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Abstract For any G(k) T oo, there exists a sequence {ny} of integers with 1 < nj4q —
ng < G(k) such that the discrepancies of {nyz} obey the law of the iterated logarithm
in the same way as uniform distributed i.i.d.

1 Introduction

In this paper we are concerned with the asymptotic behavior of the following discrep-
ancies Dy and D} of a sequence {zy} of real numbers:

sup
0<a<1

I

; Dn{zi} =

Dn{zg} = sup

1 XL
~ D Lo, (Tk)
0<a’<a<1 N ,;1 0,0)

1 n -
N > Tjara) (k)
k=1

where Fli[a/}a) () = L[y o) ((z)) — (a—a'), 1(4/,q) denotes the indicator function of [d,a),
and (z) denotes the fractional part  — [z ] of real number z.
Philipp [17] proved the bounded law of the iterated logarithm

1 — ND
—= < lim NDy{nge} <C < oo, ae. (1)
4v/2 =~ N—oo /2N loglog N
under the Hadamard’s gap condition ng41/ng > ¢ > 1, and many extensions and
refinements were made on this result.

The first result proving that the limsup is constant a.e., was by Philipp [16] in case
ng = 2k, although the concrete value of the constant was not calculated. The first
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result giving the concrete value was proved by Dhompongsa [9] as below: under the
rather strong gap condition log(nyy1/nk)/loglogk — oo, one has
EM:HM:E, ae. (2)
N—oo y/2NloglogN N—c +/2NloglogN 2
Note that this constant 1/2 is the same as that in the Chung-Smirnov theorem, which
proves the law of the iterated logarithm for discrepancies of uniform distributed i.i.d.

The above bounded law of the iterated logarithm (1) was extended to the case
of so-called Hardy-Littlewood-Pdlya sequences by Philipp [19], and to the case with
some Diophantine conditions by Berkes-Philipp-Tichy [7,8]. We can also find other
extensions by Aistleitner [1] and Aistleitner-Berkes [5].

Recently, it became possible to calculate the exact value of limsup concretely.

It was proved in [11] that the limsup for {#¥z} (§ > 1) is constant a.c., and
the constant was evaluated for every 0 > 1 except for countable many exceptions.
For example, limsup equals to \/E/9 when 6 = 2, the case Philipp treated before.
In [13], for a Hardy-Littlewood-Pdlya sequence, the limsup was again proved to be
constant a.e., and the exact value was explicitly given when the sequence consists of odd
numbers. Aistleitner gave a sufficient Diophantine condition to have (2) for sequences
with Hadamard’s gaps [2] and for sub-Hadamard sequences [4]. It was proved in [12]
that the value of limsup may vary if we permute the order of the sequence {nj}.
Aistleitner [3] constructed a sequence with Hadamard’s gap with non-constant limsup.
In [14], one can also find the proof of existence of bounded gap sequences with non-
constant limsup.

In this paper, we consider the problem whether there exists a sequence with small
gaps satisfying (2). As to this problem, Berkes-Philipp-Tichy [7,8] proved the existence

of ny > ek’ satisfying (1) by the method of randomization. Aistleitner [4] remarked
that such sequence can be taken to satisfy (2).

On the other hand, Berkes [6] proved that, for any sequence with G(k) 1 oo,
there exists a sequence {ny} satisfying ngy1 —ng < G(k) and {cos 2mnga} obeys the
central limit theorem on the unit interval. By showing this result Berkes solved the
long standing problem asking the possibility of the central limit theorem for lacunary
trigonometric series with small gaps.

Our motivation is to investigate the metric discrepancy counterpart of this Berkes’
result. Actually, we could prove a desirable result below.

Theorem 1 For every sequence 1 < G(k) 1 oo of real numbers, there exists a sequence
{nr} of integers satisfying 1 < npy1 —ng, < G(k) and (2).

2 Preliminary Lemmas
Lemma 1 Let us take a finite set II = {qi,...,qx} C [0,1] and define a set of

independent random wvariables {Xg; n}i=1,.. knen satisfying P(Xg;m = 1) = 1 —
P(X4;;n =0) =¢q;. Then

c() = inf{P(szk: i(xqﬁj — EXy, ;) > 0>

i=1j=1

azil,nl,,,.,nk:0,1,...}>0,



Proof Denote X, ; — EXy, ; by ‘)?Qi .j- Because of

Uz

p(izxw >0)> i_ﬁlp(az)?w >0)2 Cla).. Cllar))

i=1j=1 j=1

and the well known fact that C'({¢g}) > 0 for all ¢ € [0,1] (Cf. Feller [10] 205pp) we
have C(IT) > C({q1})...C({qx}) > 0. O

Remark 1 The value of C({q1,...,qr}) is determined by the set {q1, ..., qx} and is not
effected by the multiplicity among q1, ..., ¢x. For example, C({q1,-..,qk, qk+1}) =

CH{ar, - ar}) if g = g1
We denote 114 py((z)) simply by 14 p)(z).

Lemma 2 Let {{} be a sequence of independent random variables satisfying

=1 >
c 1r/11fP(ka70> > 0,

keA

where the infimum is taken over all non-empty finite subsets A of N. For A< B <1,
z €[0,1], and A > 0, we have

n N
1
P< sup max E 14, A4a) (k2)Ek > )\) < —P( E 14,B) (k7)€ > )\).
k=1

2
_aAn=1,.., ¢
0<a<B—A™ k=1

Proof The proof is a modification of that of Lemma 4 in [14]. For N € N and A > 0,
denote

SNy = sup max 14, Ata) (k)&

Define k1, ..., kys by {k1, ko, ..., kp} = {k < N | {kz) € [A, B)} and (k1z) < (koz) <
-+ < (kyz). By putting Jmn = {j <m | kj <n} and Smn = ZjeJm,n &k, we have
§N = max, < N MaX,,< ) Sm,n. Define ng and mo by ng = min{n; max,,<ar Smn >
A} and mo = min{m; Sm,n, > A}, and put Cnm = {ng = n,mg = m}. Then we have
a disjoint decomposition {Sy > A} = Un<n Um<ar Cn,m. Since Cr m is defined by
means of §, (k; < n), it is independent of Sy N — Sm,n which is a function of &k,
(kj > n). Hence by noting P(S,, Ny — Sm,n > 0) > ¢, we have

C2P(Cn7m) < cP(Cn,m N {Sm,n > )\})P(SWN — S > 0)
< cP(Cn,m N{Sm,n > )\}) < cP(Cn,m n { I“{lg}]%/[ St N > )\})
m's
By summing for n < N and m < M, we have

c2p(§N > )\) < cP(gN > A,mn,lg)&sm,,]\, > )\) = cP(mnglgﬁSm/,N > )\).

Defining m( = min{m’; S,y y > A} and Dy, = {m; = m}, we have in the same way,
cP(Dm) < P(Dm N {Sm,n > ANP(Sm,N = Sm,n 2 0) < P(Dm N {Sm,n > A})

and CP(maXm/SM Sm/ N > )\) < P(Su,N > A). O



Lemma 3 Let {ag,a1,az,...} be a sequence of numbers belonging to [0,1] and {ig =
1,41,%2,...} be a sequence of positive integers. Suppose that ar, ~ ap1 (L — 00), and
that

. ) 1/3 1/3
11+'-'+1L—1§2L/ ; GLZL/

hold for large L. If we define by = ay, forig+---+ip_1 < N <ig+---+1ir, we have

>1

N
ij"\‘]\/vb]\/7 (N — o).
j=1

Proof Let N € N and let L satisfy ig +---+i,_1 < N <ig+---+ir. Note that

N to++ip-1—1 N L—-1
ij: Z bj+ Z bj:Zajij+aL(N7i07~~~fiL,1+1).
Jj=1 Jj=1 Jj=to+-+irL—1 Jj=1

Here we have
= =2 1/3 2/3
Z ajij =0 Z ij+ap_1ip_1 = 9/%/_1 +ar_1tp-1 = aL_l(QH’L'L/_l +ir_1)
=1 j=1
=ap_1ir_1(1+o0(1)) =ar(ir + - +ip_1)(1+o(1)),

where 0 < 0, ¢/, 6 < 1. Thereby Zjvzl bj=arN+arNo(l) =byN(1+o0(1)). O

3 Proof of the Theorem

For simplicity, we only prove for Dj;. The proof for Dy is given in the same way.
Due to Khintchine [15], it holds that N D3 {kz} = O((log N)(loglog N)1T¢) a.e. x.
Hence, for all L € N, there exists n(L) € N and Hy, C [0,1) such that |[Hf| < 1/2F
and
NDY%(kx) < (log N)2/2L, (@ e H, N> 270, (3)

We may take n(L) large enough to satisfy

n(0) =0, n(1) >3, 3n(L)+2L <n(L+1), (4)
2F < g(2" ) FE /8 10glog 21T, (5)

We have hence n(L) > 3% and n(L) + L < (n(L +1) + L)/3.

We can construct a sequence 1 = pg > p1 > p2 > --- satisfying the follow-
ing conditions: py, € {1/k | k € N}; if pp = 1/k then pryq = 1/k or 1/(k + 1);
C({po,...,pr}) > 1/loglog 2" H+L+2 and p; | 0. (Note that C({1}) = 1.) By the
second condition, we have py, > 1/L.

Put I, = [2"(L)+L,2n(l‘+1)+[’+1) for L > 0. Let {X}} be a sequence of indepen-
dent random variables defined as below. For k € Iy, P(X; = 1) =1 if 2k | k, and
P(X, =1)=1— P(X) =0) = pr, otherwise. For N € I}, by Lemma 1 we have

inf P X,>0)>C > 1/ log log(2"W)T1+2
=k 1,AC{1,... N} (E% k= )— ({p1,---,pL}) > 1/loglog( )

> 1/loglog4N, (6)



where )?k = X/c — EXk.
Denote =y = X1+ -+ XN, ey = E=EN, and vy = VEN. For k € I, put
. L _ L L L
cp = (EXgny+r + -+ EXQn(L)+L+2L71)/2 =pr(2" —-1)/2% +1/2%,
L L L
dp = (VXonwy+r + -+ VXonwy+ror _1)/27 =pr(1 —pr)(27 = 1)/27.

Lemma 4 For N € N, take L satisfying N € I, and denote it by L. We have
vn ~ Ndy ~ Npry, en~Ncen, vn~en, (N— o). (7)

Proof 1t is easily seen that

N N

en =Y cp+0(1/2") and vy =Y dp+0(1/2").
k=1 k=1

First we prove Zi\;l dj, ~ Ndy. We apply Lemma 3 for iy = 27(E+D+L+1_on(L)+L
ar, = pr(1 —pL)(QL — 1)/2[’7 and by = dpy. Note that #IL = 47,. We have i, >
(LA +L  The conditions of Lemma 3 can be verified as below. By pr ~ pr+1 and
pr, — 0, we have

ar+1 _ pr+(l —pryn) (@5 —1) /28!
ar, pr(1—pr)(2L —1)/2F

~1,

i1+ Fin_q = 271(L)+L 1< 2(7](L+1)+L)/3 < i},/:a’

and
apiy/® > pr2tP2 > ol - o,

By Ly — oo and py, — 0, we have dy ~ pr,,, and hence vy ~ Npp, .

Next we prove Z;ZCV:1 ¢ ~ Nen by applying Lemma 3 for ay, = pr (28 — 1)/2F +
1/2L. The second condition of Lemma 3 is already verified and the third is verified as
above by noting aj;, > pr, (2L - 1)/2L. The first condition is verified as below.

1~ PLt 1 PL+1 pr+1+ (1 —pryr)/2h ! _ 0Ly
pr 14+ (L —-1)/2L = pp+ (1 —pp)/28 = pp+ (1 —pp)/2- ar,
< PLi1+ 1/25+1 < PL+1 | L 4
- PL - L 2L+1 '

The third relation vy ~ en follows from first two as below.

eiN CN 1 1

~N — ~

+ .
oy dn  1=pry  prLy(1—pry)(2iy —1)

Here first term tends to 1, and the second term is bounded from above by 2LN/(2LN -
1) — 0. Hence we have ey /oy — 1. O

By 23LN < on(Ln)+Ln < N, we have Ly < loglog N. By above lemma, we have
for large N,

vy = Ndy/2 > Nppy /4 > N/ALy > N/4loglog N. (®)



Because of (3), for z € Hy, and N > N’ > 27(5) we have

N
sup I[a py (k)| < N'D}/ (kx) + ND¥ (kx) < 2(log N)2/2L.
0<a<b<il, g7,
Hence for N € I,
N ~

sup Z l[a,b)(kx)EXk

0<a<b<1 k=2 (L)+L
(N/2F) N
~ I ~
<(l-pL) sup > Tjepk2'z)|+pL  sup S T (k)
0<a<b<tl, 7)) 0<a<b<il, o741

< (log N)* /2"

if x € Hy, and ol e Hy.

Because of > |Hf| < oo, by Borel-Cantelli Lemma, we see that x € Hy and
2lg € Hyp, for large L a.e. x. Suppose that x € Hy, and olg € Hy for L > Lg. Then
by putting ( = I[mb)(k:r)EXk, we have

on(Lo)+Lo—1

> G

k=1

L-1

>

L'=L,

N

S G

k=2n(L)+L

<

> G

kel

+

N ~
Z 1[a,b) (kx)EXk
k=1

L—-1
< 1st sum + Z (log gL+ D+ )2/2L + (log N)2/2L < 1st sum + (log N)?
L'=Lg

since L' < L — 1 implies on(L/ +1)+L < on(L)+L < N. Hence we have

N
Z I[%b)(kzm)EXk < 2(log N)2 < 3(log ’UN)2 (9)

k=1

sup
a<b<1

for large N a.e. z by (8). By noting 1[2a,b) = 1[4,5), We have

V( i Lo (k;r:)Xk)

k=2n(L)+L
N N _ N
= Z 1[a,b) (kx)V Xy = Z 1[a7b)(k‘$)VXk +(b—a) Z VX
k=2n(L)+L k=2n(L)+L k=2n(L)+L
N N IN/2"] i
=(b-a) >  VXp+p(1 —m)( ST Tpapka) = Y Ay (k2 m))-
k=2n(L)+L k=2n(L)+L k=2n(L)

Hence if x € Hy, and ol e Hjy, we have

’V( iv: l[a,b)(kx)Xk>—(b—a) i\’: VX

k=2n(L)+L k=2n(L)+L

< 2(log N)?/2%.




In the same way as above, we have ‘V]‘\l,’b — (b —a)vy| < 4(log N)2 < 12(log vy )? for
large N a.e. x, where

N
Vb = V(Z 1[a,b)<k$>Xk)-
k=1

Hence we have
Vb o (b — a)uy. (10)

By noting I[za’b) =1 -2(0b—a)lyg) +(b— a)?, we have

N
Vb = V(Z i[a,b)(m)xk) =(1-20b—-a)V¥ + (b—a)’vy
k=1

~((b—a)(l—(b—a))vn. (11)

Recall the Esseen’s inequality below. For a sequence {Yn} of independent random
variables with EY; = 0 and E\YJ|3 < 00, we have

—1/2 / ou/2
P| B, Y <t d
o fR( Z ) - u

where By, = Z?Zl VY and v is an absolute constant.

n
—3/2
<yB.** N By
j=1

We apply this inequality for Y, = l[A’B)<k:v>)A(:k where 0 < A < B < 1. It is clear

that By, = V2" Because of |Y;| < 1, we have E|Y;|? < EYjQ‘ and B, >/? Z?zl ElY;]? <

B;l/z = (Vﬁ’b)_l/2 = O(U;l/Q). By (8) and (10), we have Vje’B > N'/2 for large N.

Put p(z) = v/2xloglog z. By noting Lemma 2, the bound (6), and Esseen’s inequality
we have

P( sup max )(ka:)Xk

0<a<B—AN= N

> VIV )

: g 1 a){k X >f )
_egl (0<asgg An=looN EZ (A, A+a) (kz) Xk 80( By

< (loglog 4N)? Z P(Z 1[A,B)<k1’>5)?k 2 \/i‘P(VJI\?’BO

e==+1 k=1

2(loglog4N)2<(long) +O(v 1/2)) < 8(loglog 4N)?(log N) 2

for large N. By putting N = 2" the last term is summable in k, and we can conclude
that

—M —M
sup max_ < V2V yl27 M2 )

k)X
0<a<2-M n=1,..., ) (k) X

12=M (141)2—M _
(I+1) ) ~ p(vgr )27 M/2,

By Lok = Lok—1 or Lox—1 +1, and by (7), we see that vor ~ 2ka2k ~2Fpp

for large k, a.e. z, a.s. By (10), we have ¢(V,;

ak—1 77

2v9k—1. Hence we have <p(v2k)2_M/2 ~ \/iga(v2k71)2_M/2 and

sup max (ka) X <2-27 M/an(vN),

0<a<2—M n= 1,.




for large N, a.e. x, a.s. Therefore we have

N

lim sup Z 17— ro-M_4q) (kx) X |p(on)t < 2- 27 M2 ae gz, as.
k=1

N—oogcgca2-M

On the other hand, the ordinary law of the iterated logarithm implies

N
lim sup Z a)?k np(vN)71 = hm 2- = 27M, a.e. x, a.s.
N—=00gca<2-M |
By (9), we have
N
lim  sup 21[1271»47[27M+a)(kz)EXk olonN) P =0, ae. z,as.
N—=0oogca<2—M [}

By applying these to ’Z iX‘ < ‘Z 1)?’ + |Z a)?‘ + |Z IEX’, we have

N
Z I[[z—M712—M+a)(k.'L')Xk (o)t <3- 27M/2, a.e. z, a.s. (12)

k=1

lim sup
N—oogcqca—M

The law of the iterated logarithm for bounded centered random variables claims

hm ‘Z 119,q) (kz) X}, (VO “H7l =1, ae gz, as.
By (11), we have
_ N ~ ~
lim 1[0,a) (k) Xk o(un) P =Va(l—a) ae. z, as.
N—o0 ’
k=1
Moreover we have
lim VEX} cp(vN)_l =0, ae. z,as.
N—o0 1

because of (9). By these we have

olony) P =Va(l—a), ae z, as. (13)

N—oo

N
i[5 T(0.0 (ko) X
=1

In general, for a function g(N, a), we have limy g(N,a’) < limy sup, g(N, a) for all a’
and hence sup,, lim g(N,a) < lim sup, g(NV, a). Thereby, we have

1
5= sup va(l—a) < hm sup

Z 1[0 q) (k) X},
0<a<l N—oop<ax<l

olon)"h,  ae. z, as.




For all M and a € [0, 1), by taking I satisfying 127 < 4 < (I +1)2~™ and noting
1[0,a) = 1[0’12—1\/1) + 1[12_M,a), we have

N ~
Z 1[0,(1) (kx)Xk
k=1

sup
0<a<1
N N
< 1 _ kx)X, 19— _ kx)X .
712071_]{1_?;\4_1( > 1o, 12 a) (k) X, +a<5121?M > Apo-ar o-sry gy (k) k)
k=1 k=1
By (12) and (13), we have
N 1
sup |y T[g,q) (ka) Xp|p(on) ! < ;3 2 M2 ae a,as.
0<a<l1 b1

By letting M — oo, we have

lim  sup

_ 1
p(vN) L<Z ae z as.
N—000<a<1 2

N ~
> g0 (ka) Xy,
k=1

By the law of the iterated logarithm, we have |=n — en| = O((vy loglog vN)l/Q).
By vy ~ en, we have = ~ vy, a.s. Hence

lim  sup o(En)"t = % a.e. T, a.s. (14)

N—oop<a<l

N ~
Z 1[0,a) (k)X
k=1

By arranging {k : X} = 1} in increasing order and denoting by {ny}, we have (2).

If ny, € I, then we have ng4; —ng < ol < G(Q”(LHL/Slog log ZW(LHL) by (5).
By 27"+L <, we have k > SN D+Ly Vgn(Ly+1 > 2M+L /4 10glog 21 FL
Hence we have G(2"1)*L /8loglog 271 +1) < G(k) and ng4+1 — ng < G(k) for large
k. If we redefine first finitely many terms to satisfy ny41 —ni < G(k), we have desired

{ne}-
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