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A METRIC DISCREPANCY RESULT FOR
THE HARDY-LITTLEWOOD-POLYA SEQUENCES

KATUSI FUKUYAMA (KOBE) AND KEISUKE NAKATA (KOBE)

ABSTRACT

The exact law of the iterated logarithm for discrepancies of the
Hardy-Littlewood-Pélya sequences is proved. The exact constant in
the law of the iterated logarithm is explicitly computed in the case
when the Hardy-Littlewood-Pdlya sequence consists of odd numbers.

1. INTRODUCTION

In the theory of the uniform distribution, the following discrepancies
Dy and D3y of sequence {z} of real numbers are frequently used:

1 — 1w
5 2 Jaralar) 2 foa(z)
k=1 k=1

where foo(r) = 1lwa((z)) — (@ — @), 1z, denotes the indicator
function of [a,a) and (x) denotes the fractional part z — [z] of the
real number x.
Assuming that the sequence {n;} grows exponentially, i.e., ng1/ng >
q > 1, Philipp [9, 10] proved the following bounded law of the iterated
logarithm and solved the Erdos-Gal conjecture:
1 < lim N Dy {ner <C<oo, ae. (1)
44y/2 ~ Nooo /2N loglog N
This result has been extended to the case of sub-exponential growth.
The first case was the Hardy-Littlewood-Pélya sequences, which are
defined as follows: Let us take a finite sequence ¢y, ..., g, of coprime
positive integers and let {n;} be an arrangement in increasing order of

{qil...q¢-|i1,...,i7 S qu}

; Dyf{er} = sup

0<a<1

Dn{zr} = sup

0<a’<a<1

Y
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where Ny = {0,1,2,...}. Although these sequences do not grow ex-
ponentially, Philipp [11] proved (1) and solved Baker’s conjecture.
Recently, Berkes-Philipp-Tichy [1] proved (1) assuming three con-
ditions (B), (C), and (G), which include the Hardy-Littlewood-Pdlya
sequences. We state these conditions in the next section.
Now let us focus on a case where a sharper result can be proved. For
a binary sequence, Philipp [8] proved the law of the iterated logarithm:

lim =0,
N—oo /2N loglog N

This was the first result proving the exact law of the iterated logarithm
for the discrepancy of the sequence of type {n,x}, but unfortunately
the value of o was not calculated explicitly.

The first result proving the law of the iterated logarithm and deter-
mining the constant was given by Dhompongsa [3]. His result implies
that

a.e.

—  NDy{mz} o NDy{mz} 1 e

im = lim =
N—oo /2N loglog N N—oo /2N loglog N 2

under the rather strong gap condition

log(ngy1/nk)/logloghk — 0o as k — oc.

Recently ([5]) the same conclusion was proved for all sequences {ny}
of positive real numbers satisfying

Ngs1/Np — 00 as  k — o0.

Besides these super-exponential cases, the exact law of the iterated
logarithm

— NDy{0fz}  — ND{0z}

N V2N Toglog N Novso /2N Toglog N
was proved in [4]. The value of oy depends on @ in a delicate manner.
When 6" ¢ Q for all r € N, we have o5 = 1/2. When 6 = {/p/q with
p, q € N, r =min{k € N | 0¥ € Q}, and ged(p,q) = 1, we have the
estimate 1/2 < 09 < \/(pg+1)/(pq — 1)/2, and

=0y, a.e. (0>1)

V(pg+1)/(pg —1)/2 if p and ¢ are odd,

Vo + Dplp—2)/(p—1)3/2 ifp=4,6,8,...and g =1,
) V429 if p=2and qg=1,

V22/9 if p=>5and g = 2.

Explicit values of gy for other  are unknown.
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Since the central limit theorem and the law of the iterated logarithm
of > f(ngx) were proved in [2, 6, 7| for the Hardy-Littlewood-Pdlya
sequences that grow sub-exponentially, it is very natural to ask whether
we have the exact law of the iterated logarithm for discrepancies. The
answer is given in this theorem:

Theorem 1. The discrepancies of a Hardy-Littlewood-Pdlya sequence
{ne}y ={¢t'-..¢7 | i1,...,ir € No} obey the law of the iterated loga-
rithm.:

lim = lim = SUpP Og.. g 0,a5 G-E.,
N—oo /2N loglog N N—oo /2N loglog N = o<a<1 =~ 77777
where
(n;a) A\ (nja) — (n;a)(n;a) 1/2
Oq1,....qr;0,a — Z ]n‘n‘ J . (2)
i,J: ged(ng,ng)=1 t
Ifq1, ..., q. are odd numbers, then

1 T 4 + 1 1/2
sup o, Oa = — )
0§a1<)1 0o rils 2 <g qi — 1)

If T > 2 and q, 1s even, we have the estimate

q; + < q; +
SUp Ogy,.qr00 < B
=2 qi — 0<a<1 R q; —

2. BERKES-PHILIPP-TICHY THEORY

We apply the following results by Berkes-Philipp-Tichy. Following
[1], we will say that a sequence {n;} satisfies
Condition (B), if there exist constants 0 < o < 1/2 and C > 0
such that for each positive integer b and for each R > 1 the number
of solutions (h,v) of the Diophantine equation hn, = b with h € N,
1 < h < R, does not exceed C'R“.
Condition (C), if there exist constants 0 < § < 1/2 and Cy > 0 such
that for each N > 1 and for fixed integers h; with 0 < |h;| < N3,
i =1, 2,3, 4, the number of solutions (v, 12, 13, v4) of the Diophantine
equation hin,, +haon,, +hsn,, +hsn,, = 0subjecttol <y, < N, i =1,
2, 3, 4, does not exceed CoN'*#, provided that no proper subsums of
hiny, + hany, + han,, + hyn,, vanish.
Condition (G), if there exists a constant 0 < 1 < 1 such that for all
k > ko(n) we have nppi-n/ng > k.

3



Now we are in a position to state their results. Denote

ﬁN( )= FNa:c Zf()ank:c

Theorem A (Berkes-Philipp-Tichy [1]). Let {ny} be an increasing se-
quence of positive integers satisfying conditions (B), (C), and (G).
Then there exist constants 0 > 0 and D, depending only on o, 3, n, C
and Cy, with the following property: For almost all x € [0,1), there is
an No = No(z, , 3,n,C, Cy) such that for all N > Ny and all ' and a
with 0 < a' <a <1,

max n|Fy(a: ) — Fy(a';2)| < D(a — a')°y/2N loglog N + V/'N.

n<N

Theorem B (Berkes-Philipp-Tichy [2]). Let {ny} be an increasing se-
quence of positive Zntegers satisfymg conditions (C) and (G). Assume
that f(x + fo r)dr =0, f € BV(0,1) and

/0 1 (,é f(nkas))zda: ~ 2N (3)

for some o > 0. Then

N
— 1
li E = e.
Nooo 2N loglog N +— fluz) =0, ac

Since the Hardy-Littlewood-Podlya sequence satisfies the above con-
ditions ([1, 2]), we can apply these theorems.

3. LIL FOR DISCREPANCIES

We now prove the law of the iterated logarithm in our theorem. In
the proof, we omit the phrase ’a.e.”. We use the following result.

Lemma 2 (Lemma 1 of [4]). For coprime positive integers pn and v,
1
= [ ot fat) dt = V() o) (o), ), (9
0

where ‘7(1:7y7§7n> - V(x7§>+v(y7n)_v(xan)_v<y7§) and V(l’,f) =
xNE—x€.
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We first verify that (3) holds for f = f, .. Although it is already
proved in [6], we present here a simple proof for convenience. Denote
H = {n;} and P = {(n,,n,) € H* | ged(n,,n,) = 1}. For j, k € N,
put m, = ged(ng, ng), m ;k =n;/m ?k, and m?, = ng/mJ,. We have
fol f(nx) f(ngx)de = fo m;x) f(m3x)de. For v, p < K with
ged(ny,ny,) =1, set

Aoy =" {5 k) €N? | j S Kk <K (mjgmiy) = (ny,my,)}-

. . . . 0 1 .
Since j < K is equivalent to n; < nk or msmi g < N, and k < K is
: 0,2
equivalent to m;mi, < Nk, we see that Ak, , equals to
# 2 0 .1 0 .2 1 2\ _
{(nj,ni) € H” | My M g < Npe, M M5 < N, (mj,ka mj,k) = (1, )}

Since the mapping H* > (nj,ng) — (m),,mj,,m3,) € H x P is
bijective, we have

A =* {(a:b,¢) € H x P | ab < nic,ac < nic, (b¢) = (n,,m,,)}
—# {ae H|a<ng/n,ng/n,}

Elementary calculus shows that #{(i1,...,i,) € N7 | i;logq + -+ +
i-logq, <log L} ~ Ci(log L)™ where C, = 7!logq; . ..log ¢,, and hence
#{k | ny, < L} ~ C.(log L)". Hence we have

L Axep _ TR e </ V) (log(nie/(n, vV m)))™
- K #{k | < ng} (logng)" ’

as K — oo. By this we have

1 1( - 2 1
7 fa’,a( )> dr = — fa ,a\ltj fa/ ( )
K/o ; NET x 7 Z / (n;x NEx

J.k:injnp<ng

= > K””/ fara(n) for a(n,) e

v,u<K:ged(ny,nu)=1

- / fara(n@) fur a(npe) dz, (K — 00).

v,p: ged(ny np )=

V{((n,a'), (nya nua'), (n,a 2
_ oy Tl ). ) )

n,n
v,u: ged(ny,my)=1 L

In the last limiting procedure, we use the fact that the last series is
absolutely summable, which follows from (4). As is proved in [6], the

value o7 ., of the last summation is positive if a’ or a is irrational.
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Let us prove that o, 4. .4’ 4 is continuous in ¢’ and a. Since a — (pa)
is a continuous mapping from R to the 1-dimensional torus T = R/Z,
and since V' (x,y) is a continuous function of T x T, we see that r%® is
continuous in (a',a). By |V (z,y,&,1)| < 1, we see that (5) is uniformly
convergent and hence o, 4. .0 i uniformly continuous in (¢, a).

Let us take a positive integer L arbitrarily and take a division 0 =
t0<t1<"'<tL<tL+1—1WithtH_1 t<1/L(’L—01 L)and
ti ¢ Q (i=1,..., L). If t; or t; is irrational, we have o4, 4.1, > 0,
and hence by Theorem B,

— 1
lim
N—oo /2N loglog N .

Therefore, we have

irtj (nkx) = Oqq,..qritisty -

1\}2%0 ogr?g’}éL 2N log log N Z Fuas ()| = 0§I?<83}§L Tar.aritityr (0)
L 1 al I
J\}lféo s 2N loglog N ; Jor(nw)| = TR Oa1,eariOiti- (7)

On the other hand, by applying Theorem A, we have

N|F N < DeS. 3
2NloglogN|aSB/I|)<6 | N( ) — N(a)| < De (8)

For given 0 < a’ < a < 1 let us take integers 0 < i < j < L satisfying
a € [tz, ti—i—l) and a € [tj, tj+1). Then we have

Fx(a) — Fy(d') = Fy(t;) — Fx(t:) + Fy(a) — Fx(t;) + Fy(t;) — Fy(a')
and thereby

max |Fy(t;) — Fy(t;)| < sup  |Fy(a) — Fy(a)]

Osi<y<l 0<a’<a<1
< max |F] — Fx(t)|+2 su Fy(a) — Fy(d 9
0<7,<j<L| N( ) () |a—a'|£)1/L| n(a) v(a)]  (9)

By (6), (8) and (9), we have

—  NDpy{ngx} 2D
max 0-q17 Sqritist < ]'lm < max Jql: qriti, t +

0<i<j<L 7 7 N—oo /2N loglog N ~ 0<i<j<L Lo
Letting L — oo, by continuity of o4, 4 .4, We have

—  NDy{nz}

lim = Sup Og,.g50 0

N—oco /2N loglog N o<a'<a<1
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In the same way, we have

max |Fy(t)] < sup |Ey(a)| < max |Fx(t)|+ su Fy(a)—Fy(d)],
o [F(t)] < sup [P0 < s (i)l s [F(o)=Fala)

and hence
— NDy{nix
lim n{ner} = SUP Og,.. g, :0.a-
N—oo /2N loglog N o<a<1 =777

Note that the proof of Lemma 2 of [4] proves the following:

Lemma 3. We have r®»® < p0a—a’ for0<d <a< 1.

By this, we have 04, 400 < 0g,..q.:0a—a and thereby we have
SUPg<a/<a<1 Oqr,ngria’sa <= SUDg<a<1 Oqy,.qri0,a-  Since the inequality of
opposite direction is clear, we see

Sup  Oq,..gra/,a = SUP Ogy,..q-0,a:
0<a/<a<1 0<a<1

This proves the first assertion of our Theorem.

4. EVALUATION OF CONSTANTS

We evaluate

2 = sup o2 = sup
AR AR ;070/
q1,--5qr 0<a<l q1,--5qr 0<a<l

V((nea), (na
s Vltwsa). (ua))

ngn
k,l: (nk)ynl)zl R

Because of 0 < V(x,§) < V(1/2,1/2) = 1/4, we have

1 1
2 < - —_—

k,l: (ng,my)=
If ¢4, ..., ¢, are odd, we have (n;/2) = 1/2 for all k, and hence the

right hand side of the above inequality equals to 02 In this
case we have

1ye-q730,1/2°

I
q1yeeslr q1y00r30,1/2 7y nEn;

k,l: (nk,nl)zl

By the series expression (2) of 04, 4..0.4, We easily have o4, 4 .04
Ogo....qr:0,a; and hence Xy, . > X, .

Put & = {(nk,n) | ged(ng,n) = 1} and ¢(i) = i v 0. For k =
(kb SR kT) € Nga denote qk = qllCl s Qf‘ra Sp(k) = (@(k1)7 s 790(k7))7
and |k| = (|ki],...,|k:]). We have p(k) + ¢(—k) = |k| and hence
q‘p(k)qﬂo(fk) — q<p(k)+go(7k) — q‘kl

Let D = {(k,1) € NJ x N7 | k-1=0}. Then the mappings

AES(dd)Y— (k,1)eD and V:D>(k1)—k-1cZ"
7



are bijective, and hence we have the change of variable formula
> glem) =Y g((WoA) ' (m))
(nlmnl)eg meZ7™

for any non-negative function g. We have ¥=!(m) = (¢(m), (—m))
and hence (¥ o A)~!(m) = (q*™), q*(~™)). By these, we have

1 1 1 g+l
2 T X g 2 gl

lm| =1
(ng,n)E€E meZT mez 4 i di
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