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Abstract — A simple proof of Ogawa’s result on concrete construction of pseudoran-
dom functions is presented. A construction of pseudorandom functions with symmetric
stable asymptotic distribution is also given.

1. Introduction

A function on R is said to be pseudorandom if the limit of % ;T f(¢) f(t +
s)dt as T — oo exists for all s, does not vanish at s = 0 and tends to 0 as
s — oco. This notion was introduced by J. Bass [1] in the non-probabilistic
theory of turbulence. If we consider R as a probability space with a flat
probability measure on [0, 00), which does not really exist, this notion
can be regarded as an asymptotic independence between f and shifted
function f(- +a).

The asymptotic distribution function F(a) of f is defined by the limit
of 2|{s € [0,T]: f(t) < a}| as T — oo if the limit exists for all z. Here,
| - | denotes the Lebesgue measure. If we regard f as a random variable
on a real line with the flat measure on [0, 00) again, F can be regarded
as the distribution function of f.

Since it is introduced for the purpose of numerical analysis, it is sig-
nificant to give a concrete and efficient way to generate pseudorandom
functions with gaussian asymptotic distribution function. First P. Hien
[3], and later S. Ogawa [4] succeeded in constructing it in the following
way.



168 Katusi Fukuyama and Tetsuo Tomokuni
For a sequence z = {2,} € [0,1]~ and a function A on [0,1] with
/1h(t)dt=0 and /lhz(t)dt <o (1)
0 0 ’
put Q(t,Z) = 1{0,00}(t)h(z{t})a q/\(ta Z) = \/XQ(Ata Z); and
Qf(t.2) = [ K(s)ar(t—s,2) ds.

Then Q¥(¢,2) is a pseudorandom function with gaussian asymptotic dis-

tribution function, if z is completely uniformly distributed (Hien [3]), or

if z is a uniformly distributed sequence generated by an ergodic transform
n [0,1] (Ogawa [4]).

In this note we first give a simple proof of Ogawa’s result. Next, we
modify the Hien’s method and give pseudorandom functions with sym-
metric stable asymptotic distribution. These functions are not pseudo-
random in the sense of Bass, but have property that the function is nearly
independent of the shifted function, that is the rough interpretation of
the notion of pseudorandomness.

To state results easily, let us here modify the definition of asymptotic
distribution. We say that a probability measure 1 on R" is an asymptotic
distribution of R"-valued function (fy,..., f.) on R if the distribution
of (fi,..., fa) on the probability space ([0,T],dt/T) converges to u as
T — o0, i.e.,

Jim = [ o(A(0), o Fa() dt = [ g@)u(de), (g€ Co(RM), (2)
where Cp(R™) denotes the set of bounded continuous functions on R™.
We say that a probability measure p on R is an asymptotic distribution
of the system {fx}ren of functions on R, if the asymptotic distribution
of any finite subset of the system equals to the marginal distribution of
73

Let us now state a version of Ogawa’s theorem. Suppose that G
is an ergodic transform on Lebesgue probability space ([0,1], B, dw),
which is continuous a.e., and h is an a.e. continuous function on {0,1]
with (1) such that the functional central limit theorem holds for sum
> h(G*w), i.e., D-valued random variables X,(t,w) = £\*) h(G*w)/\/n
converge in law to oB(t), where B(t) denotes the standard Brownian
motion. Let K € BV, where BV, denotes the class of functions of
bounded variation with compact support. Let us put z, = {G’z} for
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z € [0,1]. Thanks to ergodic theorem, the set Qo = {z € [0,1] |
z. is uniformly distributed over [0,1]} has a full measure.

Theorem 1. For arbitrary zo € $Y, the asymptotic distribution of the
system { Q¥ (t,2,) : K € BV, } equals to the distribution of { Q¥(¢,2,) :
K € BV, } on the probability space ([0,1] x [0,1],dtdz). As A — oo, it
converges to the law of the gaussian system { GX : K € B} with EGK =0
and EGKG! = [KL.

If K,, Ky, ...are orthogonal, then Gg,, Gk,, ...are independent,
and hence Qf\{‘ (t,2z,), sz (t,2z,), - ..are asymptotically nearly indepen-
dent. Thus we can generate nearly independent sequence of pseudoran-
dom functions from one source z,.

By the above theorem we see that the asymptotic distribution function
F(a) of Q¥ (¢, 2,) exists except for at most countable @, and it converges to
the gaussian distribution function. Original Ogawa’s theorem implicitly
states the existence of F(a) for all a, but there is an counterexample for
that. We give such example in section 3.

Original theorem does not assume that G is continuous a.e., but we
could not complete the proof without this condition. If we use the er-
godic theorem directly instead of appealing to the property of uniformly
distributed sequence, then we can prove the existence of F(a) for all a
without assuming the a.e. continuity of G. It is easily verified by putting
f = 1(_,) in the proof below. But the statement must be changed to
‘for almost all z, the asymptotic distribution function exists and con-
verges to gaussian distribution function’, which is weaker than the above
version in view of the condition for z.

Now let us state the second theorem which extends the result by Hien.
Let X(t) be a symmetric stable Lévy process. Let us assume that the
function A is a.e. continuous and the law of h on ([0, 1], dt) belongs to the
domain of attraction of X (1), i.e., for i.i.d. Y3, Y, ..., with ¥ ~ h, there
exists A, such that (Y7 +---+ Y;)/A, converges in law to U. From now
on we put g(t,z) = Ag(At,z)/Ap) and define QY as before. Denote by
BV,[0,00) the collection of functions of bounded variation with compact
support included by [0, co).

Theorem 2. If z is completely uniformly distributed over [0,1], then
the asymptotic distribution of the system {Q¥(t,z) : K € BV,[0,00)}
equals the distribution of the system { Q¥(t,z) : K € BV,[0,00) } on the
probability space ([0,1] x [0,1],dtdz). As A — oo, it converges to the
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law of { §° K (t)dX(t) : K € BV[0,00) }, which is a system of symmetric
stable random variables.

If the supports of K’s are disjoint, then the limit distribution becomes
independent, and hence, the sequence of functions are asymptotically
nearly independent. In this case, by the lack of square integrability of h
the functions are not pseudorandom, but in the above sense, it is nearly
independent of the shifted function, and hence considered to be roughly
‘pseudorandom’.

2. Proofs

Proof of Theorem 1: First we prove the 1-dimensional convergence. As-
sume that the support of K is contained in (—Mp, Ly). Take f € Cy(R)
arbitrarily and set a; = Ly + t/A. If £ > Lg, we have

Ly
Kit.2) = VX [ K(s)h(zpae-a))ds and QF(t+1/),2) = Qf(t,62),
"'MO
where 0 is the shift on N, i.e, 8z = {zt41} for z = {z}. Thus, by
decomposing the set [0,a,] into [0,a;], [a1,a2], ..., and by changing
the variables in each subinterval, we have

1n1

—/ fRf 2 dt =~ 5 [ FQ(E ") dt+o(1). (3
Denote
Ri(z) = [ (Q¥(t,2)) d / F(Q¥(ar,2))dt and Ryg(z) = Ri(z,).
0

Since h, G are continuous a.e., Ry ¢ is bounded and continuous a.e. in
z, and hence Riemann integrable. Since the sequence z;, is uniformly
distributed, by Riemann integrability of Ry ¢, we have

= [ F(@ (3 i = =T BaolGe0) +0(1) =+ [} Bagle

Qp k=0

Thus we have proved

jim 7 [ 7@tz de = [ do [ 1QF@uzdt. @)

Lo
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Let us assume that K is right-continuous and having the left limit at
each point. Since K is of bounded variation, such version of K exists.
Let v be a signed measure on R characterized by K(s) = v((—~o0,s]).
Integration by parts yields

L s
Q¥ (as,2) = —L;{G (/—Mo g~ (a — u,2) du) dv(s). (5)
Since we have
[ aa—wz)di=—t 5 K@) +ol) as A
alar —u,z.)du = — z)+o(l) as -0
-y VX ke[(Lams)r+1]

for s € [—My, Lo] and t € [0,1], where o(1) is uniform in s and ¢, by
the functional central limit theorem, we have the following convergence
in law in D space:

I 1 @ = u,22) du 2y 6{B(Ly+ M) — B(Ls - 5)} .
Since the discontinuity of the functional f ~ [ _L?WO f(u)dv(u) on D is
measure 0 with respect to the law of o{B(Ly + Mp) — B(Ls — s)}, by
Theorem 5.1 of [2], we have

Q¥ (@,22) 25 = [ o{B(Lo+ Mo) — B(Lo — 5)} du(s)
_ gf;ox(s) dB(My + s).

Since the distribution of the right hand side is gaussian with mean 0
" and variance 02| K|, we have proved the convergence of 1-dimensional
distribution.

Finally, we prove the convergence of finite dimensional distribution.
For Ky, ..., K, € BV, and 8y, ..., B, € R, we have 81Q% (t,2,) +-- - +
Qf"(t,zr) = Q¥(t,2,) where K = B;K; + --- + B.K.. Thus, by using
the result just we have proved, we can say that any linear combination
of Q¥ (ay,22,), ..., Qf"&at,zxo) on ([0,T],dt/T) converges in law to
that of QX' (¢,2,), ..., Q¥"(t,2;) on ([0,1]%,dtdz). And also the latter
converges in law to the linear combination of o | f?wo Ki(s) dB(My+s), ...,
of fj’% K.(s)dB{M; + s). By the theorem of Cramér-Wold ([2] Theorem
7.7), we get the convergence of joint law. a

Proof of Theorem 2: For given t, gx(t,z) depends only on 2y, and
hence Q¥ (t,z) depends only on z, ..., Zp+my))- Thus Ry(z) can be
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regarded as a function of zy, ..., Z[x(a+M)] = 2, Where by = [(Ly +
M)A + 1]. This function on Iy = [0,1]»*! is bounded and continuous
a.e., and hence Riemann integrable. Because z is completely uniformly
distributed, we have

n—1
k =
;EORX(G z) — fn Ralzo,...,2) dz. . .dzy, = /:m Ri(x) dx
where the last integral is over I, = [0,1]~ with respect to the countable

product dx = dz; dz;... of Lebesgue measure on [0,1].
Since we have

s 1 [(Le+Mo)A]
f‘M oe—uwx)du=—-— 3 hz)+o(l) as A0,
e [A] k=[{Lo~—s)A+1]

and since {h(z;)} is an i.id. on (I.,dx) with a law belonging to the
domain of attraction of the law of X (1), by the functional limit theorem,
we have the following convergence in law in D space:
[, oe—u,2)du 2 X(Lo+ Mo) — X(Lo - s) .
e ivig
By noting that X is stochastically continuous, we can conclude the proof
in the same way as that of Theorem 1. )

3. Construction of a counterexample

Suppose that {zx} is uniformly distributed over [0,1].

First, we prove that we can take a sequence 0 = Ny = My < N; <
M; < Ny < My < --- of integers and a sequence Iy, Ij, I, ...of open
intervals such that, if we put H; = UnM._l;O I.and J; = {z, | n < N; }, it
holds that |I,| < 27"/12, J; N (H; \ Hi—1) =0,

#{n<Ni|mn€H,~_1} 1 #{TL<M,‘}$L‘,,€H,-}
< <z S
N, <3 and v

22 (@

Let us take an open interval Iy with a measure less than 1/12 arbitrary.
Suppose that 0 = Ny =My < Ny < M < No < My <--- < N;_; < M;_,4
and Iy, I1, I, ..., Ip_, are constructed as above. Since H;_, is a finite
union of the open intervals and its measure is less than 1/6, we can take
N; > M;_, satisfying the first inequality of (6). Since J; is a finite set, we
can take M; > N; satisfying
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#{nE(Nz,M][:cn¢J}

i (7

For n € (N, M;], if z, € J; let us put I, = 0, otherwise let us take

an open interval such that |I,| < 27/12,z, € I, and I, N J; = §. We

clearly have J; N (H; \ Hi—;) = 0. If n € (N;, M;] and z, ¢ J;, we have

z, € I, C H;. Thus the left-hand side of the second inequality of (6) is

greater than that of (7), we see that the second inequality of (6) holds.
By this we see that such sequences can be constructed inductively.

Let us put H = U3, I.. Because of J; C J;q and JiN(H;\ H;_,) = 0,

we have J; N (H \ H;_;) = 0. Thus we see that the first inequality of (6)

implies that of (8) below:

#{n<N|:cn€H} 1 #{n<N|z,eH}
> and
. N <g and Hm N

G'HU‘

v

S
g

(8)
The second inequality is clear. We also see that (8) is valid if we replace
H by H¢, and consequently,

1\}1_1}11 —Ilv{n < N | (zn-1,2,) € H* x H°} does not exist, (9)

since the limit infinum of the left hand side is less than 1/6 and the limit
supremurm is greater than 2/3.

Since H is a union of open intervals, H is a union of some sequence
{O,} of disjoint open intervals. Note that ¥]0,| < oco. Let us take
an infinitely differentiable function f such that f(z) > 0 for z € (0, 1),
and f(z) = 0 for z ¢ (0,1). For an interval O = (a,b), set fo(z) =
(b—a)f((z—a)/(b—a)). Let us put h =¥ fo,and h = h—Eh. Then h and
h are infinitely differentiable functions with {h < —Eh} ="{h < 0} = H°.
Let us assume tha‘c the support of K coincides with [0, 1]. Then, by
noting Q(t,z) — C = L, K(t — s)h (2(5)) ds, where C = ~Eh[K, we
see that Qi(t,2) < C is equivalent to h( z1) = h(zs)41) = 0. Thus it is
equivalent to z(4), 24141 € H°. Thus we have

QUemmH@mwscn~§ﬂnsuuuﬂmaemxﬁw

which does not converge as L — oo.
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