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Abstract — We investigate the dependence of stationary sequence which is obtained
from the Riesz-Raikov sum by applying the Weyl transform. One of the results solves

Sugita’s conjecture on quasi - Monte Carlo methods.
g ) q

1. Introduction

The Rademacher functions {r;} can be regarded as i.i.d. on the Lebesgue
probability space (€ := [0,1), P(dw) := dw). Let us recall that r; is a
function on R with period 1 defined by

riw) :=r(27w) and (W) = 1pym(w) — Lppnw) (wE Q).

By putting Sp, := > " r;, we have the simple random walk. Thanks
to the quasi-Monte Carlo method, or by virtue of the equi-distribution
theorem of Weyl, we can evaluate the probability P(S,, = a) in the
following way: for all wy € Q2 and for any choice of a ¢ Q, it holds that

1
P(S,,=a) = / l{Sm:a}(w)dw
0 (1.1)
= 1&1_{};0—]621{5 =a} (wo + na).

It is well known that if « is an algebraic irrational, the speed of con-
vergence in (1.1) behaves like O(N~1%¢) for all € > 0 (Cf. Theorem 3.2
and Example 3.1 of [14]), and it is faster than the rate O(N~V/2+¢) of
Monte Carlo method.
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According to Sugita [17]. numerical experiments do not confirm this
advantage when m is large. He conjectured that the sequence

Sm(w). Smlw + @), Sm(w + 2a), ...

is nearly independent when m is large, and thereby the observed rate
of convergence is low. Related to the conjecture, he proved that the
correlation RE,"‘)(n) of the stationary sequence

X = {Son(w)/ V. Senle + @)/ VL, Sunli + 20) [V, ..}

goes to 0 and its order is of O(m~Y/%%¢) for every n, ¢ > 0, and for
almost all . As to this conjecture the author [8] proved the following
results:

1. For almost every « the stationary sequence x{m converges to a

Gaussian i1.i.d. as m — oo, in the sense of convergence of every
finite dimensional distributions;

2. For almost all a and every n, it holds that

m . 2
ki [ RM(p) = \/:
151 sup Tog Tog m R™(n) 3

3. The Hausdorft dimension of the set of a for which the result (1)
does not hold is 1.

Although the result (1) solves the conjecture affirmatively for almost all
a, the result (3) claims that the exceptional set is also large. It is one
of the aim of this paper to study on the limit behavior of the stationary
sequence for exceptional o. Typical results are as follows:

4. For every a, the sequence X(™ is relatively compact and the
cluster point is a stationary gaussian sequence;

5. The Hausdorfl dimension of the set of o for which the limit of
X(™) is dependent is equal to 1.

To prove these results, we regard X(™ as a special case of the Riesz-
Raikov sum Y f(#*w) and use the methods of gap theorems.
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2. Main results

Let # > 1, o € R, and let f be a function on R with period 1 such that

/lf(t)dtzo and O</1|f(t)[2dt<oo. (2.1)
0 0

Let us put

XM (w) = J\/ﬁz F(65 1),
k=1

and define a sequence x{m by applying the Weyl transform to X{™:
X(m .= {X((,’;',‘,)}nez where XMW (w) := X™(w + na) .

If we put 6 := 2 and f = r;, X(™ is a normalized sum of Rademacher
functions and the results listed in the Introduction follow from the results
formulated below (Theorems 1 — 5).

Let us recall the next central limit theorem for X (™. We denote by
|| -1l2 the L*[0,1]-norm. For any f € L2[0,1], let us denote its Fourier
coefficients by f(n) and an h-th subsum of the Fourier series by s, i.e.,

f(t) ~ Z FGe™=Ut  and  sy(t) = Z F(G)exm=1it,

jez l7l<h

Theorem A. Let § > 1 and assume that f satisfies (2.1) and
ZHSQkH - 521:”2 < o0. (2.2)
k=0

Then for any measurable Q C [0, 1) with |} > 0,
xtm 2, N(0,v)

holds on (Q,dw/|Q). The limiting variance v = vsy is determined as
below:

If
¢Q (reN) (2.3)

then v = ||f||3; Otherwise, by using p and q given by
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0" = £ where r = min{n € N|6" € Q}, p,g € N and ged(p,q) =1,
q
(2.4)
we put

o< pl
o=l 42y / Sk f(g*t) dt < oc.
k=1 0

Now we are in a position to state our results.

Theorem 2.1. Suppose that a function f with period 1 satisfies (2.1)
and (2.2). Then for all @ C [0,1) with |] > 0, § > 1 and a € R,
on probability space (Q,dw/|QY), the sequence {XS,"‘)},,,GN is relatively
compact in the sense of convergence in distribution on RZ, and all the
possible limit is stationary Gaussian sequence, t.e., for any subsequence of
{X&m)}meN there exists some subsequence which converges to stationary
gaussian sequence. This subsequence can be taken independently of Q and
f, and the limit distribution does not depend on §2.

Corollary 2.1. Let the conditions of Theorem 1 are satisfied and {m;};en

be a subsequence of N. If{X&m’)}jeN converges to some gaussian sequence
on some Q C [0, 1) with || > 0, then converges to the same limit on any
Q with |Q] > 0.

Next we give the equivalence between convergence in distribution
and convergence of correlation.

Theorem 2.2. Suppose that f satisfies (2.1) and (2.2). Let {m;}en be
a subsequence of N and 2 C [0,1) satisfy |2 > 0. For anyn andl € Z,
the convergence of correlation
lim E(X{ X)) = r,, (2.5)
j—oe ’
holds if and only if X(™) converges as j — oo to the stationary gaussian
sequence with mean vector 0 and correlation matriz {r, }n ez

Theorem 2.3. Suppose that f satisfies (2.1) and (2.2). For almost all
a with respect to the Lebesque measure, the sequence x converges in
distribution to gaussian 1. i. d. Ezceptional set of o can be taken to be
independent of Q and f.
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Now let us confine ourselves to the case when § > 1 is an integer.
As to the fluctuation of correlation, we have the following result.

Theorem 2.4. Let 2 = [0,1), § > 1 be an integer and f satisfies (2.1),
v=uv59 >0 and

> k|sgen — sax ]|, < oo (2.6)
k=0
Then the correlation on (Q,d|Q]) obeys

m X
i J————EB(X X)) = e
hrrr?_.sip log logm ( an ol ) B ae «a

for some positive constant 3.
The next result claim that the exceptional set of « is not small.

Theorem 2.5. Let 6 > 1 be an integer and assume that f satisfies (2.1),
v=uvs9 >0 and

o0
Z 2k7”$‘2k+1 — s2zc||2 < oo for some > 0. (2.7)
k=0

The set of a for which the limit distribution of X s dependent has the
Hausdorff dimension equal to 1.

Before closing this section, we explain the regularity conditions (2.2),
(2.6) and (2.7). Let us define the L%-modulus of continuity ws(é) of a
function f by

wo(6) _;1[12</ |f(t+h) - (t)|2dt>1/2.

The conditions (2.2), (2.6) or (2.7) are derived from

1 1 1
[0, [l [y
0 0 0

Y y y 7
(2.8)
respectively. (Cf. Zygmund [20], (3.3) of pp. 241). It is clear that these
conditions are satisfied for Holder continuous functions and functions of
bounded variation.
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3. Preliminaries

Let us introduce some notation. For a function satisfying (2.2), let us
put
oo

A(z,y) = |5 — syll2, Aa(k) := A(6%,6%), and Do(f) := Y Ag(k).
k=0

Let us define a function sgn(s) by
— 1
sgn(s) := { 1

Let B? be a class of B2-almost periodic functions. As to the def-
inition of this notion, we refer the reader to Besicovich [2]. Here, we
summarize the properties of B? which will be used in this paper. The
proof of these are also found in [2].

All locally square integrable periodic function belong to B? and the
Fourier series as a function of B? coincides with the ordinary Fourier
series as a periodic function. The set B? is a linear space and the Fourier
series of linear combination of functions of B? is a linear combination
of the Fourier series. For arbitrary functions f and g of B?, the inner

s>0
5 <0.

product

1 T
M{f(09(t) = Jim = [ f(a(e)a

exists and is finite. The Parseval relation holds, i.e., if
f(t) ~ Z cjexp(V—1Ajt) and g(t) ~ Zd]- exp (v —=1\t)
where );’s are different from each other, then
M(f(t)g(t)) = > _ cid;.

The following theorem due to Salem and Zygmund plays an impor-
tant role in this paper.

Theorem B. Suppose that a sequence {A;} of positive numbers satisfies
the Hadamard gap condition:

Aest/Me>q>1 forall keN,

and assume that an array {Ckm} ki<t meN Of complexr numbers satisfies
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1/2
Ek,m = C—k,m» Cm = < E |ck,m‘2) — oo and lﬁlka Ick,m‘ = O(Cm)'

Jk| <km =

If we put
S 1= z Ce.m exp(27V —1Mw),

[k <km

then for any Q C [0,1) with |Q| > 0, the law of S;n/Cm on (Q,dw/|Q))
converges weakly to the standard normal distribution. We note that this
normalizing sequence C, satisfies

1/2

Crm = M,(S%4(t)) (3.1)

The proof of the next lemma can be found in Fukuyama [9].

Lemma 3.1. (1) Suppose that a sequence {\;};en of real numbers greater
than 1 satisfies the following Hadamard’s gap condition

)‘j+1//\j >qg>1 forall j€N.
Let us put Ay = 0, A_; = =X for j € N. Then there exists an absolute

constant K, , such that, for alln € N and {c;}jcz € ¢ with c_; = ¢, it
holds that

1 2n n
/0 (Z c]-e%‘/__l’\ft) dt < K,, (Z]cjlfz) . (3.2)

JEZ JEZ

(2) Suppose that f satisfies (2.2). Then for any 8 > 1 and m € N,

/01@; f(9kt))2dt < CmD2(f) (3.3)

for some C' > 0 which depends only on 6.
Note that the right hand side of (3.2) coincides with

" <(Z CjeQW\/——xAjt)2> n.

JEZ
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4. The central limit theorem

We first prove

Lemma 4.1. Let {m;} be a subsequence of N and p; be the limit distri-
bution of {(Hk‘lia)}keN along the sequence {m;}, i.e., y; is a probability
measure on [0,1) such that

m;

—25<9k—1ia) = Mi as _] — 00, (4.1)
mj k=1

where 8, denotes the delta measure with the mass at z and — denotes
the weak convergence of measures. Then for alln and !l withl =n+1, it
holds that

R = lim M (X (0XS(0)

a;n,l j—o0

-y M55+ ) pilda) (42)

s€Z

1 1
/pi(da) /f(t)f(t + a)dt if (2.3) holds,
0 0

k s

The terms in the last series obey the estimate

1 1 oo
[ sta) [ 70506 e + Ee)o) | < S Artalut
0 0 u=0

where the right-hand side is summable in s.

Proof. To simplify the notation, let us consider the case {m;} = N.
There is no loss of generality if we put i = 1 since the next relation is
clear:

M(XEAOXEP(®) = M(XTD X5, (8).

a;n ian ia;n+1
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If ° ¢ Q, the Fourier series of f(6°t) and f(¢t + «) have no common
frequencies. Hence, by the Parseval relation for B2-almost periodic func-
tions, we have

M, (f(95+’°(t +na)) F(64(t + (n + 1)a))) = M,(f(&°t)f(t + @)) = 0.

In the case when 6° = p/q, we have
M, (F(6°+(t + ne)) F(6(t + (n + D)) ) = M (£t (alt + )
= [ 10 5(ate+ o) at

Therefore, the second equality in (4.2) is proved.
Let us prove the first equality. By simple calculation we find

M(XEOXELA0) = — 3 M(F(E) (07 ¢ + )

1<k<m
1258m
= = 5 M(F(E) (4 67a))
1<Ic<m
1<j<m
mA(m—s)

= T Y MEDE+6).

Is|<m—1 j=1v(l-s)

If (2.3) is satisfied, the summand equals to 0 except for s = 0. Thereby
we get
M (XX (#) = =3 MA(f(8)f(t +67"'))

m 4
Jj=1

m g
S /0 FOF(t + 67 a) dt.
j=1

Since the last summand is continuous in «, by the definition of u we
have

1 1
MXROXG0) = [ mde) [ sOfe+ )t (m o)
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This proves the first equality.
Let (2.4) be satisfied. Then, since the summand equals to 0 except
for s is a multiple of r, we have

M (XWX (1))

mA(m—sr)

= Y IS M+ )

|s|<(m-1)/r j=1lv(l-sr)

mA(m—sr)

= ¥ S [saie s mee-ta) d

|s|5(m—1)/r j=1v(l-sr)

= Z Cos, (say).

s|<(m-1)/r

By the definition of u; again, we have

Cins —+Z/ e da)/ (P2) (@7 (t + Sg(s)a)) dt,  (m — o).

sEZ

Each summand in the definition of Cp, 5 1s bounded

| [ 5005+ o9 a

< Y |FO)F(=5p"/aM)

j€q1Z

oo Y A VD
<Y ( X FF) (X 1)

u=0 MrcjgPutt gu<j<hutt

= ZA& Ag u+r| |)

Therefore the arithmetic mean Cp, ; is also estimated by the same bound.
Since this bound is summable in s
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o] oo

Ap(u)Ag(u+s|) < ZZ u)Ag(u + s)
=0 =0

u=0

u

s€Z

=2iAg(u)ZA(u+s)

< Dj(f) < oo.

we conclude by Lebesgue’s convergence theorem.
a

Let us prove Theorem 2.1. We first show that we can take measures
i on [0,1) and a subsequence {m;} of given sequence such that (4.1)
holds for all 7 € N. Since the sequence of probablhty measures on torus
is tight, we can take a subsequence {m } of the given sequence such
that (4 1) holds for i = 1. By the same reason, we can take {m 2 } out
of {m } such that (4.1) holds for 7 = 2. Inductively, we can take {m )}
out of {m (=11 such that (4.1) holds for ¢ = k. Let us put m; = mgj)
Since {m;} is a subsequence of {m( )} for all i € N, (4.1) holds for all 4.

We prove that x ) converges in law to the stationary gaussian

sequence with mean 0 and correlation Rg n°°,) given in (4.2).
Let us take d € N and 3, € R (|n| < d) arbitrary and put

=Y BuX[Z™ and v= Y  B.BRIIT.

In|<d Inlll|<d

To show the convergence of a finite dimensional distribution, by the
Cramér-Wold theorem (Theorem 7.7 of Billingsley [5]), it is sufficient to

show 0
T, — N(0,v), (j — o0). (4.5)

By Lemma 4.1, we have

lim Mt(T () =v. (4.6)
J—00
We first prove (4.5) when f is a trigonometric polynomial. In this case
the frequencies appearing in S,, := /m 7T}, have the Hadamard gaps,
and coefficients are bounded by the same bound for all m. Let us put
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Ch = My(Sp(t)) = mMi (T (1))

In the case v > 0, by (4.6), we have Cp; — 00 and we can use Theorem B

to get
Crm; S,

In the case when v = 0, we have Cp, = o(,/m; ). By using (3.2) with
n =1, we find

T,, 2, N(O,v), (5 — o).

1Tyl = O(MUTZ,)) = O(C2, /mj) = o1)
which implies (4.5).

Next let us prove (4.5) for f with (2.2). From now on, denoting f
explicitly, we use X&{ﬁm) ; X&{ilm) and Rgfn";‘”) to denote Xé';), Xg";) and

Rm=) respectively.

an,l !

Since XC(,{,",'") is linear in f, by (3.3), we have
I = Xl = XG0, < Dl = o) 0 (1 ).
Thus, when h is large, any finite dimensional distribution of X,(,f ™) s
approximated by X {erimi) uniformly in j. Therefore the limit distribution
is also approximated. Thus the proof ends if we prove
lim RO = R, (4.7)

Let us recall the formula (4.2). If (2.3) holds, (4.7) follows from ||f —
salls — 0. If (2.4) is satisfied, by using (4.2) we expand RU*™<) and

a;n,l

R((]f.;";"") into series of integrals. We can easily see the termwise conver-

gence of these series. Note that each term of the series for Rf;’;:y'ln”) is
bounded by the left hand side of (4.3) which is summable in s and inde-
pendent of h. Therefore we can use the Lebesgue convergence theorem

and prove (4.7). a

Next we prove the Corollary 2.1. From Theorem 2.1, we can take
a subsequence {m/}jen of {m;}jen such that {Xf,mj)}jeN converges on

all Q € [0,1) with |©2| > 0. Since this limit does not depend on Q, our
conclusion follows. a
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Let us proceed with the proof of Theorem 2.2. Let us take Q C [0,1)
with |Q2] > 0. On this space we have generally, E|Y|? < ||Y|3/|Q].

First we prove that the convergence in law implies the convergence
of correlation. If f is a trigonometric polynomial, by (3.2), we have

B(x)" < & (M(xE)?) /10 = 0(1)

Therefore the second moment of {XLE,T,)X ((:;)}m en 15 bounded, and hence
it is uniformly integrable. This together with the convergence in law
implies (Cf. Theorem 5.4 in Billingsley [5].)
lim B(X$MXY™) = RUS = lim M(XEPOXT™(@). (48)
For f with (2.2), we prove this by showing that from any subse-
quence {m;}jen we can choose a subsequence {m}}jen such that the

convergence of correlation holds. By Theorem 2.1, we can take {m/};en

such that {ng;m;)}jeN converges in law for all f. Applying

|EY\Z, — EY:;Z,|
< (M1 = Yalloll 21 = Zoll + IY1ll2)l 20 = Zall2 + 1Y1 = Yallall Z412) /192,

and (3.3) we find
lEXc(gfnm )X(fmj)_EX(shm) Shm;)l
< C(De(f — s) + 2Dy(f — sn)Dg(f)> -0,  (h=— o).

From this, combining (4.7), (4.8) we see that (4.7) holds for our f and
the subsequence {m;}.

Let us prove the converse part of the Corollary 2.1. Suppose that
{m;} is an arbitrary sequence. Thanks to Theorem 2.1 we can choose a

subsequence {m;} for which {X(f"ml')}]eN converges in laW. By using the

above result, we see that the correlation EX afnmJ)X i converges to the

correlation of the limit distribution. By (2.5), the l1rmt distribution of
this subsequence is stationary gaussian with correlation r, ;. This proves

that {X{™1,.en converges in law to this distribution. a

Finally, we prove Theorem 2.3. By equidistribution theorem of Weyl,
(Cf. Erdés-Taylor [6]), the sequence {((Jk‘lia)}keN is distributed over
[0,1) for almost all o. Thus for almost all «, g; of (4.1) is a Lebesgue
measure and (4.2) shows that the limiting correlation is 0. a
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5. Exceptional set

Let p € [0,1] and {Y;}ien be a Bernoulli i.i.d. such that
P{Y;=0}=1-p and P{Y;=1}=p.

Let us denote by v, the law of Y2, ¥;/2". Since the binary trans-
form is ergodic under this measure, the limit distribution in a sense of
Lemma 4.1 of {2¥a}4en is v, for almost all o with respect to v,. By the
proof of Theorem 2.1, we see that the correlation of limit distribution is
given by (4.2). Let us denote the correlation with ¢ =1 by V},. By (4.2)
and from the above consideration, we have

1 1
= vy(do lsl sgn(s)o
Vo= 3 [ wtda) [ 70 5(t+5as)a) at

= 3> M), (sa(s)2)
s€Z jeZ

where U denotes the characteristic function of v. Since v}y is a Lebesgue
measure, by the proof of Theorem 3, we have Vj/; = 0. Since vy and
v) are delta measures, we can easily prove that Vo = V] = 1. We prove
that V, is continuous in p on [0,1] and it is a real analytic function on
(0,1). Since V} is not a constant, there is no zero in some neighbourhood
of 1/2. Thus for p # 1/2 of this neighbourhood, the limit correlation
is not zero for almost every a with respect to v,. In other words, the
exceptional set L has v,-full measure for any p # 1/2 sufficiently close
to 1/2. By using the following theorem due to Billingsley (Billingsley
(4], p. 141 onwards), we have dimL > e,. Noting e, — 1 as p — 1/2,
we have the conclusion.

Theorem C. The Hausdorff dimension of A C [0,1) is equal to or
greater than e, := —(plogyp + (1 — p)logy(1 — p)) if v,(4) > 0.

Let us prove the analyticity. Let us put V, = Ve and v, 1=
V(:+1)/2, Where z € [=1,1]. Then,

V.= 55 F(2415) 7 ()7 (sgn(s)2).. (5.1)
s€EZ jeZ

By the definition of v, we have
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B(2t(21+1) = B exp(%\/—Qk e 2;)]

- o) y,l
= F exp(27r\/ (20+1) ZE):I

= 1
= exp (271'\/—1 (204+1) Z §z+_l)
i=1

xﬁE{exp(QwF(mH) 21/2)]

i=1

The last expectation can be evaluated as follows:

E [exp(?wx/_(Ql—}—l 21/2>J

= (1 —p)exp +pex

<~_7r\/jéi2l+1)) p(ﬁ\/_—_l;?l+ 1))

. 20+1 2041

=(2p-1)v-1sin ul 2;}_ ) + cos al 2:.}_ )

Note that when ¢ = 1, it reduces to /-1 2H-I(Zp —1). Combining these
results, we get an infinite product expression for 7,(j):

(25204 1)) = VAt H(z —1sin M + cos M)
1=2

21 21

_ r——_121+32gcos wr‘[(l + 2+/—1tan 71_(2121_-'_1_))

i=2

oo

_ 2+3 sinw(l+1/2) (20 4+ 1)
=v-1 'z I +172) H<1+2\/ 1tan ——-+ 5 )

1=

B 2 H (20 + 1)
= —\/—1ng(1+zv ltan"—“—é?‘—‘>.
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Here we used the Viete formula [[2, cos2/2° = (sinz)/z. Since we have

s

=2

(20 + 1)
21

‘<oo,

RLISTPSS

the infinite product converges for all 2 € C and hence an analytic func-
tion is defined. In this way we extend v,(j) to the whole plane.
From now on, we prove that the series (5.1) converges uniformly on

D:={ze€C||z|<1,|Imz| < H},

where H = (27 — 1)/2. From this our conclusion follows.
First let us put L(z) = (logy(2z 4+ 1)) / 2 and prove that

|7.(5)| < 2%, (z€ D). (5.2)
Let us put n; = [logy(2/ + 1)] + 2 and divide ,(2%(2/ + 1)) into three

parts:

n
;z(zk(21+1)) — r‘—‘_121+3zH<z -1 Sinﬂ-_(z_lé_;ﬂ_{._cos _7T_(.2l2l-|——1))
i=2

X H Cos%t}l H (1+ 2v/ —1ta _..(_2_15_-{:_12)
i=n;+1 i=n;+1

= \/—:T?HSZ Hl X H2 X H3 (say).

Clearly we have |[T,| < 1. If ¢ > n;+ 1, we have (2! + 1)/2° < 7/4 and
thereby
r@+1) _ 2+1

0<t . .
< tan o S 5
Thus, by |z| <1 we have
21 + 1 = 21+1 21+ 1
2
)H ’ < < i ) S exp( Z ) ) S exp( omi—2 ) se
i=n;+1 i=m+1

In the case when n; > logy(2/ + 1)+ 1, denoting z = £ + in, we write
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I\/—lzsi119+c059|2 = |V=1(sin6 + (cos 6 — 17sin0)|2
= |z|*sin® 6 + cos? 6 — 2nsinf cos b

<1+

Therefore, we have
'H ’ (L4 m)™/? < (14 )t HealA2 < (14 p)(20 + 1)),
By combining these estimates, we have
17.0)] < |7 (28 (20 + 1)) | < 26320 + 1)HI < 2627

By (5.2) we have the next estimate, which implies the uniform conver-
gence:

> Y| EEs)2)]

s€Z JjEZ

<46222 Z lf (259) 7/2,

s=0 u=02u¢|jl<2ut!

w3y (¥ Feaf) (X 1fur) e

8=0 u=0 “2u<]j|<utt 2e<lils2ett

< 8¢’ Z Ag(s + u)Ag(s)26+W7/2
s=0 u=0

e? (g A;,(s)) (2 AQ(v)zw/?) < o0

6. The law of iterated logarithm

We use the next theorem due to Heyde & Scott [11].
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Theorem D. Let T be an bijective ergodic automorphism on a prob-
ability space (Q, F,P) and X, be a square integrable random variable.
Suppose that a o-field My satisfy Mo C F and My C T-Y(My). Let us
put My := T 5(My), Xp(w) = Xo(T*w) and S, = X1+ ...+ X,,. If the
condition
S (1B | Mo, + 11X = B [ Ma)ll,) < oo (61)

m=0
is satisfied, the limait
0 i= lim 1S,/ V7

exists and is finite, and if o 1s positive we have

a.s.

S
li ——
lflri»sogp Vv2nloglogn 7

From this, we derive the next corollary.

Corollary 6.1. Let (2, F, P) be a Lebesgue probability space. If f satis-
fies (2.1), the first condition of (2.8), and o > 0, then

lim sup L f27)
m—oo V2mloglogm

To obtain this corollary, we consider (ﬁ,f‘ , ﬁ), the direct product
of two Lebesgue probability spaces, and extend the binary transform
to the bijective automorphism T'(wy,ws) — ({2wy), (wg — [w1])) and put
Xo(wi,wa) := f(w1). Let Fy, be a o-field generated by { [(i—1)27",i27") |
i=1,...,2" }. The condition (6.1) reduces to

=0 a.s.

ST = B(f | Fadll2 < o0

m=0

and is equivalent to the first condition of (2.8). Thus we can apply
Theorem D and obtain the conclusion. ]

Remark 6.1. The above Corollary 6.1 holds also for the measure v, if
we assume that
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/0 1 f(w)vy(dw) =0 and / “’“}Eh) dh < oo,

where w, is the uniform modulus of continuity of f.

Now we proceed with the proof of Theorem 2.4. We use the notation

R™(a) := E(X{() X, (1).

By the proof of Lemma 4.1, we have

m/\ms

=3 = > /f2'“"t)ft+sgn( 2710 dt.

Is{<(m—~ 1) J=1v(l-s)

Let us put

1 m
(m) = 9i-1
(@)= =3 pl2a)

where
Z/ F(251t) f(t + sgn(s)a) dt.
s€Z

First we prove

R™(a) = R™(a) + O(1/v/m). (6.2)
By (4.4), we have
E@) - R@ < Y 3 S aawdalut k) (63)
€Z ]:l u=0
lim)

Since the summand is independent of j, the sum in j reduces to the
multiplication by m A s. We divide this summation into sums over

Is| < /m and over |s| > /m. As to the first part, we have

o0

S 2 ZA2 A2u+s)§—1n—l(ZAg(u)> = 0(1/vm).

< u=0

The second part is estimated as follows:
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Do(u) > Das)

|s]>v/m

M2

3 ”mZAQ(u Ao(u+5) <
Is|>vm u=0 u

< %ZM(U) Y sAq(s)

u=0 Jsl>v/m
= 0(1/vm).

i
o

Combining these, we get (6.2).
Next we apply the Corollary 6.1 to ¢ and get the log log result for
R™. We verify the condition

@(a+ h) — p(a) = o((log1/h)72). (6.4)
Assume that h satisfies 27™"! /7 < |h| < 2™/x%. Then,
lp(e + h) = ()]

<2

s€Z

< ZZU Hexp (2my/—12'¢ |zsgn(s)h - 1|

s€Z i€Z

<8 Y If@FE@ ] a2kt

s=0 icZ

/f2|5|t){f(t+sgn s)(a+h)) — f(t +35gn(s)a)} dt

<8 ii w)Ag(u + s)(1 A 26=™)
s=0 u=0
m (m/?

TIOIE S SWERD il NOREPERS
u=0 s=0 u>m/2 s>(m/2)—u

< ( 2 M2 D2(f Z ulq(u) Z (u+3)A2(u+s)>

u>m/2 s>(m/2)—u

= o(m™?) = o((log 1/h)7?).
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We have previously proved the following: If f satisfies (2.1) and
(2.2), the limiting variance v = vy is given by

1 0 1
— 2 k
v = /0 f(t)dt+2§k=1: /0 F(O)F(24) dt

2 (6.5)
S FG2)|

s=0

=2)

JEP,

and these series are absolutely convergent (see [9]) Here P, denotes the
set of all positive odd numbers. By Lebesgue’s convergence theorem we

have

%/Ol(ki:;(2k“t))2dt = /OlfQ(t) dt+2:§m7_k/01f(t)f(2’“t)dt

. 1 0 S 1 .
/Of(t)dt+2;/0 £(t)f(2%t) dt

and thereby, ¢? in the Corollary 6.1 above equals to the right-hand
side of (6.5).
We now prove that

1, m 2
B* = lim L <Z <p(2’“‘1t)> dt =2 Z
0 k=1

m—o0 M
JEP;

4
. (6.6)

> f2e)
s=0

Since we assumed that v > 0, by (6.5) and (6.6) we have 8 > 0. By this
and (6.3), we can apply the Corollary 6.1 which yield

m
li Vi M (a) = e o
i loglog mR* ()=F ae a

From this, we conclude by (6.2).

To prove (6.6) we evaluate the Fourier series of ¢. By definition,
we have the following expansion. As we have seen in the proof of (6.4),
all the series below are absolutely convergent, and hence the order of
summation can be changed arbitrarily:
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pla) = S5 7(0) F(2¥1i) exp(2n V=12 isgn(s)a)

s€Z i€Z
=2 i( 2 cos(2mia)) + 22 Re(A f( )) cos(27r231a)>
i=1 s=1

I

2 Z( F(2*D)|? cos(272%1cx)

leP,; u=0

+2ZRe(

2“+sl)) cos(27r2“+sla))

> K 2| )

2
) cos(272%1a),

DR

I€P2 v=0

where 3275 ... is 0 when v = 0. Thus we have

v—1

2
> fes)

s=0

2
P(52°) = D -

for s=0, 1, ..., and for j € £P,. By using (6.5), we have

o0 2 [es} 4
=213 pG2)| =2) > f(52°

jep' s=0 jEP! 5=0
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