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Abstract In this paper it is proved that there exists a sequence {ny} of integers with
1 < ng41 —ng < 5 such that the distribution of (cos2wniz + - - - + cos 2mny)/VN on
([0,1],B,dx) converges to a gaussian distribution. It gives an affirmative answer to
the long standing problem on lacunary trigonometric series which ask the existence of
series with bounded gaps satisfying a central limit theorem.

1 Introduction

It is well known that the sequence {njz} behaves like a sequence of independent
random variables if nj grows very fast. For example, the central limit theorem for
lacunary trigonometric series

N
H:pe[(),l] ‘ \/%Zcos%mkxgt}‘H‘ﬁoyl/z(foo,t] (1)
k=1

where Mm,v denotes the gaussian distribution with mean m and variance v, was first
proved by Kac [7] under the large gap condition ngyq/ng — oco. The condition was
relaxed to the Hadamard’s gap condition ng41/ng > ¢ > 1 by Salem-Zygmund [9)].
Erdés [5] proved (1) under weaker condition nyy1/np > 14 cp/Vk with ¢, — co. Here
divergence of ¢y, is necessary. This fact was stated by Erdés [5] without proof and was
proved by Takahashi [12]. Cases of weaker gap conditions were studied by Berkes [1],
Murai [8] and others [6].

Above sequences satisfy ng > exp(k®) for some a > 0, and it is natural to ask if
there exists a sequence which diverges more slowly and obeys the central limit theorem.
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By using the central limit theorem for random trigonometric series by Salem-Zygmund
[10], we can prove the existence of {ny} satisfying

k/ng — 1/2, limsup(ngy1 —ng)/logy k =1, (2)
k—o0
and
1 N
rel0,1]| — cos2mnpx <t — N —o00,t]. 3
{reon | 75 ez <tf| = Mo, a-o0) ®

In this result, the variance of the limit distribution is a half of that in (1), and this
is the maximal variance under the condition (2). Actually Bobkov-Gétze [4] proved
that, if the law of (cos 2rnix + - - -+ cos 2rny ) /v N converges weakly, then the second
moment of the limit distribution is bounded from above by (1 — limsup k/ny)/2.

The study of this directions, however, was almost completed by the result by Berkes
[2]: for any sequence 0 < Lj — oo, there exists a sequence of positive integers satisfying
1 <ng41 —n, = O(Ly) and obeying the central limit theorem (1).

Recently, Bobkov-Gétze [4] constructed sequences with 1 < ngiq —ni < L < o0
such that the limit distribution is a variance mixture of centered gaussian distribution:

N
1
rze|0,1] ]| — cos2mnpr <t —M —oo, t], 4
e 01| Jg Zeozmmr < of | = Mo p(oe (@
where p?(z) = 1/2 — 1/2d — (l/dQ)ZZ;ll(d— n)cos2mnz (d = 2, 3, ...) and the
measure 9y ;2 is given by

1
mo’pZ (A) = /0 mo’pz(z) (A) de, A€ B(R)

There still remains the problem asking if a pure gaussian distribution can be a limit
distribution in bounded gap case. There is also another problem to characterize the
class of distributions which can be a limit distribution.

In this paper we prove that 9N ; /4 belongs to that class, and that the class includes
measures defined by various p? functions.

Theorem 1 Let {an} be a sequence of real numbers satisfying

ad 1
D lanl < 35 (5)
n=1

There ezists a sequence {ny} of positive integers satisfying 1 < ngp1 —ni <9 and a
central limit theorem (4) for

o0
pg(a:) =-+4 Z an, COS 2TNT.

n=1

-

Also, there exists a sequence satisfying 1 < ngyq1 —ng <5 and a central limit theorem
(3).

For this last sequence with pure gaussian limit, we can also prove the exact law
of the iterated logarithm for discrepancies of {n;z}. We study this phenomenon in a
separate paper.



2 Proof

Put ap = 1/4 and let e, = %1 satisfies an = enlan|. Note that eg = 1. Let us define
l(v,e) and g(v,€) by

(l(07+1)v9(07+1)) = (4v0)a
(l(15+1)vg(17+1)) = (65 1)7 (l(lv - ) ( )) = (27 )
(l(27+1)7g(27+1)) = (872)7 (l(2, - ) ( )) = (47 )

6m,m), if (v,e
6m+2,m+1), if (v,e
6m+4,m+2), if (v,e

3m,£1) for m > 1,

)= (
(U(v,e),9(v,e)) = )= (B3m+1,+1) for m > 1,
)= (
)

—~ o~

3m + 2,+1) for m > 1.

Note that g(n,£1) < i(n,=£1) for all n, 0 < g(n,£1) and I(n,£1) < 6g(n,+1) < 6n
for n € N.
We prove Theorem 1 by assuming

LTI

n=1
instead of (5). It is clear that (5) implies (6).
Lemma 1 Assume (6) and put

/.L:l((),-i-l)/ <1— ZM+Z( 7 ) g(i‘:ﬁl))

g(nv 5”)

n=1 n=1

Then there ezists a sequence {vi} of non-negative integers such that

v = O(log ), (7)
N
Jim Z (Vks Evy) = 1, (8)
al 7 1
ngnoo i kzlsykg Vg, Euy, ) COS 2TV = 2u(p (x) — Z) a.e. x. 9)

Proof Let {&,} = {&x(w)} be an i.i.d. whose distribution is given by P({, = n) =
2ulan|/g(n,en) for n € N and

— — M = 2|an‘l(n7s’ﬂ)
P& =0 = iy (1 =2 e )

By law of large numbers, we have

%Z (€rs26) — Fll€1,2e,) = 1 (10)

N
Z 9(&kr ¢, ) cos 2m€pw — Eeg, g(&1,¢€¢,) cos2méix = 2,u(p2(x) — 7). (11)



for almost every w and all x.
If f >0and Ef(£1) < oo, we have

N N
Bf(a) = Jim > 1(6) 2 s Z (€)Le, <log
} N
> lim inf Z FE)lge<togr > Jim Z FE <L = Ef(€)1g, <1
k 1 k=1

for all L a.s. When L — oo the right hand side tends to Ef(£1), and hence we have

N N
Z (€)lg,<togk — Ef(&1) or Z (€k)1lg 100k — 0 as.

Therefore we have

N

EN:Z]‘EkflogkNN and
k=1

1 N

Zl fk,€£k 1§k>10gk — 0 a.s. (12)
k:l

By nOting |€§kg(£k35§k)| S l(fk‘agfk)? we have

N

1
N E €6, 96k, €6, )1g, >log k €08 2mE e — 0 as. (13)
k=1

By combining (10), (11), (12), and (13), we have

[1]‘ —

N
Z er<logkl(Ek.c,) = 1 as.

[1]‘ —

N

Z 9(&k, €6, ) 1e, <log k COS 2TE R — 2,u(p (z) — i) a.s.

Define the sequuence {v;} by vz, = & for k with £ < logk. We have vz, < logk ~
log =}, and above two asymptotic formulas imply that (7), (8), and (9) are valid almost
surely for all z. By virtue of Fubini’s theorem, (7), (8), and (9) are valid for almost all
x, almost surely, and hence we can choose one sample of {v} such that (7), (8), and
(9) are valid for almost all z. O

Let {Y}} be a fair +-1-valued i.i.d. and we define another sequence {17]} by modifying
{Y;} in the following way.
First, let {v4} be a sequence satisfying the properties in Lemma 1, and put

n
Ag=0 and Ap = l(vg,en,) (R=1,2,...).
k=1

Secondly, we define a sequence {)7]} in blocks

YAn—1+17 ey YAn—1+l(ansun) = YAn. (n = 1, 2, N )

Define the value of each block according to the value of (vn, ey, ) as below: Here we
denote Ay,_1, vn, and €,,, simply by A, v, and e.



Ifv=0,1, 2, welet (?A+1, ey 17/1_,_[(1,,5)) equal to

(Ya41, Ya+1, Yats, —Yaq3) if (v,e) = (0, +1),
(Ya+1,Ya+1, Yays, —Ya+3, Yays, Yats) if (v,e) = (1,+1),
(Yay1, —Yat1) if (v,e) = (1,-1),
(Yasrt, Yare, Yart, Yare, Yars, —Yags, Yagr, Yagr)  if (v,e) = (2,+1),
(Yat1, Yagr2, —Yar1, —Yarz) if (v,e) = (2,-1);

If v = 3m (m € N), we define by

Yarsjr1 = €Yaramasit1 = Yarsjrr (G=0,1,...,m—1),

Yatsjte = (—1)?Yassjys = Yagsjee (G=0,1,...,2m — 1);

If v=3m+1 (m € N), we define by

Yat3j41 = eYaq3mi3j42 = Yagszj1 (G=0,1,...,m),
Yarsjte = (—1)?Yassjps = Yagsjre (G=0,1,...,m—1),
Yatsjes = (1)’ Yaysjpa = Yaysjps (G=mym+1,...,2m—1);

If v =3m+ 2 (m € N), we define by

Yat3i+1 = eYa13m43j43 = Yagszjr1 (G=0,1,...,m),

Yarame2 = e¥Yar6m+a = YAr3m+2,

Yarsjre = (1) Yaysj43 = Yagsjre (J=0,1,...,m—1),
Yaysjra = (1) Yarsjss = Yarzjea (G=mm+1,...,2m—1).
By definition, the sequence 17/1+1, A 17/1_&_1(1,78) contains both of +1 and —1, and thus

cannot be a run of the same number. The maximum length of run of the same number
is at most 8. And the length of run of the same number on the left end is at most 5,
and on the right end it is 3. Hence, the maximum length of run of the same number in
the sequence {}73} is at most 8.

To have the pure gaussian limit distribution ‘31071/4, we put v =0, gy, = +1. In
this case the maximum length of run in {}7']} is at most 4.

Having defined {f@}, we define v, and ¢, by

An An
Yn = Z Y; and o¢pn= Z Y cos2mjx.
j=An-1+1 j=An-_1+1

Clearly {yn} and {¢n} are sequences of independent random variables.
Denoting cos 2mnx by cn, we have

l(y’ﬂ? EVn)

Ep? =
Pn 2

+ev,9(vn,evy, v, + Hi(Ap—1,0n,€v,) + Ho(An—1,vn,€v,), (14)



where

l(v,e)

Hi(A,ve) = C2A+25)

N | —
Il
—_

j

H2(A,0,+1) = caa43 — c2a47,
Hy(A,1,+1) = caa43 — caA47 + C2aa411,
2(4,1,-1) = —can43,
( )
( )

T

H.
H.

A,2,+1) = coa44 + C2446 — C24411 + C24415,

V)

A? 27 —-1) = —C2A+4 — C2A+46>
m—1 2m—1

Hy(A,3m,e) =¢ > convsmrsjsz+ P (1) cantejs,
Jj=0 Jj=0

[ V)

m m—1 2m—1
Hy(A,3m+1,6) =Y conramicirs+ (=1 canteios + Y (=1) cansejsm,

Jj=0 Jj=0 Jj=m

m

Hy(A,3m +2,e) =¢ Z C2A+3m+6j+4 T EC2A4+9m+6

j=0

m—1 ) 2m—1 )

+ > (D eangejes + Y (=1 canrejto-
i=0

Jj=m
Actually, when v = 3m, ¢, equals to

m—1 2m—1

> Yarsjri(earsjsr +ecarsmesior) + O Yagsjra(carsjpe + (1) carsjvs),
=0 =0

and hence we have

m—1 2m—1
2 2 ] 2
Egp = > (caysjtt +ecarsmesivr)” + D (capsjye + (1) catsjvs)
j=0 j=0

[N
3

m—1 2m—1

) .
CAtj + 2 Z CA+3j+1CA+3m+3j+1 T2 Z (=1 catsjtacatsj+a
Jj=0 J=0

<
Il
—

6m m—1
=3m+ 2 Z C2A+25 T €Me3m +¢€ Z C2A4+3m+65+2
=1 7=0
2m—1 ) 2m—1 )
+a > (=1 + Y (=1 cantejtse
=0

=0

The other cases can be proved in the same way. Put ©n, = Hi(Ap—_1,vn,€ev,) +
H2(An_17yn75yn).

Note that ©f is a sum of at most I(vg, ey, ) cosines with bounded coefficients and
frequencies among [2A4y_1 + 2,24} ]. Hence we have ||Oy||cc = O(logk) and see that
{6} is an orthogonal sequence. Due to Rademacher-Menchoff theorem (Cf. [11]),



log k 211924z /k2 = O log k 4/k?) < oo implies almost everywhere conver-
0k
gence of the series > O /k. Hence by Kronecker’s Lemma, we have

1 N
i Z Or(z) -0 ae. zx (15)
k=1

By noting (14) and combining asymptotics (8), (9), and (15), we have

N

1 2 2

N E Epi — 2up”(z) a.e. z. (16)
k=1

On the other hand we can express ¢n by

An /2

Pn = Z Yaj(cﬂ2j—1 icﬁZj)’
j=An_1/2+1

where {a;} is an increasing sequence of integers, and {/3;} is a permutation of N. We
see
An /2

2 2
Eyp, = Z (cﬁzjf1 + 052].) .
j=An_1/24+1

By (8), we have Ay /2 ~ un/2, and hence by (16) we have

An/2 M
1 9 2 1 2 2
Ap /2 Z (¢8y;_1 £¢p,;)" — 4p”(x) and thereby i Z(Cﬁ2j71 +ep,,)” — 4p°(2),
j=1 j=1

for a.e. z. We here apply the next Proposition by Bobkov [3]: Although the special case
p =1 is proved in [3], as Bobkov-G&tze states in [4] (Cf. pp74), the following version
can be proved in the same way.

Proposition 1 Let {{n} be a sequence of measurable functions on [0,1] satisfying
fol &n(2)ém () de = d0nm. Suppose that we have £1-valued fair i.i.d. {Yn} defined on a
probability space (2, F, P). If two conditions

{xe[o,l}‘|§1(I)|v"'v|5"(x)| >s}‘ao (n—o00,e>0)  (17)

B

n

er [0,1] ‘ '5%(m)+"'+5’21(m) —pQ(x)) >€}‘ 0 (n—o0,e>0)  (18)
are satisfied, then we have
er[o,u]&imwm(m)g}‘amo,pa(oo,t] (M —oo,teR) (19)
<

for P-almost every w.



By applying this, we have
M
1
{1001 S > Vo, (@), 10 % 0 (o)) < 1] Roga(-ocut],
=1

for P-almost every w. By putting M = A, /2 and by noting Z]AZ"{Q Yo (€, ECy;) =
Zf;l ?jcj, we have

'{xe [0,1] ‘ ﬁ 2

M=

T w)es @) )| — Mo, (-00,1],

J
for P-almost every w, and thereby
1 &
{re 1001 = Y- Tt} Moot
VM/2 =

for P-almost every w. By taking the arithmetic mean with the normalized Dirichlet

kernels (1/+/M/2) Zjle cj(x) — 0, we have

Yj(w) +1

Cj(f‘)}‘ — Mo, p2 (=00, ],

er [0,1]‘ \/]\147/2531

for P-almost every w. By law of large numbers, one has Z;‘il(f/](w) +1)/2 ~ M/2
for P-almost every w, and hence

i %%(w) / (

as M — oo, for all ¢ € R and for P-almost every w. If we denote {k € N | )N/k =1} by
{n;}, we have the conclusion.

%(w2)+1>1/2}‘

-

er[o,l]

— Ny p2(—00,1]
1

J
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