187 1192

(1613 10658 d [ 421 2626
11379’ 1379 ) 12 > 13 ° )

12411° 12411 3087’ 3087

we can verify Py, Py1, P1, P13 € A_j4, and A3 € A_;,. Combining these, we have

130
v(x,y) < vi(x,y) < 343 for (x,y) € A4\ As. 3.9

3.5. A3\ As part

We consider A;. By calculating values at Py, P, P12, and Pi3, we have 1 —9x < 0, 0 <
15y-12<1,0<16x-y—-1<1,0<16y—x-13<1,0<-33x+5<1,0<-33y+29< 1,
0<-32x-y+6 <1,and 0 < =32y — x + 28 < 1 on A3;. By (3.8), we have v3(x,y) =
—722 +9z— 3 — 1(7—-8y —x)*. By (2.4) and (2.8), we have

V((16x), (16y), (x), (y)) = =V((16x), (16y), (), (x))
=Vbx—-y-1,1+x—-y)-V(A5y-12,1+x-y)
=((16x—y—1Dz—(15x=2)") = (1 + x —y) = (15y = 12)(1 + x — y))
=162 + 127+ 15y — 13 — (15x - 2)*,

and

- V((—32x>, (=32y),¢x), (y)) = =V(-32y — x+ 28,y — x) + V(-33x + 5,y — x)
= —((=32y — x +28) — (=32 — x + 28)2) + ((=33x + 5) — (=33x + 5)z) = =322 + 557 — 23.

Hence we have

223 89 1 1
V. =12 +"—7-——--(T-8-x"+=(15y-(15x - 2)*
vs(x,y) R TRRET: 4(7 8y — x) +8( 5y — (15x = 2)%),

and by —(15x — 2)* < —(15x — 2) we have vs(x,y) < —322 + 4z - B — 1(7 -8y — x)*.
On{(x,y) € Az | y—x > £} by —1(7-8y—x)* <0, we have vs(x,y) < —3H 2+ 47— B =

i, _ s 15741, 130 _ 130 1574 _ 1005
3 (@~ )@= 377) + 353 < 333 Note that 73377 < {37.
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On {(x,y) € A3 | Tty + g2 x— % < 0}, by (2.26) and —(7 — 8y — x)* < —(7 — 8y — x), we have

98 343
vs(x,y) < (amy + 22x— 81+ B <« B0 1 e
A._{( )‘ vl S _I1s74 415 624>O}
SENSYPITESL F2YTAS 0 1960 T 98t T 343 7 )

It is the triangle with vertices P,

(603 3751 4 [ 43114 274492
414354" 4354 ) 15+1320019° 320019

P14 and Pjs are located in A3, and we see As € A3. We have proved

130
v(x,y) < vs(x,y) < 13 for (x,y) € A3\ As. (3.10)

3.6. As\ Ag part
We consider As. We can show that 0 < 15x—2,0 <64y —x—-54<1,0<63x—-8 < 1,and
0 < 63y — 54 < 1 hold at Py, P4, and P;s, and hence on As. We have vs(x,y) = —11z% + %z -

213_2 - i(7 — 8y —x)*. By (2.8) we have

‘7((64x), (64y), (x),{(y)) = V(64y — x — 54,7) — V(z,63x — 8)
= 72— 2(64y — x — 54) — 2(1 — 63x + 8) + (y — 64x + 8)" = —647% + 467 + (y — 64x + 8)".

Therefore we have

69 85 1 1
Vo(x,y) = =132+ —z— — — —(T =8y — x)" + —=(—64x +y + 8),
ve(x, ) T 16 4( y — X) 32( xX+y+8)
and by —(7 -8y —x)* < 0 we have ve(x,y) < — 212+ 38l — 133 4 L(-64x+y+8)". We show
that (x,y) € Asandy — x > %imply ve(x,y) < %.We divide As into two parts.

In {(x,y) € As | —64x + y + 8 < 0}, by (2.26), we have vg(x,y) < —%z + _1334712’ and hence
we have ve(x,y) < BYif y — x> 19252

In A} := {(x,y) € As | —64x+y+8 > 0}, by (2.26), we have ve(x,y) < —B2y— 128 x+ {55 =

ve(x,y). By P, P1sy ¢ Ag, and P15 € Ag, we find that A¢ is the triangle with vertices P;s,
{2110 13128 and  Poo: 4252 26344
10115239 15239 ) 7130723730723}

We can verify that v;(x, y) < % holds on these points, and hence holds on Ag. Set

10385 411 15 624
Ag := ()C,y) y+XS1, 7Sy—XS14511, ﬁy+%x—%20 .
By 19385 < L2 'we see Ag C As and, we have seen that
130
v(x,y) <ve(x,y) < — for (x,y) € As\ Ag. 3.11)

343

It is the triangle with vertices Py,

(2063 12448) (301991 1828586
18 © , and Pjo:

145117 14511 21331177 2133117)°
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3.7. Ag part

We consider Ag. We can show that —64x+y+8 < 0,0 < —129x+19 < 1,0 < —128y—x+110 <
1, =129y + 110 < 0, 0 < 255x — 36 < 1,0 < 256y — x — 219 < 1, 255y — 219 < 0, and
256x —y — 36 < 0 hold on Py, Pis, and P9, and hence hold on As. We have the estimate
Vo(x,y) = =132+ Lz -8 - 1(7-8y - x)* < -132 + $z— £ By (2.8) we have
\7((—128x), (=128y),(x),{(y)) = =V(=128y — x + 110,2) + V(=129x + 19, 7)
—(=128y — x + 110) + (=128y — x + 110)z + (=129x + 19)(1 — 2) — (-128x — y + 19)*
< —12872% + 219z - 91,
V((256x), (256y), (x), () = V(256y — x - 219,2) - V(255x - 36,2)
= (256y — x — 219) — (256y — x — 219)z — (255x — 36) + (255x — 36)z = —2567° + 439z — 183.

We therefore have vg(x, y) < -172 + %z - %, and by (2.26) we have

3811 , 5403 915 289 (5 130 130
vg(x,y) < — <

o0l o 2405 - 91> 289 (> ) 150 150 A\ (P} (3.12
2% T a2 S 1ses\7 Y T 343 S 3a3 TR €A P (12)

By combining (3.4), (3.6), (3.7), (3.9), (3.10), (3.11), and (3.12), we have (3.2).
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