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On the law of the iterated logarithm for
trigonometric series with bounded gaps

Christoph Aistleitner? Katusi Fukuyamaf

Abstract

Let (nr)r>1 be an increasing sequence of positive integers. Bobkov and Gotze proved

that if the distribution of
cos2mnix + -+ -+ cos2mtnyx

i (1)
converges to a Gaussian distribution, then the value of the variance is bounded from above
by 1/2 —limsup k/(2n). In particular it is impossible that for a sequence (ny)g>1 with
bounded gaps (i.e. ng+1 —ng < ¢ for some constant ¢) the distribution of (1) converges
to a Gaussian distribution with variance o2 = 1/2 or larger.

In this paper we show that the situation is considerably different in the case of the law
of the iterated logarithm. We prove the existence of an increasing sequence of positive
integers satisfying

Ng41 — Nk < 2
such that N
limn sup > k1 COS2mNLT
Nooo V2Nloglog N

= +00 a.e.

1 Introduction and statement of results

Let (ng)r>1 be an increasing sequence of positive integers. It is well known that the system
(cos 2mnyx)k>1 behaves similar to a system of independent, identically distributed (i.i.d.)
random variables if (n)r>; is growing fast. For example, Salem and Zygmund [23] proved
that the distribution of
N
> k1 COS 2T

VN

converges to the normal (0,1/2) distribution if (ng)x>1 satisfies

(2)

Phtl 5 051, k> (3)
ng
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Condition (3) is called “Hadamard’s gap condition”, and a sequence satisfying this condition
is called a “lacunary” sequence. Erdds and Gal [10] proved that the system (cos2mngx)g>1,
where (ny)r>1 is lacunary, also satisfies the law of the iterated logarithm (LIL). They showed
that N

lim sup > j_q COS 2N LT _ 1

Nooo +V2NloglogN /2
which is in perfect accordance with the behavior of systems of i.i.d. random variables (cf.
also [26]).

a.e.,

The situation gets much more involved if the function cos2wzx is replaced by a general 1-
periodic function (cf. [4, 11, 21]), or if the sequence (ng)r>; is of sub-lacunary growth (cf.
[1, 6, 7, 17, 22]). There are only very few precise results which hold for general sequences
(ng)k>1 without any growth conditions, except for the case ny =k, k > 1, where the theory
of continued fractions can be used to obtain precise estimates (cf. [18, 25]).

Though it is not possible to determine the precise asymptotic behavior of systems (cos 2mn;z);>1
for slowly growing (ny)r>1, it turns out that random constructions can be used to prove the
existence of slowly growing sequences (ng)y>1 for which (cos2mngx)r>; exhibits a certain
probabilistic behavior. For example, Salem and Zygmund [24] showed that if Xj(w) are in-
dependent random variables taking the values +1 which probability 1/2 each, then for the
sequence (ny(w))r>1 which consists of all number k for which Xj(w) = 1 the distribution of
(2) converges to the normal (0,1/4) distribution for almost all w. Observe that the sequences
constructed in such a way satisfy

limng/k — 2 and sup(ng41 — ng) = 00
k>1

for almost all w. This is in accordance with a result of Bobkov and Gétze [8], which states that
whenever the system (cos 2mn;z);>1 satisfies the CLT for a sequence (n)g>1, the variance of
the limiting distribution can be at most 1/2 — limsupy,_, . k/(2ng). In particular this implies
that no sequence (nj)g>1, for which the distribution of (2) converges to a normal (0,1/2)
distribution, can have bounded gaps. Recently, it was proved [15, 14, 12] that a CLT for
(cos 2mnyx)k>1 with variance arbitrarily close to 1/2 is possible for sequences with bounded
gaps. On the other hand, Berkes [5] proved that if we allow ny,1 — ny — oo, then a variance
of 1/2 of the limiting distribution is possible.

Less investigations have been made concerning the law of the iterated logarithm in the case
of slowly growing (nj)r>1. Salem and Zygmund [24] showed that if Xj(w) are independent
random variables taking the values 1 which probability 1/2 each, then, writing (ng(w))r>1
for the sequence which consists of all the numbers k for which X; = 1, for almost all w

N
_,cos2mngr 1
lim sup 21 B
Nooo V2N loglog N 2
for almost all z (in fact they proved a result for more general trigonometric series, which
contains the above result as a special case). As mentioned before, the sequences constructed by

Salem and Zygmund have (almost surely) an asymptotic density of 1/2 and contain arbitrarily
large gaps.



Very recently, it was shown that there exist sequences (ny)r>1 with bounded gaps for which
the lim sup in the LIL for the discrepancy Dy of ((ngx))r>1 (where (-) denotes the fractional
part) is not a constant almost everywhere (see [13]), and that for any ¢ > 0 there exists
a sequence (ng)r>1 with bounded gaps such that the value of the limsup in the LIL for
Dy ((ngz)) is larger than 1/2 — ¢ for almost all = (see [12]). The same methods could be used
to show that there exist sequences (nj)r>1 with bounded gaps such that the value of

N
) Y j_q COS 2TNT
lim sup

Nooo V2N loglog N

is not a constant a.e., or larger than 1/v/2 — ¢ a.e.

(4)

The purpose of this paper is to show that there even exist sequences (ny)r>1 with bounded
gaps for which (4) equals +oo for almost all z. We can limit the maximal distance between
two consecutive elements of (ny)r>1 to the smallest possible value, i.e. we can require that

N1 — Nk < 2, k>1.
Theorem 1 There exists a strictly increasing sequence (ny)y>1 of positive integers satisfying
Ng+1 — N < 2
such that
Zszl COS 2Ny T

lim sup =00 a.e.

Nooo V2N loglog N

Combining this theorem with Koksma’s inequality (see [9] or [19]) we get the following corol-
lary:

Corollary 1 There ezists a strictly increasing sequence (ny)k>1 of positive integers satisfying
Ngy1 — N < 2

such that
. NDn((npx))
imsup ———— =0 a.e.

N—ooo V2N loglog N

The main idea in the proof is based on the observation that for arbitrary [ there exists a
slowly growing sequence (nj)r>1 such that

N
) > k1 COS 2mnKT
lim sup

Nooo V2NloglogN —

holds for all x contained in a set A; of positive measure (the measure depending on ), and

(®)

that it is possible to find slightly modified versions <ng’m)>k>1 of this sequence for which the

sets Al(l), AI(Z), ... ,Al(m), ..., where (5) holds, fill (almost) the whole interval (0,1). Mixing a
(lvm))

sequence (ny)r>1 out of all these sequences (n,, k>1 for [,m > 1, which contains “large”
subblocks of elements of each of these sequences, will yield

N
. § k1 COS 2Ny
lim sup =

Nooo V2NloglogN

3



for almost all z. We believe that this idea of obtaining a sequence with a globally large value
of the lim sup in the LIL by mixing sequences having locally a large value of the lim sup could
also be used in other circumstances to construct sequences having a large value of the lim sup
in the LIL, e.g. in the case of lacunary sequences. This technique might be particularly useful
if there already exist constructions of sequences (ny)x>1 for which the limsup in (4) or in the
LIL for the discrepancy is non-constant (cf. [2, 3, 16]).

2 Preliminaries
The following Lemma 1 can be found in [20, Theorem 5.4, p. 149]. Lemma 2 is standard.

Lemma 1 (Esseen’s inequality) Let Xi,..., Xy be independent random variables satisfy-
mng
EX; =0, E| X > < 400, k=1,...,N.

Set
N

N
By=Y VX, Fy(y) =P (BN”2 S X< y> .

k=1 k=1
Then
N
—3/2
sup [Fn(y) — @(y)| < eBy* S EIXi[,
Y k=1

where ¢ is an absolute constant, and ® is the normal (0,1) distribution function.

Lemma 2 For any integers A and B # 0,

N
2A + NB)xsi N+ 1)B

cos 2 (A + Bk)z — cos(2A + ! Jsinm(N + 1)Bx _ o)

P sin Bz

except for finitely many real numbers x. Especially

N
Zcos%rkx =0(1) and Z cos2rkx| = O(1), ae. x
k=1

1<k<N: k odd

3 Proof of Theorem 1

Lemma 3 There exists an increasing sequence (ny)k>1 of positive integers having asymptotic
density 1/2 such that

N
) Y p_q COS 2mnLT
lim sup =00 a.e.

Nooo V2N loglog N

Theorem 1 is an easy consequence of Lemma 2 and Lemma 3: Let (nj)g>1 be the sequence
in Lemma 3. Define a new sequence (my),>1, which consists of all odd positive integers and
all even numbers j for which j/2 € (ng)r>1, sorted in increasing order. Since the sequence
(my)k>1 contains all odd integers, we obviously have

Mpp1 — mg < 2, k> 1.



Let
M(N)=4{j < N: m;/2 € (ng)r>1}-
Then

{mp: 1<k<N}={2n,: 1<k<M(N)}U{l<k<2(N-M(N)): kodd}.

Therefore
N M(N)
Z cos2mtmpxr = Z cosdmnx + Z cos 2rkx,
k=1 k=1 1<k<2(N—M(N))
k odd
and
N
Jimn sup > gy COS 2mmyx
N—ooo V2N loglog N
) ZQ{({V) cosdmnir . Zlgng(N—M(N)): k odd COS 2Tk
> limsup — — lim sup ,
Nooo V2N loglog N N—oo V2N loglog N
By assumption
e,
]’C )
which implies
) 1
el S A
N 3

Since by Lemma 3

. Z]k\{(fv) cosdmnir Z]k\{(fv) cos 4mnyx
lim sup = = lim sup =
Noco V2Nloglog N N—oo /6M(N)loglog M(N)

and since by Lemma 2

=00 a.e.,

ZlngQ(N—M(N)); k odd COS 27rl<::n‘

lim sup =0 a.e.,
N—oo V2N loglog N
we conclude N
5 2
lim sup D= COS 2mmk =00 a.e.,

Nooo V2Nloglog N

which is Theorem 1. O
Proof of Lemma 3:

We write Iy, for the set of integers in the interval [2(%*) 41, 2((h+1)2)} . Then |I| = 2(h*+2h+1) _

2(0*) where | - | denotes the number of elements of a set.

We write J; for the set of integers in the interval

(i—1)i(2i—1) _ i(i+1)(2i+1)
6 Tt f} -



Then |J;| = i?, and every positive integer h is contained in exactly one set .J; for appropriate

1. If h € J;, then h has a unique representation of the form

(i—1)i(2¢ — 1)
6

h = +1 +1li+m, where 0<l,m<i—1.

We call the pair (I, m), which is defined in this way, the “type” of h and of the interval I. If
h is of type (I,m), then necessarily

I,m < (4h)'/3. (6)

We define a sequence of independent random variables X7, Xs,... over a probability space
(Q, A, P) which have the following properties:

For any number k£ > 1 there exists a uniquely defined number A such that k € I;. Assume
that Iy, is of type (I,m). If (k mod 2*™) € {1,...,2™}, then

% Zzl‘l cos2m (k+ j2™)x  with probability P = 1/2

X = Xp(z,w) = 7=9
g b(@w) { —% ?l:_ol cos 2w (k + j2™) x  with probability P = 1/2

(7)

If (k mod 24™) & {1,...,2™}, then

If k € Ij, for some h and the interval Iy, is of type (I, m), then we say that the random variable
X, is of type (I,m). We will use the symbols E, V,IP with respect to the probability space
(Q, A, P), and write A for the Lebesgue measure on (0,1). The notation “a.s” will always be
used with respect to P, while “a.e.” is meant with respect to .

Observe that for any j € I the function cos2wjz appears in the definition of exactly one
random variable X, k € I, and that

1
Z X = 3 Z + cos 2wkzx.
kel kely

By construction
EX, =0 k>1.

We write A* for the set of indices k for which X; =0, and A = N\A*. For k € A*
VX =0,
and for k € A

2l—1
VX, = Zcos%r(k:—i—j?m)x
j=0
1 sin(72/2™x) cos(m(2k + (2! — 1)2™)z) ?
4 sin m2mx ’




if X is of type (I,m).

Let
By = By(x ZVXk

If X} is of type (I, m), then

1 X | < 2L
By (6) this implies
[ X < 20m* (9)
and
By < 2D+ _ o o(h+2)?) (10)
for k € I,
We define
2 1 1
Al,m = U |:2_m T 9ltm+1’ 9m + ol+m+1 | ° lL,m >0
§=0
For x € A, we have
. l
sin (7T2 2mx) S ol-1, (11)

sin w2Mx

For any h, we write its type by (I(h),m(h)). By the orthogonality of the trigonometric system,

2
/ Z cos(m(2k + ( 2l(h) )2m(h)x)) dr = @’
0 2

kely

and
1 2
/ Z (cos(m(2k + (2" — 1)2mM )2 | —|1,|/2 | dz
0

kel
2

1
= / Z cos(2m(2k + (21 — 1)2mMyz) | dae
0

kel
= |Ix]/2.

Therefore, by Chebyshev’s inequality,

8

A QY (cos(m(2k + (217 — 1)2mM)2)? < 1| /45 | < Tk

kel

Obviously we have

S o <
= |In



so by the Borel-Cantelli lemma there exist a set A with A(A) = 1 such that for all x € A

there exists an H = H(x) such that for all h > H

> (cos(m(2k + ("% — 1)2mFN) )2 > |1, | /4.
kel

Combining (8), (11) and (12) we obtain for all z € AN A;,,, and h > H

> VXp(x) > 224 L.
kely

We write
BM =" vXx;.
kel

For N € I, and z € AN A;,,, by (13) we have
By > BhY > 974, | > 2-52(h?),
Combining this with (9) we can verify the condition

By

B d XN lloo = loglog By
N — oo and || Xy 0( log log By

of Kolmogorov’s law of the iterated logarithm, and have

i X
lim sup
N—oo V2Bpyloglog By

By noting (10), we conclude

=1 a.s.

Zigf) Xk

im
h—o00 \/2(h+1)2 log log 2(h+1)2

) as N — 0.

(12)

(13)

(14)

Let [, m and x € AN A, be fixed, and assume that h > H is of type (I,m). By (13) we can

assume that
BM > 22741, |.
Then by (9)

(B(h)>’3/2 Z E| X, |8 < 2-36|7, |~1/293(16 logs 1)1/
kel

Set

Up =1 > Xp>273/|I[loglog | I

kel



By Lemma 1, (3) and (15), for some constant c,

P(U,) > P[> X,>2"/B®"loglog|Iy|

kely

e_t2/2dt _ C2623(1610g2 k)l/e_gl‘lh‘_l/Q

1 o
s /, /loglog |I1|/2
o~ (VigTos Tl 2) "2
>
B Vloglog |1

1
h1/4(log h)1/2 ’

—-1/2

— (2696t 1)!/? (2(h2+2h+1) _ 2(h2>)

>

For every pair (I, m) and every sufficiently large ¢, there is a number h of type (I, m) in every
interval J;. Since the size of the integers in J; is somewhere between i3/3 and (i +2)3/3, this
implies
> e =
1/4 /2 = 7
= hi/4(log h)Y/
h is of type (I,m)

Since the sets Uy, are independent this implies by the second Borel-Cantelli lemma

Zk‘efh Xk

lim sup >1 a.s.
h—oo 2/734/|I}|loglog |1}
and, since |I,|/2(("D?*) — 1,
X
lim sup Zkelh b >1 a.s.

h—o0 2173\/2(h+1)2 10g log 2(h+1)2 N
Finally, by (14)

N 2(h?)
. X . —1 X+ Xk
lim sup 21 X lim sup k=1 Zkelh

>
Nooo 2073y/Nloglog N ~— s 2173\/2(h+1)2 loglogQ(thl)2

and therefore for every x € AN A,

>1 a.s.,

N
_, X
lim sup k= Xk > ol—4 a.s.

Nooo V2N loglog N —

Let
o0
A= A
m=1

Then P(A;) = 1. In fact, x € A5 if and only if (2z) € A;; Similarly, € A;,, if and only if
(2m~1z) € A;1, and generally

o9
x € U Al,m
m=1

9



if and only if at least one element of the sequence ((2™~1x)),,>; is contained in A; ;. Since the
sequence ((2™1z)),,>1 is uniformly distributed modulo 1 for almost all real z, this implies

TR
m=1

Since there are only countably many choices for m we have for every x € A; N A,

N
X
lim sup _ 21 Xk > ol a.s. (16)

Nooo V2N loglog N —

Now let
A* = <ﬂ Al> N A.
=1

Then P(A*) = 1, and since there are only countable many values for [ we have for almost all
z e (0,1)

N
X
lim sup M = 00 a.s
Nooo V2N loglog N
By Fubini’s theorem this also implies
N
X
lim sup k=1 X a.e.,

=
N—oo V2N loglog N
P-almost surely.
We define sets AT = AT (w) and A~ = A~ (w) in the following way:
At ={keA: Xy(w,0) > 0} and AT =A\AT.

In other words, AT contains those indices in A for which X} has sign “+” in (7), and A~
the indices where X}, has sign “—” (depending on w). We can choose an & for which

Y Xp(@@)

lim sup = 00 a.e
Nooo V2N loglog N
and (by the strong law of large numbers)
ke AT, k<N
Pk EAT KSNY ) N (17)

#{ked, k<N}

hold. In the sequel we will always assume that this particular © has been chosen, and write
Xk = X ().

For all k£ € N\A we have X} = 0. This means

ZXk: Z Xk,

k<N keA k<N

10



and

Z (Xk—{—%cos%Tkx) =2 Z Xy

k<N keAt, k<N

The function ), A+ is an infinite cosine-series. We write (ny)r>1 for the sequence which
consists of all frequencies which are contained in this series, sorted in increasing order. Then
by (17) the sequence (ny)r>1 has asymptotic density 1/2, and since

1 ;
lim sup > lim sup — lim sup

Nooo V2N loglog N Nooo V2NloglogN  N_o  V2Nloglog N

=0 a.e. by Lemma 2

we have

> COs 2
o p—1 COS2TNLET
lim sup

Nooo V2NloglogN

which proves Lemma 3.
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