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Abstract The law of the iterated logarithm for discrepancies of {Hk:c} is proved for
0 < —1. When 6 is not a power root of rational number, the limsup equals to 1/2. When
0 is an odd degree power root of rational number, the limsup constants for ordinary
discrepancy and star discrepancy are not identical.
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1 Introduction
A sequence {a} of real numbers is said to be uniformly distributed mod 1 if
SN () €[d ) —a—d, (N —o0)
for all 0 < a’ < a < 1, or equivalently
1 4
N {k§N|<ak>e[07a)}4}av (N*)OO),
for all 0 < a < 1, where (x) denotes the fractional part  — [z ] of a real number . We

can easily see that these convergences are uniform in a’ and a, and hence we use the
following discrepancies Dy{ar} and Dy {aj} to measure speed of convergence:

Dn{ap} = sup
0<a’<a<1

)

NHE< N () € [da)} - (0 - d)

Dy{ap} = sup
0<a<1

NHE< N () €10,0))
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One of the most well known results on asymptotic behavior of discrepancies is Chung-
Smirnov theorem [13,30], which asserts the law of the iterated logarithm

*
im NDOn{Uk} - NDy{Us} 1

lim ———————— = lim =—, a.s.,
N—oo /2NloglogN N—oc +/2NloglogN 2
for [0, 1]-valued uniformly distributed i.i.d. {Uj}. By various studies on lacunary series,
it is known that a sequence {njixz} behaves like uniformly distributed i.i.d. when {ny}
diverges rapidly. Actually Philipp [29] proved the following bounded law of the iterated
logarithm by assuming the Hadamard gap condition ngy1/ng > ¢ > 1:

1 < Tim NDN{TLkl’} gi(166+ 664 )7
42 ~ N—oo y/2Nloglog N ~ /2 ql/2 -1

Beside of a result by Dhompongsa [14] stating that the limsup equals to % when {n;}
satisfies very strong gap condition

log(n n
g(nt1/me) so,  (k — 00),
loglog k
any concrete value of limsup for exponentially growing sequence was not determined
before the recent result below on divergent positive geometric progressions {Gk x}.

Theorem 1 ([15,19]) For 6 > 1, there exists a constant Xy such that

k * k
Tm Pn{072} o NDn{072} o

N—ooo v/2Nloglog N N—oo /2Nloglog N
When 0 satisfies

0"¢Q (neN), (1)
then 1

When 6 > 1 does not satisfy the condition, we write 6 in the following way:
0= ﬁ where r =min{n € N | 0" € Q}, p,q € N, and gcd(p,q) = 1. (2)

In this case we have

®3)

We can evaluate Xy in the following cases:

oyt 1’ if p and q are both odd;
2V pg—1
5 Iil’ especially if p is odd and q = 1;
2 p— 1
0= % & Jr(pl)_p(f;; 2)7 if p>4is even and ¢ = 1;
42
§7 ifp=2and q=1;
\/Tﬁ’ ifp=>5 and g = 2.



The proof of the above theorem is given in [15] except for the proof of the inequality
% < Xy in (3), which is proved in [19].

In this paper we consider a sequence {Gk x} for < —1, i.e., a divergent alternating
geometric progression. When 6 < —1 does not satisfy (1), we can write 6 in the following
way:

0=—r s where r=min{n € N|0" € Q}, p,g € N, and ged(p,q) =1. (4)

Now we are in a position to state our result.

Theorem 2 For § < —1, there exist constants Xy and X such that

k * k
Tim M:Zg, and Tim M: 5, a.e.
N—oo /2N loglog N N—oo /2N loglog N
When 0 satisfies (1), then
S (5)
Suppose that 0 is given by (4). then we have
1
5 <Zp < Xy, (6)

2

where X\g is a limsup constant for the law of the iterated logarithm for discrepancies

of {6/ x} whose existence is proved in Theorem 1.
Moreover we can evaluate Xy and Xy in the following cases.

1. If r is even, then
EGZE; :E‘m. (7)
2. Ifr, p, and q are odd, then
2o =Zjg- (8)

3. Ifr is odd, p > 4 is even, and q = 1, then we have (8).
Ifr is odd, p =15, and q = 2, then we have (8).
If r is odd, p is odd, and g = 1, then we have

Silas

L [p(p3+2p* —p+2)
By —— 9
’ 2\/ - D+ 17 ©)
1t is bigger than % if p =3, and less than % otherwise.
6. If r is odd and pq is even, then we have
1
X5 == 1
0=75 (10)
7. If r, p, and q > 3 are odd, then we have
<t (11)
6 2"

We can easily derive a simple fact below.

Corollary 1 Suppose that 8 < —1. We have Xj # Xy if and only if 0 is given by (4)
with odd .



Our results show the first examples of sequences for which two limsups in the law
of the iterated logarithm for ordinary discrepancy and star discrepancy are distinct
constants.

We already have examples given by Aistleitner [3,4] in which two limsups are not
equal on a set of positive measure and at lease one of these is not a constant. If we
consider Erdés-Fortet sequence {(2¥ — 1)z}, it is known ([24]) that these limsups are
not equal a.e. and the limsup for star-discrepancy is not a constant a.e. These sequences
{niz} has strong dependence which make the limsup non-constant.

In our theorem a geometric progression {ka} is asymptotically stationary and its
dependence is rather regular. This is the reason why we have constant limsups for both
discrepancies. It is very interesting, even in the case of such regular dependence, we
have possibility that these limsups are distinct.

We can also find a construction of irregular sequences with non-constant and iden-
tical limsups ([18]).

As to sufficient conditions to make two limsups equal to %, the Chung-Smirnov
constant, Aistleitner [1,2] gave almost optimal results. We can also prove existence of
a sequence {ngx} of arbitrarily slow divergence speed of ny41 — ny, for which we have

the Chung-Smirnov constant %

There are various sequences having constant limsups different from % They are
mainly given as variations of geometric progressions, and limsup constants are given
as modifications of constants for geometric progressions. If we randomize the common
ratio of geometric progression or replace the common ratio by periodic sequence, we
[25] still can prove the law of the iterated logarithm for discrepancies and investigate
limsup constants. It is also possible to investigate the union of finitely many geometric
progressions.

In [26], Hardy-Littlewood-Pdlya sequences are investigated. In [22], it is shown
that the set of constants for arbitrary subsequence of positive diverging geometric
progression {ka} coincides with the interval [%, Xl

In [27], it is proved that any real number bigger than or equal to % can be a limsup
constant for some sequence satisfying the Hamadard’s gap condition. It is also proved
in [19] that any positive number less than % can be a limsup constant for some sequence
with bounded gaps. By these two results, we see that any positive number can be a
limsup constant for some strictly monotonously increasing sequence of integers.

Before closing introduction, we mention results relating to permutations of se-
quences. In [17] it was found that the limsups are not invariant under permutations
of sequences, and this phenomenon is studied extensively by Aistleitner-Berkes-Tichy
[5-9].

2 Preliminary

Suppose that f is a real valued function defined on R satisfying

1 1
flz+1) = f(z), /Of(ac)dacz() /OfZ(a:)da:<oo, (12)

and suppose that f is of bounded variation over [0,1]. Put

1
2 = 2(x) dx
amm—4f<m,



if 0 satisfy (1),

Ly o [k k
:/0 f(x)dx+2kz_:1/0 [ 2)f(q" =) dx

if 6 is given by (2), and

/ £ dx+22/ F(=1)™ p 2) £(¢" =) da,
if @ is given by (4). We can verify that o2(f,6) is well defined and
lim o*(f,0) = o*(1,0), (13)
d— 00

where f; is a d-th subsum of the Fourier series of f. If f is a trigonometric polynomial
satisfying (12), we can prove

1 N
lim ———— f(@kx)
N—oo /2N loglog N =

=o(f,0), a.e. (14)

We can prove these by simplifying the proof given in [22]. The full proof of these also
can be found in [21].
For a, a’ € R satisfying 0 < a — a’ < 1, we put

Lo o(z) = Z 114 0) (z+mn) and Ta/,a(x) =1y 4(2) — (a— a/)7
neZ

where 1,/ ,) is the indicator function of [d',a). If0 < d <a <1, wesee Iy (z)=
1{a,a)({z)). By this notation, we can write the discrepancies as below:

N
%Zfa’,a(ak) ) ZIO(J, ak
k=1

We use the following result in case when w(n) = n. It can be proved by modifying
the method of Takahashi [31] and Philipp [29].

Dy{ax} = Sup
<a<l1

Dn{ap} = sup
0<a’<a<1

Proposition 1 ([23]) Let {ny} be a sequence of real numbers satisfying
ni # 0, Ings1/nel >q>1 (k=1,2,...), (15)

and w be a permutation of N, i.e., a bijection N — N. Then for any dense countable
set S C[0,1), we have

— NDpn{n T — N o
lim —N{ =(h)*) sup lim S S Zla/a(nw(k)x)
N—oo y/2Nloglog N  g34'<acs N—oo /2N loglog N et ’
N
= sup lim - N/ (n x)
0<a’<a<1 N—oo 2N loglog NV | &=~ =R
) (16)

— NDy{ng )z}
lim ———"2 - = gup lim Z 0,a( w(k)x
N—oo /2N loglog N  4,egN—oo \/2N10g10gN

N

= sup lim S S
0<a<1N—00 2N10glogN

io,a(nw(k)m) )




for almost every x € R. If we denote the d-th subsum of the Fourier series ofFIVa/ya by

1y a;d, we have

N

> Lot o (e (r))

k=1

= lim lim !

im —
d—oo N—oo /2N loglog N

m o
N—oo /2N loglog N

N

Z ia’,a;d(nw(k)x)

k=1

for almost every x € R.

We prove later that U(Ta/@, 6) is continuous with respect to (a’,a) € T?. By Propo-
sition 1 and relations (13) and (14), we can prove

—  NDy{6* ~
lim _NDn{07z} =Xy:= sup o(Iy,,0), ae.,
N—=oo /2N loglog N 0<a’<a<1 ' (17)
——  NDi{6* . ~
lim _NDn{67z} =Xy := sup o(Ipg,0), a.e.
N—oo /2N loglog N 0<a<1 ’

We here verify next two important properties of L/,a. When 0 < a—a' <1, we
have

~ ) o) = i(ﬂ'%(“) (Z‘), if (a’) S <a>,
far.a(?) {I<a>,<a/><x>, i (o) > (a) (%)
Ta/,a(x) :f0,<a> () _TO,(a/>(x)' (19)

Actually, by 0 < a —a’ < 1, there exists an integer m satisfying m < o’ < a <
m+lorm—1<d <m <a<m-+ 1 In the first case we have (a’) < (a) and
Ta/’a (z) = i<a/>)<a> (). In the second case we have (a’) > (a) and Y, .7 (g a)(z+n) =
1=3"ez Ya,ar+1)(z +n) which produces I/ 4(z) = — 140 41(2) = =14y (ary(2) by
m < a<a +1<m+ 1. Here we have verified (18). The formula (19) can be easily
verified by (18).

To evaluate o(I, 4,6), we use the following functions. For z, y, £, n € [0,1), put

V(x,f) = f/\f _fo,
Vi, y,&n) = V(2,8 +V(y,n) — V(iz,n) — V(y,§€).

Clearly we have

Viw,y,&n) =V(Enz,y) = —V(y,2,&n) = —V(z,y,n,€) (20)

and

0<V(0,5,0,m) = V(y,n) <V(nn) <. (21)

N

We have proved the next lemma in [15] in case a = b and a’ = b’. Although we can
prove the next version in the same way, we give a proof for reader’s convenience.



Lemma 1 Let p and v are relatively prime positive integers. Then we have
1 1 / /
~ ~ V({ua'y, {(pa), (vd"), (vb
[ ot oty 1 = -l ). ) o)
0 pv
fora,a, b, b with0<a—da <1and0<b-b <1.

Proof First we prove in the case ' = b’ = 0, in which we have 0 < a, b < 1. Since the
integrand has period 1, we have

1 ~ ~
/O To.a ()T o (vt) dt

v—1p—1

I / To.a(u(t -+ k/o)To (0t + 3/ 1+ /)

k 07=0
By To,a(pu(t+j/ptk/v)) = Toa(p(t+k/v)) and Loy (v(t+7/pt+k/v)) = Lo (v(t+5/1)),
we have [ To.a(put)Iop(vt) dt = [ T(£)A(t) dt/pv, where I'(t) = S 420 To.a(p(t +
k/v)) and A(t) = 25;01 io,b(’/(t + j/w)). Since p and v are relatively prime, the
transforms k — pk on Z/vZ and j +— vj on Z/uZ are bijective. We therefore have

—1
Ft):ZIO,a(Mt+k/V) and  A(t ZIOb (vt +3/u).
7=0

Note that both of 1/u and 1/v are periods of I'A. Since p and v are relatively prime,
there exist integers P and @ such that 1 = Py + Qv. Thus 1/uv = P/v + Q/u is also
a period, and hence

1_ - 1/pv
/ To.a(ut) T, (vt) dt = / FOA®) dt
0 0

By0<t<1/uvand0 <k <v—1,wehave0 < ut+k/v < 1. Hence Ip o (ut+k/v) =1
if and only if ut+k/v € [0,a), i.e., 0 < prt+k < va = [va]+ (va). The last condition
holds if and only if 0 < k < [va], or k = [va] and uvt < (va). Therefore

I'(t) = [va]l+ 10, (va) /) () —va = 1(g (ay /) (t) — (va), (0<t<1/pv).

In the same way we can prove

A(t) = 1[0,(yb>/;u/)(t) - <Vb>7 (0 <t< 1//“’)'
By integrating I'A over [0, 1/uv), we have

1
[ ottty e = V000,
0 e

By using (19) and by noting ((a)) = (ua) etc., we can verify (22) as below:
1

| PY (Nt)ib’ b(vt)dt

S~

1 1 .
=/ 0,(a) (Ht)To, (1) (vt) dt+/0 Lo, (ary (nt)Xg by (vt) dt

1~ ~
/ 0,(a) (Ht)To, () (vt) dt — /0 Lo, (ary (ut)Tg (py (vt) dt
V({pa), (vb) +V ({ua’), (W) — V((ua), (b)) = V({pa'), (vb))

1%




If0<a-a <land 0<b—b <1, by (22) we have

1~ ~
/0 Ty o (8T (1) dt = V((d'), (a), (B, (B)- (23)

Hence we have

since we have (a) = {(a' + (a — d')).

By noting V(m, ¥y, x,y) = V(y,z,y,x), we can show
e 2
Viz,y,z,y) = V(e —yl,le —yl) =z —y[ - |z —y[",  (z,y €[0,1)).

Although we essentially proved the next lemma in [15], we give here a simple proof
for it.

Lemma 2 For any x, y, &, n € [0,1), we have

Viw,y,&n) < V({y—a), (n— ), (24)

and

V(z,y,&m)| <

N

Proof Let us assume that 0 < a —a’ <1and 0 < b—b < 1. Since I,/ = 1 holds on
[0,1) with measure a — a’, and Iy, = 1 holds on [0, 1) with measure b — b, we have

1
/ Ly o)Xy p(t)dt < (a—a') A (b—1).
0
By adding —(a — a’)(b — V') to both sides and by noting (23), we have
~ 1~ ~
V(d,a,b', b)= / Ly oIy p(t)dt <V(a—d',b—1)
0

Hence, the case 0 <z <y <land 0 <€ <n<1isalready proved. f 0 <y <z <1
and 0 <& <n<1, weseethat 0 <y+1—x<1and (y+ 1) =y, and hence by (22)
and the above inequality we have

~ 1 ~
V(z,y,6m) = /O Lo yt1(O)Ien()dt < V(y+1—2,6 —n) = V({y —x),( —n)).

The other cases can be proved in the same way. The second inequality is clear from
(20), (21), and (24).



By denoting J(ia/,a, 6) by 0g.4’,q, We here give a series expansion of Jg;a/’a.
Firstly, let us consider the case when 6 satisfies (1). Then we have
2 To ' nz 1
90;a’,a :/ Ia’,a(t)dt =la—dal|- ‘a_ a ‘ < 1
0
where the equality holds if and only if a — a’ = % Clearly 0g.q/ o is continuous with
respect to (a’,a) € T2. Hence by (17), we have (5).

Secondly, let us consider the case when 6 is given by (4).

If r is even, then we have 0g.q/ o = O19];a’ a We have already proved in [15] that
0)6];a’,a 1S continuous with respect to (a/,a) € T?. Thus the equality (7) follows from
(17)

From now on we assume that r is odd.

Since we have I/ o(—t) = I o1 o/(t) if (—t) # (a), (a'), we have I ,(—t) =
Tl_ml_a/ (t) a.e. and hence we have

1 1
T 2k—1 _\T 2k— T 2k— 2k—
/O Ia’,a(fp m)Ia’,a(q lx) dz = /0 Ilfa,lfa’(p lx)Ia’,a(q lx) dz

1 = 2k—1 2k—1 2k—1 2k—1
= ——V({(=p™" " a), (—p™ ), (" ), (0 a)),
(rq)
and
ag;a/’a =V(d,a, d,a)

S 1 7 2k—1 2%—1 1\, 2k—1 1\ , 2k—1

+22 P21 2h1 ({(-p a),{(—p a’),{q a’),{q a)) (25)
k=1

1 =0, 2 2k 2k 2k
+ eV (), 07 ), ), (0a)) ).
Therefore by applying (24) and by noting ((4) — (B)) = (A — B) for A, B € R, we
have

o0
1
o < Via—d'a—a) +230 S v(Ha—a), (g a - )
k=1

2 2
= Tg,0,0—a’ < Vo)

and by taking the supremum for a and a’, we have Xy < E|9\’ i.e., the upper bound esti-
mate part of the inequality (6). Since \7(50, y,&,m) is bounded and
V({((=p)Fa’), (=p)*a), (¢"a’), (¢"a)) is uniformly continuous with respect to (a’,a) €
T~, we see that 07,/ , is also uniformly continuous in (d,a).

By putting ¢’ = 0, and by noting

‘7(<_p2k71a>7 0,0, <q2k71a>) = —V((—p2k71a>, <q2k71a>)

and
‘7(07 <p2ka>7 0, <q2ka>) = V(<p2ka>7 <q2ka>)’
we have - i
TR0 = Viaa)+2 Y SOV a) ) (26)



10

For 0 <z, y < 1, we can verify V(z,y) = V(1 — z,1 — y). Hence we have

V(=p) @ —a)), (" (1 —a)) = V(1 —((-p)*a), 1~ (¢"a))
=V({(-p)*a), (¢"a)),
and thereby we have
06;0,a = 06;0,1—a (27)

We here prepare a lemma.
Lemma 3 Let p > 2 be an integer. For 0 < a < % and 0 <t < 1, it holds

V0 + V() < U2,

where equality holds if and only if t =1 — %.

Proof Put h(t) = —pV(t,a) + V({—pt),a). For t < a, we have
h/(t) = —p+pa+pa-+ {Op <p(2a—1) <0.

Thus h(t) strictly increases on [0,a] and h(t) < h(a) for ¢ < a. For t > a, we have

—p {(2@ —1)p<0, (—pt)<a,

B (t) = pa+ pa + =
() =patp 0 2pa > 0, (—pt) > a.

Hence h'(t) < 0 on (1 — %, 1) and A/(t) > 0 on (1 — %,1 — %) Hence we have h(t) <

h(1 = %) =a(l —2a) on (1 — %, 1) and have equality only if ¢ =1 — 7.
Assume that a <t < 17% and take a positive integer k satisfying 17% < t+§ <1
Since —pV/ (¢, a) strictly increases in t € [a, 1), we have —pV (t,a) < —pV (¢t + %,a).

Clearly we have V((—pt),a) = V((fp(tJr%)), a) and hence h(t) < h(t+%) < a(l—2a).

By assuming that p and ¢ are coprime positive integers, we put

-1 20+1 20+1 1 2042 2042
By gi(a) = WV«*P a),(q” " a)) + WV(@ a),(¢" ""a)).
Then we have
o0
ng/q;O,a =V(a,a) +2 Z By gii(a). (28)
1=0

It is clear from 0 < V(a',a) < % that

1
B, 4. < —. 29
past (@) < 4p2lH2g2+2 (29)
Therefore we have
2
0 p/g;0,a < (1 —a) +2Bp go(a) + - +2Bp g;r-1(a)
1 (30)

+ )
2p?hq*l(p?q® — 1)



11

for L=0,1, 2, ..., and especially we have
o? <a(l—a)+ Ly (a) (31)
—-p/q:0,a = 222 — 1) B
2 1
0 500 Ja(l—a)+2Bp g0+ =55 55 32
p/4;0,a ( ) P:q 202¢2(p2¢2 — 1) (32)

When ¢ = 1, by applying Lemma 3, we have

Byaala) < rza(l—2a), (ae (0.3), (33)

where the equality holds if and only if (—p?*tla) =1 — %. Thus we have

0% p0.a < a(l —a)+2Bp10(a) + - +2Bp1.0-1(a)

b2 a1-2), (ac(0,1) (34)
P (p? - 1) ’ 2
for L =0, 1, 2, ..., where the equality holds if <fp2l+1a) =1- % holds for every .
Especially, for a € (0, %), we have
2 2
0—p;0,a < a(l - a) + p2 — 1(1(1 - 2a)7 (35)
2
00,0 L a(l —a)+2Bp1.0(a) + 5—5—<a(l —2a). 36
p;0,a ( ) ( ) pg(pg — 1) ( ) ( )

3 Proof of the equality (8)

Firstly suppose that 0 satisfies (4) with ¢ = 1, even p > 4, and odd r. In this case, we
have 0¢.q/ o = 0_p:a/,q- It is proved in [15] that

-2
Xp =0p0,a,, Where ap= h
Note that (p*ap) = ap. If we put
s P - P p—2 1 1
ay = ——5———, ap = —+ = — — ,
P -1 T 2?1 20p-1) 2 202 -1)

we can verify

and

V{(~p™ " Yap), (—p* T ap), (@), (ap) = V(p, ap, ap, ap) = V(ap, ap),

V(™ ay), (0% ap), (ap), (ap) = V(ap, ap, ap, ap) = V(ap, ap).

Hence by (25), we have

o0
2 1 ) )
T—piy,ap = V(ap, ap) +2 Z —Viap, ap) = 0p;0,0, = Xp-
k=1



12

Since we have already verified X, < X, we see that

Yp =0 pala, = Op0,a, = 2p-

Secondly, suppose that p, ¢, and r are all odd. It is shown in [15] that Ep/q =

Op/q;0,1/2- We have
(-p)* =(p-a+9"
k(- +Z() Cp— g

=¢" — k" '(p+q) mod2(p+q)

since p + q is even. Put

an g = # and a 1 + 1
P47 2(p+q) P42 T 2(p+9q)
Because of dpg — dpq = %7
ko~ 1
(q (%q—a;q» 5
is clear. We have
ka B q2k ko1 _ q2k
= —k ———— mod 1,
2p+q)  2(p+aq) ~2(p+aq)
thereby (p*ay,q) = (47 a} ) and (p*apq) = (¢*ap ).
Similarly,
_ph1 _ 21 (k- 1)q2k: _ R . R .
2(p+q)  2(p+aq) 2 2(p+q) 2 ’
and thereby <—p2k71&;9q> = (¢**Lapq) and (—p**lap ) = (¢*Fa apq)-
Hence we have
= 2%k—1~ 2k—1~ 2k—1~ 2k—1~
V({(-p pq%(*p Apg)s (@ apg), (@ dpq))
S0 2k 2k—1~ 2k—1~ 2k—1~
=V({¢g > (q apq): (q a;,q> (g apq))
2k—1 2k—1
=V({q (apq*apq» (q (apq*apq») V(lv%)
= V(@) @)
> 2k K~ K~
V(<p a;)q>7<p aPQ>7<q2 a;q>7<q2 apq>)
= V(@ ) (" ap ), (° @ g), (€ iipq))
2k~ ~ 2k ~ -
=V{¢™" (@pq — dpg))s (™ (Apg — Gpg))) = V(5. 3)
k k
=V 5. (@**3)

which yields

o0
2 11 1 k1\ , k1 2 2
T=p/ a3}, 4sp g :V(§’§)+2Zp7quv(@ 2047 3)) = 9p/g0,1/2 = /-
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Since we have already verified X 2 /q0 We see that

—p/a =

X op)g = O—p/q;a}, sapq — p/q;0,1/2 = 2p/q-

Lastly, suppose that 7 is odd, p = 5, and ¢ = 2. In this case 0g,q/ ¢ = 0_5/2;a7,q- It
is shown in [15] that X535 = 075/9,0,1/3- Note that

V(5 5), 2% 4)) = v ), @2 ) = 2.

Put @ = % and a = %. Then we have ((—5)
(23a@’) = a, and see that all values below equal to

V(((=5)%%a), ((=5)%a), 2°%a'), 2% @) = V(. 5 o5 27)
V((( 5)6k+1 > <( 5)6k+1al>,<26k+1a/>, <26k+1 >) ‘7(%7 %7 27217 %ﬁ)’
V((( 5)6k+2 />7 <( )6k+2&>, <26k+2a/>7 <26k+2 >) ‘7(%7 %7 %7 %)7
V({(=5)%3a), (-5)%a), (2°%+3a"), (2% F3a)) = V (5%, 31, 10 51),
V({(=5)% 1), ((—5)%a), (200+a"), 2% Ha) = V(38,2 38 &),
V({(=5)%*5a), (-5)F%a), (2°7+0a"), (2% F5a)) = V(5,51 3 oh)-

Therefore we have 0_5/2.0,1/3 = 05/2,0,1/3 = 25/2- Since we have already proved
2_5/2 S 25/2, we have 2_5/2 = 25/2.

4 Proof of the evaluation (9).

Let r be odd, p > 3 be an odd integer, and g = 1. In this case we have Xy = X_,. Put

p 1 1 / 2p+1

bp= —P = = and b, =P
P T o+l 2 2p+1) Y PTopy)

We can easily verify that (—pbp) = b}, and (—pby,) = bp. We have

p? +2p

bp, bp) = oL bl by) = L

V( P p) 4(p+ 1)27 V( P p) 4(p+ 1)27

P By 1a(bp) = =V (b bp) + ~V (—pb)by) = ——.
. p A(p+1)?

We prove

0o 3 9
+2p° —p+2)
EiPQ = O-Ep'() b, — V(b;m bp) + 2 Z Bp 1'l(bp) = p(p 3
' =0 4p-Dp+1)

1, —p?+ap+1 [<i p>5,
4 4lp-Dp+1)3 |>1 p=3.

By (27) and continuity of o2 in a, it is enough to prove o2 < 07p 0.b, for all

—p;0,a —p;0,a =

0<a< 5. By applying (35), we have

1
U2—p;0,a § F((pz + 1)a — (p2 + 3)(12) = h]I(a).
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2l+1bp>

Because of {((—p) =b,=1-— %’, the equality holds in the above inequality when

: 2
a=bp,ie, 0l 4, =h(bp)

Since hy(a) is increasing for a < 2(1;22':13) = % — 2(p22+3) and since we have
(l — L) — b, = & >0
2 202+3)) T 202 +3)(p+1) T

we see that hy(a) is increasing for a < by. Hence we have

0% 0,0 < hu(a) < hu(bp) = 0204, (a < bp).

Note that % <bp. I Bt < a < 1) we have

2p
_p+l _ p_ p-1_ p+l
3 < 2< pa < R 5 +1
Hence [ —pa] = —5(p+1) and (—pa) = —pa+3(p+1). By (—pa)—a = 3(1-2a)(p+1) >

0, we have V({—pa),a) = a(pa — %(p —1)) and

p—1 1
Bp,1;0 < —a(a - W) + P“(l —a),

where the equality holds for a = bp. Hence for % <a< %, by (36) we have

2 p—1 2 2
0 p0,a<a(l—a —Za(a—i)—i——a l—a)+ 5—5——a(l —2a
poa < all—a) )+ 5zall =0 + e —sa(l - 20)
1 4 3 4 2 2
= 55—~ ((2p" —p” +pla—(3p —p” +2)a”) = hyla),
i ( Ja— )a?) = hm (@)
where the equality holds for a = bp. Note that 3p* — p? +2 > 0. Since hi(a) is
4
decreasing for a > 2(2;1)4%% and since we have

p=1_ 2" -p+p PP -2p-1D+20° - 1)
2p  2(3pt—p*+2) 2p(3p* —p? +2)

>0

for p > 3, we see that hy(a) is decreasing for % <a< %, and hence for by < a < %
Thereby we have

UZ—p;O,a < h]II(a) < hI]I(b;D) = UQ—p;O,bpv (bp <a< %)

5 Proof of (10).

When 2 | pg, we have ((—p)k%) =0or (q’%) =0 for £ > 1, and thereby 031)/(};0,1/2 =
V(%, %) = %. Therefore Eip/q > % is trivial, and it is sufficient to show Z’ip/q < %
to prove (10). We divide the proof into three parts. Put

%:(%_pﬁ%ﬁﬁé) “d‘@:(%_ﬂﬁaﬁﬁé)

Clearly we have I}, D Iy and Iy, D Jy.
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5.1 The case when p > 4 is even and ¢ > 3 is odd.

By using p > 4, we have 2(pk +qk) < 4pF < pFtly (2qk+1) and Ji D Ipy1. For k > 1,
we have

k k p" k k p" k k ¢" -1
<_p a>:_pa+?7 <p a>:pa_?+17 <q a>:qa_ 9 ) (CLGIk).

We can verify (—p?*la) < (¢**+1a) on Jyp 1. Therefore we have

-1 2041 2041 \\ _ 1\ /1 1
WV«—P a),(q” " a)) = —(—a+§) (§+2(12T_a>

for a € Joy41, and hence for a € Iy . By applying V(a’,a) < a(1 — a’), we have

1
(pq)2l+2

(@*2a)(1 — p*12a))
(pq)2l+2

1 1 1
‘5*@)(5—“)

IN

V((p*2a), (¢*a))

I
/N
)

for a € Iy ;9. Hence we have

1 1 1 1
Bp7q;l(a) S _2(5 + W - W — (1) (5 - a) < O, (a S [21_;,.2).
Suppose that L > 1. For a € Iy, we therefore have By 4.1(a) + -+ Bp q.r.—1(a) <0

and, by (30) we have

9 1 1 1 1 1
o /g0,a < a(l—a)— 4(5 — a) (5 + Zq - @ - a) + 2p2L 2L (p2q2 — 1)

= hy(a).

Note that we have

1 1 ) L5 2= 0P - D+
4 p

hIV(§ T p2L+2 ard T 2p2LH2q2L (p22 — 1)

by —2(¢q — 1)(p2q2 -1) +p% < —4(qu2 —-1) +p% < —2p%¢® 4+ p? < 0, and we have

<0

b (1 _ #) _r_ 5 le- Dp**(p°¢* — 1) + ¢*
V2 7 942L+2 4 4qAL+a 2p2L 2L H(p242 — 1)

by —(¢— 1)1)2(1)2(12 -1+ q4 < —2p2(p2q2 -1) +q4 < —p4q2 + q4 < 0. Hence we have
verified
h 1 1 1
IV(§ T p2Li2y (2q2L+2)) <1

2

Since hyy is increasing on Iy, we see that o < h(a) < % for a € Inp, \ Ing42.

—p/q:0,a
By taking union for L =1, 2, ..., we have o{p/q;oﬂ < h(a) < i for a € I.
We have
1 1 1 1 1
SESE R U S S 0
2 2pt+q)/ 4 Ap+a)?  200°¢* 1)



16

by ¢ > 3 and 2(p + q)? < 8p® = 9p? — p? < p?¢® — 1. Since hy is increasing on (0, %),
we verified that

1 1
for a€ (0,7—7}.

2 2p+aq)

=

2
7 p/gi0,a < h1(a) <

On (% — 2(p1+q),%) = J1, we have (—pa) = —pa+ 5 < ga — q;21 = (ga) and Bp g0 <
(a — %)(% + 2—111 —a)+ ﬁ. Hence by (32), we have
) N/l 1 1
02 p/g0,a S a(l —a) + 2(a - 5) (5 + 2 a) + 1) by (a),
for a € J1. Recall that Is C J;. Note that we have
1 1 1 3 1 1
h (77—)77:7—7— S )
VT 1T T 2027 — 1)

by 2(P2q2 -1)> 6p°q — 2 > p?q, and have

L (l,i),l_,i,i+;<o
V2 2q2 4 4¢t 2¢3 T 2(p%¢% - 1)

by 2(1)2q2 -1) > 8pg® — 2 > 8¢> — 2 > 2¢>. Since we have verified

and since hy is increasing in a < %, we have

for ae(l— 1 1 L }
2 2p+q)2 p2v(2¢H) L

B~

2
9 —p/q;0,a < hV(a) <

Hence we have verified Xy = % in this case.

5.2 The case when p is even and ¢ = 1.

Since [pQZa] < %le —1fora< % and [ > 1, we have (p2la> > p?la — %le + 1. Hence
we have

1 21 1 21 1
SV < o(1-00) <e(3-0) @<dizn. @D
Note that
1 1 1 1 1 1
I:(f——,f), J:(f—i,f), d Jy C I
FE\2 7 k2 R\ TRy e M RC R
For a € Ig41, we have (—szla) = —p2l+1a + %szl. Since we have (—szla) <a

for a € Jg;41, we have

_#V“_p%Jﬂa)’a) _ _(% _ a)(l —a), (a€ Joyq1),
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and B, 1.(a) < —%(1 —2a)?2 <0 (a € Jai+1). Hence we have Bp1.1(a) + -+ +
Bp1:r—1(a) <0 on Jor_1, and by (34) we have

2

2 2
0% poa <a(l—a)— (1-20) + o7 —=——a
P p?L(p? 1)

(1—2a)=a(l—a)+ hvi(a)
for a € Jor,_1 and L > 1. We have

2+ 2L (p?2 - 1) 1 1
———————%(1—2a)(a — c1,) where ¢, = = —
p*(p? 1) ( ) ) 2 21 +p2L(p2-1))

hvi(a) =

and thereby

NH

U%p;o,cL <ecp(l—cp)+hyler) <
Since a(1 — a) + hyr(a) is increasing in (0, cr,), we have
1
02 p0.a < a(l = a) + hvi(a) < 1 (@€dran (0,c))-

We have

CL_(l 1 )- P’ —p-1) ~0

2 200+ P40 214 p2E(p? - 1))(1+p?EH)
byp —p—1> 0 for p > 2. Thus we have U_po o < % for a € Jor—1 \ Jor4+1 By taking

a union for L =1, 2, ..., we have azp;ova <3z L(aegy).
By applying (35), we have

2
0= pi0,a < P2

1,1((1)2"’_1)_(p2+3)a)a=h\/]1(a), (a< %)

p241 1 2
Note that hyy is increasing for a < 2(p 3 T 2 apEEa) Because of

G52 ))‘(1‘ ) - vl

2 2(p?+3 2 20p+1)/  2(p2+3)(p+1)
hvy is verified to be increasing for a S 2(p+1) By noting
(Lo t)-1o P dptl
VN2 T 2(p+1)) 4 A+ 13- 1)
for p > 6, we have 02_p;07a for a € (0, ) \ J1 and p > 6. Thus we have Y~ , %
for even p > 6.
In case p = 4, we have
(2)-21 1
VINg) ~ 604 ~ &
and hence we have 02_4 0,a 1 fora € (0, 411 ]. Since we have already proved o2 . 0,0 < %
fora € J; = (5,2), 1tlsenought0provea 10,0 < fforac(3,2] Forae(i 2],
we have [—4a] = =2, (—4a) = —4a + 2, and (—4a) 2 a. Hence we have V((—4a),a) =

a(4a — 1) and B471;0(a) < —ta(4a-1)+ %a(l — a). By using (36), we have

1 1 1
034;07,1 <a(l—a)-— 5&(4& -1)+ ga(l a) + ma(l — 2a)

2 2
1;0( 377(“ - %) + %) = 304-9377 < i
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fora € (,2 £ ]. Therefore We have Tr =13

In case p = 2, we have 1 5= zl)) and 032;0@ < % for % <a< % It is enough

2(;D+1)
toprovea220a 1 fora<%,

For 0 < a < :1,), we have ( 2a) > a and V ((—2a),a) = a(1 — (—2a)) = 2a%. Hence
we have Ba 1.0(a) < —a? + a(l —a), and by (36), we have

032;0’,1 <a(l—a)— 24> + %a(l —a)+ éa(l — 2a)

1 2 1 572 25 25 30 1

S 10)= = (-23(a— 2 .
623 +10) 6( 3(” 23) +23) :

/\
/\
I
I

Hence we have proved X5 = %

5.3 The case when p is odd, q is even.

In this case, by ¢ < p, we have

111 111y,
e Y LN P
(2 qk’2)3(2 zpk’z) k2 Jk

and hence
PP+

2 )

k k k k
(—p“a) = —p a+ (p*a) =p a—

k
(qka> =q¢"a— %—l—l, (a €T, k>1).

Since (—p?*1a) < (¢?H1a) for a € Joi41, we have
V(P a) (g ) = (- a+ o) (5 - a)s (@€ )
(pg) 2+ P N op21)\2 ~ %) 2+1)-
If a € Jyi41, then a € IélJrl and %(;)2“'2 —p) < p21+2a < 1p2l+2 Thus we have

P12 —p) < [pP2a] < 1?2 — 1) and (P?'2a) = p?' 20— ST ) (j =
2l+1a < %quJ’_l [qu-‘rl ] S 1q2l+1 _ 1, and

+1 in turn. Therefore by applying V(a,a’) < a(1 —a’), we

1

2

1, 3, ..., p). Since a < %, we have ¢
2141 20+1 1211

(@**a) > ¢*a +

h

ave

1 242 \ 242 1 j 1
WV(@ a>> <q a>) < (a — 5 + W) (5 — a), (a S J21+1).

By combining these and by noting W#I“ - 4192]7.[“ > 0 we have
B < -2 L J L 0 J:
;i (@) < — ( a+ + i W) (5 —a) <0, (a€ Jyut1).
Hence By g:1(a) 4+ -+ Bp g;—1(a) <0 fora € Jop 1. Ifa € I}, then

ﬁ‘/(@%% (q°a)) < (a - % + %) (% - a).

Because of J; D I}, we see

—Vi(=pa) o)) = —(=a+ 5+ 5-) (5-0) (e B,
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and thereby we can conclude
1 1 1 1
By.qg0(a) < 72(7a Frt—— —2) (7 - a), (a €1

By (30) we have

) 1 1 1\/1 1
0 p/gi0,0 S 01— a) = 4(_a+ >t~ 72) (5 - a) + 22L2L(p2¢2 — 1)
= hvm(a)

for a € Jor,_1 N I%. Note that we have

b (1 _ 1 ) 1 5
VIE\2 7 9(p2LHT 4 2L+1) 47 T o(pRLAT 4 2LH1)2

2L+1 2L+1 2L—1 2L 2L 2L+2 2L+1 2L+2 2L—2 2L
R s S St St St S Sy

2p?tq*l (p2q® — 1)

p <0

Jr

2L+1 1 _2L+1 2L+2 2L+1
by p?ttl < Ip?htlght2 g2t <

1
q S gPb
p?lg?lt? < %;DQL'HqQL"'Q7 and + + % + % + % = % < 1. Since hyg(a) increases
on Jor,_1, we see hyp(a) < % oroZ 06 < % for a € (Jor,_1 \ Jar+1)NI5. By taking
a union for L = 1, 2, ..., and by noting that J; D I5 D J3 D J5 D ---, we have
2 1 /
7 /g0,a <z for a € I5.

2 2
Let a € Ji. we have p’a > %pz — m, [p?a)] > %p2 — m — 1, and (p%a) <

2L+1 2L+2 2L—1 2L 1 2L+4+1 2L+2
Hgphtz phrlgpl < Lp2htlg2htz,

2
p2a — %pQ —+ % + 1. Since we have (q2a> > ¢%a — %qQ + 1 as before, we have

)(3-0)

i_m—ﬁ)(%—a), (a € Iy).

1 1 1 1
VW), @) < (a4 5ot

and
1
Bpgola) < —2(—a+ 5 +
By applying (32) and these estimates, we have
) 11 1 1y /1
vaSal-a)—4(-a+ s+ - - ) (5 —a)
02 p/g:0,0 < a(l —a) at g+ B ipre 223 a
1

* 2p%q2(p2¢? - 1)
Zh]}((a), ((IE Jl).

Note that we have

hIX(l L) o1 P - —pbta)
2 2p2) 4~ 4p?2 232 (p+q)(p?e® - 1)
by ¢ (p°¢*~1)—p(p+q) > 4p°¢*~¢*—p*—pq = (P*¢* —¢*)+(p** —p*) +(20° > ~pg) >
0. Since hix(a) increases on Ji, we see that U%p/q;o,a < % on J1 N (0,5 — W] and
1 1

2(p+q)’ 3)-

We here use (31). Assume that p/q # 3/2. In this case we have 2(p+q)2 <p?¢®—1.
Actually, when ¢ > 3, then we have 2(p + q)2 < 8p2 < p2q27 and when ¢ = 2,
20p+2)% — (p?22 —1) = —2p> + 8p+9 < 0 for p > 5.

hence on (
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Since hy is increasing on (0, %) and satisfies

== <0,
4 4(p + )2 (p%¢% - 1)

1 1 1 - -1 +20p+q)°
hI(? 2(p—|—q)) N

we see that o2 p/qu—hI( a) <+ fora € (0,1)\ Ji. Therefore we have o2 Z p/as0a <1

for all a € (0, %) and X* /q—%
Lastly we con51der the case p/q = 3/2. In this case we have

<0

L (1 1)_1_—(p2q2—1)+2p2 _ —35418
1 4—

2 2 4p2(p2¢2 —1) ~ 36-35

and since hi(a) is increasing in (0, %), we have ‘72—3/2;0,11 < hi(a) < 1 for a € (0, )\11.
For a € I} \ J1, we have {ga) < (—pa) and hence

1 1 1 1
o ((—pa), {ga)) (a 3 + q) + 2p ala—3
Thus we have B3 2.0 < —a(a — %) + % -32.22 and by (32) we have

) 1 1 5
073/2;07a§a(1—a)—2a<a—§)+m——3a +3a+% hx(a).

Since hx(a) is decreasing for a > 18, hence for a € (%, %] = I} \ Ji. Hence

= (ae I\ ).

)=
3

1
hx(a) < hx <]

Therefore 02_3/2;0@ < % for a < % and Ei3/2 = %

6 Proof of the inequality (11).

We assume that p > ¢ > 3 are odd numbers. Since h; increases on (0, 3), by (31) and

11 1 -2 -1 +2p2  —9p?+1+42°
(b Ly 1o < <o,
2 2p/ 4 4p?(p?¢? — 1) 4p?(p?¢? — 1)

30,0 < $ fora e (0,3)\ 1.

On Ii, we have (—pa) = —pa + %(p—l— 1) > % > qa %(q —1) = {ga) and

2
we see that iy

1 1 1 1 1
Bpao(@) < (o= 5+ 5. ) (0= 5+ 5,) + 2

By applying (32), we have
o2 <a(1—a)—2(a—1+i)(a—f+—)—|—7—h (a)
—-p/q;0,a = 2 " 2 2 2022 — 1) X4,
for a € I{. Because of

_ a2 _M) _ (l_i)(l_i) I
ma(a) = =30 + (3= 2 )a=2(5 - 50 (5 - 55) * a1y

. i 5— 1 _ pta
hxt has maximum at ¢ = 3 pg -
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If p > 2¢q, then

1 1 2q —
o (55) = o
2 2p 6pg

and hence hyg is decreasing in I{. Thereby we have

1 1 1 1

ng/q;o,a < hxi(a) < hXI(§ - %) = h1(5 - %) < i

for a € I. By continuity, the above estimate can be also proved for a = %, Hence
* < % in this case.

-p/q
If p < 2¢,
hxa(a) - & = (P> = 4pg+ ¢*)(P*¢* — 1) + 6p°¢>
4 12p%¢?(p?q? — 1)

_P°d*(p—29) +1°¢°(a—p) — (p — 9)* + (6p¢* + 2pg — °¢°)
12p2¢%(p2q? — 1)

<0

by 6p%¢% + 2pq — p°¢® < 6p2¢% + 2pg — 15p°¢> < 0. Hence hxi(a) < hxq(a) < § for
a € I] and Ejp/q < 1 in this case.

7 Proof of (6)

Suppose that 6 is given by (4). Because we have already proved Xy < Xg|, we here

prove % < Xy. In case when (8) holds, then by (3), we have % < Yy. Hence we must

prove % < E_p/q in the case when one of the p and ¢ > 1 is even, and also in the case

when p=2 and g = 1.
Firstly, assume that p is odd and ¢ is even. We have ((fp)k%> = % and (qk%> =0
for k > 1. Put

fr(a’) = V({(=p)*d), (=p)"3), (d"a), (" §))
= V(((-p)*a’), (d"a") = V(3. (¢"a")
for k > 1. Since fj, is continuous and piecewisely continuously differentiable, and
satisfies fi(0) = 0, we have

a/
fua) = [ D* R
where DV f}, denotes the left derivative of f;. We have

DT (@) = (—p)*A((—p)*d’) < (¢"d')) — (¢"d'))
(—p)Fdy > (¢"d")) — ((—p)Fd'))

k
q CL/> < %)_%)7

and hence | DT fi,(a/)| < Pk + %qk.
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We have DV fi.(a') — %(—q)k as a’ | 0. Actually, it is verified by ((—p)¥a’) 11
and (¢*a’) | 0if k is odd, and by ((—p)*a’) | 0, (¢"a’) | 0, and ((—p)¥a’) > (¢*a’) for
small enough a’ > 0 if k is even. Hence we have
1—1/pf ,

1
T:T as aJ,O

h=1' r=1P

On the other hand, we have

Qk:%;l (—pg)* D fila :; ( k p’“) EICER R

Take large enough K satisfying
2 " 3 1
®(q-1) pKp-1)~4 p-1"

and take small enough A > 0 satisfying

K
11—1/p% 1 n 31—
A< -— 12 9 DY fe(t) > 2 —L2 (0<t<A).
I ey etz P )

By noting V(% —d, % —ad) L 12 _ % — foa 2t dt, we have

4 K s}
1 a DT
o2 a1/ = i +/ (—Zt + (2 > o2 > >i(kt)> dt
0 -

=1  k=K+1 (=pa)

Il
iN|
|
IS

for 0 < @’ < A. Hence we have E,p/q > 5.
Secondly assume that p is even and ¢ > 3 is odd. In this case, we have ((—p)k%> =0,
(d"3) = 3, and
fr(@’) = V({(=p)*d), (¢"a") = V((=p)*a), 5), (k> 1)
We have
D fr(a') = (—p)* A((-p)*a’) < <q a')) = (¢"d"))
+¢"A(((-p)"a’) > (
— ()" A=) a)
and hence | D7 f,(a’)| < %pk +q".

If kis odd, DT fi,(a') — %(—p)k asa’ | 0,and if k is even, DT fi.(a/) — qk—%(—p)k
as a’ | 0. Therefore

( 21 =DF for 1 (a) + (pql)ngJrfzz(a,))
L 1 1-1/¢*Y  _1-1/p%
;( a1 " _ﬁ): qg+1 2 pP—1
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On the other hand, we have

) 3 (2l D+fzz(a’))‘ 3 2
20—1 21 = 2L(, _ 2L(p— 1)
oy () (pa) ¢ q—-1) p*p-1)
Take large enough L satisfying
2 11-1/¢*"
2L : T3z <37 i )
*tg-1) p*p-1) ~ 4 q+1
and take small enough A > 0 satisfying
L
ot < 11 1/¢*F 22(*D+f21—1(t) D+f21(t)) 1-1/¢*"
=4 g+l et (pq)21*1 (pq 2l qg+1
for 0 < t < A. Then we have
2
T—p/g;a’,1/2
/ L e}
1 @ —DT for 1 (t) DT fo(t
— i [ (e (2w X (P 0 B g
0 = Th (pg) (pq)
1 11-1/¢*% , 1
i Rt A S et
1ty 411 Y7
for 0 < a’ < A. Hence we have 2 pq > %
Thirdly assume that p = 2 and ¢ = 1. Since we have
o 61 61 o
V(((_Q) %>7 <(_2) g)a %7 g) = V(%v 97 %7 g) = %7
T 61+1 6141 e
V(<(_2) * %7((_2) + %>a%7%)zv(%7%7%ag):%v
T 61+2 6142 e —
D2, (-2, 5, 9) = V(4 8. 5,9 = 22,
T 61+3 6143 e
V(<(_2) + g>7<(_2) + %>a%7$)zv(%v$7%ag):%7
T 6l+4 6144 e
V(<(_2) + %)7((_2) + g%%ag)zv(%v%v%ag):%a
T 6145 6145 e —
V(<(72) + g>7<(72) + %>a%a%)zv(%v%7%yg):47927

we have

10

o2 _7+2(l.£+1.;2+1.Q)(1+1+i+...)—
—21/7,6/7 7 49 2 4904 49 T8 49 8 ' 82 -

Hence we have X_o > —Vfglo > %

Although we conjecture that this is the right value of X' _o, unfortunately we do
not have a proof for it. We shall return to this evaluation in future.
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