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Abstract We determine the set of possible constants appearing in the law of the

iterated logarithm for discrepancies of subsequences of {θkx}. We prove that the set

coincides with the interval [ 1/2, Σθ ], where Σθ is the constant for {θkx}. It implies

that the discrepancies decrease if we take a subsequence of {θkx}.
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1 Introduction

Let us recall the definition of discrepancies of a sequence {ak} of real numbers:

DN{ak} = sup
0≤a′<a<1

˛

˛

˛

˛

1

N

N
X

k=1

e1a′,a(ak)

˛

˛

˛

˛

; D∗
N{ak} = sup

0≤a<1

˛

˛

˛

˛

1

N

N
X

k=1

e10,a(ak)

˛

˛

˛

˛

;

where e1a′,a(x) = 1[a′,a)(〈x〉) − (a − a′), 〈x〉 denotes the fractional part x − [ x ] of x,

and 1[a′,a) denotes the indicator function of [ a′, a). We study the value distribution of

Σ{nkx} = lim
N→∞

NDN{nkx}√
2N log log N

and Σ∗{nkx} = lim
N→∞

ND∗
N{nkx}√

2N log log N
.
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Philipp [12,13] proved the bounded law of the iterated logarithm

1/(4
√

2) < Σ∗{nkx} ≤ Σ{nkx} ≤ C(q) < ∞, a.e.

for {nk} satisfying Hadamard’s gap condition

nk+1/nk > q > 1. (1)

Recently it became possible to compute the exact values of Σ∗{nkx} and Σ{nkx}.
Actually the following results were proved in [6,8].

For all real numbers θ > 1, there exists a constant Σθ such that

Σ∗{θkx} = Σ{θkx} = Σθ, a.e. (2)

We have Σθ = 1/2 if and only if θ satisfies the condition

θr /∈ Q for all r ∈ N. (3)

Otherwise express θ in the following way:

θ = r
p

p/q where r = min{n ∈ N | θn ∈ Q}, p, q ∈ N, and gcd(p, q) = 1. (4)

In this case Σθ does not depend on r. It is evaluated in the following cases:

Σθ =

8

>

>

>

>

<

>

>

>

>

:

p

(pq + 1)/(pq − 1)/2 if p and q are odd,
p

(p + 1)p(p − 2)/(p − 1)3/2 if p ≥ 4 is even and q = 1,
√

42/9 if p = 2 and q = 1,
√

22/9 if p = 5 and q = 2.

In this note we determine the set of possible limsup values of Σ∗{θm(k)x} and

Σ{θm(k)x} where {θm(k)x} is a subsequence of {θkx}.
Denote by N the set of all strictly increasing sequences of natural numbers.

Theorem 1 For any θ > 1 and {m(k)} ∈ N , there exists a constant Σθ,{m(k)} ≥ 1/2

such that

Σ∗{θm(k)x} = Σ{θm(k)x} = Σθ,{m(k)}, a.e. (5)

We have
˘

Σθ,{m(k)}
˛

˛ {m(k)} ∈ N
¯

= [ 1/2, Σθ ].

By applying the same idea used in [7], we can prove the following corollary.

Corollary 1 For any σ ∈ [ 1/2, Σθ ], there exists a permutation π of N such that

Σ∗{θπ(k)x} = Σ{θπ(k)x} = σ, a.e.

Actually, we can prove a stronger result that the set of all possible values of

Σ{θπ(k)x} for permutations π of N coincides with [ 1/2, Σθ ]. We will visit this topic

in a separate paper. As to the comprehensive studies on effects of permutation on

limit theorems for lacunary series, we refer the readers to the survey [2] by Aistleitner-

Berkes-Tichy.
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2 Preliminary

For x, y, ξ, η ∈ [ 0, 1), put V (x, ξ) = x ∧ ξ − xξ and eV (x, y, ξ, η) = V (x, ξ) + V (y, η) −
V (x, η) − V (y, ξ). Note V (x, ξ) = eV (0, x, 0, ξ).

Lemma 1 Let a, b, c ∈ [ 0, 1). For any natural numbers P and Q,

V (〈Pa〉, 〈Qb〉) ≤ PQV (a, b). (6)

If gcd(P, Q) = 1,

Z 1

0

e1a,b(Px)e1a,b(Qx) dx =
1

PQ
eV (〈Pa〉, 〈Pb〉, 〈Qa〉, 〈Qb〉), (7)

eV (〈Pa〉, 〈Pb〉, 〈Qa〉, 〈Qb〉) ≤ V (〈P (b − a)〉, 〈Q(b − a)〉), (8)

If gcd(PP ′, QQ′) = 1,

Z 1

0

e10,c(PP ′x)e10,c(QQ′x) dx ≤
Z 1

0

e10,c(Px)e10,c(Qx) dx. (9)

Proof Let us prove (6). We trivially have 〈Pa〉 ≤ Pa. By putting a = 1 − b, we have

1 − 〈Qb〉 = 〈Q(1 − b)〉 ≤ Q(1 − b). By noting V (x, ξ) = x(1 − ξ) ∧ (1 − x)ξ, we have

V (〈Pa〉, 〈Qb〉) = 〈Pa〉(1 − 〈Qb〉) ∧ (1 − 〈Pa〉)〈Qb〉
≤ PaQ(1 − b) ∧ P (1 − a)Qb = PQV (a, b).

(7) and (8) are proved in [6]. By (6), we have V (〈PP ′c〉, 〈QQ′c〉) ≤ P ′Q′V (〈Pc〉, 〈Qc〉).
By noting (7), we have (9). ut

For a function f of bounded variation with period 1 satisfying
R 1
0 f = 0, put

σ2(f, θ) =

(

R 1
0 f2(y) dy if θ satisfies (3),

R 1
0 f2(y) dy + 2

P∞
k=1

R 1
0 f(pky)f(qky) dy if θ is given by (4).

For a bounded measurable function g, we define the mean value
R

R g(x) µR(dx) by

Z

R
g(x) µR(dx) = lim

T→∞

1

2T

Z T

−T
g(x) dx

if the limit on the right hand side exists. For a trigonometric polynomial g with

period 1 satisfying
R 1
0 g = 0, we have

R

R g(Θx)g(x) µR(dx) = 0 for Θ /∈ Q, and
R

R g((P/Q)x)g(x) µR(dx) =
R

R g(Px)g(Qx) µR(dx) =
R 1
0 g(Px)g(Qx) dx for non-zero

integers P and Q.

Suppose 0 ≤ a < b < 1. Denote by e1a,b;d the d-th subsum of the Fourier series of
e1a,b. Put

fa,b;d(x) = e1a,b;d(x) +
1

pd + 1
cos 2π(pd + 1)x,

where p is that in (4) if θ is given by (4), and p = 1 if θ satisfies (3). Here we added the

term 1
pd+1 cos 2π(pd + 1)x additionally to have the lower bound (11) for the variance

of summation. It makes easier to apply the martingale approximation machinery.
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Lemma 2 We have

Z

R

„ M+N
X

k=M+1

fa,b;d(θm(k)x)

«2

µR(dx)

≤
Z

R

„ M+N
X

k=M+1

f0,b−a;d(θm(k)x)

«2

µR(dx) + NCθ
log d

d
, (10)

N

2(pd + 1)2
≤

Z

R

„ M+N
X

k=M+1

fa,b;d(θm(k)x)

«2

µR(dx) ≤ N
“

σ2(e10,b−a, θ) + Cθ
log d

d

”

,

(11)

Z

R

„ M+N
X

k=M+1

f0,1/2;d(θm(k)x)

«2

µR(dx) ≥ N
“1

4
− Cθ

log d

d

”

, (12)

where Cθ is a constant depending only on θ.

Proof Let f be a trigonometric polynomial with period 1 satisfying
R 1
0 f = 0.

Assume that θ is given by (4), and put I = {m(k) | k = M + 1, . . . , M + N},
Ij = I∩(rZ+j), and κ(j) = #Ij (j = 0, . . . , r−1). Let us take i(j; 1) < · · · < i(j; κ(j))

such that Ij = {ri(j; 1) + j, . . . , ri(j; κ(j)) + j}. By noting I = I0 ∪ · · · ∪ Ir−1 and
R

R f(θri(j;s)+jx)f(θri(j′;s′)+j′
x) µR(dx) = 0 for 0 ≤ j < j′ ≤ r − 1, we have

Z

R

„ M+N
X

k=M+1

f(θm(k)x)

«2

µR(dx) =

r−1
X

j=0

Z

R

„κ(j)
X

s=1

f(θri(j;s)+jx)

«2

µR(dx).

By noting

Z

R
f(θri(j;s)+jx)f(θri(j;s′)+jx) µR(dx) =

Z 1

0
f(pi(j;s′)−i(j;s)x)f(qi(j;s′)−i(j;s)x) dx

for s′ ≥ s, and by N = κ(0) + · · · + κ(r − 1), we have

Z

R

„ M+N
X

k=M+1

f(θm(k)x)

«2

µR(dx) =

N

Z 1

0
f2(x) dx + 2

r−1
X

j=0

X

1≤s<s′≤κ(j)

Z 1

0
f(pi(j;s′)−i(j;s)x)f(qi(j;s′)−i(j;s)x) dx. (13)

Denote the right hand side of (13) by Υ (f). We clearly have Υ (e1a,b;d) ≥ 0. To prove

(10), (11) and (12), it is sufficient to prove

Υ (e1a,b) ≤ Υ (e10,b−a) ≤ Nσ2(e10,b−a, θ), (14)

Υ (e10,1/2) ≥ N/4, (15)

Υ (fa,b;d) = Υ (e1a,b;d) +
N

2(pd + 1)2
, (16)

|Υ (e1a,b) − Υ (e1a,b;d)| ≤ 2N

„

log d

d log p
+

1

(1 − 1/p)d

«

. (17)
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First let us prove (14). Υ (e1a,b) ≤ Υ (e10,b−a) is clear from (7) and (8). Let s′ ≥ s.

Denoting i(j; s′) − i(j; s) − (s′ − s) = A ≥ 0, we have pi(j;s′)−i(j;s) = pAps′−s and

qi(j;s′)−i(j;s) = qAqs′−s. Hence by applying (9), we have

Z 1

0

e10,c(p
i(j;s′)−i(j;s)x)e10,c(q

i(j;s′)−i(j;s)x) dx ≤
Z 1

0

e10,c(p
s′−sx)e10,c(q

s′−sx) dx,

where c = b − a. Therefore we have

Υ (e10,c) ≤ N

Z 1

0

e12
0,c(x) dx + 2

r−1
X

j=0

X

1≤s<s′≤κ(j)

Z 1

0

e10,c(p
s′−sx)e10,c(q

s′−sx) dx

≤ N

Z 1

0

e12
0,c(x) dx + 2

r−1
X

j=0

κ(j)

∞
X

k=1

Z 1

0

e10,c(p
kx)e10,c(q

kx) dx

= Nσ2(e10,c, θ).

By noting (7) we have
R 1
0

e10,1/2(Px)e10,1/2(Qx) dx = V (〈P/2〉, 〈Q/2〉)/PQ ≥ 0 and
R 1
0

e12
0,1/2(x) dx = V (1/2, 1/2) = 1/4, which prove (15).

Suppose A ≥ 1. We prove bfa,b;d(pAν) bfa,b;d(qAν) =
b

e1a,b;d(pAν)
b

e1a,b;d(qAν). Since

bfa,b;d(n) =
b

e1a,b;d(n) for all n 6= ±(pd + 1), we see bfa,b;d(pAν) =
b

e1a,b;d(pAν). If

bfa,b;d(qAν) 6= b

e1a,b;d(qAν), then |qAν| = pd + 1. Hence we have |pAν| > |qAν| =

pd + 1 and thereby bfa,b;d(pAν) =
b

e1a,b;d(pAν) = 0, which implies the conclusion. By
R 1
0 f(pAx)f(qAx) dx =

P

ν
bf(pAν) bf(qAν), we have

Z 1

0
fa,b;d(pAx)fa,b;d(qAx) dx =

Z 1

0

e1a,b;d(pAx)e1a,b;d(qAx) dx (18)

for A ≥ 1 and
Z 1

0
f2
a,b;d(x) dx =

1

2(pd + 1)2
+

Z 1

0

e12
a,b;d(x) dx. (19)

Therefore we have (16).

To prove (17), put

G(A) =

˛

˛

˛

˛

Z 1

0

e1a,b(p
Ax)e1a,b(q

Ax) dx −
Z 1

0

e1a,b;d(pAx)e1a,b;d(qAx) dx

˛

˛

˛

˛

. (20)

We have G(A) ≤
P

|ν|>d/pA |be1a,b(q
Aν)

b

e1a,b(p
Aν)| ≤ (2/π2)

P

ν>d/pA 1/pAν2. By

putting

eG(A) =

(

1/d A < log d/ log p,

1/pA A ≥ log d/ log p,

we have G(A) ≤ eG(A). Therefore we have

|Υ (e1a,b) − Υ (e1a,b;d)| ≤ N eG(0) + 2

r−1
X

j=0

X

1≤s<s′≤κ(j)

eG(i(j; s′) − i(j; s))

≤ N eG(0) + 2

r−1
X

j=0

X

1≤s<s′≤κ(j)

eG(s′ − s) ≤ 2N

∞
X

A=0

eG(A) ≤ 2N

„

log d

d log p
+

1

(1 − 1/p)d

«

.
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When θ satisfies (3), by noting
R

R f(θm(k)x)f(θm(k′)x) µR(dx) = 0 for k 6= k′, and
R

R f2(θm(k)x) µR(dx) =
R 1
0 f2(x) dx, we have

Z

R

„ M+N
X

k=M+1

fa,b;d(θm(k)x)

«2

µR(dx) = N

Z 1

0
f2
a,b;d(x) dx

= N

Z 1

0

e12
a,b;d(x) dx +

N

2(pd + 1)2
.

By G(0) ≤ 1/d, σ(e1a,b, θ) = σ(e10,b−a, θ), and σ(e10,1/2, θ) = 1/2, we have (10), (11),

and (12). ut

Lemma 3 If g is a bounded measurable function with period 1 satisfying
R 1
0 g = 0,

then for all a < b and λ > 0, we have

˛

˛

˛

˛

Z b

a
g(λx) dx

˛

˛

˛

˛

≤ ‖g‖∞
λ

.

Proof By changing variable y = λx, the integral equals to

1

λ

Z λb

λa
g(y) dy =

1

λ

[λ(b−a)]−1
X

k=0

Z λa+k+1

λa+k
g(y) dy +

1

λ

Z λb

λa+[λ(b−a)]
g(y) dy.

We have |
R λb
λa+[λ(b−a)] g(y) dy| ≤ (λ(b−a)− [λ(b−a)])‖g‖∞ ≤ ‖g‖∞, which completes

the proof. ut

Lemma 4 Let g be a trigonometric polynomial with period 1 and degree d satisfying
R 1
0 g = 0. There exists a constant Cθ depending only on θ such that, for a sequence {λk}

of real numbers satisfying Hadamard’s gap condition λk+1/λk ≥ θ > 1 and λ1 ≥ 1,

Z 1

0

„ M+N
X

k=M+1

g(λkx)

«4

dx ≤ Cθ

„

X

|ν|≤d

|bg(ν)|
«4

N2.

Proof Applying the triangle inequality for L4-norm, we see that the left hand side is

bounded by
`

P

|ν|≤d |bg(ν)|
´4 R 1

0

`

PM+N
k=M+1 exp(2π

√
−1λkνx)

´4
dx. Hence by applying

the following inequality (Lemma 1 (1) of [5]), we have the conclusion:

Z 1

0

„ ∞
X

j=1

(cj cos 2πλjx + dj sin 2πλjx)

«4

dx ≤ Cθ

„ ∞
X

j=1

(c2j + d2
j )

«2

.ut

Lemma 5 Let {Zk} and {Z′
k} be standard normal i.i.d. Suppose that {vk} and {v′k}

are sequences of positive numbers satisfying c1i ≤ vi ≤ c2i, d1i ≤ v′i ≤ d2i, and

vi ≤ v′i + γi for some 0 < c1 < c2 < ∞, 0 < d1 < d2 < ∞, and 0 < γ < ∞. Put

lM = M(M +1)/2, βM = v1+ · · ·+vM , β′
M = v′1+ · · ·+v′M , and φ(x) =

√
2x log log x.

Then we have

√
c1 ≤ lim

M→∞

1

φ(lM )

˛

˛

˛

˛

X

k≤βM

Zk

˛

˛

˛

˛

≤ lim
M→∞

1

φ(lM )

˛

˛

˛

˛

X

k≤β′
M

Z′
k

˛

˛

˛

˛

+
√

γ ≤
p

d2 +
√

γ, a.s.,

where all limsups above are constants a.s.
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Proof By 0-1 law, we see that all limsups are constants a.s. Hence it is sufficient to

prove the conclusion by putting Z′
k = Zk.

We use the following result ((1.2.4) in Theorem 1.2.1 of [4]). Let W (t) be a standard

brownian motion. For non-decreasing AT such that 0 < AT ≤ T and T/AT is non-

decreasing, we have

lim
T→∞

sup
0≤t≤T−AT

sup
0≤s≤AT

BT |W (t + s) − W (t)| = 1, a.s

where B2
T = 1/(2AT (log(T/AT ) + log log T )). By putting AT = 1, AT = C

√
T , and

AT = DT (0 < D < 1), we have

sup
0≤s≤1

|W (t + s) − W (t)| = O((log t)1/2), (t → ∞) a.s. (21)

sup
0≤s≤C

√
t

|W (t + s) − W (t)| = O((
√

t log t)1/2), (t → ∞) a.s. (22)

sup
0≤u≤(1−D)s

|W (u + Ds) − W (u)| ≤ (1 + o(1))
p

2Ds log log s, (s → ∞) a.s. (23)

It is sufficient to prove

√
c1 ≤ lim

M→∞

|W (bβM c)|
φ(lM )

≤ lim
M→∞

|W (bβ′
M c)|

φ(lM )
+

√
γ ≤

p

d2 +
√

γ, a.s.

Note that c1lM < βM < c2lM and d1lM < β′
M < d2lM . By applying (21), we have

|W (βM ) − W (bβM c)| = O((log lM )1/2) = o(φ(lM )) and thereby

lim
M→∞

|W (βM )|
φ(lM )

= lim
M→∞

|W (bβM c)|
φ(lM )

and lim
M→∞

|W (β′
M )|

φ(lM )
= lim

M→∞

|W (bβ′
M c)|

φ(lM )
, a.s.

Let us define functions β(t), β′(t), and l(t) by putting β(M) = βM , β′(M) = β′
M , and

l(M) = lM for M ∈ N and linearly interpolating on each interval [ M, M + 1 ]. Clearly

they are strictly increasing functions satisfying c1l(t) < β(t) < c2l(t), d1l(t) < β′(t) <

d2l(t), and β(t) < β′(t) + γl(t)

Thanks to βM − βM−1 = O(M) = O(l
1/2
M ), by applying (22), we have

sup
βM−1≤t≤βM

|W (t) − W (βM )| = O((l
1/2
M log lM )1/2) = o(φ(lM )), a.s.

and hence

lim
M→∞

|W (βM )|
φ(lM )

= lim
t→∞

|W (β(t))|
φ(l(t))

and lim
M→∞

|W (β′
M )|

φ(lM )
= lim

t→∞
|W (β′(t))|

φ(l(t))
, a.s.

By β(t) ≥ c1l(t), we have

lim
t→∞

|W (β(t))|
φ(l(t))

= lim
t→∞

|W (β(t))|
φ(β(t))

φ(β(t))

φ(l(t))
≥

√
c1 lim

t→∞
|W (β(t))|
φ(β(t))

=
√

c1, a.s.

By β′(t) ≤ d2l(t), in the same way we have

lim
t→∞

|W (β′(t))|
φ(l(t))

≤
p

d2, a.s.
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Put β′′(t) = β′(t) + γl(t) and denote the inverse functions of β(t) and β′′(t) by

β−1(s) and β′′−1(s). By β(t) ≤ β′′(t) we have β−1(s) ≥ β′′−1(s). Therefore we have

lim
t→∞

|W (β(t))|
φ(l(t))

= lim
t→∞

sup
s≥t

|W (β(s))|
φ(l(s))

= lim
t→∞

sup
u≥t

|W (u)|
φ(l(β−1(u)))

≤ lim
t→∞

sup
u≥t

|W (u)|
φ(l(β′′−1(u)))

= lim
t→∞

|W (β′′(t))|
φ(l(t))

, a.s.

By applying (23) for s = (d2 + γ)l(t), u = β′(t), and D = γ/(d2 + γ), we have

|W (β′(t) + γl(t)) − W (β′(t))| ≤ (1 + o(1))
p

2γl(t) log log l(t), a.s.

and hence

lim
t→∞

|W (β′′(t))|
φ(l(t))

≤ lim
t→∞

|W (β′(t))|
φ(l(t))

+ lim
t→∞

|W (β′(t) + γl(t)) − W (β′(t))|
φ(l(t))

≤ lim
t→∞

|W (β′(t))|
φ(l(t))

+
√

γ, a.s. ut

3 Law of the iterated logarithm

In this section we prove (5) and Σθ,{m(k)} ∈ [ 1/2, Σθ ]. Denote fa,b;d simply by f . Put

nk = θm(k) and note nk+1/nk ≥ θ. We follow the method of martingale approximation

given in [1], which originated with Berkes [3] and Philipp [11].

Let us divide N into consecutive blocks ∆′
1, ∆1, ∆′

2, ∆2, . . . satisfying #∆′
i = [ 1 +

9 logθ i ] and #∆i = i. Denote i− = min ∆i and i+ = max ∆i. We have

ni−/n(i−1)+ ≥ θ9 logθ i = i9.

Put µ(i) = [ log2 i4ni+ ] + 1 and Fi = σ{[ j2−µ(i), (j + 1)2−µ(i)) | j = 0, . . . , 2µ(i) − 1}.
Note that i4ni+ ≤ 2µ(i) ≤ 2i4ni+ . Put

Ti(x) =
X

k∈∆i

f(nkx), T ′
i (x) =

X

k∈∆′
i

f(nkx), Yi = E(Ti | Fi) − E(Ti | Fi−1).

Then {Yi,Fi} forms a martingale difference sequence. Here let us prove

‖Yi − Ti‖∞ ≤ (‖f ′‖∞ + 2‖f‖∞)/i3, (24)

‖Y 2
i − T 2

i ‖∞ ≤ 3‖f‖∞(‖f ′‖∞ + 2‖f‖∞)/i2, (25)

‖Y 4
i − T 4

i ‖∞ ≤ 15‖f‖3
∞(‖f ′‖∞ + 2‖f‖∞). (26)

If k ∈ ∆i and x ∈ I = [ j2−µ(i), (j + 1)2−µ(i)) ∈ Fi, then we have |f(nkx) −
E(f(nk · ) | Fi)| =

˛

˛|I|−1 R

I(f(nkx) − f(nky)) dy
˛

˛ ≤ maxy∈I |f(nkx) − f(nky))| ≤
‖f ′‖∞nk2−µ(i) ≤ ‖f ′‖∞nk/i4ni+ ≤ ‖f ′‖∞/i4. Hence we obtain |Ti − E(Ti | Fi)| ≤
‖f ′‖∞#∆i/i4 = ‖f ′‖∞/i3. Take J = [ j2−µ(i−1), (j + 1)2−µ(i−1)) ∈ Fi−1. Then by

Lemma 3, we have |E(f(nk · ) | Fi−1)| =
˛

˛|J |−1 R

J f(nky) dy
˛

˛ ≤ ‖f‖∞2µ(i−1)/nk ≤
‖f‖∞2(i − 1)4n(i−1)+/ni− ≤ 2‖f‖∞/i5. Thus |E(Ti | Fi−1)| ≤ 2‖f‖∞#∆i/i5 =

2‖f‖∞/i4, and (24) is proved.
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By ‖Ti‖∞ ≤ i‖f‖∞, we have ‖E(Ti | Fi)‖∞, ‖E(Ti | Fi−1)‖∞ ≤ i‖f‖∞. Hence we

have ‖Yi‖∞ ≤ 2i‖f‖∞, ‖Yi + Ti‖∞ ≤ 3i‖f‖∞, ‖Y 2
i + T 2

i ‖∞ ≤ 5i2‖f‖2
∞. Apply these

to ‖Y 2
i −T 2

i ‖∞ ≤ ‖Yi−Ti‖∞‖Yi +Ti‖∞ and ‖Y 4
i −T 4

i ‖∞ ≤ ‖Y 2
i −T 2

i ‖∞‖Y 2
i +T 2

i ‖∞.

Then we have (25) and (26).

Put C = min{〈logθ ν − logθ ν′〉∗ | ν, ν′ = 1, . . . , pd+1, logθ ν − logθ ν′ /∈ Z} ∈ (0, 1)

where 〈x〉∗ = minn∈Z |x − n|. Denote D = θC − 1 > 0. We prove

|θkν + θlν′| ≥ DθL if k, l ≥ L, |ν|, |ν′| ≤ pd + 1, θkν + θlν′ 6= 0. (27)

If νν′ > 0, then it is trivial. Assume ν > 0 an ν′ < 0 and put ν′′ = −ν′. If logθ ν −
logθ ν′′ /∈ Z, then we have | logθ(θkν) − logθ(θlν′′)| = |(k − l) + (logθ ν − logθ ν′′)| ≥
〈logθ ν − logθ ν′′〉∗ ≥ C. If logθ ν − logθ ν′′ ∈ Z, then by θkν 6= θlν′′, logθ(θkν) −
logθ(θlν′′) is a non-zero integer and hence | logθ(θkν) − logθ(θlν′′)| ≥ 1 ≥ C. Hence

θkν/θlν′′ ≥ eC if θkν > θlν′′, and θlν′′/θkν ≥ eC otherwise. By θkν/θlν′′ ≥ eC we

have θkν − θlν′′ ≥ (eC − 1)θlν′′ ≥ DθL, which is (27). The rest is similar.

If we expand T 2
i into trigonometric polynomial, the constant term is given by

va,b;d;i =
R

R T 2
i (x)µR(dx). The polynomial T 2

i − va,b;d;i has at most 8(d + 1)2i2 terms

and the absolute values of frequencies are greater than Dni− . Therefore, by Lemma

3 again, we have |E(T 2
i − va,b;d;i | Fi−1)| ≤ 8(d + 1)2i2(1/Dni−)2µ(i−1) = O(1/i3).

Hence we have

‚

‚

‚

‚

M
X

i=1

E(T 2
i | Fi−1) − βa,b;d;M

‚

‚

‚

‚

∞
= O(1), (28)

where βa,b;d;M =
PM

i=1 va,b;d;i.

Since (25) implies
‚

‚

PM
i=1

`

E(Y 2
i | Fi−1) − E(T 2

i | Fi−1)
´

‚

‚

∞ = O(1), we have

‚

‚

‚

‚

M
X

i=1

E(Y 2
i | Fi−1) − βa,b;d;M

‚

‚

‚

‚

∞
= O(1). (29)

Denote lM = M(M + 1)/2. By (10), (11) and (12), we have

i

2(pd + 1)2
≤ va,b;d;i ≤ v0,b−a;d;i + iCθ

log d

d
, (30)

v0,b−a;d;i ≤ i
“

σ2(e10,b−a, θ) + Cθ
log d

d

”

(31)

v0,1/2;d;i ≥ i
“1

4
− Cθ

log d

d

”

, (32)

lM
1

2(pd + 1)2
≤ βa,b;d;M ≤ lM

“

σ2(e10,b−a, θ) + 2Cθ
log d

d

”

(33)

Now we use the following theorem by Monrad-Philipp [10] which is a version of the

theorem by Strassen [14].

Theorem 2 Let {Yi,Fi} be a real-valued square-integrable martingale difference se-

quence. Let ψ be a nondecreasing function with ψ(x) → ∞ as x → ∞ and such that

ψ(x)(log x)α/x is non-increasing for some α > 50. Suppose that

VM =
M

X

i=1

E(Y 2
i | Fi−1) → ∞ a.s. and

∞
X

i=1

E
`

Y 2
i 1{Y 2

i ≥ψ(Vi)}/ψ(Vi)
´

< ∞.
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Suppose that there exists a random variable which is uniformly distributed over [ 0, 1)

and independent of the sequence {Yn}. Then there exists a standard normal i.i.d. {Zi}
such that with probability 1,

X

i≥1

Yi1{Vi≤t} =
X

i≤t

Zi + o
`

t1/2(ψ(t)/t)1/50´

, (t → ∞).

To have an independent uniformly distributed variable, we make a product space with

another unit interval equipped with the Lebesgue measure. By Lemma 4 and by (26),

we have EY 4
i = ET 4

i + O(1) = O(i2). By (29) and (33), we have VM ≥ lM/C′′ for

some C′′ > 0. Hence we can verify the condition in the above theorem by putting

ψ(x) = x/(log x)51 as below

X

i

E
`

Y 2
i 1{Y 2

i ≥ψ(Vi)}/ψ(Vi)
´

≤
X

i

EY 4
i

ψ2(li/C′′)
= O

“

X

i

i2(log li)
102

l2i

”

= O(1).

Because of ‖Yi‖∞ = O(i) and (29), we have

X

i≥1

Yi1{Vi≤βa,b;d;M} =

M
X

k=1

Yk + O(M) =

M
X

k=1

Yk + o(φ(lM )).

By (33), we have βa,b;d;M = O(lM ). Hence by applying previous theorem for t =

βa,b;d;M by noting the estimate (24), we have

M
X

k=1

Tk =

M
X

k

Yk + O(1) =
X

i≥1

Yi1{Vi≤βa,b;d;M} + o(φ(lM ))

=
X

i≤βa,b;d;M

Zi + o(φ(lM )) a.s.

Therefore we have

lim
M→∞

φ−1(lM )

˛

˛

˛

˛

M
X

k=1

Tk

˛

˛

˛

˛

= lim
M→∞

φ−1(lM )

˛

˛

˛

˛

X

i≤βa,b;d;M

Zi

˛

˛

˛

˛

= C(a, b; d), a.s. (34)

By noting (30), (31) and (32), and by applying Lemma 5, we have

C(a, b; d) ≤ C(0, b − a; d) +

r

Cθ
log d

d
≤ σ(e10,b−a, θ) + 2

r

Cθ
log d

d
, (35)

C(0, 1/2; d) ≥
“1

4
− Cθ

log d

d

”1/2
. (36)

By the standard argument using Fubini’s theorem, limM→∞ φ−1(lM )
˛

˛

PM
k=1 Tk

˛

˛ =

C(a, b; d) a.e. on the original unit interval.

Now we use the following Lemma which is Lemma 3.1 of [1]. In [1], it is proved

by assuming that λk is an integer and applying method by Takahashi [15] and Philipp

[12]. We can remove this extra condition by applying modification of proof which is

used in [6].
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Lemma 6 Let r(x) be a function of the form r(x) =
P∞

j=d(aj cos 2πjx + bj sin 2πjx),

where |aj |, |bj | ≤ 1/j for j ≥ d. If a sequence {λk} of real numbers satisfies the

Hadamard’s condition λk+1/λk ≥ θ > 1 , then

lim
N→∞

1√
2N log log N

˛

˛

˛

˛

N
X

k=1

r(λkx)

˛

˛

˛

˛

≤ C′
θd−1/4, a.e.

where C′
θ is a positive constant depending on θ.

Applying Lemma 6 by putting r = fa,b;d, by
PM

i=1[ 1 + 9 logθ i ] = O(M log M), we

have
˛

˛

PM
k=1 T ′

k

˛

˛ = O
`

p

M log M log log(M log M)) = o(
√

lM ), and hence we have

limM→∞ φ−1(lM )
˛

˛

PM
k=1 T ′

k

˛

˛ = 0. By noting M+ = lM +
PM

i=1[ 1+9 logθ i ] ∼ lM and

(34), we see that limM→∞ φ−1(M+)
˛

˛

PM
i=1

P

k∈∆′
i∪∆i

f(θm(k))
˛

˛ = C(a, b; d) a.e. By
P

k∈∆′
M∪∆M

‖f((θm(k))x)‖∞ = o(φ(M+)), we have

lim
N→∞

φ−1(N)

˛

˛

˛

˛

N
X

k=1

fa,b;d(θm(k)x)

˛

˛

˛

˛

= C(a, b; d), a.e.

Noting e1a,b−fa,b;d = (e1a,b−e1a,b;d)− 1
pd+1 cos 2π(pd+1)x, we see that (e1a,b−fa,b;d)/2

satisfies the condition of Lemma 6. Hence we have

lim
N→∞

φ−1(N)

˛

˛

˛

˛

N
X

k=1

(e1a,b − fa,b;d)(θm(k)x)

˛

˛

˛

˛

≤ 2C′
θd−1/4, a.e.

Therefore we see that limN→∞ φ−1(N)
˛

˛

PN
k=1

e1a,b(θ
m(k)x)

˛

˛ belongs to the interval

with center C(a, b; d) and radius 2C′
θd−1/4, a.e. By letting d → ∞, we have

lim
N→∞

φ−1(N)

˛

˛

˛

˛

N
X

k=1

e1a,b(θ
m(k)x)

˛

˛

˛

˛

= lim
d→∞

C(a, b; d) = σ(e1a,b, θ, {m(k)}), a.e.

By letting d → ∞ in (35) and (36), we have σ(e1a,b, θ, {m(k)}) ≤ σ(e10,b−a, θ, {m(k)}) ≤
σ(e10,b−a, θ) and σ(e10,1/2, θ, {m(k)}) ≥ 1/2.

We use the fundamental relations below which can be found in [8].

Lemma 7 For any countable dense subset S of [ 0, 1) and for any sequence {nk} of

real numbers (not necessarily integers) satisfying Hadamard’s gap condition, we have

lim
N→∞

NDN{nkx}√
2N log log N

= sup
S3a′<a∈S

lim
N→∞

1√
2N log log N

˛

˛

˛

˛

N
X

k=1

e1a′,a(nkx)

˛

˛

˛

˛

, a.e.,

lim
N→∞

ND∗
N{nkx}√

2N log log N
= sup

a∈S
lim

N→∞

1√
2N log log N

˛

˛

˛

˛

N
X

k=1

e10,a(nkx)

˛

˛

˛

˛

, a.e.

Applying the lemma by putting S = [ 0, 1)∩Q, Σ∗
θ,{m(k)} = supa∈S σ(e10,a, θ, {m(k)}),

and Σθ,{m(k)} = supS3a<b∈S σ(e1a,b, θ, {m(k)}), we have Σ∗{θm(k)x} = Σ∗
θ,{m(k)}

and Σ{θm(k)x} = Σθ,{m(k)} a.e. Although we have a trivial inequality Σ∗
θ,{m(k)} ≤

Σθ,{m(k)}, by σ(e1a,b, θ, {m(k)}) ≤ σ(e10,b−a, θ, {m(k)}) we have the converse inequal-

ity and thereby we have Σ∗
θ,{m(k)} = Σθ,{m(k)}.

By σ(e1a,b, θ, {m(k)}) ≤ σ(e10,b−a, θ) and Σθ = sup0,a σ(e10,a, θ) (Cf. [6]), we have

Σθ,{m(k)} ≤ Σθ. By σ(e10,1/2, θ, {m(k)}) ≥ 1/2, we have Σθ,{m(k)} ≥ 1/2.
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4 Randomization

In this section we prove the following: For any σ ∈ [ 1/2, Σθ ], there exists a sequence

{m(k)} ∈ N such that Σθ,{m(k)} = σ. When θ satisfies (3), we have Σθ = 1/2 and

nothing is left to be proved. We assume that θ is given by (4). Let us first consider

two extreme cases. For σ = Σθ, m(k) = k is sufficient since it is proved in [6], and for

σ = 1/2, m(k) = k2 is sufficient since we have θm(k+1)/θm(k) → ∞ which is treated

in [7]. Therefore it is enough to consider the case σ ∈ (1/2, Σθ). To construct such a

sequence, we adopt the method of randomization.

Let w ∈ (0, 1) and {Xn} be a sequence of independent random variables defined

on the other probability space (Ω, E , P) satisfying P(Xn = 1) = 1 − P(Xn = 0) = w.

Put

HN =
N

X

k=1

Xk and Ξs,M =
1

lM

M
X

i=1

X

k∈∆i∩(∆i−s)

XkXk+s (s = 0, 1, 2, . . . ),

where ∆i−s = {j−s | j ∈ ∆i}. Clearly the condition k ∈ ∆i∩(∆i−s) is equivalent to

that k, k + s ∈ ∆i. Since a subsequence of {XkXk+s}k forms an s-dependent sequence

of identically distributed random variables, it obeys the law of large numbers. Since

we have

1

lM

M
X

i=1

X

k∈∆i∩(∆i−s)

1 =
1

lM

M
X

i=1

max{i − s, 0} → 1,

by putting

Ω0 = {ω ∈ Ω | HN (ω)/N → w, Ξ0,M (ω) → w and Ξs,M (ω) → w2 (s = 1, 2, . . . )},

we have P(Ω0) = 1. We assume that ω ∈ Ω0. Denote

σ2(f, θ, w) =

Z 1

0
f2(x) dx + 2w

∞
X

k=1

Z 1

0
f(pkx)f(qkx) dx.

By applying (18) and (19), we can take a constant eCθ depending only on θ such that

|σ2(fa,b;d, θ, w) − σ2(e1a,b, θ, w)| ≤ 1

2(pd + 1)2
+ G(0) + 2w

∞
X

k=1

G(k)

≤ 1

2(pd + 1)2
+

log d

d log p
+

1

(1 − 1/p)d
≤ eCθ

log d

d
, (37)

where G(k) above is that defined by (20).

By recalling that θ is given by (4), we put m(k) = rk, nk = θm(k) = (p/q)k,

Ti(x) =
P

k∈∆i
Xkf(nkx), and T ′

i (x) =
P

k∈∆′
i
Xkf(nkx). We follow the proof of the

last section and have completely the same conclusions until (29).

We have

va,b;d;i =
X

k∈∆i

Xk

Z 1

0
f2
a,b;d(x) dx

+ 2
∞

X

s=1

X

k∈∆i∩(∆i−s)

XkXk+s

Z 1

0
fa,b;d(psx)fa,b;d(qsx) dx.
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Note that
R 1
0 fa,b;d(pkx)fa,b;d(qkx) dx = 0 except for finitely many k because fa,b;d is

a trigonometric polynomial. Hence we have

βa,b;d;M/lM = Ξ0,M

Z 1

0
f2
a,b;d(x) dx + 2

∞
X

s=1

Ξs,M

Z 1

0
fa,b;d(psx)fa,b;d(qsx) dx

→ wσ2(fa,b;d, θ, w).

Hence we have (34) with C(a, b; d) =
√

wσ(fa,b;d, θ, w). By following the same argu-

ment, we have

lim
N→∞

φ−1(N)

˛

˛

˛

˛

N
X

k=1

Xkfa,b;d((p/q)kx)

˛

˛

˛

˛

=
√

wσ(fa,b;d, θ, w), a.e.

By applying Lemma 6 and (37), we conclude as before that

lim
N→∞

φ−1(N)

˛

˛

˛

˛

N
X

k=1

Xk
e1a,b((p/q)kx)

˛

˛

˛

˛

=
√

wσ(e1a,b, θ, w), a.e.

By HN ∼ wN , we have

lim
N→∞

φ−1(HN )

˛

˛

˛

˛

N
X

k=1

Xk
e1a,b((p/q)kx)

˛

˛

˛

˛

= σ(e1a,b, θ, w), a.e.

Now we regard the set {(p/q)k | Xk = 1} as an increasing sequence and denote it by

{n◦
k}. Then we can rewrite the law of the iterated logarithm above as below:

lim
N→∞

φ−1(N)

˛

˛

˛

˛

N
X

k=1

e1a,b(n
◦
kx)

˛

˛

˛

˛

= σ(e1a,b, θ, w), a.e.

By applying Lemma 7, we have Σ∗(n◦
kx) = sup0≤a<1 σ(e10,a, θ, w) and Σ(n◦

kx) =

sup0≤a<b<1 σ(e1a,b, θ, w). By noting (8), we have

sup
0≤a<b<1

σ(e1a,b, θ, w) = sup
0≤a<1

σ(e10,a, θ, w)

and hence Σ∗(n◦
kx) = Σ(n◦

kx) a.e. as before. We here prove that σ(e10,a, θ, w) is a

uniformly continuous function of (a, w) ∈ T× [ 0, 1 ]. Since V (x, ξ) is continuous on T2,

by expressing

σ(e10,a, θ, w) = V (a, a) + 2w

∞
X

k=1

V (〈pkx〉, 〈qkx〉)
pkqk

using (7), we see that this is a uniformly convergent series of uniformly continuous

functions on T× [ 0, 1 ]. Hence σ(e10,a, θ, w) is uniformly continuous on T× [ 0, 1 ], and

therefore sup0≤a<1 σ(e10,a, θ, w) is continuous in w. Thanks to

sup
0≤a<1

σ(e10,a, θ, 0) = sup
0≤a<1

„

Z 1

0

e10,a(x) dx

«1/2

=
1

2

and

sup
0≤a<1

σ(e10,a, θ, 1) = sup
0≤a<1

σ(e10,a, θ) = Σθ,

for any given σ ∈ (1/2, Σθ) we can find a w ∈ (0, 1) such that

Σ∗(n◦
kx) = Σ(n◦

kx) = sup
0≤a<1

σ(e10,a, θ, w) = σ, a.e.
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