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Abstract For any G(k) ↑ ∞, there exists a sequence {nk} of integers with 1 ≤ nk+1−
nk ≤ G(k) such that the discrepancies of {nkx} obey the law of the iterated logarithm

in the same way as uniform distributed i.i.d.

1 Introduction

In this paper we are concerned with the asymptotic behavior of the following discrep-

ancies DN and D∗
N of a sequence {xk} of real numbers:

DN{xk} = sup
0≤a′<a<1

˛

˛

˛

˛

1

N

N
X

k=1

e1[a′,a)(xk)

˛

˛

˛

˛

; D∗
N{xk} = sup

0≤a<1

˛

˛

˛

˛

1

N

N
X

k=1

e1[0,a)(xk)

˛

˛

˛

˛

,

where e1[a′,a)(x) = 1[a′,a)(〈x〉)−(a−a′), 1[a′,a) denotes the indicator function of [ a′, a),

and 〈x〉 denotes the fractional part x − [ x ] of real number x.

Philipp [17] proved the bounded law of the iterated logarithm

1

4
√

2
< lim

N→∞

NDN{nkx}√
2N log log N

≤ C < ∞, a.e. (1)

under the Hadamard’s gap condition nk+1/nk > q > 1, and many extensions and

refinements were made on this result.

The first result proving that the limsup is constant a.e., was by Philipp [16] in case

nk = 2k, although the concrete value of the constant was not calculated. The first
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result giving the concrete value was proved by Dhompongsa [9] as below: under the

rather strong gap condition log(nk+1/nk)/ log log k → ∞, one has

lim
N→∞

NDN{nkx}√
2N log log N

= lim
N→∞

ND∗
N{nkx}√

2N log log N
=

1

2
, a.e. (2)

Note that this constant 1/2 is the same as that in the Chung-Smirnov theorem, which

proves the law of the iterated logarithm for discrepancies of uniform distributed i.i.d.

The above bounded law of the iterated logarithm (1) was extended to the case

of so-called Hardy-Littlewood-Pólya sequences by Philipp [19], and to the case with

some Diophantine conditions by Berkes-Philipp-Tichy [7,8]. We can also find other

extensions by Aistleitner [1] and Aistleitner-Berkes [5].

Recently, it became possible to calculate the exact value of limsup concretely.

It was proved in [11] that the limsup for {θkx} (θ > 1) is constant a.e., and

the constant was evaluated for every θ > 1 except for countable many exceptions.

For example, limsup equals to
√

42/9 when θ = 2, the case Philipp treated before.

In [13], for a Hardy-Littlewood-Pólya sequence, the limsup was again proved to be

constant a.e., and the exact value was explicitly given when the sequence consists of odd

numbers. Aistleitner gave a sufficient Diophantine condition to have (2) for sequences

with Hadamard’s gaps [2] and for sub-Hadamard sequences [4]. It was proved in [12]

that the value of limsup may vary if we permute the order of the sequence {nk}.
Aistleitner [3] constructed a sequence with Hadamard’s gap with non-constant limsup.

In [14], one can also find the proof of existence of bounded gap sequences with non-

constant limsup.

In this paper, we consider the problem whether there exists a sequence with small

gaps satisfying (2). As to this problem, Berkes-Philipp-Tichy [7,8] proved the existence

of nk ≥ ekβ

satisfying (1) by the method of randomization. Aistleitner [4] remarked

that such sequence can be taken to satisfy (2).

On the other hand, Berkes [6] proved that, for any sequence with G(k) ↑ ∞,

there exists a sequence {nk} satisfying nk+1 − nk ≤ G(k) and {cos 2πnkx} obeys the

central limit theorem on the unit interval. By showing this result Berkes solved the

long standing problem asking the possibility of the central limit theorem for lacunary

trigonometric series with small gaps.

Our motivation is to investigate the metric discrepancy counterpart of this Berkes’

result. Actually, we could prove a desirable result below.

Theorem 1 For every sequence 1 ≤ G(k) ↑ ∞ of real numbers, there exists a sequence

{nk} of integers satisfying 1 ≤ nk+1 − nk ≤ G(k) and (2).

2 Preliminary Lemmas

Lemma 1 Let us take a finite set Π = {q1, . . . , qk} ⊂ [ 0, 1 ] and define a set of

independent random variables {Xqi,n}i=1,...,k,n∈N satisfying P (Xqi,n = 1) = 1 −
P (Xqi,n = 0) = qi. Then

C(Π) = inf



P

„

ε

k
X

i=1

ni
X

j=1

(Xqi,j − EXqi,j) ≥ 0

«

˛

˛

˛

˛

ε = ±1, n1, . . . , nk = 0, 1, . . .

ff

> 0.
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Proof Denote Xqi,j − EXqi,j by eXqi,j . Because of

P

„

ε

k
X

i=1

ni
X

j=1

eXqi,j ≥ 0

«

≥
k

Y

i=1

P

„

ε

ni
X

j=1

eXqi,j ≥ 0

«

≥ C({q1}) . . . C({qk})

and the well known fact that C({q}) > 0 for all q ∈ [ 0, 1 ] (Cf. Feller [10] 205pp) we

have C(Π) ≥ C({q1}) . . . C({qk}) > 0. ut

Remark 1 The value of C({q1, . . . , qk}) is determined by the set {q1, . . . , qk} and is not

effected by the multiplicity among q1, . . . , qk. For example, C({q1, . . . , qk, qk+1}) =

C({q1, . . . , qk}) if qk = qk+1.

We denote 1[A,B)(〈x〉) simply by 1[A,B)〈x〉.

Lemma 2 Let {ξk} be a sequence of independent random variables satisfying

c = inf
Λ

P

„

X

k∈Λ

ξk ≥ 0

«

> 0,

where the infimum is taken over all non-empty finite subsets Λ of N. For A < B < 1,

x ∈ [ 0, 1 ], and λ > 0, we have

P

„

sup
0≤a<B−A

max
n=1,...,N

n
X

k=1

1[A,A+a)〈kx〉ξk ≥ λ

«

≤ 1

c2
P

„ N
X

k=1

1[A,B)〈kx〉ξk ≥ λ

«

.

Proof The proof is a modification of that of Lemma 4 in [14]. For N ∈ N and λ > 0,

denote

eSN = sup
a<B−A

max
n≤N

n
X

k=1

1[ A,A+a)〈kx〉ξk.

Define k1, . . . , kM by {k1, k2, . . . , kM} = {k ≤ N | 〈kx〉 ∈ [ A, B)} and 〈k1x〉 < 〈k2x〉 <

· · · < 〈kMx〉. By putting Jm,n = {j ≤ m | kj ≤ n} and Sm,n =
P

j∈Jm,n
ξkj

, we have

eSN = maxn≤N maxm≤M Sm,n. Define n0 and m0 by n0 = min{n;maxm≤M Sm,n >

λ} and m0 = min{m; Sm,n0 > λ}, and put Cn,m = {n0 = n, m0 = m}. Then we have

a disjoint decomposition {eSN > λ} =
S

n≤N

S

m≤M Cn,m. Since Cn,m is defined by

means of ξkj
(kj ≤ n), it is independent of Sm,N − Sm,n which is a function of ξkj

(kj > n). Hence by noting P (Sm,N − Sm,n ≥ 0) ≥ c, we have

c2P (Cn,m) ≤ cP
`

Cn,m ∩ {Sm,n > λ}
´

P
`

Sm,N − Sm,n ≥ 0
´

≤ cP
`

Cn,m ∩ {Sm,N > λ}
´

≤ cP
`

Cn,m ∩
˘

max
m′≤M

Sm′,N > λ
¯´

.

By summing for n ≤ N and m ≤ M , we have

c2P
`

eSN > λ
´

≤ cP
`

eSN > λ, max
m′≤M

Sm′,N > λ
´

= cP
`

max
m′≤M

Sm′,N > λ
´

.

Defining m′
0 = min{m′; Sm′,N > λ} and Dm = {m′

0 = m}, we have in the same way,

cP (Dm) ≤ P (Dm ∩ {Sm,N > λ})P (SM,N − Sm,N ≥ 0) ≤ P (Dm ∩ {SM,N > λ})

and cP
`

maxm′≤M Sm′,N > λ
´

≤ P (SM,N > λ). ut
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Lemma 3 Let {a0, a1, a2, . . . } be a sequence of numbers belonging to [ 0, 1 ] and {i0 =

1, i1, i2, . . . } be a sequence of positive integers. Suppose that aL ∼ aL+1 (L → ∞), and

that

i1 + · · · + iL−1 ≤ i
1/3
L , aLi

1/3
L ≥ 1

hold for large L. If we define bN = aL for i0 + · · ·+ iL−1 ≤ N < i0 + · · ·+ iL, we have

N
X

j=1

bj ∼ NbN , (N → ∞).

Proof Let N ∈ N and let L satisfy i0 + · · · + iL−1 ≤ N < i0 + · · · + iL. Note that

N
X

j=1

bj =

i0+···+iL−1−1
X

j=1

bj +

N
X

j=i0+···+iL−1

bj =

L−1
X

j=1

ajij + aL(N − i0 − · · · − iL−1 + 1).

Here we have

L−1
X

j=1

ajij = θ

L−2
X

j=1

ij + aL−1iL−1 = θ′i
1/3
L−1 + aL−1iL−1 = aL−1(θ

′′i
2/3
L−1 + iL−1)

= aL−1iL−1(1 + o(1)) = aL(i1 + · · · + iL−1)(1 + o(1)),

where 0 ≤ θ, θ′, θ′′ ≤ 1. Thereby
PN

j=1 bj = aLN + aLNo(1) = bNN(1 + o(1)). ut

3 Proof of the Theorem

For simplicity, we only prove for D∗
N . The proof for DN is given in the same way.

Due to Khintchine [15], it holds that ND∗
N{kx} = O((log N)(log log N)1+ε) a.e. x.

Hence, for all L ∈ N, there exists η(L) ∈ N and HL ⊂ [ 0, 1) such that |Hc
L| ≤ 1/2L

and

ND∗
N (kx) ≤ (log N)2/2L, (x ∈ HL, N ≥ 2η(L)). (3)

We may take η(L) large enough to satisfy

η(0) = 0, η(1) ≥ 3, 3η(L) + 2L ≤ η(L + 1), (4)

2L ≤ G(2η(L)+L/8 log log 2η(L)+L). (5)

We have hence η(L) ≥ 3L and η(L) + L ≤ (η(L + 1) + L)/3.

We can construct a sequence 1 = p0 ≥ p1 ≥ p2 ≥ · · · satisfying the follow-

ing conditions: pL ∈ {1/k | k ∈ N}; if pL = 1/k then pL+1 = 1/k or 1/(k + 1);

C({p0, . . . , pL}) ≥ 1/ log log 2η(L)+L+2, and pL ↓ 0. (Note that C({1}) = 1.) By the

second condition, we have pL ≥ 1/L.

Put IL = [ 2η(L)+L, 2η(L+1)+L+1) for L ≥ 0. Let {Xk} be a sequence of indepen-

dent random variables defined as below. For k ∈ IL, P (Xk = 1) = 1 if 2L | k, and

P (Xk = 1) = 1 − P (Xk = 0) = pL otherwise. For N ∈ IL, by Lemma 1 we have

inf
ε=±1,Λ⊂{1,...,N}

P

„

ε
X

k∈Λ

eXk ≥ 0

«

≥ C({p1, . . . , pL}) ≥ 1/ log log(2η(L)+L+2)

≥ 1/ log log 4N, (6)
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where eXk = Xk − EXk.

Denote ΞN = X1 + · · · + XN , eN = EΞN , and vN = V ΞN . For k ∈ IL, put

ck = (EX2η(L)+L + · · · + EX2η(L)+L+2L−1)/2L = pL(2L − 1)/2L + 1/2L,

dk = (V X2η(L)+L + · · · + V X2η(L)+L+2L−1)/2L = pL(1 − pL)(2L − 1)/2L.

Lemma 4 For N ∈ N, take L satisfying N ∈ IL and denote it by LN . We have

vN ∼ NdN ∼ NpLN
, eN ∼ NcN , vN ∼ eN , (N → ∞). (7)

Proof It is easily seen that

eN =

N
X

k=1

ck + O(1/2LN ) and vN =

N
X

k=1

dk + O(1/2LN ).

First we prove
PN

k=1 dk ∼ NdN . We apply Lemma 3 for iL = 2η(L+1)+L+1−2η(L)+L,

aL = pL(1 − pL)(2L − 1)/2L, and bN = dN . Note that #IL = iL. We have iL ≥
2η(L+1)+L. The conditions of Lemma 3 can be verified as below. By pL ∼ pL+1 and

pL → 0, we have

aL+1

aL
=

pL+1(1 − pL+1)(2
L+1 − 1)/2L+1

pL(1 − pL)(2L − 1)/2L
∼ 1,

i1 + · · · + iL−1 = 2η(L)+L − 1 ≤ 2(η(L+1)+L)/3 ≤ i
1/3
L ,

and

aLi
1/3
L ≥ pL2L/3/2 ≥ 2L/3/L → ∞.

By LN → ∞ and pL → 0, we have dN ∼ pLN
and hence vN ∼ NpLN

.

Next we prove
PN

k=1 ck ∼ NcN by applying Lemma 3 for aL = pL(2L − 1)/2L +

1/2L. The second condition of Lemma 3 is already verified and the third is verified as

above by noting aL ≥ pL(2L − 1)/2L. The first condition is verified as below.

1 ∼ pL+1

pL

1

1 + (L − 1)/2L
≤ pL+1

pL + (1 − pL)/2L
≤ pL+1 + (1 − pL+1)/2L+1

pL + (1 − pL)/2L
=

aL+1

aL

≤ pL+1 + 1/2L+1

pL
≤ pL+1

pL
+

L

2L+1
∼ 1.

The third relation vN ∼ eN follows from first two as below.

eN

vN
∼ cN

dN
∼ 1

1 − pLN

+
1

pLN
(1 − pLN

)(2LN − 1)
.

Here first term tends to 1, and the second term is bounded from above by 2LN/(2LN −
1) → 0. Hence we have eN/vN → 1. ut

By 23LN ≤ 2η(LN )+LN ≤ N , we have LN ≤ log log N . By above lemma, we have

for large N ,

vN ≥ NdN/2 ≥ NpLN
/4 ≥ N/4LN ≥ N/4 log log N. (8)
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Because of (3), for x ∈ HL and N ≥ N ′ ≥ 2η(L) we have

sup
0≤a<b<1

˛

˛

˛

˛

N
X

k=N ′+1

e1[a,b)(kx)

˛

˛

˛

˛

≤ N ′D∗
N ′(kx) + ND∗

N (kx) ≤ 2(log N)2/2L.

Hence for N ∈ IL,

sup
0≤a<b<1

˛

˛

˛

˛

N
X

k=2η(L)+L

e1[a,b)(kx)EXk

˛

˛

˛

˛

≤ (1 − pL) sup
0≤a<b<1

˛

˛

˛

˛

[N/2L]
X

k=2η(L)

e1[a,b)(k2Lx)

˛

˛

˛

˛

+ pL sup
0≤a<b<1

˛

˛

˛

˛

N
X

k=2η(L)+L

e1[a,b)(kx)

˛

˛

˛

˛

≤ (log N)2/2L

if x ∈ HL and 2Lx ∈ HL.

Because of
P

|Hc
L| < ∞, by Borel-Cantelli Lemma, we see that x ∈ HL and

2Lx ∈ HL for large L a.e. x. Suppose that x ∈ HL and 2Lx ∈ HL for L ≥ L0. Then

by putting ζk = e1[a,b)(kx)EXk, we have

˛

˛

˛

˛

N
X

k=1

e1[a,b)(kx)EXk

˛

˛

˛

˛

≤
˛

˛

˛

˛

2η(L0)+L0−1
X

k=1

ζk

˛

˛

˛

˛

+

L−1
X

L′=L0

˛

˛

˛

˛

X

k∈IL′

ζk

˛

˛

˛

˛

+

˛

˛

˛

˛

N
X

k=2η(L)+L

ζk

˛

˛

˛

˛

≤ 1st sum +

L−1
X

L′=L0

(log 2η(L′+1)+L′
)2/2L′

+ (log N)2/2L ≤ 1st sum + (log N)2

since L′ ≤ L − 1 implies 2η(L′+1)+L′
≤ 2η(L)+L ≤ N . Hence we have

sup
a<b<1

˛

˛

˛

˛

N
X

k=1

e1[a,b)(kx)EXk

˛

˛

˛

˛

≤ 2(log N)2 ≤ 3(log vN )2 (9)

for large N a.e. x by (8). By noting 12
[a,b) = 1[a,b), we have

V

„ N
X

k=2η(L)+L

1[a,b)〈kx〉Xk

«

=
N

X

k=2η(L)+L

1[a,b)〈kx〉V Xk =
N

X

k=2η(L)+L

e1[a,b)(kx)V Xk + (b − a)
N

X

k=2η(L)+L

V Xk

= (b − a)
N

X

k=2η(L)+L

V Xk + pL(1 − pL)

„ N
X

k=2η(L)+L

e1[a,b)(kx) −
[N/2L]

X

k=2η(L)

e1[a,b)(k2Lx)

«

.

Hence if x ∈ HL and 2Lx ∈ HL, we have

˛

˛

˛

˛

V

„ N
X

k=2η(L)+L

1[a,b)〈kx〉Xk

«

− (b − a)

N
X

k=2η(L)+L

V Xk

˛

˛

˛

˛

≤ 2(log N)2/2L.
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In the same way as above, we have
˛

˛V a,b
N − (b − a)vN

˛

˛ ≤ 4(log N)2 ≤ 12(log vN )2 for

large N a.e. x, where

V a,b
N = V

„ N
X

k=1

1[a,b)〈kx〉Xk

«

.

Hence we have

V a,b
N ∼ (b − a)vN . (10)

By noting e12
[a,b) = (1 − 2(b − a))1[a,b) + (b − a)2, we have

eV a,b
N = V

„ N
X

k=1

e1[a,b)(kx)Xk

«

= (1 − 2(b − a))V a,b
N + (b − a)2vN

∼ (b − a)(1 − (b − a))vN . (11)

Recall the Esseen’s inequality below. For a sequence {Yn} of independent random

variables with EYj = 0 and E|Yj |3 < ∞, we have

sup
−∞<t<∞

˛

˛

˛

˛

P

„

B
−1/2
n

n
X

j=1

Yj ≤ t

«

− 1√
2π

Z t

−∞
e−u2/2du

˛

˛

˛

˛

≤ γB
−3/2
n

n
X

j=1

E|Yj |3,

where Bn =
Pn

j=1 V Yj and γ is an absolute constant.

We apply this inequality for Yk = 1[A,B)〈kx〉 eXk where 0 ≤ A < B < 1. It is clear

that Bn = V a,b
n . Because of |Yj | ≤ 1, we have E|Yj |3 ≤ EY 2

j and B
−3/2
n

Pn
j=1 E|Yj |3 ≤

B
−1/2
n = (V a,b

n )−1/2 = O(v
−1/2
n ). By (8) and (10), we have V A,B

N ≥ N1/2 for large N .

Put ϕ(x) =
√

2x log log x. By noting Lemma 2, the bound (6), and Esseen’s inequality

we have

P

„

sup
0≤a<B−A

max
n=1,...,N

˛

˛

˛

˛

n
X

k=1

1[A,A+a)〈kx〉 eXk

˛

˛

˛

˛

≥
√

2ϕ(V A,B
N )

«

≤
X

ε=±1

P

„

sup
0≤a<B−A

max
n=1,...,N

ε

n
X

k=1

1[A,A+a)〈kx〉 eXk ≥
√

2ϕ(V A,B
N )

«

≤ (log log 4N)2
X

ε=±1

P

„ N
X

k=1

1[A,B)〈kx〉ε eXk ≥
√

2ϕ(V A,B
N )

«

≤ 2(log log 4N)2
„

(log vN )−2 + O(v
−1/2
N )

«

≤ 8(log log 4N)2(log N)−2

for large N . By putting N = 2k, the last term is summable in k, and we can conclude

that

sup
0≤a<2−M

max
n=1,...,2k

˛

˛

˛

˛

n
X

k=1

1[I2−M ,I2−M+a)〈kx〉 eXk

˛

˛

˛

˛

<
√

2ϕ(V
I2−M ,(I+1)2−M

2k )

for large k, a.e. x, a.s. By (10), we have ϕ(V
I2−M ,(I+1)2−M

2k ) ∼ ϕ(v2k)2−M/2.

By L2k = L2k−1 or L2k−1 +1, and by (7), we see that v2k ∼ 2kpL2k
∼ 2kpL2k−1 ∼

2v2k−1 . Hence we have ϕ(v2k )2−M/2 ∼
√

2ϕ(v2k−1)2−M/2 and

sup
0≤a<2−M

max
n=1,...,N

˛

˛

˛

˛

n
X

k=1

1[I2−M ,I2−M+a)〈kx〉 eXk

˛

˛

˛

˛

< 2 · 2−M/2ϕ(vN ),
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for large N , a.e. x, a.s. Therefore we have

lim
N→∞

sup
0<a<2−M

˛

˛

˛

˛

N
X

k=1

1[ I2−M ,I2−M+a)〈kx〉 eXk

˛

˛

˛

˛

ϕ(vN )−1 ≤ 2 · 2−M/2, a.e. x, a.s.

On the other hand, the ordinary law of the iterated logarithm implies

lim
N→∞

sup
0<a<2−M

˛

˛

˛

˛

N
X

k=1

a eXk

˛

˛

˛

˛

ϕ(vN )−1 = lim
N→∞

2−M
˛

˛

˛

˛

N
X

k=1

eXk

˛

˛

˛

˛

ϕ(vN )−1 = 2−M , a.e. x, a.s.

By (9), we have

lim
N→∞

sup
0<a<2−M

˛

˛

˛

˛

N
X

k=1

e1[ I2−M ,I2−M+a)(kx)EXk

˛

˛

˛

˛

ϕ(vN )−1 = 0, a.e. x, a.s.

By applying these to
˛

˛

P

e1X
˛

˛ ≤
˛

˛

P

1 eX
˛

˛ +
˛

˛

P

a eX
˛

˛ +
˛

˛

P

e1EX
˛

˛, we have

lim
N→∞

sup
0<a<2−M

˛

˛

˛

˛

N
X

k=1

e1[ I2−M ,I2−M+a)(kx)Xk

˛

˛

˛

˛

ϕ(vN )−1 ≤ 3 · 2−M/2, a.e. x, a.s. (12)

The law of the iterated logarithm for bounded centered random variables claims

lim
N→∞

˛

˛

˛

˛

N
X

k=1

e1[ 0,a)(kx) eXk

˛

˛

˛

˛

ϕ(eV 0,a
N )−1 = 1, a.e. x, a.s.

By (11), we have

lim
N→∞

˛

˛

˛

˛

N
X

k=1

e1[ 0,a)(kx) eXk

˛

˛

˛

˛

ϕ(vN )−1 =
p

a(1 − a) a.e. x, a.s.

Moreover we have

lim
N→∞

˛

˛

˛

˛

N
X

k=1

e1[ 0,a)(kx)EXk

˛

˛

˛

˛

ϕ(vN )−1 = 0, a.e. x, a.s.

because of (9). By these we have

lim
N→∞

˛

˛

˛

˛

N
X

k=1

e1[ 0,a)(kx)Xk

˛

˛

˛

˛

ϕ(vN )−1 =
p

a(1 − a), a.e. x, a.s. (13)

In general, for a function g(N, a), we have limN g(N, a′) ≤ limN supa g(N, a) for all a′

and hence supa limN g(N, a) ≤ limN supa g(N, a). Thereby, we have

1

2
= sup

0<a<1

p

a(1 − a) ≤ lim
N→∞

sup
0<a<1

˛

˛

˛

˛

N
X

k=1

e1[ 0,a)(kx)Xk

˛

˛

˛

˛

ϕ(vN )−1, a.e. x, a.s.
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For all M and a ∈ [ 0, 1), by taking I satisfying I2−M ≤ a < (I + 1)2−M and noting
e1[0,a) = e1[0,I2−M ) + e1[I2−M ,a), we have

sup
0<a<1

˛

˛

˛

˛

N
X

k=1

e1[ 0,a)(kx)Xk

˛

˛

˛

˛

≤ max
I=0,...,2M−1

„

˛

˛

˛

˛

N
X

k=1

e1[ 0,I2−M )(kx)Xk

˛

˛

˛

˛

+ sup
a<2−M

˛

˛

˛

˛

N
X

k=1

e1[ I2−M ,I2−M+a)(kx)Xk

˛

˛

˛

˛

«

.

By (12) and (13), we have

sup
0<a<1

˛

˛

˛

˛

N
X

k=1

e1[ 0,a)(kx)Xk

˛

˛

˛

˛

ϕ(vN )−1 ≤ 1

2
+ 3 · 2−M/2, a.e. x, a.s.

By letting M → ∞, we have

lim
N→∞

sup
0<a<1

˛

˛

˛

˛

N
X

k=1

e1[ 0,a)(kx)Xk

˛

˛

˛

˛

ϕ(vN )−1 ≤ 1

2
, a.e. x, a.s.

By the law of the iterated logarithm, we have |ΞN − eN | = O((vN log log vN )1/2).

By vN ∼ eN , we have ΞN ∼ vN , a.s. Hence

lim
N→∞

sup
0<a<1

˛

˛

˛

˛

N
X

k=1

e1[ 0,a)(kx)Xk

˛

˛

˛

˛

ϕ(ΞN )−1 =
1

2
a.e. x, a.s. (14)

By arranging {k : Xk = 1} in increasing order and denoting by {nk}, we have (2).

If nk ∈ IL, then we have nk+1 − nk ≤ 2L ≤ G(2η(L)+L/8 log log 2η(L)+L) by (5).

By 2η(L)+L ≤ nk, we have k ≥ Ξ(2η(L)+L) ∼ v2η(L)+L ≥ 2η(L)+L/4 log log 2η(L)+L.

Hence we have G(2η(L)+L/8 log log 2η(L)+L) ≤ G(k) and nk+1 − nk ≤ G(k) for large

k. If we redefine first finitely many terms to satisfy nk+1 −nk ≤ G(k), we have desired

{nk}.
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