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Abstract We determine the set of possible constants appearing in the law of the
iterated logarithm for discrepancies of subsequences of {ka} We prove that the set
coincides with the interval [1/2, Xy ], where Xy is the constant for {#*z}. It implies
that the discrepancies decrease if we take a subsequence of {6¥z}.
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1 Introduction

Let us recall the definition of discrepancies of a sequence {aj} of real numbers:

1L
N Z 1a’,a(ak)
k=1

Dn{ax} = sup

; Dn{ar} = sup
0<a’<a<1 <

where Flia/’a(a:) = 1igr q)({2)) — (a — a’), {x) denotes the fractional part z — [x] of x,
and 1(4 4y denotes the indicator function of [@',a). We study the value distribution of

S{ngz} = Im _NDn{ngr}
N —oc0 \/2NloglogN
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*
and X*{nzz} = lim M
N—oo /2N loglog N
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Philipp [12,13] proved the bounded law of the iterated logarithm
1/(4V2) < S {npz} < X{npz} < C(q) < oo, a.e.
for {ny} satisfying Hadamard’s gap condition
Ng41/Mk > q > 1. (1)

Recently it became possible to compute the exact values of X*{nyz} and X{nyz}.
Actually the following results were proved in [6,8].
For all real numbers 6 > 1, there exists a constant Xy such that

20k} = 2{0F2} = 5y, ae. (2)
We have ¥y = 1/2 if and only if 6 satisfies the condition
0" ¢Q forall recN. (3)
Otherwise express 0 in the following way:
0= 3/p/q where r=min{neN|0" € Q}, p,ge N, and ged(p,q) =1. (4)

In this case Xy does not depend on 7. It is evaluated in the following cases:

Vg+1)/(pg—1)/2 if p and q are odd,

Vi +Dplp—2)/(p—1)3/2 if p>4isevenand g =1,

V42/9 ifp=2and ¢g=1,
V22/9 if p=>5and qg=2.

In this note we determine the set of possible limsup values of E*{Om(k)x} and
2{0™ ) 2} where {6™(*) 2} is a subsequence of {#*z}.
Denote by N the set of all strictly increasing sequences of natural numbers.

Theorem 1 For any 0 > 1 and {m(k)} € N, there exists a constant Xy ¢, (x)y > 1/2
such that

2*{9m(k)ac} = E{Gm(k)x} = Xo (m(k)}> G- (5)
We have
{ Zotmyy | {mk)} e N} =[1/2, 2.
By applying the same idea used in [7], we can prove the following corollary.

Corollary 1 For any o € [1/2,Xy], there exists a permutation m of N such that
E*{G”(k)x} = E{@W(k)a:} =0, ae.

Actually, we can prove a stronger result that the set of all possible values of
E{Qﬂ(k)x} for permutations m of N coincides with [1/2, Xg]. We will visit this topic
in a separate paper. As to the comprehensive studies on effects of permutation on
limit theorems for lacunary series, we refer the readers to the survey [2] by Aistleitner-
Berkes-Tichy.



2 Preliminary

For €, Y, 57 n € [07 1)7 pUt V($,£)f T A £ - $£ and ‘7(1‘73175,77) - V(ng) + V(y77]) -
Vi(z,n) — V(y,§). Note V(z,§) = V(0,,0,9).

Lemma 1 Let a, b, c € [0,1). For any natural numbers P and Q,

V((Pa), (@b)) < PQV (a,b). (6)
Ifgcd(P,Q) = 1,
1 ~
/0 Ty (Pr) Lo (Qr) dz = %V«Pax (Pb)., (Qa), (QD)). ()
V((Pay, (PbY, (Qa), (@b)) < V((P(b— ), (Q(b — a))), (8)
If ged(PP',QQ) = 1
1 - _ 1 _ _
/ loyc(PP’x)l()’C(QQ/x) dr < / 107C(P33)107C(Q.1:) dx. (9)
0 0

Proof Let us prove (6). We trivially have (Pa) < Pa. By putting a = 1 — b, we have
1—(Qb) =(Q(1 —b)) < Q(1 —1b). By noting V(z,§) = z(1 — &) A (1 — )&, we have

V({Pa),(Qb)) = (Pa)(1 — (Qb)) A (1 — (Pa)){Qb)
< PaQ(1 —b) A P(1 — a)Qb = PQV (a, b).

(7) and (8) are proved in [6]. By (6), we have V ({PP’c),(QQ’c)) < P'Q'V({Pc),(Qc)).
By noting (7), we have (9). O

For a function f of bounded variation with period 1 satisfying fol f =0, put

02(f 0) = {fol (y) dy if 0 satisfies (3),
’ Jo F2@)dy +2552 [ FFy) f(dFy) dy if @ is given by (4).

For a bounded measurable function g, we define the mean value [g g(x) pr(dz) by

T
/R o) prda) = Jim L / o) d

if the limit on the right hand side exists. For a trigonometric polynomial g with
period 1 satisfying folg = 0, we have fR (Oz)g(= )MR(dm) 0 for © ¢ Q, and

Jr 9((P/Q)x)g(x) up(dr) = [g 9(Px)g(Qx) pup(dx) fO 9(Qz) dx for non-zero
integers P and Q.
Suppose 0 < a < b < 1. Denote by 1, .4 the d-th subsum of the Fourier series of

ia,b~ Put
- 1
Jap;a(®) = 1gpa() + pd 1% 2m(pd + 1)z,

where p is that in (4) if 0 is given by (4), and p = 1 if 6 satisfies (3). Here we added the
term pdi{kl cos 27(pd + 1)z additionally to have the lower bound (11) for the variance
of summation. It makes easier to apply the martingale approximation machinery.



Lemma 2 We have

M+N 2
/( Z fmb;d(enL(k)x)) “R(dx)
R\p—pr41
sy m(k) logd
< > fop—aa@™ ) MR(dil’)+NCe P (10)
R\p=m+1
M+N 2
N /( Z m(k) ) 9~ logd
et TZ S fapa(0™ V) | pr(dz) < N(0%(Lop—a:0) + Co— = ),
2pd+1)* IR\, 47 ( )
(11)
MiNf mk) ) > n (Lo logd o
0.1/2:40"F2) ) ur(de) > N(5 - Co=5%), (12)
k=M+1

where Cy is a constant depending only on 6.

Proof Let f be a trigonometric polynomial with period 1 satisfying fol f=

Assume that 0 is given by (4), and put I = {m(k) | k = M +1,...,M + N},
Ij =IN(rZ+j), and k(j) = #Ij (j=0,...,7r—1). Let us take i(j; 1) < --- < i(j; 6(J))
such that I; = {ri(j;1) + 4,...,7ri(4;x(4)) + j}. By noting I = I U --- U I,._1 and
Jr f(@ri(j;s)'*'jm)f(em(j/;s/)+j,m) pup(dz) =0for 0 < j < j <r—1, we have

M+N #(4)
L3 s0m®a ) p(d) Z/ (Zfé’”“)” > (o).
k=M+1

By noting
o . Ny s 1 N N
/ f(@TZ(J?S)Jer)f(g”(J?S )+Jx) pg(dz) = / f(pl(J;s )*1(J§S)x)f(ql(3§5 )*Z(ﬂs)m) dx
R 0

for s’ > s, and by N = k(0) + - -+ + s(r — 1), we have

L < S e )uR(da:):

k=M+1

N/ f d‘”+2z Z / fp i(j;s")—i(4;8) )f(qi(j;s,)_i(j:’s)x)dl’. (13)

7=01<s<s'<k(j)

Denote the right hand side of (13) by T'(f). We clearly have T(Ia)b;d) > 0. To prove
(10), (11) and (12), it is sufficient to prove

T(1ap) <Topa) < No*(1op_a,b), (14)
Y(1p1/2) > N/4, (15)

e N=7 i . —
(fa,b,d) ( a7b7d) + 2(pd 4+ 1)2°

Pan) = Tl <28 (G120 4 ). a7)




First let us prove (14). (1 ab) < T(i&b_a) is clear from (7) and (8). Let s’ > s.
Denoting i(j;s') — i(j;s) — (s —s) = A > 0, we have pi(j;s/)_i(j;s) = pAps/_s and
¢35 =103) — A¢5" =5 Hence by applying (9), we have

1 P . — o . 1 _ ’ ~ ’
/ lo’c(pl(“s )*Z(Jys)x)lo’c(qi(w )*Z(Jys)x) dz < / 10,c(PS 78%)10,c(qs ~52) dx,
0 0

where ¢ = b — a. Therefore we have

T(o.0) <N/ TREPITL S /100 = a)o0(q” ") de

7=01<s<s'<kK(j)

<N / To@)de+25 w() S /0 To,c(p"2)To (¢ 2) du
j=0 k=1

= No?(1o,¢,0).

By noting (7) we have [ 1o /2(P2)1o1/2(Qz)dz = V({P/2),(Q/2))/PQ > 0 and
fo 12 1/2(x)dw =V(1/2,1/2) = 1/4, which prove (15).

Suppose A > 1. We prove fa,b;d(pAu)fmb;d(qu) = imb;d(pAy)i b:d(gv). Since
fap:d(n) = ia,/l\);d(”) for all n # *(pd + 1), we see fa’b;d(pAu) = ia,b;d(P v). If
fa,b;d(qAV) # ia,b;d(qAV)z then |¢?v| = pd + 1. Hence we have [piv| > |¢%v| =

pd + 1 and thereby fa b: d(pAl/) =1, b;d(pAy) = 0, which implies the conclusion. By

Jo F@2) f(q*z) dz = Y, F(p™*v) f(g4v), we have
! A A 1. A \T A
A fa,b;d(p m)fa,b;d(q m) d$:/() 1a,b;d(p x)la,b;d(q ‘T)dm (18)
for A > 1 and )
1 ~
/ fepale 2pd 12 +/ 12 p.a(z) de. (19)

Therefore we have (16).
To prove (17), put

1 1
G(A)z‘ /0 Ty (07 2) 1o (g2 do — /0 Lo 0) Tapale e) dz|.  (20)

We have G(A) < 31, |5a/pa Tap(a* )10 (0?v)| < /7)), 0q/pa 1/p7V2. By
putting
~ 1/d A<logd/l
G(A) = /A < logd/logp,
1/p* A >logd/logp,

we have G(A) < G(A). Therefore we have

1T(Lap) = T(Aapa)l < NGO +QZ > GliGs) =i s)
7=01<s<s'<k(j)
r—1

<SNGO)+2> > é(s/—s)SZNié(A)§2N<10gd+ ! )

=0 1<s<s <r(j) 420 dlogp = (1-1/p)d




When 0 satisfies (3), by noting [g (0™ ®)z) f(0™*)z) up(dx) = 0 for k # K, and
Jr 26" 1) pp(de) = fol f2(z) dz, we have

M+N L 2 1 0
/< Z fa,b;d(gm( )$)> MR(dm):N/ Ja p:a() dx
R \p=nr+1 0
1
_ 2 N
—N/O la,b;d(‘r) d$+ 2(pd—|—1)2

By G(0) < 1/d, U(Ia,bﬁ) = U(Io’b,a79), and 0(10)1/279) = 1/2, we have (10), (11),
and (12). O

Lemma 3 If g is a bounded measurable function with period 1 satisfying folg =0,
then for all a < b and A > 0, we have

/ab g(Az) dx

Proof By changing variable y = Az, the integral equals to

gl
- A

A(b—a)]~1

1 Ab 1 Aa+k+1 1 b
*/ gydy=+< > / g(y) dy + */ g(y) dy.
A ra A= aatk A Jxa+[A(b—a))

Ab .
We have | {1\ p—qy 9) dyl < (A(b—a) = [A(b—a)])llglloc < llglloo, which completes
the proof. O

Lemma 4 Let g be a trigonometric polynomial with period 1 and degree d satisfying
fol g = 0. There exists a constant Cy depending only on 0 such that, for a sequence {\}
of real numbers satisfying Hadamard’s gap condition Ag11/A > 60 > 1 and A > 1,

[[(3 sn) wza( g ) v

Proof Applying the triangle4in§>quality for L4-norm7 we see t}}lat the left hand side is
bounded by (ZMgd g™ fo (EQ/I:W+1 exp(2my/—1A;vx))” dx. Hence by applying
the following inequality (Lemma 1 (1) of [5]), we have the conclusion:

o0 o0

1 4 2
/ (Z(cj cos 2\ jx + d;j sin 27r)\j:c)) dx < Cy (Z(c]2 + d?)) .0
0

j=1 j=1

Lemma 5 Let {Z;} and {Z},} be standard normal i.i.d. Suppose that {vj,} and {v},}
are sequences of positive numbers satisfying c1i < v; < coi, dii < vg < doi, and
vi§11£+’yif0rsom60<cl <ecp<oo,0<d <dg <00, and 0 <y < oo. Put
lag = M(M+1)/2, By = v1+---4opr, By = vi+- -+, and ¢(z) = 2z Toglogx.
Then we have

— 1
Vel <l —
Cl_Mgnoogb(lM)

lim
=

Sz < OO(ZS(%J\/I) +V7 <Vde + 7, as.,

- M
k<Bwm

2

k<

where all limsups above are constants a.s.



Proof By 0-1 law, we see that all limsups are constants a.s. Hence it is sufficient to
prove the conclusion by putting Z,{C =Zp.

We use the following result ((1.2.4) in Theorem 1.2.1 of [4]). Let W (¢) be a standard
brownian motion. For non-decreasing Ap such that 0 < Ap < T and T/Ar is non-
decreasing, we have

lim sup sup Br|W(t+s)—W(@#)| =1, as
T—000<t<T—Ap 0<s<Arp

where B% = 1/(2A7(log(T/Ar) + loglog T)). By putting Ay = 1, Ay = CV/T, and
Ar = DT (0 < D < 1), we have

sup |W(t+s)— W(t)| =O0((logt)/?), (t— o) as. (21)

0<s<1

sup  |[W(t+s)—W(t)| = O0((Vtlogt)?), (t— o) as. (22)
0<s<C+t

sup [W(u+ Ds) —W(u)| < (1+0(1))v/2Dsloglogs, (s—o0) as. (23)

0<u<(1-D)s
It is sufficient to prove

W(BuDI - = V(5D

d(lp)  ~ M—oo  B(ln)

ver < lim VA <Vda + A, as.

— 00

Note that c1lps < Bar < colps and dilyy < B3 < dalps. By applying (21), we have
W (Bar) = W(Bar))| = O((log Lar)™/?) = o(¢(Lr)) and thereby

= WG WS WL W8 D)

M—=co  @(lpr) M—oo  ¢(lpr) M—co @(lpr)  M—oo  d(lar)

Let us define functions §(t), 3'(t), and I(t) by putting 3(M) = Bar, B (M) = By, and
(M) =lp; for M € N and linearly interpolating on each interval [ M, M + 1]. Clearly
they are strictly increasing functions satisfying c1l(t) < B(t) < c2l(t), d1l(t) < 8'(t) <
dal(t), and B(t) < B'(t) +I(t)

Thanks to Ba; — Ba—1 = O(M) = O(I3/?), by applying (22), we have

a.s.

sup  [W(t) = W(Bar)| = O((1 log lar)Y/?) = o(é(lnr)),  ass.
Brm—1<t<Bm

and hence
= WO _ e WO WOl WE O
M—oo ¢(lpr) — t—oo d(U(t)) M—oco @(lpr)  t—oo o(U(t) T

By B(¢t) > c1l(t), we have

O _ g IWB@)] 6(BQ1)
) = 9(B(1) (1))

By §'(t) < dal(t), in the same way we have

> e Tm \WBE)|
t—oo

= W(E' W)
A o) <V e



Put 8”(t) = B'(t) + 7I(t) and denote the inverse functions of 3(t) and " (t) b
B7L(s) and 8" 1(s). By B(t) < 8" (t) we have 371(s) > 8”7 1(s). Therefore we have
@Bl _ W (Bs) _ W (u)|
TS TSR ) A S G )
< lim sup W (w)| = lim W(ﬁ”(t))|’ a.s.

T =00 >y H(U(B" () tmoe (I(1))
By applying (23) for s = (da +¥)I(t), u = B'(t), and D = v/(d2 + 7y), we have

(W(B' () +~1(1) = W(B'(1))] < (1+0(1))v/291(t) loglog (t), a.s.

and hence
B WO g WE W), o W) +10) - WE ()]
t—oo  ¢(l(t)) T t—oo (1))  t—oo o(l(t))
— [W(5'(1))|
S eaa) Vo P

3 Law of the iterated logarithm

In this section we prove (5) and Xy r,,,(x)} € [1/2, Xg]. Denote f, p.q simply by f. Put
ng = 0"%) and note ng41/ng > 0. We follow the method of martingale approximation
given in [1], which originated with Berkes [3] and Philipp [11].

Let us divide N into consecutive blocks A}, A1, Ay, Ao, ... satisfying #A'i =[1+
9logy i] and #Ai = 4. Denote i~ = min A; and T = max A;. We have

i g1y > 0719807 =9

Put u(i) = [10g22 ni | +1 and F; = o{[j27*D G+ 1270y | j=0,..., 240 —1},
Note that i* ni+ < k(1) < 244 n;+. Put

= > flumax), Tix)= Y flwz), Yi=E(T|F)-E(T;|Fi-1).

kEA; ke,

Then {Y;, F;} forms a martingale difference sequence. Here let us prove

Vi = Tilloo < (I1f loo + 2II flloc) /3°, (24)
1Y = T lloo < 30l flloo (I lso + 21l flloo) /32, (25)
1V = T loo < 150136 (11f loo + 201 flloo)- (26)

If k € A and z e I = [j27") (j+1)27#0)) ¢ 7, then we have |f(nyz) —
E(f(ng ) | F)l = |7 [1(f(nia) = fnry)) dy| < maxyer|f(nge) — f(npy))] <
£ [ oom2 ™) < I ||oonk/z ni+ < ||f'|loo/i*. Hence we obtain |T; — E(T; | Fi)| <
£ oo ® A /i* = ||f'|lo0/i®. Take J = [j27#(~D) (;+1)2 mi=1)) € F;_y. Then by
Lemma 3, we have |E(f(ny,-) | Fi—1)| = |I77" [, F(nw) dy| < [f]loo giti- Dy <
[[flloo2(i — 1)4n(¢—1)+/n¢— < 2| flloo/i®. Thus [E(T; | Fi1)| < 2| fllc™Ai/i® =
2||flloo /i, and (24) is proved.



By Tilloo < llflloos we have [ E(T; | F)lloos [ E(Ti | Fi1)lloo < ill - Hence we
have [¥illoc < 2illfloo, 11V + Tilloe < 3illflloo, IIV2 + T2lloo < 5[/ . Apply these
0 [1V2 ~T2loo < |IV; — Tilloo [¥; + Tillow and [Vt~ Tlloo < V2 —T2 oo IY2 + T2lcc-
Then we have (25) and (26).

Put C = min{{logg v —logy v")* | v,v/ =1,...,pd+1,logyv —logy ' ¢ Z} € (0,1)
where (z)* = min,cgz |z — n|. Denote D = ¢ — 1 > 0. We prove

00 + 6| > DOF it k> L, v, || <pd+1, 6Fv+6' £0.  (27)

If v/ > 0, then it is trivial. Assume v > 0 an ¢/ < 0 and put "/ = —/. If logg v —
logg "' ¢ Z, then we have |logy(0°v) — logy(0'v"")| = |(k — 1) + (logg v — logg )| >
(logg v — logg v"')* > C. If loggv — logg " € Z, then by 6%v # 6'0", logy(8*v) —
logy(0'v"") is a non-zero integer and hence |logy(6¥1) — logy(8'v")| > 1 > C. Hence
0k /0" > eC it 08 > 01" and 010" /6% > €© otherwise. By 0Fv /0" > € we
have 0%y — 01" > (e¢ — 1)0'" > DO* | which is (27). The rest is similar.

If we expand Ti2 into trigonometric polynomial, the constant term is given by
Va,bsdyi = fR Tf (z)pgr(dx). The polynomial Tiz — Vg b:d;i has at most 8(d + 1)21'2 terms
and the absolute values of frequencies are greater than Dn;—. Therefore, by Lemma
3 again, we have |E(T? — vg p.asi | Fi1)| < 8(d + 1)%2(1/Dn;- 200D = 0(1/%).
Hence we have

M

ZE(T’L? ‘ -7:1'71) - B(Lb;d;MH = 0(1)7 (28)
=1 oo

M
where B4 p:d;M = D51 Va,bidsi-
Since (25) implies |1, (E(Y? | Fio1) — E(T? | Fio1)) ||, = O(1), we have

M
S B | Fior) - ﬁa,b;d;MH =0(1). (29)
i=1 o0

Denote Ipy = M(M +1)/2. By (10), (11) and (12), we have

i . logd
pd F1)2 = Vasbidi S V0b—aidsi +iCp—— (30)
. = logd
V0,b—asdsi < 1(02(1o,b_a,0)+09 i ) (31)
1 logd
V0,1/2;d5i > Z(Z - Cp 4 )» (32)
1 2~ logd
— < M <
v Spd £ 12 = Bapsasm < lu (0’ (Lo,p—a,6) +2C5— ) (33)

Now we use the following theorem by Monrad-Philipp [10] which is a version of the
theorem by Strassen [14].

Theorem 2 Let {Y;,F;} be a real-valued square-integrable martingale difference se-
quence. Let i) be a nondecreasing function with ¥ (z) — oo as x — oo and such that
¥(z)(log x)* /z is non-increasing for some o > 50. Suppose that

M 00
Vi =Y B | Fio) oo as and Y E(YP1y2s ) /¢(Vi)) < oo
1=1 1=1
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Suppose that there ezxists a random variable which is uniformly distributed over [0, 1)
and independent of the sequence {Yn}. Then there exists a standard normal i.i.d. {Z;}
such that with probability 1,

S Vilpyiany = Zi +o(t Pt /1)), (t— ).

i>1 i<t

To have an independent uniformly distributed variable, we make a product space with
another unit interval equipped with the Lebesgue measure. By Lemma 4 and by (26),
we have EY = ET} + O(1) = O(i%). By (29) and (33), we have Vy; > l3,/C" for
some C” > 0. Hence we can verify the condition in the above theorem by putting
Y(z) = z/(logz)! as below

EY4 -2 1 l'L 102
ZE Y 1{Y2>1/’ V)}/w Z V2(1;/C") :O(Z %) =0(1).

Because of ||Y;|leco = O(i) and (29), we have
ZYil{‘/iSﬁa,b;d;J\l} ZYk +0(M ZYk + o(o(lnr)).
i>1

By (33), we have B, p.4.ps = O(lpr). Hence by applying previous theorem for ¢ =
Ba,b:d;M by noting the estimate (24), we have

M M
ZTk:ZYk+O ZYl{v<5abdM}+0(¢(lM))
k

k=1 i>1

Z Zi+o(p(lpr)) as.

1< Ba,b;d; M

Therefore we have

> Zi|=Cla,bid), as.  (34)

Jim Y,
—00 iﬁﬁa,b;d;M

e
= Jim ¢ (Iar)

M
| 2 T
k=1
By noting (30), (31) and (32), and by applying Lemma 5, we have

Cla,b;d) < C(0,b— a; d)+,/0910§d < o(Tgs- a,9)+2,/091°§d (35)

1/2
C0,1/2:d)> (- 29) " (36)

By the standard argument using Fubini’s theorem, limp;_, oo ¢71(ZM)|Z,]€W:1 Tk| =
C(a,b;d) a.e. on the original unit interval.

Now we use the following Lemma which is Lemma 3.1 of [1]. In [1], it is proved
by assuming that Ay is an integer and applying method by Takahashi [15] and Philipp
[12]. We can remove this extra condition by applying modification of proof which is
used in [6].
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Lemma 6 Let r(z) be a function of the form r(z) = EJ glaj cos2mjz +b; sin 2mwjx),
where |aj|, |bj| < 1/j for j > d. If a sequence {Ap} of real numbers satisfies the
Hadamard’s condition Ag11/A > 6 > 1, then

1 N

Iim ————
N—oo 2NloglogN]C 1

<cpd V4, ae.

r(AkT)

where Cfg is a positive constant depending on 6.

Applying Lemma 6 by putting r = fg .4, by Ziﬂil[l + 9loggi] = O(Mlog M), we
have |Z£4:1 T,g| = O(\/Mlongoglog(MlogM)) = o(+/Ipr), and hence we have
Timar— oo ¢ (L) | San; Th| = 0. By noting M = {5 + M [1+9loggi] ~ Iy and
(34), we see that Timps—ee ¢~ (M) M S arua, FO™H)] = C(a,b;d) ae. By
reay,van (O™ = 0(¢(M+)>, we have

Iim ¢! G(k x)| =

N—oo

C(a,b;d), ae.

Noting Ia,b —fabid = (Flial7 — 1a,b;d) — m cos 27 (pd+ 1)z, we see that (Flial, —fap:d)/2
satisfies the condition of Lemma 6. Hence we have

N
Tm ¢ (N> Ao — fasa) 0" F2)| <2057 %, ace.
R, ; b3
k=1
Therefore we see that Hmpy_ oo ¢ ‘Zk 11, b(9m | belongs to the interval

with center C(a, b; d) and radius 209 1/4, a.e. By letting d — oo, we have

ffim ¢! (0" W)

N—oo

= hm C(a,b;d) = o(1 ab 0, {m(k)}), ae.

By letting d — oo in (35) and (36), we have o (1 ab 0, {m(k)}) < 0(1071)_@, 0,{m(k)}) <
0(1g,p—q,0) and 0(1071/2,9,{771( ) >1/2.
We use the fundamental relations below which can be found in [8].

Lemma 7 For any countable dense subset S of [0,1) and for any sequence {ny} of
real numbers (not necessarily integers) satisfying Hadamard’s gap condition, we have

—  NDn{ngz}

lim ————— = sup lim o’ ,a(NET) a.e.,
Nooo v/2NTloglog N S35a/<acs N—oo V2N loglog N log logN

__  ND* .

lim M =sup lim ; (ngx)|, a.e.
N—oo v/2N loglog N 45 N—oo /2N loglog N =

Applying the lemma by putting S =[0,1)NQ, E;’{m(k)} = SUPuecg a(io,a, 0,{m(k)}),
and Xy r(k)} = SUPS54<bes o(Lap,0,{m(k)}), we have SR gy = 0 (m(k)}
and Z{mn(k)x} = Yg (m(k)} a-¢. Although we have a trivial inequality E;’{m(k)} <
Xo tmk)}> Y 0(Lap, 0, {m(k)}) < o(1op—a, 0, {m(k)}) we have the converse inequal-
ity and thereby we have E;’{m(k)} = X {m(k)}-

By 0( ab 0, {m(k)}) < o(1gp—q,0) and Xy = sup07aa(107a,9) (Ct. [6]), we have
Xo,tmk)y < Xo- By 0(1071/2,9, {m(k)}) > 1/2, we have X, {mk)} = 1/2.
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4 Randomization

In this section we prove the following: For any o € [1/2, Xy ], there exists a sequence
{m(k)} € N such that Ty ,,,(r)y = 0. When 0 satisfies (3), we have Xy = 1/2 and
nothing is left to be proved. We assume that 6 is given by (4). Let us first consider
two extreme cases. For 0 = Xy, m(k) = k is sufficient since it is proved in [6], and for
o =1/2, m(k) = k? is sufficient since we have g™ 1) /™) _ oo which is treated
in [7]. Therefore it is enough to consider the case o € (1/2, Xy). To construct such a
sequence, we adopt the method of randomization.

Let w € (0,1) and {X,} be a sequence of independent random variables defined
on the other probability space (£2,&,P) satisfying P(X, = 1) =1-P(X, =0) = w
Put

N
Z - 1

HN: Xk: and =5, M :7 E E Xka-i-s (820,1,2,...),
k=1 M3 e, A(Ai—s)

where A; —s = {j—s|j € A;}. Clearly the condition k € A;N(4; —s) is equivalent to
that k, k+s € A;. Since a subsequence of { X} X s}, forms an s-dependent sequence
of identically distributed random variables, it obeys the law of large numbers. Since

M
—Z Z 1:%Zmax{i—s,0}—>1,
M im1

i=1 k€ A;N(A;—s)

we have

by putting
Q2 ={we 2| Hy(w)/N = w, Sop(w) = wand 5, pr(w) — w? (s =1,2,...)},

we have P(£29) = 1. We assume that w € £2y. Denote

1 o0 1
2 = 21} X w kx kl‘ X
a(f,aw)—/o P(a)de +2 ,;1/0 F@h o) f (¢ ) d

By applying (18) and (19), we can take a constant Cy depending only on 6 such that

2 2= 1
lo (fa,b;daeaw)*a (1a,ba9aw)|§W+G +2wZG
1 logd 1 ~ logd
2(pd+1)? * dlogp  (1—1/p)d =G0y (37)

where G(k) above is that defined by (20).

By recalling that 6 is given by (4), we put m(k) = rk, ny = gm(k) — (p/q)k,
Ti(z) = > pen, Xk f(ngw), and Ti(x) = > pear Xif(ngz). We follow the proof of the
last section and have completely the same conclusions until (29).

We have

Vabidii = D Xk/ 3 vl

keA;

1
+ 22 > Xk:Xk+s/0 Jap;d(0°%) fa,p;a(q ) da.

s=lkecA;N(A;—s)
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Note that fol fmb;d(pkm)fmb;d(qu) dz = 0 except for finitely many k because fq p.q is
a trigonometric polynomial. Hence we have

1 o0 1
Babsa;m /v = EO,M/O f2 palx)dz +2 Z Es,M/O fa,p;a(0°) fa,psa(q’x) d
s=1

- wGZ(fa,b;d7 07 ’LU)
Hence we have (34) with C(a,b;d) = Jwo(fq,p:d,0,w). By following the same argu-
ment, we have
N
im ¢ '(N)

N—o0

kaa,b;d((p/Q)kx) = \/Eg(fa,b;dv 0, w)7 a.e.
k=1

By applying Lemma 6 and (37), we conclude as before that

Tim ¢~ (V)

N—o0

N
> XpLap((p/0)fe)| = Vwo(Tap, 0,w), ae.
k=1

By Hy ~ wN, we have

Iim ¢ '(Hy) =0(1ap,0,w), ae.

N—oo

N
> X Tap((p/0) )

k=1

Now we regard the set {(p/q)k | X3 = 1} as an increasing sequence and denote it by
{n7}. Then we can rewrite the law of the iterated logarithm above as below:

N
Z ]-a,b(nzx)

k=1

Tm ¢~ ()

Aim = a(i%b, 0,w), a.e.

By applying Lemma 7, we have Y*(njx) = supy<g<; 0(10,4,0,w) and XY(njzx) =
SUPg<q<b<1 a(ia’b, 0,w). By noting (8), we have
Sup U(Ia,lneaw) = Sup U(Io,aaeaw)
0<a<b<1 0<a<1
and hence X*(njz) = X(njx) a.e. as before. We here prove that o(1g 4,0, w) is a
uniformly continuous function of (a,w) € T x [0, 1]. Since V (x, ) is continuous on T2,
by expressing
S k k
~ 1% x), T
0(1o,q,0,w) =V(a,a)+ 2w Z W
=1 prrq
using (7), we see that this is a uniformly convergent series of uniformly continuous
functions on T x [0, 1]. Hence o(10,q, 0, w) is uniformly continuous on T x [0,1], and
therefore supy<,<1 0(10,q, 0, w) is continuous in w. Thanks to

~ 1 /2
sup o(1g,q,6,0) = sup (/ 1p,q(x) da:) ==
0<a<1 0<a<1\Jo 2

and

sup U(IO)Q,O, 1) = sup 0(107(1,0) =Xy,
0<a<1 0<a<1

for any given o € (1/2, X)) we can find a w € (0, 1) such that

X*(npz) = X(npx) = sup 0(107(1,9,111) =0, a.e.
0<a<1
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