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ABSTRACT. We prove that every value greater than or equal to 1/2 can be a
constant appearing in the law of the iterated logarithm for discrepancies of a
lacunary sequence satisfying the Hadamard’s gap condition.

1. INTRODUCTION
In the theory of the uniform distribution, we use the following discrepancies of

a sequence {ay}:

Dn{ar} = sup

0<a’<a<1

)

SHESN | € 0)} — (- a)

Dy{ar} = sup

1
~#{k <N | (a) €[0,a)} —al,
0<a<1|N

where (x) denotes the fractional part  — [z] of z.
One of the most typical result on asymptotic behavior of discrepancies is cele-
brated Chung-Smirnov theorem which asserts the law of the iterated logarithm for

discrepancies of uniformly distributed i.i.d. {U}:
—  ND3{U.} m NDn{U} 1

lim —————e= lim —(———— = -, as.
N—oo y/2Nloglog N N—oo /2N loglogN 2
We have similar phenomena without assuming independence of sequence of random
variables. For a sequence {ny} satisfying the Hadamard’s gap condition

(1.1) klgl&nkﬂ/nk >1,

Philipp [9, 10] proved the bounded law of the iterated logarithm

1 —  NDx — ND
— < ¥*{ngax}:= lim N D{ner} < ¥{ngx}:= lim N Dn{ner} <C
4+/2 N—oo /2N loglog N N—oo /2N loglog N
for almost every x, where C' is a constant depending only on the infimum in (1.1).
Recently it became possible to calculate concrete values of ¥{ngz} and L*{nyz}.
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It is proved in [5] that, for all real number § > 1 there exists a constant 3y such

that

(1.2) Yoz} = {0z} =Xy, ae.

We have ¥y = 1/2 if 0 satisfies the condition 0" ¢ Q for all » € N. Otherwise let
us express 6 by 0 = {/p/q where r = min{n € N | " € Q}, and ged(p,q) = 1. In
this case Xy does not depend on r and is evaluated in the following cases:

V(pg+1)/(pg—1)/2 if p and ¢ are odd,
Vp+Dplp—2)/(p—1)3/2 ifp>4isevenand g =1,
V42/9 ifp=2and g=1,
V22/9 ifp=>5and ¢ =2.

It is also proved that maxgs; Y9 = Yo = v/42/9 (Cf. [7]). Aistleitner [1] gave a
nearly optimal Diophantine condition on the sequence {ny} to have L*{njzz} =
Y{nix} = 1/2 a.e., which coincides with the case of uniformly distributed i.i.d.

In [8], it is proved that X*{niz} and Z{nsa} are equal to a constant if {nj} is
a subsequence of {#*}, and the set of possible values of constants coincides with
the interval [1/2,%]. Therefore every value in [1/2,v/42/9] is proved to be a
possible value of ¥*{niz} and 3{ngx} for some {n;} satisfying the Hadamard’s
gap condition.

It is natural to ask whether values greater than /42/9 are also possible values
of ¥*{ngx} and Z{niz}.

Relating to this question, we can find the following result by Berkes-Philipp [3].
For any real number L, there exists a sequence {ny} satisfying the Hadamard’s gap
condition (1.1) such that X{nix} > L a.e. Unfortunately, we cannot know by this
result, if X{nyz} is constant a.e. or not.

So far, only known greater constants are those for so-called Hardy-Littlewood-
Pélya sequences defined as below: Let g1, ..., ¢ > 2 are relatively prime inte-
gers, and {n;} be an arrangement in increasing order of {qi1 Nl I PR
0,1,2,...}. Then {ny} is said to be the Hardy-Littlewood-Pdlya sequence gener-
ated by q1, ..., ¢r. As to this sequence X*{niz} and X{n,z} equal to a constant
a.e. (Cf. [6]), and when the set of generators consists of odd integers, then

T 1/2
Y {npr} = X{npa} = 3 (H a — 1) ,  a.e.

i 4

See also [2] to find a detailed study for permutations of these sequences.

The last value becomes arbitrarily large if we choose generators properly. Un-
fortunately, when 7 > 2, Hardy-Littlewood-Pdlya sequences do not satisfy the
Hadamard’s gap condition. But the method of approximating the Hardy-Littlewood-
Pélya sequence by subsequences satisfying the Hadamard’s gap condition can be
found in [4]. We adopt this method together with randomization technique to solve
the above problem.

Now we are in a position to state our result.

Theorem 1.1. For all 0 > 1/2, there exists a sequence {ny} of positive integers
satisfying the Hadamard’s gap condition (1.1) such that

(1.3) S{npe} =S {ngx} =0, a.e
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For 0 < o < 1/2, there exists a sequence {ny} with bounded gaps ngr; —ng =
O(1) such that (1.3) holds (Cf. [7]). It is open whether we can take such {ny}
satisfying the Hadamard’s gap condition.

2. PrROOF
We first note that discrepancies are written by

N

2 Toston)

Dn{ar} = sup
0<a<b<1

Dy{ar} = sup
0<a<1

1 XK
N Z 10,a(ak)
k=1

where 1,(x) = 1o ({z)) — (b —a), and 1, ) denotes the indicator function of
[a,b).

Denote the sequence of all odd prime numbers by 3 = ¢1 < ¢2 < ---. Put
¢(z) =2 V0 and ¢(z) = (—x) V0. We have ¢(z) + 1p(x) = |z|. Denote

I—|j I—|jr
Qrijy,je = i I|]1|) gb( I|j D and U(z) =+/2zloglogz.

We use the next proposition.

Proposition 2.1. Let 0 < p < 1 and {X,,} be a sequence of independent random
variables defined on a probability space (Q, F,P) satisfying P(X; = 1) =1-P(X; =
0) = p. Let us regard the set {qg',, | X;(w) = 1} as an increasing sequence and
denote it by {nj(w)}. Then

N

> fnyx)

P<#{n2} = o0, NH T H(N)
— 00 h—1

=o(f,p) ae. x, forall € BV0> =1,

where BV denotes the class of functions f of bounded variation with period 1
satisfying fo t)dt =0, and o?(f,p) is given by

1 ) > k
:/0 f (w)dm—i-kaz_:l/o flgi o) f(z) do

In [8] we proved a similar statement given by replacing ‘for all f € BV, with
‘for all 14 with 0 < a < b < 1" and ¢g,41 with 3. Proposition 2.1 can be proved
completely in the same way. We apply it for

fap(z IT/2 Z Z Tas(ql ... g x).

i1=0 1+-=0
Let us evaluate 02(f,4,p). By changing variable y = ¢***z and by noting
i—iANT =¢(i—1)and i —i AP = (i — i), we have

I-11-1

1 ! , '
f Z Z / g(q/qlm) qllqz .’L‘ dr = Z ¢ |J| / g(q/q¢(])y) (q//qw(]) )dy
0 0

i=0 i’/=0 JEZ
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Here we used the fact that the number of (i,i) € {0,1,...,1 — 1}? such that
j=1—1 equals to ¢(I — |j|). Hence we have

/ Fuala?802) a3 5) d

’

Z Z / an(@) a2 o) sy a7 g w) da

11711—0 ir,i =0
1
E) o~
= 2 P 737/ Top(a29) . 2D W DT, (P . DB 2) de
J1yeens jr€Z

Therefore we have

2(f2.,0) /fab

= Z Prjy,.. ,JT/O Taa(@?" . 20 ) Ta (e . U 7)2) da,

and by noting
k)
fa ba - / fab qz—s_(H)m fa b(qi}il x) dx
keZ
we see that 02(f,,1) equals to

1
_ ot~ w o
> <I>1;j1,.‘.,j7/ Loo(a?" . a2l ) Lap(af V) o gt e) da
kyjtseesir €2 0

To evaluate the integrals above, we use the next lemma, which is proved in [5].

Lemma 2.2. Forz, y, &, n€[0,1], put V(z,8) =2z A& — x€ and V(&y,f,n) =
V(z,&) + V(y,n) — V(z,n) — V(y,&). For any positive integers P and Q with
ged(P, Q) =1, we have

| Les(Po)Tan(@o) de = GV (Pa). (PB).(Qu). (@)
0
V((Pa), (Ph), (Qa), (@8) < V((P(b— a)), (Q(b— a))) < 1/4.
If P and Q are odd, and if a = 0, b= 1/2, then V({Pa), (Pb), (Qa), (Qb)) = 1/4.

By applying this lemma and by noting ¢(z) + ¥ (z) = |z|, we have

1
_ 4 . . . 1
/ Top(af" . g2 g2 M) 1, (g7 Y .. g2 gl 2) da < T TR
0 4qg 47 G4

and we see that the equality holds if a = 0 and b = 1/2. Put

Lyrat! 2 1 Prijr,eer 12
2(“%_1> md Q=g 3 )

J1yeir€Z N




A METRIC DISCREPANCY RESULT FOR LACUNARY SEQUENCES 5

Hence we see

1 ) j
2 2 : Lijindr  _ 02 _ 2
g (fa,lno) < Z ‘Jl‘ - |J7-| - QTJ =0 (fO,l/Q»O)v
droeesir€2 A1 qar
1 ‘I’I, e Gro1+1
U2(fa7b’ 1) S n L J Q2 - - 02(f0,1/27 1)a
1 2 PP -1
kjtseir €2 90 A A

which imply
sup U(fa,ba 0) = sup G(fO,aa 0) = O—(fO,l/Qa 0) = QT,I7

S>a<beS a€s
1/2
gr+1 +1
SUp 0 (fass1) = 5up0(for1) = 0(fo/21) = QT,I(” )
S3a<beS a€S Gr+1 — 1

where S = [0,1)N Q. By 02(fa,p) = (1 —=p)02(fap,0) +po?(fasp, 1), we also have

1/2
qr+1 + 1
sup o (fap,p) = SUPU(anJ?) = U(fo 1/2:D p) = (1 —P+P7+ 1) Qr1.
Soa<beS a€S qr+1 —

Let {ny} be an arrangement in increasing order of
{(nygi . ..qi k=0,1,...541,...,i, =0,1,..., ] —1}.
It is clear that {n,} satisfies the Hadamard s gap condition. Let us take p(k) such

that n,y) = an{ L /A ”k/% ...qi* qul L g1, then ny/nj <
qll Lo qgl=. In case k' > k, we have 3F % < nk,/nz and thereby K < k+
logs qI L ..qL71. The last inequality is also valid when &’ < k. Hence we see
g .. gl |k < K,in,... i <I} C{ng |k < p(K)}
ci{nig ... ¢ | k< K+logsqgi ' gl iy, i, < T}

Therefore we have KI7 < p(K) < KI™ +I"logsqi ' ...¢/™" and p(K) ~ KI".
For given N, take the largest K such that KI™ < N Then N < KI"+1". It
implies |N — ( <IT+17 10g3 qi7*...¢l~'. Therefore we have

~a,b(nkx Z > LapmRgl ... girz)| = 0(1),
k=111,...,i-<I
and thereby we have
K N
0(fap.p) = lim W(K)™! ;fa,b(nzm = lim (N kZ b(nez)|,  ace.

We use the fundamental relation below which can be found in [7].

Lemma 2.3. For any countable dense subset S of [0,1) and for any sequence {ny}
of positive real numbers satisfying the Hadamard’s gap condition, we have

—_— NDN{TLkI} —_— 1
m ————— = sup lim ————— ab(nix)|, a.e.,
N—oo y/2N log logN S3a<bes N—oo /2N loglog N P ’
N
—  ND% — 1 ~
lim M =sup lim ———— Zloﬂ(nkx), a.e.
N—oo /2N loglog N 45 N—oo /2N loglog N =
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By applying the lemma, we have

g1 +1\"?
S{ngpr} =X {ngx} = (1 —p +quLl> Qr1, ae.

Therefore, for every o € (Q- 1, (%)1/2627,1), there exists a p € (0,1) such

that (1.3) holds. Because of Q, 1 < Q-, Q-1 1 Q- as I — oo, and (M)l/QQT =

gr41—1
Qr+1, we see that for every o € [Qr,Q,41) there exists a sequence {ny} satisfying

(1.1) and (1.3). Because of Q; = 1/v/2 and Q, — oo as T — oo, we can conclude
that for every o > 1/1/2 there exists a sequence {n;} satisfying (1.1) and (1.3). On
the other hand, for any o € [1/2,1/y/2] there exists a sub-sequence {n} of {3¥}
such that (1.1) and (1.3) holds. (Cf. [8]).
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